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Abstract

We derive a novel deterministic equivalence for the two-point function of a random matrix resol-
vent. Using this result, we give a unified derivation of the performance of a wide variety of high-
dimensional linear models trained with stochastic gradient descent. This includes high-dimensional
linear regression, kernel regression, and random feature models. Our results include previously
known asymptotics as well as novel ones.

1. Introduction

Modern deep learning practice is governed by the surprising predictability of performance improve-
ment with increases in the scale of data, model size, and compute [15]. Often, the scaling of per-
formance as a function of these quantities exhibits remarkably regular power law behavior, termed
a neural scaling law [2, 6, 11-14, 16, 17, 20, 30]. Given the relatively universal behavior of the
exponents across architectures and optimizers [10, 16, 17], one might hope that relatively simple
models of information processing systems might be able to recover the same types of scaling laws.

The (stochastic) gradient descent (SGD) dynamics in random feature models were analyzed in
recent works [8, 18, 24], exhibiting a surprising breadth of scaling behavior and captures several
interesting phenomena in deep network training. Each of the above works has isolated various
effects that can hurt performance compared to the idealized infinite data and infinite model size
limits. The model was first studied in [8], where the bottlenecks due to finite width and finite dataset
size were computed and, for certain data structure, resulted in a Chinchilla-type scaling result as in
[16]. In [24], the effect of finite models size and online SGD noise was studied, and it was shown
that under certain conditions these effects could lead to worse scaling exponents with the number of
iterations than those one would naively calculate from a leading order picture.
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In this work, we aim to unify these prior results by providing a novel deterministic equivalence
result for correlations of resolvent matrices evaluated at an arbitrary pair of arguments. This result
allows us to combine the interaction of limited data, limited features, and SGD noise to model
the stochastic process induced by SGD in the random feature model. We leverage the connections
between deterministic equivalence and free probability highlighted in [4]. Specifically, we use the
properties of the S-transform and the diagrammatic expansion to obtain the asymptotic expressions
for the train and test losses in time in the linear random feature model. Our results recover those
obtained via a dynamical mean field theory (DMFT) approach by [8] and with those obtained using
deterministic equivalence techniques in [24].

2. Setup

2.1. SGD in linear random feature models models

In this paper, we will study linear random feature models
f(z) =z Fu, (1)
where v is trainable and F is fixed and random. Here, z € RP, F € RP*N ¢ ¢ RN, We also
define the effective learned weights w = Fv. We train f(x) to fit a set of labels y generated from
Gaussian covariates with covariance X by a linear teacher w, corrupted by noise €, ~ N (0, a?):
Yyp=w-x,+e€, x,~N(0X). )
We take F' to have i.i.d. Gaussian entries with variance 1/N. In what follows, we will drop the
noise term, as it amounts to adding a vanishingly small eigenvalue A\, to 3 with a corresponding
target weight w2, = 02 /Ao and taking Aoy — 0.
Using stochastic gradient descent (SGD), we minimize the empirical risk R estimated from P
examples as a proxy for the population risk R:

P
R= 53— @) R=Eayly— () @
pn=1

That is, at each step ¢, we sample a random batch B, of B < P training points (with replacement)
and update the weights in proportion to the loss gradient on that batch, with learning rate > 0:

Vi1 = U — T]VURBt. (4)
As they will frequently appear in subsequent expressions, we define the design matrix X &
RP>*D and the vector of training labels y € R”. With this, we define the two empirical covariances:

P
1 1 - 1
F quas; = FXTX7 Et = E Z w%tm;t. (5)
pu=1 HEB:

pY

Note, Egtﬁ]t =Y and Ex3 = . This highlights the two levels of randomness from the data: the
randomness due to the choice of batch and the randomness due to the choice of the training set.

2.2. A reduced model for high-dimensional risk dynamics

We are interested in the asymptotic behavior of the empirical and population risks in the high-
dimensional limit D, N, P — oo with fixed ratios D/P and D/N. Moreover, we will focus on
a limit in which we take the learning rate  — 0 limit while keeping the SGD temperature y =
71/ B constant [7]. In this limit, we will use a reduced model for the dynamics of the training and
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generalization error under SGD, following previous works that argue this reduced model should be
asymptotically equivalent in high dimensions [7, 21-24]. Deferring the details of the derivation of
this reduced model to Appendix A, the result is a pair of coupled Volterra integral equations:

. R t N R R

Rit)=w e 22FF S 4+ / Tr[e 2-9FF S(FFT$)?) R ds, (6)
. 0
F(t) K(t—s)

. . t .
R(t) =w e BFF 5o~ tFF 3y 4y / Tr[e 2t FF ' SpRTSFFTS| Ryds.  (7)
) ’ K(s)
For linear regression, F.F' | is replaced by the identity matrix. In both equations, the first term on
the right hand side is referred to as the forcing term, while the second term we will refer to as
the response or kernel term. It is the second term that is due to SGD noise, and would go away
in the limit of Y — 0. The kernel term consists of a convolution of the population risk with the
train and test kernels K, K respectively. This notation is adopted from [24]. From these results, one

can recover long-time limits that correspond to ordinary ridge regression using final value theorems
(Appendix B).

2.3. Strong deterministic equivalence

The goal of our work is to derive strong deterministic equivalents for R; and R;. Here, we
briefly recall the definition and standard example of strong deterministic equivalence, deferring a
complete description to Appendix C. We say that two (possibly random) N x N matrices A and
B are deterministically equivalent, and write A ~ B, if tr(AM)/tr(BM ) — 1 in probability as
N — oo for any sequence of bounded-spectral-norm test matrices M. Here, tr(-) = Tr(-)/N is
the normalized trace. The classic example of such a strong deterministic equivalence is

ABA+AB) '~ A(A+k)! (8)
for A fixed and B Wishart, where K = A\Sp(df a(k)) has the interpretation of a ridge parameter
renormalized by the randomness in B. In the self-consistent equation for x, Sp is the S-transform
of the matrix B, and dfo(k) = tr[A(A + k)!] is the degrees of freedom. We define these
quantities in more detail in Appendix C.

3. When is the one-point resolvent insufficient?

From the previous section, we see that in all of the settings of interest, the population forcing
function can be represented as

Ft)=w"e B Me1BAw, )
where A and B are random symmetric matrices and M is a fixed symmetric matrix. Under the
conditions that { M, A, B} all jointly commute, one can write this expression in Fourier space as:

Ft)=w e #ABMw = / Xt (iw+ AB) ™' Mw, (10)

where we write [ (-) = % J () dw. Under this commutativity condition, computing sharp asymp-

totics at finite time for the above quantity amounts to computing a strong deterministic equivalent for
the random matrix (iw-+ AB)~!. Such strong deterministic equivalences have been highlighted in a
variety of recent literature [4, 5, 19]. However, under a variety of settings, the matrices { A, B, M }
will not commute, necessitating a different approach. Two such settings of interest are as follows:
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(1). When the dataset is finite, A = 3 and the population covariance ¥ does not generally commute
with A, regardless of whether B is included. Thus, even in the case of linear regression at finite ¢,
one requires two-point resolvents. (2). A random feature model at finite model size IV and finite
dataset size P will nothave A = FF ' and B = 3 commute. This is why the general finite N, P, ¢
expressions of Bordelon et. al [8] required computing two point resolvents that are functions of two
frequencies w,w’. At finite IV but infinite P, A = M = X and one-point resolvents are in fact
sufficient as in the work of Paquette et al [24]. To address these more general settings, we derive a
novel set of “two-point” deterministic equivalences.

4. Two-point deterministic equivalents and risk asymptotics

If the relevant matrices do not commute, we write the forcing term in bifrequency form:
F(t) = / et Flw, o) (11)
w,w’

Flw,)=w" (ZFF" 4+ iw) 'S(FFTS +iw') L. (12)
where we adopt the shorthand [ () = ﬁ J(+) dw dw'. We must then derive a two-point deter-
ministic equivalent for the resolvent (ZA]FFT +iw) L. Abstractly, we want to derive a deterministic

equivalent for
AN+ AB)'M(\N +BA)L. (13)

where A and M are deterministic matrices, and B is an isotropic Wishart matrix and A\, \’ € C. In
Appendix D, we show using a diagrammatic argument that
, qtr[GaAMG,]

AB) 'M(N 4+ BA) ! ~ ’ MG’ A’G ——L— A 14
AN+ ) (A" + ) SpSp |GAMG 4, + Ga GAl—qde(H,/i’) (14)
where . .
Sp = Sp(—dfag(A)),  Sp=Sp(—dfzp(\)),
k= ASB, kK =\NSg,
Ga=(k+ A W=+ A (15)
g= tr[GA]v g/ = tr[GZA]v
Ta=A(k+ AL, T, = A(K' + A)~!

dfy(k, &) = tr| A2GAG'y).

This is the main technical result of our work.

We can now state the main result of our work, which applies this two-point deterministic equiv-
alent to obtain the asymptotic behavior of the random feature model risk. We derive this result
in Appendix F, after a warm-up step of considering linear regression without random features in
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Appendix E. Let
dfy = df 1 g(w), dfy =df (W),

1 1
Sw=—"—\ Shp=— "
W1 Dar,” "W T 1-Daf,
o _ 1 |
FET= 9 Dap, TFFT T 1 Daf) (16)

SESWSFFT, S/ESQZVS;;‘FT;
w = Sww, W) =S,
wy = SppTw) = Sw, wy=Spprw; = S'W,
dfy = tr[2?(B4iws) 1B + iwh) Y]

Then, the weak deterministic equivalents for df; and df’ can be written as

dfy = df, + 4 (w) = dfpprg(wi) =~ dfg(we),

df} = df ¢4 (W) = dfpprg (W) =~ dfg(w)),

where we average first over the randomness in 3 and then FF'T. With this notation fixed, we have
the risk asymptotics
R(t) ~ / it SppT® ! B(X + iws) ' w
L 1 — xTr[X] + iwx Ddf;

R(t) ~ / W (. W) (18)

)

+ / eint XTT[E] - ileDdfl
w 1= XTr[E] + iwxDdfy
Here, the forcing term F(w, w’) is given by

a7

Spprw! B(X + iwg) .

!
Fiw,iw') ~ 1SS W' (iws + )18 (iwh + ) Law
-n
+ @ (iwy 4+ )22 (iwh + X)L (19)
y L tr[(iws + ) 1B (1w} + )71
1 — Bdfs(iws, iwh)

" ~ Bdf + 92( )(i ,)tr[(in +3) ' S(iwy + )71 20
fyl_P 2 PNzwg Wy —%dfg . (20)

This is the main result of our work, which recovers and extends earlier results in [8, 24]. Using
similar techniques, we show that the SGD kernel terms K and XC have the following single variable
Fourier transforms

K(w) = XTrS2 (2 + iwn) ' + X%Tr [2 (2 + m)*l] ’ 21)
- iwy B
R(w) = K(w) + X Tr |5 (2 + iwp) } , 22)

as we derive in Appendix F. Combining our result for the forcing term F and SGD kernels X, K,
we obtain our above formulas for the train and test risks R(t), R(¢).
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5. Conclusion

We have derived a class of two-point deterministic equivalents of random matrices. Using this, we
have been able to provide sharp asymptotics for the training and generalization performance of a
variety of linear models. Our results include both statics and dynamics. In all settings, we see
that the S-transform of free probability plays a key role. Several of the results have been obtained
in prior literature using either one-point equivalents in random matrix theory [24] or via dynamical
mean field theory [8]. Our approach provides a novel diagrammatic derivation of this two-frequency
resolvent correlation that is key to capturing the non-commutative dynamics which arises in random
feature models.
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Appendix A. A Reduced Model for SGD Risk Dynamics

We now derive a reduced model for the dynamics of the training and generalization error under SGD,
following previous works that argue this reduced model should be asymptotically equivalent in high
dimensions [7, 21-24]. We will not give a complete proof of this equivalence here, but instead
reference conditions under which prior art gives either a rigorous proof or compelling evidence that
it holds.
We first observe that all quantities of interest—namely the population loss I;, the training loss
Ry, and the loss on a given batch RBt —can be written as quadratic forms in the weight discrepancy
Aw; = w — wy:
Rt = A'thEAwt, Rt = AthEAwt, RB,: = A'thEtA'wt (23)
From the equations for SGD we have
Vi1 = Ut — HVURBt = V¢ + nFTEtA'wt
= A’U)H_l = A'wt — 7’]1‘711'—1T EtA’lUt . (24)
~——
gt
To derive a recursion for the second moment of the weight discrepancy Aw;, we will make use
of a Gaussian approximation of the features x, ;. In [7, 28], this approximation was shown to give
a reasonable set of learning curves even if the true features are non-Gaussian and dimension free.
Under this approximation, we can compute the first two moments of g;:

Es.gi = EAw;, (25)
. 1 1. .

]ElgtgtgtT = EAththE + EEAththE + EE AthZAwt . (26)
Ry

Because R, R are quadratic functions of Awy, then following [7], it is sufficient to track A'th'wl;r :
A’wt+1AthH = Athth — nAwyg: FF'
—nFF'g;Aw, +17°FF g9/ FF'.
Taking expectations over the batch and writing C; = Ep, Aw;Aw, and x = n/B for the SGD
temperature yields:
Ci1=(1—-nFF'2)C,(1—-nSFFT)
+nxFFSCSFF' + nyFF'SFF Tr[C,3]
In what follows, we will drop the middle term in Equation (28). Depending on the structure of the
data, this term either (1) explicitly vanishes in the high-dimensional D — oo limit, or (2) contributes
negligibly after sufficient time . In the first case where D — oo with 5 Tr(X) = ©(1), maintaining
stable dynamics with 7 = ©(1) requires choosing large enough batch size so that Y = ©(D~!).
With this choice, the two terms generated by SGD effects scale as
nFFTSCEFFT =0(D™Y), n2xFFTSFFTTY[C;3] = (1), (29)
justifying neglecting the left term. Alternatively, if the features are dimension free so that Tr3 < oo
as D — oo, then we note that the spectrum of 3 must decay sufficiently rapidly. The projection of
these terms along the k-th population eigendirection vy, are
v FFTSC,SFF v, ~ X}, v] FFTSFF o, Tr[C 3] ~ A\.L(t) (30)
where £(t) = Tr[C,X] is the training loss. For a small eigenvalue \; < 1 the first term will be
dominated by the second term since it is quadratic in the small eigenvalue. Based on the two cases

27

(28)

10
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above, we thus consider the simplified dynamics
Ciy1=(1—nFF'S)C/(1 —nEFF") + 9 FF SFF Tr[C,3]. (31)
We can now take the  — O limit of this equation while keeping x constant as in [7]. This
will then include the SGD noise contributions to the training dynamics. By utilizing an integrating

factor, we obtain the following differential equation:

d : . : . R
= emrr TS0, MEFF T} — PP SR TS EFTTHC,S). (32)
On the right-hand side we have applied the push-through identity to the matrix exponential. Inte-

grating this, and using that Cy = ww ', we obtain the Volterra equation of [21, 22, 24]:

. R t A A .

C, =~ e "WFF Bpp T nBFFT 4 / e 2 FF S ppTS pRTTC,Sds  (33)
0

Tracing against 11D gives the evolution for the training and test losses respectively:

N . t . R .
Ri=w e 2PFF S 4 / Tr[e 2t-9FF ' 3(FFT)?) R ds, (34)
R 0
F(t) le(t—s)

i S T _ TS _
Rt:wTe tXFF e tFF E,w

F(t)
(35

t - A A
+x / Trfe 20~ FF S pRTSFFT S Ryds.
0

K(t—s)

In both equations, the first term on the right hand side is referred to as the forcing term, while the
second term we will refer to as the response or kernel term. It is the second term that is due to SGD
noise, and would go away in the limit of xyx — 0. The kernel term consists of a convolution of the
population risk with the train and test kernels I@, K respectively. This notation is adopted from [24].

A.1. Forcing Terms
The forcing term in the equation for the generalization error will require a novel two-point deter-
ministic equivalent to be derived. We first consider the more general quantity:

Ft,t) = Aw(t) SAw(l) = w' e BFF pet'FF 25 (36)
We want the diagonal ¢ = ¢’ of this function. We first Fourier transform in ¢, ¢’ separately to obtain

}—(t) _ / €it(w+w,)}—(w,w/)

Flw,o)=w" (SFF" 4+iw) 'S(FF'S +iw') L.
where we adopt the shorthand

[0 =5 [ ama [ M(-):@jr)z JOdwa (38)

for integrals over Fourier space. We see that in Fourier space, all of the randomness enters through
the product of two resolvents evaluated at different “imaginary ridges”, iw, iw’. The main technical
goal of this note is to provide sharp asymptotics for this product, which we do in Section D.

(37

11
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A.2. Kernel Terms

Denoting temporal convolution by K * R, we can rewrite Equation (6) as
R=F+xK*R
:.7:"+X}€*]:"+X2/€*I€*]:"+... 39)
=(1—xK)™! * F.
Here, the last two lines are to be understood formally. For the test risk 2 given in (7), an identical

formal equation holds with F replaced by F. In order for SGD to be stable, we need a constraint
that x||/C|| < 1 in operator norm, such that this Neumann series converges.

Appendix B. Recovering statics

The long time limit of both the forcing function and the kernel function can be studied in Fourier
space a well. In the single frequency setting, we require that all poles of the function in question
lie in either the upper half-plane or at w = 0 on the real line. We see that the residues of any pole
will be multiplied by the factor e’“!. This goes to zero as ¢t — oo for any w with Imw > 0. The
remaining poles are on the real line. Poles away from zero would lead to oscillatory behavior at
infinite time, and do not appear in the quantities that we treat. The same argument applies jointly to
w,w'.
Assuming the remaining joint pole at w,w’ = 0 is simple in both variables, we get that
lim F(t) = lim (iw)(iw")F(iw,iw"). (40)
t—o00 w,w'—0

This is known in the Laplace transform literature as the final value theorem, or more generally in
physics as a soft limit. The role of such soft limits in recovering static effects, also known as DC
effects or “memory effects”, has been highlighted in recent physics literature [27].

Appendix C. Random matrix notation

C.1. Degrees of Freedom

In what follows, we will use tr to denote the normalized trace. For an N x N matrix A, this is
tr[A] = ~Tr[A]. @1)

N
The key quantities that emerge in the study of ridge regression in the case of statics are the degrees

of freedom. We define dfly and df? as follows

dfly(\) = tr[A(A+ X)), dfR(\) = tr[A2(A+ V)72 (42)

We will also write:
dfi (A N) = tr[A%2(A 4+ ) 7HA+ V)7, (43)
dfy 4\ N) = tr[AA(A+ )7 A+ X)L (44)

Notice the last definition is not symmetric in A, A’. We also define the teacher-weighted degrees
of freedom as:

tfhs(A\) =w AA+N)w, t) () =w A%(A+ ) w. (45)
These are defined as in [3, 4, 29].

12
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C.2. S-transform

Throughout this work, we will find that many key quantities can be expressed in terms of the S-
transform of free probability. For a random matrix A drawn from some ensemble, we define the
S-transform of the ensemble to be a function of the formal variable df. Letting dff;l) (df) be the

functional inverse of df'y, namely dfi‘_l) (dfly (X)) = X, we have:
1—df
Sa(df) = ——————. 46
A= G e (an 0

A consequence of this is that for all A:
1

dfyy(\) = .
AN =17 Sa(dffy (\)A
The S-transform has the property that when two matrices A, B are free of one another, one has the
following property

47)

Sa«(df) = Sa(df)Sp(df). (48)

Here A x B = AY2BA'/2 for A'/? the principal matrix square root of A. This is sometimes
called the free product. A consequence of (47) and (48) is that for A, B free of one another, one

has:
df iy, g(\) = dfly (k) (49)

Here, x is known as the resolution or signal capture threshold, and can be calculated in two
different ways. It can be calculated empirically as

R = )\SB<de*B()\))7 (50)
or omnisciently via the self-consistent equation:
k= ASp(dfa(k)). (51)

Equation (49) is known as a subordination relation or as a weak deterministic equivalence.
Equations (50) and (51) are equivalent precisely because equation (49) holds.
The S-transform is particularly useful as it arises also in strong deterministic equivalence,

where one can write
AB\A+AB) '~ A(A+ k)7L (52)

This is the non-traced form of the weak deterministic equivalence of equation (49). Here, by M7 ~
M, we mean that tr[M;0]/tr[M2©] — 1 as N — oo for any sequence of test matrices © of
finite spectral norm [4, 5, 26].

Appendix D. Two-Point Deterministic Equivalence

Let A, M be deterministic and B be an isotropic multiplicative noise source. All are N x N
matrices and B is free of A, M. We will eventually specialize the case in which B is a white
Wishart matrix, but our derivations hold for general B satisfying the freedom assumption. We are
interested in finding a deterministic equivalent for the following expression:

A+ AB)'M(\N + BA)™. (53)
We call this a two point resolvent, by analogy to similar quantities in field theory that involve the
insertion of an operator, in this case (A + AB )_1, at two different points, in this case A, \’. We will

13
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use the following shorthand to simplify our final equations:
Sp = Sp(—dfyp(\),  Sp=Sp(—dfyp(\)),

k= ASp, H/:A/S_/B,

Ga=(k+ A Gy =(K+A)", (54)
g = tr[Gal, g =[G,

Ty =A(k+ A7, T, = A(x'+ A)~L.

We first review a variation of the argument in [4] to evaluate a single G 4. For more details on the
orthogonal averages, the reader is encouraged to first go through Section III of that work. Following
that argument, we utilize the freedom of B relative to A to write it as OB’O" with B’ diagonal,
and perform averages over the orthogonal matrix O. In performing the average over the orthogonal
group, using the language of [4], we can expand the resolvent in terms of a series of irreducible
diagrams linked together by multiplications by A/\. By orthogonal invariance, the irreducible
diagrams must be scalars, equal to a value 1/Sp. This re-sums to SpG 4. Diagrammatically, we
write:

- S (55)
'/// I/SB \\ ’// ]_/SB N

\

+ e ° . o ...
A/ A/

Here, again the language of [4], each irreducible diagram can be expressed as a sum of fully con-
nected diagrams:

- ~ s — ~
L \

| 7
y 1/SB | \ h //,’ )
1 7
r— e+

12

K N (56)

e¢] oo
=Y ki tlGapA Tt = S k) (Sdfa)
n=1 n=1

Here, the shaded grey diagrams on the right hand side correspond to averages over the O that are, at
leading order, identical to simple Wick contractions, but have subleading “Weingarten” terms that
can still contribute to the final results. See section III of [4] for a deeper discussion of this. mg) are
the free cumulants of B, as in [4, 26]. There, the R-transform is given by the power series in the

formal variable g:

Rplg) =Y g™ (57)
n=1
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Moreover, the R and S transform are related by the identity that Rg(Spdf) = Sp(df)~!. See
[4, 26] for details. We thus have the strong deterministic equivalence from the prior work:

GAB(/\)ZSBGA(H), SB :SB(de(/i)). (58)

Having reviewed this “one-point” deterministic equivalence of prior work, we now extend this

approach to evaluate Equation (53). We now expand in 1/A and 1/) jointly. Before performing the
orthogonal average, the general term will look like:

@ @ @ ®
A/)N OB'OT A/N OB'OT M OBO" A/N OB'O" A/N

Upon performing the average over O, we recall that crossing diagrams do not contribute in the large
N limit. From this, we see that there will be two classes of terms in the diagrammatics. The first
class is from averages that factorize into expectations over the individual resolvents G, G’. That
is, the averages over the orthogonal group are performed separately to the left and to the right of
M. This “disconnected” contribution can be evaluated by appeal to the one-point equivalences
separately on the left and right, and thus yields:
! !
SN ; e SpSpGAMG4 (59)
The second term will involve averages that include a cumulant containing M underneath one
of its arcs. Such terms will take the form:

———» ° . ——» (60)
SGa A A S}:.‘,Gi4

Just like Sp, X is again an expansion of fully connected diagrams, but under one of the arcs is
an additional insertion of M:

_ ~ s (AN

. ~ ‘, %
’

\ / A

L

(I

o .

\ (61)

\'I \'l
B GABA B GABMG/BA B

Importantly, note that the factors of 1/, 1/)\’ that do not accompany the A are indeed accounted
for. They are absorbed into the G 4 g, G’y g on both sides of M.

In general, one can see that a given term in the expansion of X s is labelled by two positive
integers a, b. The first a—1 arcs will contain G 4 g A underneath, followed by a single arc containing
GapM G’B 4 underneath followed by b — 1 arcs that will contain AG’B 4 underneath. This term

+ ...

15
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will have a + b insertions of B and thus will involve the (a + b)th cumulant of B. Crucially, as
in the derivation of the S-transform, the nth cumulant only depend on the quantities under each arc
through their traces. We will denote the product of the first a — 1 traces by ¢! and the product of
the last b — 1 traces by ¢’ =1 One can then write a self-consistent equation for X ps by recognizing
the quantity under the arc with the M insertion is precisely the trace of the original two-point
resolvent we sought to evaluate:

XM SBSBZ Z /i a 1 /b 1 [GABMGAB]
n=1a+b=n (62)

— SpSpRel9. 9] (tr[GAMG'A] + X tr[GaA’Gl)).

ZZ allbl (63)

n=1 a+b=n

where we have introduced the “mixed” R- transform

RElg. 4 ZZW“’“ (64)

n=1 a+b=n
We can then solve this self-consistent equation for X pz:

SBSpRBlY, | tr[GAMG,]
1-— SBS/BRB l9, '] tl"[GAA2GiA] .
Therefore, we have the general deterministic equivalence

A+ AB) 'M(XN + BA)™' ~ SgSg [GAMG/y + X\ GaA*Gy] (66)
with X s as above.
The “mixed R-transform” Rplg, ¢’] simplifies in the case when B is a white Wishart ma-

Xy =

(65)

trix B = %X TX. There, because of the factorization property mg+b) qn( NG ), one has
Rplg, ¢'| = qRBl9IRBlg'| = ¢(SBSE) ™" with ¢ = N/P, so that
tr|GAMG’
ap = LHGAMGL] e ) = [ A2GAG). ©7)

1 — qdfy(k, k')’
All together we get the final deterministic equivalence in the Wishart case:

A+ AB)"'M(\N + BA)™!

| qtr|GAMG,] (68)
A1 — qdfy(k, &)
The special case of this equivalent for A\ = )\ has appeared in our previous work [3] (there, we
worked directly in the Wishart case, for which the diagrammatics directly represent Wick contrac-
tions). For Gram Wishart matrices, e.g. B = %X XTorB= %FFT, the above equations hold
but with ¢ — 1/g, since there rkq4p = ¢ 'keky. We state a variety of additional variants of the
above formula in Appendix D.1.

~ SpSs |GAMG'y + G4 A’G

16
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D.1. All Two-Point Deterministic Equivalences

In this section, we report all variants of the two-point deterministic equivalences. These extend prior
equivalences observed in [3, 5] to the case of different ridges A, \'. First, we have:

A+ AB)'M(\N + AB)™!

AGAMG' 69
~ SpS [GAMG;‘—FGAAG’ 4trlAGA GA]] 9

AT — qdfy(k, /)
One also obtains for A x B = A'/2B A'/? the same deterministic equivalence:
A+ Ax B)—lM(X +AxB)!

N qtr[AGAMG’ ] (70)
Additionally, one has:
A+ BA)_IM(X + AB)_1
N , , , qtr[A’GaAMG/,] (71)

This was for resolvents. By the definition of T4, T";, one immediately gets:
AB(\+ AB)"'MAB(N + AB)™!
, tr[AGAMG',] (72)
AT —qdfy(k, &)
One has the same deterministic equivalence upon replacing A B by the free product A x B
AxBA+A+B) 'MA«B(N +AxB)!
, qtr[AGAMG',] (73)
AT — qdfy(k, &)
Again, for Gram matrices, theAabove equatiqns hold but with ¢ — 1/q.
By adopting the notation G4 = G oAp, Ta = Tap,y = qdfs(k, k') and ypr = ¢tr[AGAMG 4]
one can write these equivalences as:

~ TAMT)y + kk'GAAG

~ TAMT, + kk'GAAG

GAMG', ~ SS'GAMG, + SS’GAAG;%, (74)
TAMT!, ~ TAMT); + KR’GAAG;%, (75)
GAMT!, ~ SGAMT), — SK'G AAG;‘LMW, (76)
TAMGy ~ STAMG', — kS'GAAG M e a7

D.2. Sanity Check of Two Point Functions

We now take A = X, B = W for W a white Wishart and consider the matrix 3 =3«W.Inthe
case where M = 1, the last two deterministic equivalences are equal. Further, by taking A = ) so

17
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that k = k' we get:

SE4N) 2 SE(T 4 k)2 - SkE(D + H)_thr[E(E +r)77

L—v
—qrdf]
= —2g |1 _ 9"
(X +k)"S [ T
- 1;2(2 1) 2 (1= v + q(dfs - df)] (78)
= fZ(E‘FK) 2
_dr -2

So we see that the the two-point result yields the same result as would be obtained through differ-
entiation. This also extends to A\, A’ not equal. Taking dfz(\, \) = tr[Z2(Z + \)~H(Z + \) !
and v = %dfg()\, N'), we have:

SE+NI(E+N)T

QB2+ k)N (E + )7
—K
-7~
1
— ﬁ23(2 + 1) "HE+K)TES(1 — 4 + q(dfy — dfy))
1
— ﬁ2(2 +r) YD+ KL
Here we have used that v = ¢dfy and S = (1 — ¢df;)~!. This equation will be useful in treating
various SGD kernel-related quantities.

~N(Z+r) N +E)TIS <1
(79)

Appendix E. Application I: Linear Regression

As a warm up, we first consider linear regression without random features. In this setting, one
neglects FF ' by replacing it with the identity matrix. The dynamics in this setting are then:

. t .
Ao T 2§ —2(t—5)X$22) [
Ri=w e : Yw —l—X/O Trle ¥4 Rsds, (80)
F(t) K(t—s)
A . t L
Ri=w'e e w +y / Tr[e 29> 5] R,ds. (81)
0

F(t) K(t—s)

E.1. Gradient Flow Term

The generalization error in Fourier space can then directly be obtained via the two-point master
equation (69) with M = A = 3 to obtain
Ss'! T s 1 -
Flw,o') = mw (iw) + ) ' B(iw] + X)) w. (82)
Here, because 32 = X « W for W a white Wishart, the renormalization of each frequency is given
the multiplication of the S-transform of a white Wishart. This is found in the standard literature,

18
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see e.g. [26]. Our notation convention in this section is thus:
dfy = dfy (w) ~ dfg(wr), df} = dfg(w') ~ dfg (W)
N S
1— Bafy’ 1— Baf’
w; = Sw, w; =8, (83)

dfs = tr |22 (iw; + 2) " (iw] + 2)*1].

D
=—dfs.
Y P 2

The empirical forcing term can be handled with a single frequency Fourier transform. Indeed it
is much more convenient to do so when dealing with the SGD effects of the next section. We can
write it as:

A

F(t) = / 2l T (B + iw) L~ / 2 T (T 4wy ) L (84)

In the last equality, we have applied a strong (one point) deterministic equivalence.

We consider instead the bi-frequency transformation of the empirical loss in Appendix G.1, and
see that it gives a dynamical analogue of the generalized cross-validation (GCV) in the gradient
flow limit.

E.2. SGD Kernel Term

In order to correctly treat the convolution of the kernel term with the empirical risk, it is much easier
to work in single frequency Fourier space. We now evaluate both the train and the test kernel.

K = Tr[e 285 = / U ER(E 4 iw) Y. (85)
w
We can apply one-point deterministic equivalent to obtain:
Tr[EZ(E + iw) Y ~ Tr[B4(2 + iwy) 7Y = Tr[E] — iy Tr[B(E + iwp )~ (86)
Similarly, for the train kernel, we have
Ky = Tr[e 22352 = / T [B2(3 4 iw) Y. (87)
w

In Fourier space, this resolvent is given by:
Tr[32(2 + iw) 7Y = Te[E] — iwTr[E(2 + iw) 7Y
~ Tr[E] — iwTr[B(Z + iwr) "
— T[S + i)"Y + i(wr — )T [E(S + iwr) Y. (88)
_ i1
=K(w) + Iz

Where we have used that i(w; — w) = iw(S — 1) = w1 Bdf1. We thus see that the deterministic
equivalent for the train kernel is the same as the equivalent for the test kernel, but with an extra
additive term. In the large ¢, or equivalently w — 0 limit, we have that this additional term is always
non-negative.

Tr[2(2 + iwy) '
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Given the exact expression for the test risk, we get that the additive SGD contributions to the
train and test risk are given by

R(t) = [ 2wt F(w)
R(t) _/w 71

— K(w) - | . (89)
B / Q2w w' ' 3B(X +iw) W
L 1 — xTr[X2(X + iw1) 1] — xiwi (Ddf1)?/P
and .
:/ zw+w t]:w w)+/e2iwt’C(w);F(w)
w,w’ w 1 — ]C(LL))
z(w+w )tSSI T
= v (i )12 (i + )t
/w’w/ 1 — ~y(iwy, zwl)w (iwy +3) (iwy + ) (90)

+ / eszt XTI‘[E2(2 + iwl)_l]
w 1 — xTr[X2(X + iwq) 1] — xiwi (DAf)?2/P
X wTE(E + iwl)_lw,
respectively. In Appendix G.2, we compute the SGD terms in terms of double frequency Fourier
transforms and two-point equivalents.

E.3. Covariate Shift

In this section, we show how the two-point deterministic equivalences allow for direct calculation
of the train and test risks under a shift of covariates from X to X’. There, the forcing term changes

to
Foop(w,w') = SS"w " (iw; + )12/ (iw) + ) 1w

/ 91
+ 58 2w (i + 2) 'S + 2) ©h
-
In the above equation,
o D . _ ‘ _
v (iwr, iw]) = Bt S (iwy + ) Y (iw] + 2) 1]. (92)

The (single frequency) SGD test kernel term also changes to:

K'(w) ~ Te[EX/( + iwy) 7Y = Tr[X'] — dwy DAf;. 93)
In the static limit, we have x = lim,,—¢ tw;. We also have explicitly written out the noise term rather
than including it as a mode at infinity. Then, the distribution-shifted gradient flow term becomes:

/
E&%gm[wWE+mrkﬂz+@*w+uﬁmz+@4w17}
-

(94)

This recovers the covariate-shifted results of [3, 9, 25]. We note that one can also easily accom-
modate target shifts (i.e., from w to w’) in this formalism, but doing so does not require two-point
equivalents [25].

Appendix F. Application II: Random Feature Regression

We now return to our original model, with random features added. When data averaging, w will be

renormalized by the S-transform of a white Wishart Sy as before. When averaging over features,
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it will further be renormalized by the S-transform Sppr. Here, FF T is a white Wishart matrix
with parameter ¢ = D /N. Our notation will thus be:

dfy = df +4(w), dfy =df (W),

F
Sw=_ + g - 1
W1 DBar, "™ T 1-Dar)
1 1
Sppr = —5—, Slopr = —p—
FEUT O Dar, TFFTT 1 Dap 95)

SESWSFFT, S/ESQ}[/S;?FT;
w; = Sww, W) =Sy,
wy = Spprwi = Sw, wh = Spprw = 85w,
dfy = tr[E2(Z4iws) "H(E + iwh) 1.
Then, the weak deterministic equivalents for df; and df'l can be written as
dfy = df, 7o (W) = df ppr g (w1) ~ dfg(w2),
df} = df} -4 (W) = dfpprs(W)) ~ dfg(w)),
where we average first over the randomness in 3 and then FF . As stated before, in contrast to
[4], we choose to divide by NV instead of D in defining the features. This will lead to a more natural
gradient flow dynamics. In the convention of [4], one would have to re-scale n — nD/N to get
correct dynamics. Either way, the large time limit will agree with agree with the (ridgeless) random

feature results quoted in that work.
We will also make frequent use of the push-through identity:

ABA+ )\ '=(AB+)\)'A. 97)

(96)

F.1. Gradient Flow Term

By writing 3 = BY2W X2 for W a white Wishart matrix and applying the push-through identity
(97) to the original random feature forcing equation (37), we see that we need to evaluate:
Fliw,iw') = @' BV (iw+ WEV2FFTE1/2)71
x (i + SV2FFTSY2W) 1 512,

We do this in two steps, first integrating over data W and then over random features FF' ' .

98)

F.1.1. INTEGRATING OVER DATA

Pushing through 3'/2 on both sides, we apply the two-point equivalence (71) with M = I and
A =3XV2FFT31/2 o obtain:

/
Fliw, iw') ~ Swiw w' (iw + ZFF") 13w, + FF'E)'w (99)
1

for
D
n=Shr [(EFFT)2(Z'W1 FSFFT) M iw, + EFFT)—I] . (100)
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F.1.2. INTEGRATING OVER FEATURES

We will evaluate v, separately since it concentrates. We apply Equation (72) for a Gram Wishart
withg = D/N,q ! = N/D Here, M =1, A=X,B=FF'.

DD _tr[(iwe + 2) T2 (iwh + )72
7df L+ == . 101
m 2+ 5 37 (iw2) (iwn) 1= D, (101)
We now apply (68) with M =1, A=X,and B = FF to get:
!
F(iw,iw') ~ 55 W' (iwy + )18 (iwh + )

I—m
+ " (iwy + )12 (i) + ) lw (102)
y L tr[(iws + ) 1B (1w} + )71
1 — Bdfs(iws, iwh)

This recovers the result of [8].
We now evaluate the training loss. Because of the push-through identity, even in the random
feature setting we can characterize this in single-frequency space using a one-point deterministic

equivalent:
— - — 3 — — - — 3 —
tSFF Se tFF E’LU o' 2tFF E'LU

—w'
/ S(FFTS +iw) lw (103)
w
_/ 2G| B(T + iws) .
w

In the last line we have applied the one-point deterministic equivalence twice, over FF T and over
W.

F.2. SGD Kernel Term

Here, we again apply a one-point deterministic equivalence to characterize the SGD kernel in single-
frequency space. For the test kernel, we have:

K(t) = / U EFFTESFFT (SFFT 4 iw)™} (104)
We apply the following two de;uerministic equivalences:
T[SFF'SFFT(SFFT +iw)™ !
~Tr[EFF SFF (SFF" +iw)™
=T[SFF") —iw Te[SFF (SFFT +iw;) ™Y

[
~ Tr[Z] — iw Tr[B(Z + dws) 1. (105)
~ Tr[22( + iwo) 7 4 i(wo — w1)Tr[B(T + iws) ™
~ TY[S2(S + iws) Y] + %Tr[E(E +iws) Y2,
Similarly, for the train kernel, we have:
K(t) = / T [EFFTSFFT (SFFT +iw)7Y. (106)
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Here, we apply two deterministic equivalences again:
T[EFF SFFT(SFFT +iw)™]
= Tr[XFF"| —iwTt[SFF" (SFFT +iw)™}
~ Tr[E] — iwTr[E(2 + iws) Y.

= Te[S2( + iws) Y + i(ws — W) TE[E( + iwn) Y] (107)
= K(w) +i(w — w)Tr[B(2 +iwg) 1]
= K(w) + Z%Tr[E(E +iws) 12,
All together, the empirical and population risk are then
R(t) = / 2iot SFFTW | B(E +iwy) '
Lo 1 — xTr[X] + iwxDdfy
R(t) = / @ F . W' (108)

)

+ / €2iwt XTI'[E] - ileDdfl
w 1 — xTr[X] + iwxDdf,
Here, F(w,w’) is the forcing term reported in Equation (102).

Spprw! B(X + iws) .

Appendix G. Double-Frequency Equivalents for the Empirical Forcing and SGD
Kernel Terms

In this section we match the double-frequency treatment of the population forcing term. For the em-
pirical forcing terms, the bi-frequency picture yields an analogue of the generalized cross-validation
(GCV) procedure in each frequency mode. The utility of the bi-frequency picture for the kernel
forcing terms is less clear, but we report it anyway for completeness.

G.1. Linear Regression Forcing Term

We can write the empirical loss under gradient flow in terms of two time variables as:

Ft,t) = Aw] SAwy = v e P8e P, (109)
Then, Fourier transforming in each variable separately and restricting to the ¢ = ' diagonal yields:
F(t) = / eHet) B T3S +iw) (B + i) w . (110)
w,w’
Flww)
We now apply the deterministic equivalence (79) to obtain:
. 1
Flw,w') ~ — D' B2+ iw) HE +iw)) L. (111)
-7

G.2. SGD in Linear Regression

Here, to match the gradient flow term, we apply two Fourier transforms to the kernel and apply the
two-point deterministic equivalence. Namely, we consider extending /C, K to:

K(t,t)= Tr[e_tﬁ:ﬁ]e_t/ﬁlﬁ], K(t,t) = Tr[e_tﬁ:ﬁ]e_tlﬁlﬁ]}. (112)
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We then perform Fourier transforms separately in ¢, ¢’ to obtain:
K(t)=D / ) ([ B(B 4 iw) IE(E +iw’) 7Y,
w,w’

K(w,w’)

(113)
K(t)=D / HWF) (3B + iw) IR +iw’) Y.
w,w’

K(w,w’)
By applying the two-point master formulas in Appendix D.1, and specifically (79), we obtain the
equivalent for the test kernel:

Ddf
K(w,w') ~ 1_3 (114)
Similarly the train kernel can be written as:
. D tr[3(2 + iwy) (T + iwf) 1
K (w,w') ~ Ddfs <1(z’w1)(iw’1)P r{ 2 “"“1) (B +iwn) ]>. (115)
-7

G.3. Linear Random Features Forcing Term

The empirical loss under gradient flow in bi-frequency space is given by

F(t) = / ) g TS FFTS 4+ iw) Y (FFTS + i) . (116)
w,w’
We now apply the deterministic equivalence (79) to obtain:
. 1
Flw,w') ~ 17@T2(2FFT +iw) YEFFT 4 i) lw. (117)
-nNn
Finally, we apply the deterministic equivalence (69) over FF' ' to yield:
. S S
Flw,o) ~ % BT E(E + iw) (S + iw)) @
- N
+ " (iwy + X) 122 (iwh + 2)lw
D tr[(iws + ) S (iwh + £) 7 (118)
1-— %de (iWQ, zwé)
_ F(w,w)
SwShy

This again yields a dynamical analogue of GCV, where we see that the empirical and population
risks under gradient flow differ by a factor of Sy Sj,. In the ¢ — oo limit this requires the Sg,
obtained in [1, 4] for linear random features.

G.4. SGD in Linear Random Features

We now compute deterministic equivalents for the kernel term, again defining the bi-temporal ker-
nels by:

K(t,t) = Trle PP EppTSe ' FF S ppTy]

) i R - (119)
K(t,t)=Tife FF SFFTse 'FFSppTs).
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We then perform Fourier transforms separately in ¢, ¢’ to obtain:

K(t) = D/ Mt K (w, W),

(120)
K(t) = D/ et @K (W, W'
w,w’
for R . .
K(w,) =tr[FF'S(FF'S 4 iw) 'FFTS(FFTS + i)™ 120
K(w,w') = tr[FFTS(FFTE +iw) ' FFTS(FFTS 4+ i) 7.
Applying the two-point equivalences to perform the data average, we get for the test kernel:
Ddf? w1, W]
K(w, o) = prrs(iw i) (122)

1 — 71 (iwn, iw))
We recognize again that the numerator and denominator depend only on vy; = %df 2F FTy» We have
already computed equivalents for this in the prior section.
Similarly for the train kernel we get:
K(w,w') ~ DAf3, 5 (i1, iw})
Dt [SFF"(SFF "+ iw) " Y(SFF T+ iw)) ™! (123)

>< 1 _ . . / -
(iw1) (iwy) P 1 — 1 (i, iwi)

Again equivalents for df % g7y, and 71 are already calculated. It remains to apply a final determin-
istic equivalence (79) over the features to the last term to get:

tr[SFF(SFF +iw) Y(SFF +iw))™]
(S + iwn) (B +iwh) ] (124)
- 1 — Dadfs (iws, iwh) '
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