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Abstract: Topological states of matter, first discovered in quantum systems, have opened
new avenues for wave manipulation beyond the quantum realm. In elastic media, realizing
these topological effects requires identifying lattices that support the corresponding topological
bands. However, among the vast number of theoretically predicted topological states, only a
small fraction has been physically realized. To close this gap, we present a new strategy capable
of systematically and efficiently discovering metamaterials with any desired topological state.
Our approach builds on topological quantum chemistry (TQC), which systematically classifies
topological states by analyzing symmetry properties at selected wavevectors. Because this method
condenses the topological character into mathematical information at a small set of wavevectors,
it encodes a clear and computationally efficient objective for topology optimization algorithms.
We demonstrate that, for certain lattice symmetries, this classification can be further reduced
to intuitive morphological features of the phonon band structure. By incorporating these band
morphology constraints into topology optimization algorithms and further fabricating obtained
designs, we enable the automated discovery and physical realization of metamaterials with targeted
topological properties. This methodology establishes a new paradigm for engineering topological
elastic lattices on demand, addressing the bottleneck in material realization and paving the way for
a comprehensive database of topological metamaterial configurations.

Significance statement: The legacy of decades of phononics research is a sharp awareness
of the wave manipulation capabilities of elastic metamaterials. The incorporation of optimization
methods is also bringing metamaterials technology closer to widespread adoption in engineering
design. The most recent leap broadening the horizon of metamaterials functionalities is traceable
to the injection of notions of topological states of matter. However, these physics have yet to
be systematically incorporated into design frameworks, due to lacking efforts effectively encoding
principles of topology into drivers of optimization. Offering a much-needed synthesis between
these perspectives, we provide criteria to distill salient topological attributes and recast them
as objectives of optimization algorithms, paving the way for computerized design and physical
realization of libraries of metamaterials with on-demand topological states.

Keywords: topology optimization | topological mechanics | mechanical metamaterials | experi-

mental demonstration | wave control

The ability to control mechanical waves and vibrations is
a highly sought-after attribute in material systems across
engineering and materials science applications. Homoge-
neous solid media lack the architectural complexity re-
quired to manipulate the propagation of elastic waves be-
yond conventional regimes. This limitation has sparked
growing interest in architected materials and metamateri-
als. Metamaterials owe their properties not to their com-
position but to the geometry of their internal architecture
which, in the case of lattice materials, is spatially periodic.
Through careful design, elastic metamaterials provide un-
precedented control of wave propagation, enabling notable
phenomena such as bandgap (BG) opening and tuning, di-
rectivity, negative refraction and superfocusing [1H9].

An additional dimension to this array of capabilities has
emerged from the injection of notions of topology. Through
a topological classification of wave descriptors defined in
the frequency-wavevector space (k-space topology), and by
adapting to elastodynamics selected concepts of topological

phases of matter originally introduced to describe quantum
and electronic phenomena, we can elicit and interpret ef-
fects that elude conventional phononics analysis. This phi-
losophy has opened the field of topological mechanical meta-
materials, material systems that exhibit static and dynamic
regimes that are robust against defects and perturbations,
e.g., polarized elasticity and one-way edge and interface
states [10H19]. These topologically protected phenomena
are associated with the presence of topological bands in
the phonon spectrum. Consequently, the ability to recog-
nize the existence of such bands—and, more importantly,
to promote their emergence when designing new materi-
als—has become a crucial objective.

The recently-developed framework of Topological Quan-
tum Chemistry (TQC) offers a streamlined approach to
classifying and identifying topological bands based on sym-
metry arguments [20H28]. By relying exclusively on the in-
spection and classification of irreducible representation la-
bels (the so-called irreps) evaluated at the high-symmetry
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FIG. 1. Conceptual schematic of the proposed framework. (A) Two connectivity scenarios within the p3lm symmetry group,
corresponding to trivial and topological bands as identified by TQC-enabled band classification, along with a potential application.

Morphological band features identified as key drivers for the topolgy optimization (TO) algorithm.

(B) Digital morphogenesis

inverse design process via the proposed TO framework, enabling automatic discovery of metamaterials with any desired topological
features, showing intermediate steps and an optimized configuration. (C) A selection of generated configurations, demonstrating
the diverse patterning achieved. (D) Laser vibrometry testing of a fabricated prototype, used to experimentally reconstruct and

validate the band diagram.

points (HSPs) of the Brillouin zone (BZ), TQC simplifies
the identification of symmetry-protected topological states
(TSs), offering an efficient and practical alternative to com-
putationally intensive methods that traditionally require
detailed knowledge of Bloch wave functions across the en-
tire BZ to define topological invariants. In essence, the
irreps capture how the eigenfunctions—in elastodynamics,
the unit cell mode shapes—transform under various sym-
metry operators. Formally, a band structure is deemed
topologically nontrivial if its irreps cannot be matched
to those of any atomic insulator, indicating a state that,
by definition, cannot be described by symmetric localized
Wannier functions [20]. The Bilbao Crystallographic Server
(BCS) compiles all possible atomic insulators by combining

lattice and orbital types in terms of irreps, thus providing
a comprehensive reference to determine whether a given
band structure is topologically trivial or hosts symmetry-
protected topological states [20H32]. Recently, researchers
have invoked the TQC framework to identify topological
bands in photonic crystals [33], acoustic [34], and phononic

metamaterials [35H38].

A promising approach for discovering mechanical meta-
materials with prescribed properties is inverse design
through topology optimization (TO), a design methodol-
ogy based on strategic spatial allocation of material phases
in a given design domain guided by mechanics-based al-
gorithms [39H41]. Providing broader design freedom than
intuition- or trial-and-error-based methods, TO has been



applied to the inverse design of phononic structures with
the goal of optimizing certain wave control capabilities,
such as BG widening or lowering [42H50], negative refrac-
tion [51], acoustic and photonic cavities [52] 53], and elastic
wave barrier and absorber [54] [55]. More recently, TO has
been employed to design topological insulators by enforcing
global signatures of topological behavior (e.g., the emer-
gence of interface states) as optimization objectives [56],
by promoting Dirac cones to obtain quantum spin Hall
analogs [57H60] or quantum valley Hall analogs [61 [62],
or by directly optimizing topological invariants [63]. De-
spite these advances, the direct encoding of phonon band
topology criteria into TO frameworks remains largely un-
explored due to the inherent challenges of mathematically
capturing the unique conditions that underlie topological
phenomena and translating them into efficient drivers for
the optimization algorithms. In addition, theoretical stud-
ies have vastly outpaced experimental realizations of TSs,
with only a relatively small subset being directly confirmed
experimentally.

This gap underscores the need for a versatile inverse de-
sign framework that systematically encodes the topologi-
cal descriptors directly into the optimization process, thus
enabling the discovery of metamaterials that display de-
sired topological properties while retaining the structural
characteristics that make them amenable to physical fab-
rication and testing. In parallel to the primary objective
of guaranteeing the emergence of desired topological bands
on-demand, such optimization framework could ideally be
set up to simultaneously pursue other (secondary) desired
targets, such as tuning BG onsets and widths to target
desired operational frequency regimes. This set of goals
involves the nontrivial task of distilling the topological re-
quirements of bands into a parsimonious set of rigorous
band descriptors that can be expressed mathematically and
effectively incorporated into optimization algorithms. The
TQC approach discussed above, which simplifies the topol-
ogy of bands to mere symmetry considerations, constitutes
an ideal tool around which we can construct our design
strategy.

In the remainder of this paper, we will propose a strategy
to address these design and physical demonstration needs,
leveraging the integration of two powerful and complemen-
tary tools: 1) a method for topological classification of
bands, based on TQC and boosted by recent discoveries
that link TQC criteria to band morphology requirements;
2) a TO strategy specifically tailored to promote the emer-
gence of topological features through the incorporation of
key band morphology descriptors as drivers of the optimiza-
tion algorithms. The discovered metamaterial is then phys-
ically fabricated and experimentally demonstrated to pos-
sess the target topological properties. The conceptual steps
of this strategy are summarized by pictorial highlights in
Fig.|ll (A) We start from a general classification philosophy
of band topology, rooted in principles of group and graph
theory and formalized by TQC. Here, we invoke a key find-

ing from our recent study, which pinpoints the emergence
of band topology to few band morphological attributes that
can be assessed through agile band inspection. (B) We en-
code these morphological requirements mathematically as
objectives and constraints of TO algorithms to enable the
automatic discovery of metamaterials. (C) We comprehen-
sively explore the non-convex design space of lattices to
compile libraries of configurations with a common desired
topological character as primary attribute and a plethora
of secondary phononic attributes. (D) Finally, we test the
dynamics of selected configurations using physical proto-
types to confirm the emergence of the desired band topol-
ogy through an a-posteriori assessment of the morphology
of experimentally reconstructed bands. In the next section,
we will discuss all these steps in detail.

Results and Discussion

Fundamental Relations Between TQC and Band
Morphology.

In this section, we outline the key conceptual steps of our
proposed framework for designing lattice materials with de-
sired T'Ss based on band morphology criteria. Our starting
point leverages a key intuition gained in our previous study
on the dynamics of structural kagome metamaterials (Azizi
et al. [36]). This study adopted the symmetry arguments
of TQC to assess the topological character of bands, thus
extending to elastic lattice materials a framework originally
proposed for -and tested against- quantum and electronic
systems. Recall that a key insight from TQC is the notion
that the topological character of bands can be assessed by
looking at certain symmetry indicators, known as “irreps”,
which capture how the eigenfunctions transform under a
number of symmetry operators. The landscapes of irreps
for a band, or cluster of isolated bands, that are associated
with trivial bands are cataloged in the BCS; hence, a band
of a lattice belonging to a given symmetry class is deemed
topological if it does not conform to any of the tabulated
landscapes of irreps for that symmetry class.

Furthermore, in [36] a connection was demonstrated be-
tween the topological character of the bands and certain
morphological attributes of the corresponding branches in
the band diagram. It was shown that, for the considered
symmetry class (p3lm wallpaper group), the existence of
two isolated bands that cross exclusively at the HSP T,
without retouching at any other HSPs, i.e., K and M, con-
stitutes a necessary and sufficient condition to guarantee
the topological character of those bands. In essence, the
matter of topological classification reduces to an agile and
intuitive inspection of a parsimonious set of morphological
branch descriptors, which serve as proxies for the TQC ir-
reps. This powerful observation implies that one can as-
certain the emergence of topology from experimental or
numerical data by simply reconstructing the bands from
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FIG. 2. Digital morphogenesis inverse design via band morphology-driven TO. (A) Design domain, boundary conditions (BC), and
candidate material phases. (B) Target band morphology translated and encoded into an optimization formulation. (C) Discovered
metamaterial design with desired topological features and its tessellated assembly.

the measured response and assessing their morphology - a
routine operation in phononics that can be carried out ag-
nostically, even in the absence of a precise model of the
lattice cell. The idea, while conceived in the context of lat-
tices with p31m wallpaper group, is extendable in principle
to a broader class of lattices, although other case-specific
attributes may need to be inferred for each case.

The ability to classify the mechanical performance in
terms of a discrete set of parameters provides a golden plat-
form for the development of optimization frameworks for
structural and material design. Not only can the morphol-
ogy criteria be used directly to characterize the topological
character of the bands; they can also serve as drivers of an
automated inverse design process aimed at discovering new
lattice configurations of arbitrary complexity with desired
topological attributes. The idea is to construct an opti-
mization algorithm in which such criteria are embedded
either as objective functions or constraints of the optimiza-
tion problem. In the next section, we elucidate this idea
targeting, as a benchmark example, the band morphology
observed for finite-frequency topological bands in lattices
of the p31m wallpaper group.

A Band Morphology-driven
TO Strategy to Find TSs.

The first step toward automated discovery of lattice con-
figurations via band morphology-driven TO is to identify
the primary design principles, i.e., the desired topological
attributes of the targeted phononic behavior. In the case
of the p31m wallpaper group lattice class, the primary de-
sign principles for achieving topological bands distill to the
realization of the following set of band characteristics:

e enforce a band crossing at the HSP I', while main-
taining gaps at the HSPs M and K between bands 3
and 4;

e cnsure the complete isolation of band 3 (4) from band
2 (5);

The next step is to translate these requirements into math-
ematical expressions, i.e., differentiable functions that can

be encoded in gradient-based optimization algorithms. The
optimization tasks can be classified into two major cate-
gories — a) merging or opening gaps between specific bands
at HSPs only, and b) complete isolation of different bands.
For the first category, we simply express the gaps between
bands m and n at the HSP t € {T', K, M} as

)\(n)
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(1)
where A; represents the squared eigenfrequency w; ob-
tained by solving the generalized eigenvalue problem
(Kt —thMt) ¢: = 0. Here K, and M, are the re-
duced stiffness and mass matrices considering Bloch pe-
riodic boundary conditions evaluated at point ¢, and we
assume the eigenvector ¢ is normalized w.r.t. M, i.e.,
¢ - Mg = 1. Here, opening (or closing) the gap A)\l(tm’n)

corresponds to opening (or closing) the gap Aw§m’n) in the

band diagram, and therefore we equivalently use A)\,gm’n)
in the optimization formulations for simplicity.

The second category, i.e., the complete isolation of band
m from band n can also be achieved by evaluating the same
expression A)\g-m’n) of Eq. at all wavevector points j and
enforcing them to be non-zero. Ideally, all points along the
BZ should be sampled to ensure complete band isolation,
but this is computationally prohibitive as each sampled
point requires solving an eigenvalue problem. To address
this, we enforce a total BG, which is a stricter condition for
band isolation, while sampling only at the three HSPs T,
M and K for j in the optimization. The BG between bands
m and n, sampled at the HSPs, can be expressed as
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where Tkg is the KS-aggregation function [64] given as
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which provides a smooth approximation of the maximum
operator using a smoothness parameter 3 € [1,00). To ver-
ify complete spectral isolation, we evaluate the band mor-
phology across all points in the BZ after optimization.
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Using Eqgs. and , we now construct an optimization
problem where the merging of bands 3 and 4 at I" point
is promoted through the objective function and all other
criteria are realized through different constraint functions.
A volume constraint is also included to prevent the possible
appearance of redundant materials in the optimized design.
The optimization problem is formulated as

min  J(z) = A (2)
st.  gi1(z) = —A)\l(\;’g)(z) +em <0,
92(z) = —A)\%’S)(z) +ex <0,
g3(2) = —AXBC2)(2) + ey <0, n
g1(z) = —AXOD(2) 4 epar <0,
95(2) =V(z) = V" <0,
ze €[0,1], e=1,...,Ng,

with  (K;(2) = ;N(2)) &5 = 0, j = {T,M,K},

where z is the design variable vector representing solid or
void regions in the design domain, V* is the maximum al-
lowable volume fraction, and ey, €k, eBg1 and epgs are the
prescribed constraint tolerances representing lower bounds
of desired HSP gaps or BGs. This inverse design process
that embeds the insights from TQC into a TO framework
for automated discovery of topological lattices is summa-
rized in Fig.[2] Specifically, Fig. PJA illustrates the periodic
design domain that conforms to the crystallographic sym-
metry and periodicity requirements for the chosen p31m
group, Fig. presents the primary design principles for
the band morphology and corresponding mathematical ex-
pressions in the form of an optimization problem using a
simplified representation of Eq. , and Fig. shows the
resulting optimized design satisfying all design principles
in Fig. 2B, as verified in the next subsection with rigorous
numerical and experimental investigations. We note that
a unique advantage of using optimization-driven morpho-
genesis is that, by varying the forms of the objective and
constraint functions in Eq. , we can attain a diverse col-
lection of optimized mechanical lattices with dissimilar ge-
ometries yet identical topological characteristics that meet
the same primary principles. The database of these lattices
are presented and discussed in a later section and in the ST
Appendiz.

Numerical and Experimental Extraction of
Topological Signatures.

We now proceed to interrogate the outcome of the TO
algorithm by performing a full phononic analysis of the
configuration that has emerged from the optimization and,
specifically, assessing the establishment of topological char-
acter. The generated configuration is shown in the inset
of Fig. along with its lattice vectors e; and e;. The
unit cell is discretized into a mesh of 4-node iso-parametric

2D plane-stress elements and subjected to a canonical FE-
based Bloch analysis( Materials and Methods)). The result-
ing band diagram, limited to the six lowest bands, is shown
in Fig. [BJA. A visual inspection of the band diagram im-
mediately reveals that the morphological requirements are
indeed satisfied: (i) bands 3 — 4 are isolated, (ii) they cross
at the HSP T, and (iii) a gap exists at the HSPs M and K
(see SI Appendiz for details on the irreps and mode shapes
at the HSPs calculated for this configuration, and the exis-
tence of localized modes within the BGs). To corroborate
these band characteristics, we conduct full-scale FE simu-
lations on a finite domain obtained via 2D tessellation of
the optimized unit cell. Specifically, to capture the first
requirement (isolated finite-frequency bands), we perform
a frequency-domain simulation under sustained harmonic
excitation. The domain is excited at the yellow dot (input)
and the response is measured at the green dot (output) of
the inset of Fig. [3B. By sweeping the frequency and calcu-
lating, for each w, the output/input ratio, we generate the
transmissibility curve shown in Fig. BB. This curve con-
firms two attenuation regions (shaded), matching the BG
frequencies predicted by Bloch analysis and sandwiching a
pass-band region.

To document the second and third features (band cross-
ing pattern), we need to reconstruct the actual morphology
of the bands. To this end, we resort to transient simula-
tions to induce waves with a broad wavevector content and
we sample them along specific directions corresponding to
given intervals of the BZ contour. We excite the domain
at the yellow dot (inset of Fig. BIC) with a 7-cycle linear
chirp signal polarized perpendicular to the I'—K direction,
as shown in red in Fig. BC. The instantaneous frequency
is defined as f(t) = ct + fo, where fo = 6.5 kHz is the
starting frequency, fi = 26 kHz is the final frequency,
c = % is the chirp rate, and 7" = 1.1 ms is the total
sweep time. A snapshot of the wavefield at the time corre-
sponding to the blue point in the signal plot is also shown
in Fig. [3C, with colormap corresponding to the normalized
displacement magnitude. We collect displacement time his-
tories at discrete, equally spaced points along I'-K (green
dots in Fig. inset), and perform 2D DFT to transform
the spatio-temporal dataset into a frequency-wavenumber
dataset. The resulting spectral amplitude contours, over-
laid on the band structure in Fig. [8C, confirm the targeted
morphological characteristics, with a single prominent spec-
tral feature at I' and, in contrast, a split signature at K with
two spectral features conforming to the limits of bands 3
and 4, respectively.

To confirm the robustness of the established topological
signatures of the optimized configuration in transitioning
from ideal simulations to physical implementations, we now
complement our numerical predictions with experimental
validation using laser vibrometry (Polytec PSV 400 3D
Scanning Laser Doppler Vibrometer (SLDV)) on a physical
prototype. The experimental setup is illustrated in Fig. [4JA,
with a zoomed-in view of the waterjet-cut prototype geom-
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(A) Unit cell derived from the TO algorithm, shown with its

calculated band diagram. The mid-frequency bands demonstrate the desired morphological attributes, with the BZ indicated in the
inset. (B) Transmissibility versus frequency plot, illustrating the formation of two BGs enclosing finite-frequency passing bands.
(C) Band reconstruction from transient simulations using a chirp signal (plotted in red), capturing key morphological features of
bands 3-4, specifically the crossing at I' and splitting at K, accompanied by a snapshot of the associated wavefield.

etry shown in the inset of Fig. EIB (all details provided in
| Materials and Methods). The experiments confirm the
emergence of the key dynamical features associated with
topological bands at finite frequencies for this symmetry
class. First, we apply a broadband pseudo-random exci-
tation at the point marked by the yellow dot in Fig. [4C,
and we measure the in-plane velocity at selected sampling
points within the white box. The experimentally recon-
structed transmissibility curve reveals the opening of two
BGs, confining a pass-band region, with excellent qualita-
tive and satisfactory quantitative match of its numerical
counterpart. Next, in Fig. D, we experimentally recon-
struct the bands 3-4 morphology by exciting the frequency
range of the bands using three concatenated 7-cycle narrow-
band tone burst excitations with carrier frequencies of 8.5
kHz, 10 kHz, and 13 kHz, and sampling the response along
the relevant lattice direction. The spectral amplitude maps
conform to the bands predicted by Bloch analysis, confirm-
ing the crossing at I' and the split at K. The FFT spectra
of the tone bursts, shown in the right panel of Fig. @D,
are color-coded to highlight the corresponding frequency
intervals with the top 40% activation.

Design Space Exploration and Construction of
Configuration Libraries.

Next, we explore the design space to identify alternative
configurations that belong to the same symmetry class and
preserve the band morphology characteristics necessary for
the existence of topologically nontrivial states. The broader
objective of this design exploration is to demonstrate the
capability of this framework to discover, as a result of a
simple parameter calibration, an entire library of configura-
tions that share common topological attributes and simul-
taneously achieve a plethora of secondary phononic char-
acteristics. The chart in Fig. [5| illustrates a collection of
optimized configurations obtained through parameter al-
teration introduced in the TO formulation that result in
domains with different volume fractions (VFs) (either by
design, by imposing desired bounds on VF as constraints,
or as a spontaneous byproduct of the algorithm targeting
some functionalities objectives). Six optimized unit cells
are shown in six trapezoidal boxes organized counterclock-
wise according to their VF. For each configuration, the re-
sulting tessellation is shown in the corresponding hexag-
onal sector of the chart to highlight the variety of pat-
terns and connectivity landscapes that can be achieved.
For each case, we report a portion of the corresponding
band diagram corresponding to the frequency range that
encompasses the TSs (highlighted) to emphasize that in all
cases the common morphological band features enforced by
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algorithm. (A and B) Experimental setup for 3D SLDV testing and a close-up view of the specimen, with the geometric details of
its corresponding unit cell shown in the inset. (C) Experimental transmissibility curve revealing finite-frequency pass-band between
BGs. (D) Experimentally reconstructed band morphology featuring crossing at I' and split at K, revealing signatures of nontrivial
topology according to TQC irreps. The spectra of the excitation signals are shown on the right, with color-coded regions indicating

the frequency intervals of highest activation for each tone.

the algorithm are indeed met. The explored variations in-
clude adjusting design parameters such as BG width and
VF, swapping objectives and constraints, or imposing ad-
ditional constraints. See SI Appendiz on the specific TO
formulations used in each case.

Interestingly, even slight modifications to the TO formu-
lation lead to significant changes in both the real-space ge-
ometry and the reciprocal-space band structure due to the
highly non-convex nature of the mathematical optimiza-
tion problem, with influences on the phononic or mechani-
cal properties. An intriguing occurrence is the appearance
of additional band crossings along the high-symmetry lines
I'—K and/or M—K. This feature is observed in Cases B, D,
and E. Cases featuring crossing are highlighted in Fig. [5] by
green backgrounds in the tessellations against pink back-
grounds for the regular cases. Notably, these crossings not
occurring at the HSPs do not alter the topological char-
acter of the bands. Therefore, these cases are correctly
obtained by the algorithm. It is also interesting to see how
different configurations can be classified according to their
bulk, shear moduli, and Poisson’s ratio. These quantities
can be inferred from a manipulation of the wave speeds
of the acoustic modes in the long-wavelength limit, as dis-
cussed in [65]. Remarkably, Cases A and F, which have
the most kagome-like geometries, exhibit auxetic behavior
(shaded light yellow in Fig. |5), whereas the other cases
have a positive Poisson’s ratio (shaded blue in Fig. . See
the SI Appendiz for more details. Additional differences
between these outcomes can be pointed out that can be

traced to differences in the TO algorithm. Cases C and
E share similar TO formulations, both aiming to maximize
BG1 while maintaining a similar lower bound constraint on
VF. However, in Case C, the algorithm allows lower values
for BG2, ultimately yielding two design options: one with a
lower effective mass density (C) and another with a higher
effective mass density (E). Case D is designed to simulta-
neously maximize the gaps at the HSPs K and M between
bands 2-3 and 4-5, while enforcing all other requirements
as constraints. Lastly, Case F is designed to enhance ex-
perimental feasibility by optimizing the T'Ss for maximum
bandwidth. In other words, we increase the spectral sepa-
ration between the peak and valley frequencies of the T'Ss
to facilitate experimental validation and simplify testing.

Concluding Remarks

TO has emerged as a powerful tool for designing meta-
materials with tailored mechanical and wave manipula-
tion properties. While significant progress has been made
in optimizing conventional performance metrics—such as
stiffness, toughness, and BG width—the systematic inte-
gration of topological constraints into TO frameworks re-
mains largely unexplored. This gap stems from the in-
herent challenge of mathematically formulating topological
requirements in a rigorous and computationally tractable
manner. In this work, we have addressed these challenges
by introducing a methodology that seamlessly integrates
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the others have a positive Poisson’s ratio and are shaded accordingly. Although the designs retain the same topological character
due to enforced band morphology constraints, they exhibit distinct geometric variations.

band topology criteria into TO algorithms. Leveraging the
framework of TQC, we have identified key band morpholog-
ical attributes that serve as reliable indicators of topological
character. Beyond its theoretical contributions, this study
enables the automated generation of metamaterials with
on-demand topological properties, bridging the gap be-
tween theoretical predictions and experimental realization.
Additionally, our findings provide a comprehensive library
of lattice configurations, each engineered to satisfy a com-
plementary wave manipulation property while constrained
to the same primary topology, thereby establishing a struc-
tured approach to metamaterial discovery. Looking ahead,
the implications of this work can be extended beyond the
studied symmetry group, as the developed methodologies
can be adapted to other symmetry classes, where further
considerations need to be incorporated, yet the band mor-
phology plays a similarly fundamental role.

Materials and Methods

Simulation and Optimization Setup

We generate a quadrilateral isoparametric mesh with ap-
proximately 14,000 elements within a hexagonal unit cell
domain, where each side is set to unity (Fig. [2JA). The
mesh is refined appropriately while preserving the targeted
symmetry group, C3,. To construct the symmetric mesh,
we first discretize the highlighted region in Fig. us-
ing GMSH. We then apply the mirror symmetry operation
mq1, reflecting the mesh across the plane perpendicular to
e1 + es. Subsequently, we apply two successive rotations,
C3 and C2, to generate a symmetric mesh across the entire
domain. Details of the TO, including design parameteri-
zation with filtering [66H69] and Heaviside projection [70],
interpolation rules, and optimization formulations alterna-
tive to Eq. are provided in ST Appendiz.



Material Properties and Optimized Unit Cell
Specification

The optimization process yields a pixelated black-and-
white hexagon unit cell (Fig. ), where black and white
regions correspond to solid and void, respectively. Due to
the jagged nature of the boundaries, we import the geom-
etry into SolidWorks and smooth the edges using splines.
The smoothed domain is then scaled so that each side of
the hexagon measures 50 mm. To construct a FE- model,
the refined geometry is exported as a .STEP file and im-
ported into GMSH, where it is discretized into approxi-
mately 2,880 elements for band diagram computation using
Bloch periodic boundary conditions. For full-scale simula-
tion analysis, we tessellate the unit cell to construct a finite
parallelogram domain consisting of 120 unit cells. For ex-
perimental testing, the finite domain geometry is exported
as an .STL file for manufacturing. Figs. and B show the
fabricated specimen, produced via water-jet cutting from a
2-mm-thick aluminum sheet, which is vertically constrained
via boundary supports. The material properties of alu-
minum are: Young’s modulus = 71 GPa, Poisson’s ratio =
0.33, and mass density = 2,700 kg/m?3.

The 3D Laser Doppler Vibrometer Experiments.

The Polytec PSV 400 3D Scanning Laser Doppler Vi-
brometer (SLDV), equipped with three scanning laser
heads, is used to acquire in-plane velocity measurements at
predefined scan points. Excitation is applied via an elec-
tromechanical shaker (Briiel & Kjeer Type 4810), which is
internally triggered by the vibrometry setup through an
amplifier (Briiel & Kjeer Type 2718). The shaker excites
the lattice through a stinger at the desired location. Retro-
reflective tape is applied at the scan points to enhance re-
flectivity and reduce noise in the data. The acquired veloc-
ity data are decomposed into Z, ¢, and Z components using
Euler angles, which are internally computed by the PSV
software as part of the 3D alignment process. This data is
further processed in MATLAB to construct the transmis-
sibility curve and reconstruct wavefields and DFT plot.

To experimentally construct the transmissibility curve,
we apply the excitation signal in the 0-20 kHz range in
three subranges: 0-5 kHz, 5-10 kHz, and 10-20 kHz. To
ensure sufficient energy is supplied at higher frequencies,
we prescribe progressively higher amplitudes for each suc-
cessive range, allowing for a more uniform energy injec-
tion across the entire spectrum. To reconstruct the TSs
along the I'=K direction, we note that this direction aligns
with the lattice vector e; (inset of Fig. BJA). Therefore, we
measure the time histories of the £ and ¢ in-plane veloc-
ity components at 12 equally spaced scan points along the
I'—K direction and separated by the magnitude of the prim-
itive lattice vector e; (blue dots in the inset of Fig. [AD).
To mitigate the influence of low-frequency ambient vibra-

tions, we apply a high-pass filter embedded in the vibrom-
etry software. The resulting spatiotemporal data are then
subjected to a 2D-DFT to obtain the spectral amplitude
contours shown in Fig. {@D.
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Supplemental Material

Topological State (TS)-informed Topology Optimization (TO)

This section presents the relevant technical details about the TS-informed TO framework for the automated discovery
of topological mechanical metamaterials. In the next subsections, we discuss the design parameterization, interpolation
rules, and some optimization formulations that are used to generate the design database presented in the main article.

Design Parameterization and Interpolation Schemes

We adopt the design parameterization of the standard density-based TO [40, [41]. In this method, a density field z(x)
characterizes the structural geometry, i.e., the solid-void distribution in our 2D hexagonal design domain Q(x), with @
denoting the position of any point in the domain. For computational purposes, we adopt a piece-wise distribution of z(x)
as z = {z1,..., 2N, }, where z. denotes the density variable for element e in the design domain Q(x) discretized with N,
number of Q4 finite elements. We apply a density filter [66H68] and a p31m wallpaper group symmetry mapping on the
design variable z sequentially to regularize the design space and enforce the symmetry conditions of p31m wallpaper group
lattice class, respectively. The filtered variable z is obtained as z; = P,gf) Pl-;i)zj, where the symmetry mapping P®) is
constructed according to the mirror and rotation symmetry rules of p31m wallpaper group lattice class as elaborated in
the Materials and Methods section of the main article, and the density filter mapping P is expressed as [69]

s T, — X
_Pz(]d) = 4Newwvj y Wlth, W;; = Max {071 - 4“ IR JH } 3 (Sl)
> wikvk :
k=1
where ||:1:Z — a:JH is the distance between the centroids z; and x; corresponding to elements i and j, respectively, v; is
the volume of element j, and R, is the filter radius. To obtain a discrete design at the end of the optimization, we use a
Heaviside projection [70] given by

_ tanh(8n) + tanh(,@(z} — 77))
tanh(8n) + tanh(ﬁ(l — 77)) ’

where, § is the Heaviside projection sharpness parameter, n is the Heaviside projection threshold, and Z is the physical
density variable that characterizes the design with zZ. = 1 and z. = 0 representing solid and void, respectively, for element
e. In this study, we use = 0.5 throughout the optimization, and gradually increase § from 1 to 128 by doubling it every
50 iterations.

For an element with Z € [0, 1], we use linear interpolations for stiffness (equivalently for Young’s modulus, assuming
similar Poisson’s ratios for solid and void elements) E and mass density p as

(S2)

E(z.) = eg + (1 —ep)z] E°
p(ze) = ep + (1 —¢,)z] p°

where eg and €, are small numbers to avoid numerical singularity, and they represent the relative stiffness and mass
density of void elements. In this study, we use eg = 107° and €p = 1076,

(S3)

Alternative Optimization Formulations

The main article presents an optimization formulation (Fig. 2) that successfully generates an optimized design with
desired topological properties. Here, we include some alternative optimization formulations that are used to generate the
design database in Fig. 5. The alterations are driven by different additional desired features in a topological design, as
listed in Table These formulations do not strictly restrict the volume usage in the design, and therefore allow the
emergence of a wide range of additional features.
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TABLE S1. Alternative optimization formulations for various desired features in topological metamaterial

Desired Enl bend (BG) Spectrally di " Promote equal
nlarge bandga ectra, iversi
additional & gap P Y Y BGs between
between bands 2-3 bands 3 and 4
features bands 2-3 and band 4-5
- max{—AX®?) (2), —ANCY (2
minimize: —AXNCD(2) £,V (2) V(z) { (=) =)}
+a,V(2)
A)\(4’3)(Z) > eM,
A)\ié1 3)(z) > ek, A/\<4’3)(z) > ewM,
MG (2) = en,
A)\?’S)(z) >er, A)\g’g)(z) > ek,
A)\g’g)(z) > ek,
ANC(z) > epa, AN (2) > er,
subject to: AA§4’3)(z) >er,
AN (2) > epqo, AXCD (2) > epau,
ANCH) (2) > epaa,
AN (2) > epws, AXNCH (2) > epaa,
V(z) >V~ »
ANV (2) > epwa, V(z) > V7,
Viz) > V7,
em = 0.2,
a, = 0.001,
a, = 0.001, ex = 0.2,
EM = 0.0757
em = 0.05, er = 0.01,
ex = 0.075,
Example ex = 0.05, esg1 = 0.3,
parameter er = 0.01,
values Er = 0.01, EBG2 — 1.0,
epg1 = 0.1,
EBG2 = 0.17 EBW3 = 0.5,
epgze = 0.1,
V= 0.25, EBW4 — 0.3,
V* =0.25,
V*=0.3,

BW: Bandwidth, i.e., the spectral separation between the peak and valley frequencies of a single band

Irreducible Representations at the High-Symmetry Points of the Brillouin Zone

In this section, we compute the irreducible representations (irreps) of the third and fourth bands at the high-symmetry
points (HSPs) of the Brillouin zone (BZ) to confirm their topological nature. Fig. [S1|shows the FE- model of the unit
cell, which belongs to the p31m space group. The lattice and reciprocal lattice vectors are defined as:

e =a <\/§}A(—|— 3y>

2 2
e =a —ﬁi—&—%”
2= 2 oY (S4)
2w R
B =g, (V% +9)
2w R
B = g, (V52+9)

such that e; - g; = 27md;;. Expressed in the basis of g; and ga, the HSPs are given by I' = (0,0), K = (2/3,1/3), and
M = (1/2,1/2). In this symmetry group, the little co-groups at T, K, and M are Cs,, Cs,, and Cs, respectively. The
eigenfunctions at these HSPs transform according to the irreps of the corresponding little co-group. From Fig. we
observe that the modes at I' are degenerate, forming the I's representation. At M, the modes transform under M; or
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FIG. S1. Irreps at the HSPs of the BZ. The discretized unit cell with Bloch nodes color-coded with respect to the lattice vectors
is shown. The BZ is illustrated in both reciprocal and Cartesian coordinates. Mode shapes and their corresponding irreps at the
HSPs of the TSs are plotted. The color bar represents displacement magnitude, normalized by the highest displacement in each
panel.

M, depending on their parity with respect to the mq; mirror (dashed line), which leaves M invariant as denoted in the
Cartesian BZ. The third (fourth) band’s mode shape at K is invariant under C3 but odd (even) under the horizontal mirror,
forming the Ky (Kj) representation. Thus, the degenerate eigenfunctions at T’ transform under the 2D irrep I's, while
those at M and K transform under 1D irreps My, M; and Ks, Kj, respectively. According to the Bilbao Crystallography
Server (BCS) [29H31] this irreps landscape (I's ® M1 — My @Ky —Ks) cannot be described by any symmetric, exponentially
localized Wannier functions (SLWF), indicating the topological nature of these bands. Notably, among all elementary
band representations constructed from SLWF and tabulated in BCS, no isolated bands exist for wallpaper group p31m
(with time reversal symmetry) that exhibit degeneracy at I" but not at K. Furthermore, this irreps configuration is the
only way to allow degeneracy at I' and no degeneracy at K for a pair of bands, as permitted by compatibility relations.
Therefore, this band morphology necessarily corresponds to this specific irreps landscape and thus guarantees topological
bands.

Existence of Localized Modes Within the BGs Bounding the TSs

In this section, we investigate the presence of localized modes within the BG that bound the TSs. To this end, we
perform a supercell analysis on a 10-cell supercell, with the unit cell highlighted in Fig. [S2B. The Bloch periodic boundary
condition is applied along the direction indicated by the blue arrow, while the opposite boundary remains free. The
resulting band diagram, shown in Fig. , reveals a pair of relatively flat, degenerate bands within each BG (shaded
regions), represented by brown lines. Additionally, we extract the mode shapes at £ = 0 (marked by different symbols) and
display them in Fig. [S2B. The high decay rates and localization at opposite edges confirm that these branches correspond
to non-polarized edge modes. We then extend our analysis to a finite domain, where we compute the eigenfrequencies
and classify the resulting modes as bulk, edge, or corner states using the color-coded scheme shown in Fig. [S2|C. We also
highlight two representative mode shapes: an edge mode within the first BG and a corner mode within the second BG.
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FIG. S2. Localized states within the optimized supercell and the finite domain configuration. (A and B) Band diagram of a 10-cell
optimized supercell, showing selected mode shapes of degenerate edge state pairs sampled at £ = 0, indicated by corresponding
markers within each BG. Supercell unit cell is highlighted with dashed lines, with the Bloch periodic boundary condition applied
along the direction of the blue arrow. (C) Eigenfrequency plot for a finite domain configuration, color-coded to distinguish bulk,
edge, and corner modes, with two representative eigenfields highlighting an edge mode within the first BG and a corner mode within
the second.

Effective Elastic Moduli of the Optimized Designs

From the acoustic modes in the band diagrams of each optimized configuration, we estimate the corresponding effective
elastic moduli [65]. The effective mass density is given by p* = pV, where p is the mass density of aluminum and V' is the
volume fraction, obtained by dividing the solid area by the total area of the hexagonal design space. Next, we numerically
determine the pressure and shear wave velocities, (¢,,¢s), which correspond to the asymptotic slopes of the dispersion
curves in the long-wavelength limit (||k|| — 0). The HSP T represents this limit, where an effective medium approximation
is valid. Two modes emerge from I', corresponding to longitudinal and transverse waves, with their slopes defining ¢, and
cs, respectively. Notably, the similar slopes along the I' =M and I' —K directions suggest near-isotropic behavior in this
regime.

The effective shear modulus G*, bulk modulus K*, and Young’s modulus E* are computed from the wave velocities
using the relations for a linear, homogeneous, and isotropic medium: ¢, = /(K* + G*)/p*, ¢s = /G*/p*, and E* =
4K*G*/(K* 4+ G*). The effective Poisson’s ratio v* follows from the relation: v* = (K* + G*)/(K* — G*) for 2D plane
stress. Fig. presents the results for the main configuration studied throughout the manuscript (Case*) and the library
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of designs introduced in Fig. 5 of the main article (Cases A-F). In particular, Case*, Case A, and Case F exhibit auxetic
behavior, where Poisson’s ration v* is negative and the bulk modulus K* approaches zero. Interestingly, these cases share
structural similarities with kagome lattices, which are deeply auxetic v = —1 and exhibit equal pressure and shear wave
velocities (¢, = ¢;), leading to a vanishing bulk modulus.
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o ]
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2 100
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— ]
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FIG. S3. Effective elastic moduli of the optimized designs. (A) Effective mass density, (B) shear and pressure wave velocities, (C)
effective shear G*, bulk K*, and Young’s moduli E*, and (D) effective Poisson’s ratio v* for the different configurations.
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