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Remarkable recent experiments on the moiré structure formed by pentalayer rhombohedral graphene
aligned with a hexagonal boron nitride substrate report the discovery of a zero field fractional quantum Hall
effect. These “(fractional) quantum anomalous Hall” [(F)QAH] phases occur for one sign of a
perpendicular displacement field, and correspond, experimentally, to full or partial filling of a valley
polarized Chern-1 band. Such a band is absent in the noninteracting band structure. Here we show that
electron-electron interactions play a crucial role, and present microscopic theoretical calculations
demonstrating the emergence of a nearly flat, isolated, Chern-1 band and FQAH phases in this system.
We also study the four- and six-layer analogs and identify parameters where a nearly flat isolated Chern-1
band emerges which may be suitable to host FQAH physics.
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Recent experiments have observed [1-5] the fractional
quantum Hall effect in systems that microscopically are
time-reversal invariant. The corresponding states of matter
—known as fractional quantum gnomalous Hall (FQAH)
phases—break time reversal spontaneously. FQAH states
were first evidenced in twisted MoTe, moiré heterostruc-
tures through measurements of the location of the many-
body gap [1,2] as a function of density and magnetic field,
and subsequently, in transport [3,4].

Very recently, many FQAH states have been discovered
[5] in pentalayer rhombohedral graphene aligned with a
hexagonal boron nitride (#-BN) substrate. We show,
through microscopic calculations, in this Letter that these
arise due to a novel mechanism where Coulomb inter-
actions stabilize a nearly flat isolated Chern band which
then sets the stage for the appearance of FQAH physics.

Rhombohedral graphene refers to a structure where
different layers of graphene are stacked together in the
ABC pattern shown in Fig. 1(a). Without the 4#-BN align-
ment, a first-cut description of the band structure, when
there are a total of n such layers, is that valence and
conduction bands have a very flat nth order band touching
(with a k" dispersion where k is the wave number) in each
of the two valleys. A more accurate band structure, shown
in Fig. 1(b), that includes the effects of trigonal warping
modifies the precise high-order band touching. The flatness
of the bands near neutrality enhances the effects
of Coulomb interaction, as evidenced by the discovery
[6-12], in the last few years, of interaction-driven many-
body states in n = 2, 3, 4, 5 rhombohedral graphene. We
will denote n-layer rhombohedral graphene as RnG below;
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if it is further aligned with #-BN on one side we denote it
as RnG/h-BN.

In RnG/h-BN the slight lattice mismatch between
graphene and h-BN produces a moiré pattern which
strongly modifies the electronic band structure [13].
Theoretical study [14] of R3G/h-BN showed that the
moiré bands are nearly flat. Further, the band structure is
very sensitive [14] to a perpendicular displacement field D.
For one sign of the displacement field, the bands are
topological with valley Chern number +3, while for the
other sign, they have Chern number 0. The topological
side occurs when the active change carriers are driven away
from the aligned layer. These features lead to the proposal
[14] that these systems will, for one sign of D, be good
platforms to obtain (fractional) quantum anomalous Hall
effects with the requisite time-reversal breaking realized
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FIG. 1. (a) Schematic of pentalayer rhombohedral graphene

(R5G), with and without aligned /#-BN on layer 1. Carbon atoms
highlighted in blue, boron atoms in red, and nitrogen atoms in
green. The alignment is chosen here so that A; (B;) aligns with
boron (nitrogen). (b) Continuum R5G dispersion (without 2-BN
alignment) along the k, axis for increasing interlayer potential
difference u,; (meV) highlighted by darker shades of blue. The
vertical dashed lines indicate the location of the moiré K points
when /-BN is aligned with pentalayer graphene.
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through valley (and spin) polarization. Indeed, experiments
[15] on R3G/h-BN at total filling v = 1 of the valence
band observe an integer quantum anomalous Hall state with
a Chern number 2. The change of Chern number to 2 from
the naive band theory expectation of 3 was explained [15]
through a Hartree-Fock calculation that includes mixing
with the next remote band.

Generalized to RnG/h-BN, the naive expectation is that
for one sign of D, the bands will have a valley Chern
number +7n, and hence might show an integer quantum
anomalous Hall effect with ,, = £(ne?/h) at total odd-
integer filling of the moiré bands. However, the experi-
ments of Ref. [5] on R5G/A-BN see an integer quantum
Hall effect with ,, = +(e?/h) atvy = 1 of the conduction
band. Further, the FQAH states observed at fractional
filling (wy = 2/3,3/5,...) are what might be expected at
partial fractional filling of a Chern-1 band. The theoretical
noninteracting band structure (at the large displacement
field energies corresponding to those in Ref. [5]) is shown
in Fig. 3, and does not even have an isolated conduction
band, let alone a Chern number. Thus a task for theory is to
first explain the emergence of an isolated Chern-1 band in
the R5G/h-BN system and next to demonstrate that this
Chern band hosts FQAH phases.

Here, we present a Hartree-Fock treatment of the band
structure in the presence of both an aligned 4-BN substrate
as well as a perpendicular displacement field. We identify a
range of displacement fields where there is an interaction-
induced first conduction band (see Fig. 2) that is isolated
from other bands, has a small bandwidth, and a net Chern
number of £1 in each of the two graphene valleys. We
provide evidence of valley polarization consistent with
experiments. At partial rational fillings of the valley
polarized bands, we then show using exact diagonalization
studies that FQAH phases develop. Our results provide a
microscopic basis for the observation of FQAH physics in
R5G/h-BN. We also explore the renormalized band struc-
ture of RnG/h-BN, for n = 4, 6, finding parameters with
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FIG. 2. (a) Hartree-Fock band structure of R5G/h-BN for a
single valley with an interlayer potential difference

uy = =36 meV, and relative dielectric constant ¢ =8, and
(b) Berry curvature Q multiplied by the moiré Brillouin zone
area Apz. The active conduction band (highlighted in red) is flat
(bandwidth of 4 meV), well separated from the remote con-
duction bands above (direct gap of 19 meV and global gap of
17 meV), and carries a Chern number |C| = 1. Momentum mesh
of 30 x 30, and keeping the four lowest conduction bands.

nearly flat Chern-1 bands that are well separated from other
bands. Thus R4G/h-BN and R6G/h-BN may also be good
platforms for FQAH physics.

The importance of electronic interactions in obtaining
the nearly flat isolated Chern band in RnG/A-BN makes
them unique compared to the theory of previously explored
platforms [16-27] or of toy models [28-36].

Model of R5G/h-BN—In R5G, for a given spin and
valley, there are 2 sublattice degrees of freedom per layer,
leading to a description of the noninteracting physics in
terms of a 10-band model. A perpendicular displacement
field implies a potential difference between adjacent layers
(denoted wu,;). The resulting tight-binding model is
described in Supplemental Material (SM) Sec. I [37]. At
low energies near the charge neutrality point, the important
degrees of freedom lie in one sublattice (say the A
sublattice) in the bottom layer and in the opposite B
sublattice in the top layer. A displacement field tends to
drive electrons preferentially to either the top or bottom
layer depending on its sign.

The R5G is subjected to an underlying moiré potential
through the (near) alignment of one end, which we take to
be the bottom layer, with an #-BN substrate. We choose an
alignment angle of 0.77° to match the angle quoted in
Ref. [5]. The moiré potential is modeled as

Hy =) ¢j(k+6)Vyu(G)e (k). (1)
G

where V,(G) is defined in SM Sec. I [37], and G are the
reciprocal lattice vectors of the moiré superlattice.

To discuss many-body physics, we take a dual gate-
screened Coulomb interaction between the low-energy
electrons,

1
He= ﬂk; Z VSCC<q)C£+q;uclt’—q;uck’;uck;w (2)
K.q pv

where A is the area of the system, u, v denotes
a compact sublattice-valley-flavor index, VE(q)=
(e?/2eyeq) tanh(gd,) is the screened potential, € is the
effective dielectric constant, and d, is the distance between
the metallic gates and the top and bottom layers (taken to
be 30 nm).

We begin with the noninteracting band structure in the
moiré Brillouin zone. Figure 1(b) shows the continuum
dispersion for one valley of isolated R5G for increasing
displacement field energies u; < 0. The sign of u;, is such
that electrons are driven away from the aligned #-BN. For
uy, =0, there is a band touching at the I point. As the
magnitude of the displacement field energy is increased, a
band gap develops in conjunction with a flattening of the
conduction band.

When subjected to an aligned moiré potential, the
continuum band reconstructs into the moiré Brillouin zone.
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FIG. 3. Noninteracting band structure for R5G/h-BN for
displacement field energies u; = —20,—40 meV. There is a
wide gap between valence and conduction bands.

The moiré K point is at ~0.1/ay; as seen in Fig. 1(b)
this corresponds to the low-energy conduction moiré
bands being formed predominantly by the “flat” region
of the conduction continuum band. Figure 3 shows the
moiré band structure for displacement fields of u, =
—20, —40 meV. With increasing displacement field, the
active conduction band (highlighted in red) separates away
from the valence bands but eventually collides with the
higher “remote” conduction bands for u,; 2 —40 meV.
Thus for a large displacement field, we expect that
interaction effects will mix together various conduction
bands, and lead to a renormalized band structure with
modified Bloch functions, and possibly, open up a
band gap.

Hartree-Fock interaction effects for R5G/h-BN—To
deal with these effects, we perform a Hartree-Fock calcu-
lation (see SM Sec. II [37]) of the band structure in a single
valley (and ignoring electron spin) keeping the first three
conduction bands. We present in Fig. 2 the renormalized
band structure and the Berry curvature Q. The band is very
flat (bandwidth of =4 meV), with a global gap to the
neighboring conduction band of ~17 meV. Moreover, the
Berry curvature has redistributed to make the band have
|C| = 1. We emphasize that both the band gap and the
Chern number are interaction-induced and are absent in the
free-electron band structure.

Figure 4 shows the Hartree-Fock band structure “phase
diagram” as the displacement field and dielectric constant
are swept over a range of parameters. There is a stripe in
parameter space of obtaining |C| =1 band that is con-
ducive to forming a correlated state, i.e., has a narrow
bandwidth and a well-separated gap from the other bands.
Indeed, there is an optimal window (i.e., minimum band-
width and maximum gap) for |u,|~35-40 meV and
€~ 5-10. The prevalence of the Chern band (over the
topologically trivial band) can be heuristically understood
as a consequence of the Wannier obstruction of topological
bands: the prohibition of exponentially localized real-space
wave functions leads to a more evenly distributed charge
density, thereby reducing the Coulomb repulsion.

To further characterize the renormalized band structure
in Fig. 5, we show the quantum metric g;;, and the quantity
T = (Apz/2x) [, d*ktr(g) — |Q|, where Ag is the area of
the Brillouin zone. For an “ideal” Chern band [36,43,44]
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FIG. 4. Hartree-Fock bands indicating Chern number and
bandwidth of the active band, global band gap, and direct band
gap to nearest conduction band for different displacement field
energies u, and dielectric constant e. The Chern number is well
defined when the direct band gap is nonzero (> 0.5 meV). The
“crossed” out yellow boxes in the Chern number indicate cases
where the global band gap is zero (< 0.5 meV), while the direct
band gap is still nonzero (i.e., there is an indirect band gap—the
system is metallic). Phase diagrams are for a mesh of 27 x 27 and
constructed using 19 moiré Brillouin zones, and generated using
at least five distinct initial mean-field Ansdtze for a given
parameter point. The red-circled region is the parameter chosen
for the exact diagonalization (ED).

T = 0. Intriguingly, the |C| = 1 conduction band has an
average trace violation of (T') = 0.9; for comparison, for the
first Landau Level this violation is 2.

In Fig. 5, we also show the occupation numbers in the
top layer and the layer directly underneath it. At these large
displacement fields, the electrons mostly reside just in the
top layer (with some small charge density in the adjacent
layer below).

R5G/h-BN has four flavor degrees of freedom (spin and
valley). Spontaneous valley polarization breaks time-rever-
sal symmetry and enables the electrons to have a net
nonzero Chern number. If, in addition, the spin is also
polarized, then the many-body state at total filling vy = 1
will be an integer quantum anomalous Hall (IQAH)
state. This is the mechanism [14,45-47] for the ferromag-
netism [48] and the IQAH effect [15,49-51] observed in
graphene moiré structures.

We present the Hartree-Fock band structure including
both spin and valley degrees of freedom in Fig. 6. The
lowest conduction band is fully spin-valley polarized.
However the fate of the spin deserves more discussion.
In the main text, we assume full spin polarization and relax
this assumption in SM Sec. IV [37].

Evidence of FOQAH from exact diagonalization—We now
project (see SM Sec. II [37]) the Coulomb interaction to the
active conduction Chern band and demonstrate that FQAH
states emerge within an exact diagonalization study.
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FIG. 5. Hartree-Fock determined quantum metric, and trace
condition, accompanied by the layer-four, layer-five occupation
number. The total weight on the other 3 layers combined is ~5%.
The mean and variance of the trace condition over the BZ is
(T) = 0.9 and var(T) = 0.09, respectively.

We study the spectrum of the resulting many-body
Hamiltonian in a torus geometry, as shown in Fig. 7(a)
and Fig. A.2 in SM Sec. III [37]. We focus on band filling
2/3 here; data at other fillings are in SM Sec. III [37]. At
2/3 filling, there is a set of 3 nearly degenerate states that
are well separated (and lower) in energy than other states,
consistent with a FQAH state.

Next, we study the evolution of the spectrum upon
inserting a single flux quantum through one cycle of the

r K K T M M T M M T

FIG. 6. Spin-valley polarization of Hartree-Fock band structure
for displacement field u; = —36 meV, and relative dielectric
constant ¢ = 8. The colors label two valleys, and the solid
(dotted) lines indicate the spin orientation 1 (|). The active
conduction band is polarized in the monolayer graphene valley
{Kg, 1} throughout the Brillouin zone. The spin-valley polari-
zation is spontaneously chosen (with a nonspontaneously chosen
spin-polarization degeneracy remaining in the band structure).
This calculation is performed on a momentum mesh of 15 x 15
and keeping the three lowest conduction bands.
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FIG. 7. Evidence for FQAH at v = 2/3 from exact diagonal-
ization. (a) Low-energy spectrum of a spin-valley polarized
system with N, X N, =6x 5. (b) Spectral flow under flux
threading along x direction on 6 x 4 system. EgASA is the average
energy for topologically degenerate ground states. The colors are
identified by the momentum sector corresponding to the eigen-
states. (c) Particle entanglement spectrum (PES) for the particle-
hole conjugate of v = 2/3 states. With a subsystem containing
Ny = 3 holes on a 6 x 4 lattice, we find the total number of states
below the gap is 1088, consistent with the expectation [33] for
FQAH. These results are obtained at ¢ = 8, D = —36 meV.

torus. In a FQAH state, this flux threading is equivalent to
generating a quasihole and quasiparticle pair, moving one
of them around one noncontractable loop of the torus, and
annihilating the pair. This connects topologically distinct
ground states on the torus. On a system with N, X N,
geometry and at filling v, flux threading of A® leads to a
many-body momentum shift of

AD;
Aki — L—l.leLy

v. (3)
The momentum shift for the geometry and filling in
Fig. 7(a) is consistent with this expectation.

The spectral flow under unit flux insertion is shown in
Fig. 7(b). The 3 nearly degenerate ground states are
permuted under the flux insertion, consistent with the
FQAH state. Furthermore, these states remain well sepa-
rated from the excited states at all values of the flux.

In Fig. 7(c), we demonstrate the particle entanglement
spectrum (PES) [33,52], which encodes the information of
the quasihole Hilbert space dimension. For this purpose, we
partition the system into subsystems A and B, with N, and
Np electrons and momentum k, and kg, respectively.
The PES ¢; is associated with the eigenvalue 4; of reduced
density matrix pp = Tryp through ¢&; = —logi;. For
v =2/3, the ground states are threefold degenerate, and
we take p =1 (|¥)) (¥ + [¥2) (P2 + [¥5)(¥5]), where

|¥,) = P|¥,) are the particle-hole conjugate of
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topologically degenerate ground states. The counting of
states agrees exactly with that expected for the particle-
hole conjugate of the 1/3 Laughlin state (see also Fig. A.4(c)
in SM Sec. IV [37]). Taken together our calculations strongly
support the identification of the state at 2/3 filling with an
FQAH state. Other gapped states such as ones with charge
density wave order are not compatible with these results.

In SM Sec. IV, we present calculations that do not
assume spin polarization, and find a rich and nonmonotonic
behavior as the filling is varied [37].

Discussion—An interesting question is the role of the
moiré potential in the emergence of the isolated Chern-1
band. At v = 1, we checked that such a band emerges in
Hartree-Fock even in the absence of moiré (SM Sec. VI
[37]), consistent with Refs. [53,54]. This suggests a picture
of the v = 1 state as a “Hall crystal” [55] weakly pinned by
the moiré potential that should be examined beyond the
Hartree-Fock approximation. As we emphasize elsewhere,
it is likely that the role of moiré is to stabilize the Hall
crystal relative to a correlated Fermi liquid; our calculations
should be viewed as a description of this moiré -enabled
Hall crystal [56]. Finally, we discuss the prospect of FQAH
physics in other RnG/h-BN systems. In SM Secs. VII and
VII [37], we study the renormalized band structures of
R4G/h-BN and R6G/h-BN for a single valley and spin
within Hartree-Fock theory as a function of displacement
field energy and dielectric constant. For concreteness, we
take the same alignment angle with 2-BN as in our studies
of R5G/h-BN. For both R4G/h-BN and R6G/Ah-BN, we
find parameter regimes where there is a well-isolated nearly
flat Chern-1 band, and with quantum geometry comparable
to that in RSG/h-BN. This agrees with the expectation that
since at large displacement fields only the top two layers
away from the #-BN have any occupation at all, the total
number of layers does not matter much. However, the
optimal range of the displacement field decreases with
increasing n, consistent with the expectation that the bands
are flatter for larger n. In all these systems, the physics is
sensitive to the alignment angle with #-BN. We thus
anticipate a rich and interesting phase diagram to be
unearthed in RnG/h-BN as more of the parameter space
is explored experimentally.

Note added—Recently, Refs. [53,54] with closely
related, and consistent, results also appeared. Following
these works, the stability of the AHC was examined in
Refs. [56,57].
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