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Abstract

We consider general mixed p-spin mean field spin glass models and provide a method
to prove that the spectral gap of the Dirichlet form associated with the Gibbs measure
is of order one at sufficiently high temperature. Our proof is based on an iteration
scheme relating the spectral gap of the N-spin system to that of suitably conditioned
subsystems.
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1 Introduction

In this paper we consider general mixed p-spin mean field models with energies
described by the Hamiltonian Hy : Xy := {—1, 1}¥ — R of the form

B
Hy(o) =) N(Tpl)ﬂ D> 8iiniyOir---0iy+ Y Nici,

p>2 1<if,ip<N 1<i<N
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foro = (01,07, ...,0n) € Xn.Here, the 8iir..ip arei.i.d. standard Gaussian random
variables for all tuples (i1, iy...,i,) € N” with iy # ijforeach1 <k #1 < p
and p € N.If two indices iy = i; coincide, we set g, _i;..i;..i, = 0. We remark
here that if one appropriately changes the values of the inverse temperature couplings
B2, ..., Bp,...; this is equivalent to the multi-linear model in which g;, .. i) is a
standard normal variable for all choices of indices iy, ..., i,. Moreover, we assume
that the temperature coefficients 8, > 0 are summable and the external field strengths
are denoted by n; € R. The Gibbs measure uy : P(Xn) — (0, 1) that corresponds
to Hy is defined by

eHN(0)7 Zn = Z eHN(J),

ogeEXN

1
un(o) == E

where Zy denotes the partition function of the system. In the following, we write (-)
and (- ; -) for the expectation and covariance, respectively, relative to iy, that is

(f) = f@un@), (fig= Y (fo)=(f@N(EO)— (8NN ().

oceXy (IEZN

We are interested in the spectral gap of the Dirichlet form w.r.t. i . More precisely,
denote the discrete partial derivative in direction 0;,7 € {1, ..., N}, by

1
@ f)(o) := z(f(cr) — f(61)), where &; := (01,...,—0i,...,0N).

Then we can write Hy (o) = Bj(0)o; + H;,j)(o) s.t. the j-th cavity field B; : £y —
R, defined by

Bj(o) =0;0;HNn(0),

and HZE,]) = Hy — Bj do not depend on o (notice that 9;0; = §;;0;). Heuristically,
one may think of B; as the effective magnetic field acting on o that is caused by the
remaining spins o; fori # j.

With these definitions, we define the Dirichlet form weighted by the cavity fields
B; through

N
D(f) = Z<cosh—2(Bj)(ajf)2> (1.1

j=1
for every f : ¥y — R and the (inverse of its) spectral gap by

e sy D)
Y psvor DO
f#const.
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We remark here that the Dirichlet form in (1.1) is the same as the one in [8, Eq. (4)]
for the Glauber Dynamics, namely

N

1
D(f) = 5 D NVar(f(@)lo-),

i=1

where conditioning on o_; means that we fix all spins except the ith one. Our main
result is the following theorem.

Theorem 1.1 For every € > 0, if B = szz Vv p3logp B, is sufficiently small
(depending on €), then there exist constants ¢, C > 0, not depending on N € N,
S.1.

P({amy > 1+ €}) < Cexp(—cN).

Remarks 1. We clearly have D(f) = 0 if and only if f is constant, i.e. f = (f).
Projecting onto the orthogonal complement of such functions in L2 (d ity ), observe
that ap,, is indeed the inverse of the spectral gap of D (extended in the obvious
way to a non-negative quadratic form in L?(duy)) above its zero ground state
energy. Theorem 1.1 shows that, at sufficiently high temperature, the spectral gap
is of order one.

2. Notice that, due to the weight factors cosh_z(B ;) < 1, Theorem 1.1 implies also
that the Dirichlet form of [4] in L?>(duy) has a spectral gap of order one, at
sufficiently high temperature.

3. Choosing linear functions f = ley:l cjo; for |lc|l2 # 0, Theorem 1.1 implies in
particular that the correlation matrix M = ({(0; 0))1<i, j<n has operator norm
bounded by 1 + € with high probability, if B is small enough.

4. In principle, our arguments can be used to determine an explicit smallness thresh-
old on B up to which our proof is valid. We have not optimized our constants, but
rough estimates suggest that the largest g is of order O (10~%). Since the small-
ness condition is due to technical limitations of our method, but without physical
significance, we refrain from providing further details on this.

Spectral gap inequalities appear most prominently in the study of Markov chains.
The difference between the largest and second largest eigenvalues of the Markov chain
essentially dictates how fast the chain can equilibriate; with a large spectral gap, one
can expect exponentially fast equilibriation. Markov chain Monte Carlo is one of the
most efficient tools used to model physical systems. Thus, establishing a spectral
gap inequality for a particular Markov chain model of interest would be critical to
show numerical modelers that their results would result in accurate predictions of the
behavior of these statistical models here. One classical Markov chain algorithm is the
Glauber dynamics; the spectral gap we prove shows that the Glauber dynamics on the
hypercube for the p-spin spin glass will equilibriate very quickly.

Due to its importance in the numerical sampling of statistical models, spectral gap
inequalities have been of central interest to researchers. In the special case 8, > 0
and B, = 0 for p > 2, our model reduces to the well-known Sherrington-Kirkpatrick

@ Springer



882 A. Adhikari et al.

model [13]. In this case, a logarithmic Sobolev inequality (LSI) for a slightly different
Dirichlet form follows for 8 < 1/4 from the main result of [4], whose proofis based on
a single-step renormalisation and Bakry-Emery theory [3]. However, the proof applied
in this case is not readily generalizable to general mixed p-spin models. Indeed, the
quadratic nature of the Sherrington-Kirkpatrick model allowed the authors of [4] to
‘complete the square’ on the Sherrington-Kirkpatrick Hamiltonian (in fact, the results
of [4] apply to general quadratic models) and represent it as the convolution of a
continuous model with a coupled Bernoulli variable. At this point, one can prove
an LSI separately for each part by classical methods and then prove an LSI for the
convolution through a short computation. The fact that the interaction in Hy, defined
above, is not quadratic means that this method fails at the first step and there seems to
be no natural way to decompose the p-spin model into simpler models as in [4].

The papers [2, 7, 8], prove spectral gap inequalities or LSI via a method of
stochastic localization. These methods allow the authors to interpolate the Sherrington-
Kirkpatrick model to a mixture of 2-spin Ising models with a rank 1 quadratic
interaction. This reduces the question of the spectral gap of the SK model to the
spectral gap of a simpler model. Since the p-spin models have a more complicated
spin interaction, it is unclear that current methods would allow one to easily decom-
pose the interaction of the p-spin model to simpler parts. The paper [1] combines
stochastic localization with approximate message passing in order to sample distribu-
tions from the Sherrington-Kirkpatrick models; this method is different from Markov
chain Monte Carlo. The paper [9] treats the technically simpler spherical case, where
one has access to Bakry-Emery type methods.

For spectral gap estimates in the physically very different low temperature regime,
see, however, [5] and the references therein, where it is shown under rather general
conditions that a spectral gap inequality as implied by Theorem 1.1 does not hold true.

Since these methods do not readily extend to p-spin case, we use a different
approach inspired by ideas related to self-consistent relations and martingale argu-
ments as introduced in [11, 12]. Theorem 1.1 is the first spectral gap bound for general
mixed p-spin models at sufficiently high temperature on the hypercube.

2 Outline of the proof of Theorem 1.1

A simple computation shows that the spectral gap of a system with only one spin is
equal to one (see Sect. 5 below for the short argument). In order to estimate the spectral
gap of the N-spin system, we proceed iteratively over the system size. To this end, let

us first introduce some additional notation. For disjoint subsets A, B C {1, ..., N},
we define HI[VA’B] = H][\,‘L?;fi] : ¥y—jauBl — Rby

[A,B] Pp
HY Pl oaus) =) NO-D2 D 8iiniyOis 00, + Y NiGi,

p>2 i1,y ipeB© i€eB¢

where S¢ = {I,...,N}\ S for § C {1,..., N}, os denotes o5 := (0j)jes (in
particular, we identify o; = o(;;) and where the coordinates of o4 are understood to
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Spectral gap estimates for mixed p-spin models at high temperature 883

be fixed. Observe that H ][VA Bl plays the role of the energy of the subsystem consisting of
the spins oy, i € (AUB)“, conditionally on the spins o for j € A and with the particles
o;j for j € B removed from the system. We then denote by (-){a, 8] = (-)[4,B](0a)

the conditional Gibbs measure induced by the reduced Hamiltonian H }VA’B] and, in
analogy to (1.1), we set
D = < -2 [.A’B] ; 2> s
(A.81(f) 'Z cosh™*(B/""H@; ?) |
j¢AUB
where BIA81 . 0jo;H A-B1 Notice that B8 is formally obtained by setting op
equal to zero and ﬁxmg UA in B;. More explicitly, it is given by
BBy = 3 Br S iy 0iy
j - N(P*l)/z gjlz...lp Y,
p>2 i3,y p€BC
2.1
.+ Z 8irin...ip—1j0i1 i ---Uip1> +n;j
lp— 1EB°
for o = (04, 04cnpe) € Xn—_|B|, With o4 € X4 understood as being fixed.
Next, we define the spectral gap of the subsystem related to A, B by
(f3 fiaB
ara,B) = aja,)(oa) = sup fif S JIAB] (2.2)
FEnopos—E. Dias(f)’
f#const.
and the maximal spectral gap over all N — k spin subsystems by
k= ma 23
aN—k A BC{IK’N} UAGZ)TA\ ara,B1(oa). (2.3)
ANB={,|AUB|=k
. [A,B] _ [A,B] _ | ..
Fori, j € (AU B)“, we finally set m; = (0i)[a,p) and m;; _(Gi’aj)[A,B]‘

Let us point out that, throughout the rest of this work, we keep the dependence of
quantities like (-)[4-81 HZ[VA’B], etc. on o4 € ¥4 implicit, to ease the notation.
Our starting point for the proof of Theorem 1.1 is the following lemma.

Lemma 2.1 (Conditioning Lemma). Let f : En_x — Rand let A, B be disjoint with
|AU B| =k, then

1
N —k

1 (f; O—j)[zA’B]
[4.B1\2°
N =k, s 1= ")
(2.4)

(fs fliae < (1 - )aN k1D, (f) + ——

This inequality links the spectral gap aj4, ) over the N — k spin system related to A
and B with the maximal spectral gap ay_x—1 over the N — k — 1 spin systems, and
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our proof of Theorem 1.1 is based on employing this relation inductively. The key
point is then to show that the second term on the r.h.s. in (2.4) is under good control
during the iteration. Heuristically, note that if we write f =}~ ;.45 ¢jo; + h such
that (h; o) = O (that is, up to a constant, & is the projection of f onto the orthogonal

complement of the functions o — o; — mE.A’B] in L2(d(-){a.])), then

(f30))is5
Z [A,B] =”(A[A,B])l/2M[A,B]c”%
gaos 1= 2
J J

for AlA-B) = diag((1—(m}P1)2)=1), MIAB) = (mltF), 1o apande = (¢)igaus.
In particular, motivated by well-known results on the correlation matrix like for exam-
ple [10], if we could ignore the order one entries on the diagonal of the correlation
matrix M!4-B] we might expect the right hand to be of size € (f; f) for small € if the
inverse temperature coefficients are small enough, and with such a bound one could
easily iterate (2.4) to conclude Theorem 1.1.

Of course, we can not simply ignore the diagonal of M!4-81 and therefore, we need
to proceed slightly differently. First, in Sect. 3, we give the rough bound

(f: oj [2A B]
Y 5 < CVN —k{f: flias

)
jeaup 1 — (mﬂ- =

on a set of probability close to one, uniformly in the subsets A, B. This bound implies
that the maximal spectral gap can not have a large jump after adding one additional
spin into the system. In the second step, we then control the error term in (2.4) through
an improved iteration bound which, loosely speaking, has the form

(f:0))}
) LAIABL (1 4 0(6)) Dy g1 (f) + O©f: Pias

[A,B]
jgavs L — (mj )2

for small € if the temperature coefficients are small and if we have a some a priori
control on ay_r—1. To obtain this bound, it turns out that we can follow a similar
heuristics as above for the correlation matrix, but with the correlation matrix replaced
by another matrix whose norm indeed turns out to be small at high temperature.
Equipped with this improved estimate and the continuity argument from the first step,
we use (2.4) inductively and conclude Theorem 1.1 in Sect.5.

Let us conclude this overview with the proof of (2.4).

Proof of Lemma 2.1 By the total variance formula, we have for any j ¢ AU B

(fs ha,g = {fCoo)); £ o)) au),BIA, B

2.5)
+ ((fCoodavgy, s (G, o)) aug), BDIA, B
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By definition (2.3), we can bound the integrand in the first term on the r.h.s. in (2.5)
by

(fCo0); fCoo))aui1,B1A,B]

<avit Y. (eosh 2B @ o) Dag.m)
1¢ AU{j)UB

=anit Y (cosh 2B p)?)

1¢AU{j}UB

[A,B]

[A.B]’

so that averaging over j ¢ A U B implies

1
(fs Flia,p < <1 ~ N k) an—k—1Dra,B1(f)

1
tv % (fCoopdtavgysr (f G oi))iaug).B1)A.BY-
j¢AUB

Finally, every function Zy_x 3 0 > g(o) = g(o;) thatonly depends on o is a linear
function g(o;) = coj+b for certain coefficients b, ¢ € R. Thus (g(c;); g(c)))(a,8] =
(1 — (mB.A’B]ﬂ) and (g(0); 0)ia.8) = c(l — (mgA’B])z). We can rewrite this
relationship as follows:

(g(0)); aj)[zA,B]
(8 8@l m =" —amm, B2

Choosing o +— g(0) = (f (-, 0j))[Auy}},B], We obtain

(& 8hia ) = (f ¢ o)) AUL).BY ) a5 _ (f307)ta. B
o 1= (ml P12 1= (mlPy2

3 Continuity argument
As mentioned in the previous section, our first goal is to show that, assuming ay 1

to be of order one, the rate with which ay_; may increase is not too large, with high
probability. To make this more precise, let us set from now on

Bi=> \pilogpp, 3.0)

p=2
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and let us define the good event 2 by

Q::{ sup  sup  sup ||(8,~BJ[.A’B](0))151.J§N_AUBl“55,3}, 3.2)

ANB=P 0A€X|A| 0 EXLN_|AUB|

where || - || denotes the standard matrix norm ||A]l := Supccrd:|c|,=1 lAcll2, for
A € Rixd (recall that for symmetric A = AT the norm coincides with |A| =
SUPceR: |icf=1 ¢’ Ac). Our specific definition of 8 comes from appropriate tensor

bounds on || (9; B;A’B]) || that appear in Sect. 6. The event €2 is similar to events found
in the literature such as [6, Appendix B], where one needs to control the matrix norm of
V2 Hy ||, though our estimates are slightly more involved. Then, we prove in Sect. 6
below that P(Q) > 1 — ¢~V (see Lemma 6.1). In the following, let us also denote by
Cy the constant

Cp = (10°B)* exp(10°B), (3.3)

whose specific form becomes clearer in Sect. 6. The main result of this section reads
as follows.

Proposition 3.1 Let B beasin(3.1), Qasin(3.2), Cgasin(3.3)and let e € (0, 1072)
where € does not depend on 3. Assume that B is sufficiently small. Then, there exists
a universal constant C > 0 such that

N-=-2
P(Q N U {aN,k,1C/3 <eandan—_y > San—k—1 })
k=0

<C o(C€/Cpt2) log N+N log4—NC§(62Cﬁ2)’l '
Prop. 3.1 requires a couple of auxiliary results and follows by combining Lemma 3.1
and Corollary 3.4 below. We start with the following observation.
Lemma 3.1 For any disjoint A, B C {1, ..., N} with |AU B| = k, we have that

<Gi;f>[2AB]

_ J [A,BIN1/2 3 s[A,B] ¢ A [A,B]1/2 .

2 T Ay S NATEEMERATE IS P,
i¢AUB i

A,Bl\27-1 AB
where AIA-B1 = (8,-]-[1 — (ml[ ])2] )LMAUB and M'4-Bl = (ml[j ])inggAUB. As
a result, aja, p) is bounded by

”(A[A,B])I/ZM[A,B](A[A,B])l/2”
1—
( e

)a[A,B] <an—k-1. 34

Proof We write f =}, 4p ¢ioi +h with (h; 0;)[4,5) = Oforalli ¢ AU B. Notice
that, up to a constant, % is the projection of f onto the orthogonal complement of the
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Spectral gap estimates for mixed p-spin models at high temperature 887

functions ¢ — o; — ml[A’B] in Lz(d(-)[A,B]). Then
[A,B] . \2
Z <O'i;f>[2A,B] _ Z (Z/ m,’j Cj)
[A.Bl\o [A.B]
i¢ AUB L= (m;"™)? igavg 1 —(m; )2
L (L R [ OB
< (MM B2 AT BT BN (5 f)ia ),

_ ”(A[A,B])1/2M[A,B]c”%
(3.5)

IA

where (-, -)2 denotes the standard Euclidean inner product, || - ||» is its induced norm
and || - || denotes the matrix norm, i.e. the maximal eigenvalue in case of a sym-
metric, positive semi-definite matrix like (M4 B1)1/2 A[A.Bl(pg1A.B1y1/2 Noting that
|| (M[A,B])I/ZA[A,B](M[A,B])I/Z” — ” (A[A’B])I/ZM[A’B](A[A’B])I/ZH, we conclude
the claim using Lemma 2.1 and the definition of a4, ) in (2.2). O

To proceed further, we need some a priori information on the distribution of the
cavity fields BJ[.A’B]. In essence, the next result allows us to control the Gibbs expecta-

tion of exponentials of BE.A’B] by the exponentials evaluated at the Gibbs expectation

of BI81 To focus on the main line of the argument for the proof of Theorem 1.1, we
defer the proof of the following technical key lemma to Sect. 6.

Lemma3.2 Let B be as in (3.1), Q2 as in (3.2), € € (0, 1072), A,B C {1,..., N}
disjoint with |A U B| = k and let j ¢ A U B. Assume that B is sufficiently small. If
aja,Bu(jCp < €, then we have in Q that

1

< (cosh2(BYEh) | gy = (40 (1= mlHFh?),

2 plA Bl [A,BU
{cosh®(B;™ D) pugsy
(3.6)
_x plAB] —k(BAB .
(™ 5 ) s puyy < (1 +40)e (=) )M~Buwﬂ, (3.7)
[A,B]
<cosh(KBj )>[A,BU{j}]
< <1+44e (3.8)
cosh (K(B[A’B]) )
J [A,BU{j}]
uniformly in K € [—20, 20].
We use Lemma 3.2 to prove the following result.
Lemma3.3 Let Q beasin(3.2), Cgasin(3.3), € € (0, 1072) and set
Qy—k-1,6 = {an—1-1Cp < €}. (3.9)

Then, there exists a universal constant C > 0 such that in the event Q N\ QN_k—1.e,
we have for every disjoint A, B with |AU B| =k, j ¢ AU B, every o4 € X|4| and
every function g : ¥ y_; — R that does not depend on o that

2 Ce A,B1\2)\2
(03 8)ia.p = C—ﬁ(l = m*"H%) D suin ().
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Proof Assume in the following that g : Xy _x — R is a function that does not depend
on 0. Then, writing HI[VA’B] = H][VA’BU{”] + 0, BE.A‘B], we have that

_plA.B]
Yoeren 87 > . <g sinh(Bj[.A’B])> .
(&) = [4.BUGN _ [A,BU(j}]
’ <2c0sh(B[.A’B])> <cosh(B[.A’B])>
1 [A,BU{j}] 1 [A,BU{j}]
(3.10)
and furthermore
plA.B]
<Za_fe{il}0jgeU’B-/ >[AB .
,BULj
<Gj;g>AB =
A5l (ZCOSh(B[A'B])>
4 [A,BU{j}]

e e
Dol oi€ {0y g .
[A,BU{j}] [A,BU{j}]

<2 cosh(B][.A’B])> <2 cosh(B][.A’B])>

[A,BU{j}] [A,BU{j}]

To simplify the notation, let us abbreviate for the rest of the proof

sinh (B 1) cosh(BY1)

(cosh(Bj[.A’B])) '

<>* = ('>[A,Bu{j}]s (Cosh(B[-A’B]))
J

El

[A,BU{j}] [A, BU{j}]

so that, by the independence of g of o, we find

Notice that in the second step, we used (¢ )« = 1. Observing also that

(sinh(BJ[.A’B]))

[A,BU{j}]
A.B =
(cosh(Bj[. ])>[

(o)ia.m = mH P, (3.11)

A.BU{j}]
we apply Cauchy-Schwarz and obtain the upper bound

2 A,B A,B

AB]. (3.12)

< aN—k—lD[A,Bu{j}](g)<($ —m;E) >*
where in the last step we applied spectral gap inequality (g; g), < any—x—1D[a,BuUfj}]
(8)-InQy_j_1, weknow thatay _x_1Cg < €, so the claim follows if we show that the
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Spectral gap estimates for mixed p-spin models at high temperature 889

last factor on the r.h.s. of the previous estimate is bounded by some absolute constant
C > 0 times (1 — (m5.A~B])2)2. To this end, we bound

(6 —mPley)

-2

= (cosh(BY* )~ (cosh® (B 1) (tanh (811 — ml 1))
2 1/2 172
§<cosh(B][.A’B]))* <cosh4(B}A’B])>* <(tanh(B}A’B])—m[.A’B])4> .

J *

In @ N Qy_k—1, we can apply Lemma 3.2, because ay_,—1Cg < € implies in
particular that aj4 puyj;1Cp < €. Expanding cosh(x) = (e* + ™) /2, this yields

<cosh(BEA’B])> ? <cosh4(B§A’Bl)> ?_c (3.13)

- 1
* *
and we also claim that

<(tanh(BJ[.A’B]) _ m5A>B])4>* < (1= miAPh)* (3.14)

J

Assuming the validity of (3.14) for the moment, the lemma follows by combining

the previous four estimates. Hence, let us focus on the proof of (3.14). As explained
below, this bound follows by giving a uniform (in N) lower bound on 1 + mE.A’B] or

- mBA’B]’ depending on Whether (BJ[.A’B])* > O or (BJ[_A,B]>

assume first that (BJ[.A’B])* > 0. Then, Lemma 3.2 implies

« < 0. To see this, let us

<1{B}'A'BJ < —1/2}), < exp(—K /2)(exp (— KB][.A’BJ)>
< (I +e)exp(—K/2)exp (— K(BE.A’B])*) <2exp(—K/2).

*

for every 0 < K < 20. Choosing 0 < K < 20 suitably, we get

14+ mMB =14 (tanh(BJ[.A’B]))

J [A,B]
1/2

(sinh”(B}" 1)),
(cosh(B}).
> 1 —tanh(1/2) — 2exp(—K /4) > 1/(1 +¢) > 0.

B < 172}

> 1+ tanh(—1/2) — j .
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—2x

Using this lower bound, the elementary bounds 0 < 1 — tanh(x) < 2e and

coshz(x) < cosh(2x) for all x € R and once again Lemma 3.2, we find that

(B A < cl( — ), + (1 — i’
< C(e—BgﬁAvB]L n C(l _ (mB_A,B])z)AL
< Ce—S(B}A,B])* + C(l . (mEA,B])2)4

as well as

-1

€_2(8j>* N

IA

1 .
5 cosh (2(8741).) ' < C(cosh (2B1471))

IA

C(cosh? (BN~ < (1 — @l P1)2),

where we used (3.6) in the last step. Combining the previous two display yields (3.14)
[A,B]
for (B i Yo > 0.
If (BEA’B])* < 0, we proceed similarly as above and the bound (3.14) follows from
estimating (I{BE.A’B] > 1/2}) s < 2exp(—K/2) so that 1 — mB-A’B] > 1/(1 4+ e) by
choosing a suitable 0 < K < 20, and combining this with

[A,B])4

((tanh(B P — AN < (1 + tanh(BAP))*) + (1 +m

< C68(BIEA.B])* + C(l _ (mgA,B])2)4
< Ceosh (2(B),) ™ + (1 — (m!*Fh?)*
< c(1— @A)t

O

Corollary 3.4 Let Q be asin (3.2), Cg asin(3.3), € € (0, 1072) and recall QN_k—1,¢
defined in (3.9). Then, there exists a universal constant C > 0, s.t. in Q N QyN_r—1.c,
we have for every A, B be disjoint with |A U B| =k < N and every oo € X4 that

[(AABY 2 gl BIATABY12) < 0 /Ci /N — &+ 1.
B

Here, we recall that A48 = AlABl(g,) = (5,-j[1 — (ml[A’B])z]il)i’ﬁAUB as well
A,B
as MIAB = MIAPN(00) = (mi7 )i jeaus.
Proof For ¢ = (ci)i¢aup € R¥7*, we have that
T (AIABI1/2 pfIABIATA.BIY1/2¢
c: o
. _ .Bly2 . _ .Bly2
j¢AUB 4/ 1 (mj ) igAUB (/1 — (m;"""") (A.B]
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C . —-1/2
Fixing j ¢ AU B and setting g;(0) := ZiszAuBu{j} (1 — (ml[.A’B])z) /

clear that g; does not depend on o; and Lemma 3.3 implies that

c;oj, it is

0 < o (A[A-BI)1/2 /1A BI A[A.BI)1/2,

[4,B]

h—2 (B )> e
€ ) [ . [ABlo2,.. ) {cos i [A,BU(j)1Ci 2
= c Cﬁ 1 (mj ) |C]| 1 _ (m[A’B])Z + ||C||2
1

j¢AUB i¢ AUBU{j}

Using (3.6), we obtain
€
T (A IHVZMIEAAILEY P < € [/ =T el + el

Since the constant C > 0 on the right hand side in the last bound depend neither on
A, B nor on the spin configuration o4 (implicitly contained in the expectations w.r.t.
the conditional Gibbs measure (-)4,g]), this proves the lemma. O

The previous corollary is not, yet, enough to conclude Prop. 3.1. To this end, we
need another consequence of Lemma 3.2.

Lemma3.5 Let B beasin (3.1), Qasin (3.2), Cg asin (3.3) and let € € (0, 1072).
Assume that B is sufficiently small and recall Qn_i_1.¢ defined in (3.9). Moreover,
let T € N be fixed (independently of N), let N — T < k < N — 1 and define for
A, B C{l,..., N}disjoint with |AU B| =k and 04 € X4 the event

11

QA Boy = {” (A[A,B])1/2M[A,B](A[A,B])l/2 ” . o

Nk}

Then, there is a universal constant C > 0 such that

]P’( U U @neyaien QA,B,UA))

ANB=(), 04€X 4|
|AUB|=k

< C o(T+2)log N+Nlog4fNCﬂ(CTeﬂ2)’l.

Proof Let T € N be fixedand A, B C {1,..., N} be \disjoint with N - T <k =
|[AUB| < N —1.Now, consider the auxiliary field BE.A’AL]

from BE.A’B] by setting c4c = 0 (note that B C A€). Then, BE.A’A(?] is obviously a

which, formally, is obtained
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892 A. Adhikari et al.

function of o4 alone and by (2.1), we have that

B — B 0)

Br
= Zm Z 8jin...iyOis - - - O, 4+ ...

pZZ i2 vvvvv ipEBcv
32<l<p: ijeA°NB°

R E 8iiy.ip-1j0i1 Tiy - - -Uipl)

i1,...,ip,1€BC,
3 1<i<p—1:ij€cA°NB*¢
for every o = (04, 0acnpe) € ZN_|B|-

Moreover, giveno € Zy_|p), itis straightforward to see that (B[.A’B] - B;A’A ]) (o)
is a centered Gaussian random variable with variance bounded by

-2 2
[A.B] _ plA.A]\2 NP—= . _CTB
p=2
for some universal constant C > 0. Setting
Qs 1= { sup sup sup |(BE-A’B] — BE-A'A(:])(O')| > 8}
A,BC{l,...,N}: JEAUB o€XN_ B

ANB=W,|AUB|>N—T,

for § € (0, 1), we conclude that

P($25) < (N) T2(N — T)2N-TN=IBl,~N&*/CCTp?)
—\T
(3.15)

N§?
<exp ((T +2)log N + Nlog4 — CT,32)'

Now consider the event Q N Qy_g—1,c N Qg If A, B are disjoint s.t. |A U B| = k,

oA € Xjaand g : Xy — Ris a function that does not depend on o, for some
Jj ¢ AU B, we can proceed as in (3.12) to (3.13) of Lemma 3.3 to conclude that

1/2
2 [A,B] [A,B]\4
” <Can_i_1D ; < tanh(B’; —m; >
(o) g)[A,B] < Can—k—1Dpa, pun(@) (( (Bj) —m; ) [A.BU{j}]

for some universal C > 0. By definition of 25, we have

C((tanh (BY*1) — ml#1)*)
%

= C<<tanh (BJ[.A’B]) — tanh (BE.A’AE])
+ (tanh (BﬁA’AC]) — tanh (B,[‘A’B])>[A,B])4>* = cot
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MmO QN k1N Qg, where we used that BE.A’AC] is constant, conditionally on o4,
and that x — tanh(x) in R is globally Lipschitz (with Lipschitz constant bounded by
one). Thatis, in Q N Qy_g_1, N 25, we have that

Ce

2 2 A,B]\2\2
(05 &)ia.m = ¢’ (1= 0n)%)"Dia sugjn(e)

uniformly in A, B, o4 and g. Therefore, arguing as in the proof of Corollary 3.4, we
find that in Q N Qy_x_1, N 25, we have

sup ¢! (AABY1/2pgIABI(ATABTy 1/2c<C8/ \/—+1<—\/——k

llellz=1

(C‘g)l/2 Since this bound is true

for all § > 0 small enough so that § < %C
=k(withN—-T <k <N —1)and

uniformly in the sets A, B with |A U B]|
oA € X4, we conclude that

U U (Q NQN_k—1,eN QA,B,O'A) CQNQN_k—1,e N Qs C R,

ANB=(, cA€X 4|
|AUB|=k

for8g = C~! (%)1/2. Hence, the bound (3.15) (for § = §g) concludes the lemma. O
We can now combine the previous lemmas to prove the main result of this section.
Proof of Prop. 3.1 By Eq. (3.4) from Lemma 3.1 and by Corollary 3.4, there exists a

universal constant C > 0 s.t. for all A, B disjoint with |A U B| = k < N, we have in
QN Qy_k—1. that

—1
ara,B) = aga,p1(oa) < (1 —C+/€e/,/Cp(N — k)) aAN—k—1.

Here, we set Qy_x—1, = {an—k—1Cg < €} as before. Taking the sup over the
spin configurations 04 € X4 and over all subsystems described by disjoint sets
A,BC{l,...,N}with|AUB| =k < N, this implies thatin Q N Qy_x—_1.¢

ay—k < Say—-1
forallk < N —T,where T := (5C/4)2(6/Cﬂ). In other words, for such k, we have
QNQNk—1,eN{an—k > San 1} =0

For the remaining N — T < k < N — 2, on the other hand, Lemma 3.1 and the fact
that o [ 1mp1y that
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QNQN_k—1,e N{ay—k > Say_k—1} C U U (RN QN k=1, N Q4. B.04)-

ANB={, 0A€X4|
|AUB|=k

where

11
QA Bo, = l”(A[A,B])I/ZM[A,B](A[A,B])l/z”(GA) - - /N_AUB|+ 1}.

By the preceding Lemma 3.5, the probability of this event is bounded by

P( U U (smsszl,mszA,B,aA)))

ANB=M, o4 EE‘A|
|AUB|=k

< C oT+2)log N+N logd4—NCg(CTep?)™!

<C o(C€/Cpt2) log N+N log4—NC§(Cezﬂ2)’l

for a universal constant C > 0. Finally, taking a union bound over these remaining k
with N — T <k < N — 2, we conclude the claim. O

4 Improved iteration estimate

As pointed out in the introduction, the main difficulty in deriving an upper bound on
the spectral gap ay,, lies in the fact that a priori it is not simple how to control the error
term on the r.h.s. in (2.4). While in the previous section, we have used the two point
correlation matrix to control the error term, this is not, yet, enough to iterate (2.4) and
obtain a meaningful upper bound on ap, . However, controlling the error term both
through the Dirichlet form and the norm of a related matrix, we get sufficiently strong
control on the error that allows us to iterate (2.4) and to give, in combination with
Prop. 3.1, an inductive proof of Theorem 1.1. The main result of this section reads as
follows.

Proposition 4.1 LetBbeasin(3.1), Qasin(3.2)and Cgasin(3.3). Fore € (0, 1072),
set

QN—k—1.e = {an—k—1 Cp < €}.

Then, for B sufficiently small, we have in the event Q@ N Qy_k_1,¢ that

2,CB 2
| CpBe“P max(l,ay—k) i < (1 _ 1
€ (N —k) N

(1 +4e)’
N —k

k)aN—k—1 +

for some universal constant C > Q.
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To derive the above result, our starting point is once again the upper bound (2.4).
However, in this section we relate the error term (the second term on the r.h.s. in
(2.4)) to the Dirichlet form, up to another error that is indeed small at sufficiently high
temperature. To be more precise, let f : ¥y_jaup] — R, then

(f: Gj)[A,B] —{3; f1 Uj)[A,B]

=@ +rep Y

4B .
ojei1) 2{cosh (B! ]))A oy BN

(A.B1) _ 72@3[. ;

(fwxw,—m i (a+m“BB»MB] U[Amhﬁy

where we set

plA-B] [A,B]) _ e—zojB.A*

A,B
j (Uj m; L ])

(o]—i—m

By choosing f = 1, we observe that (hE.A’B]) = 0, so that in fact

[A,B]

1
(f: GJ)AB] R ‘7/>AB E(f;hB‘A’BW[A,B] .1

for general f : X¥ny_jaup| — R. The last identity shows that the error term in (2.4)
can be controlled by Dy4, p)(f), through the first term on the r.h.s. in (4.1), and, as
explained below, by the norm of SlA.B] — (Sl.[f’B])lfi,jSN_MUB‘, defined by

A,B A,B
GlABI _ (" s iam

ij - .
\/ [A B])z\/l EA,B])Z

The crucial observation is that the operator norm of S14-81 is small if 8 is sufficiently
small, assuming some rough a priori information on ay_x—1, like in the previous
section. We make this more precise in the following auxiliary lemmas and conclude
Prop. 4.1 at the end of this section by combining Lemma 4.1 and Lemma 4.3 below.

4.2)

Lemma4.1 Let e € (0,1072), Q be as in (3.2), Cg as in (3.3) and recall QN _;_1.¢
defined in (3.9). Assume that B is sufficiently small. Then, for disjoint A, B C
{1,...,N}s.t. |AUB| =k, we have in Q2N QN_k_1, that

2
oji f !
> % < (1440 Dasy () + ISP Dias.
j#AUB
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896 A. Adhikari et al.

As a consequence, we have in Q@ N Qy_k—1,¢ that

(1 1||S[AB]||) <(1 1 ) L (d+de?
2¢ Nk )IABI= N k)TN T

Proof Let j ¢ AU B. From (4.1), we obtain that

1

(Froptm < A+ Frofm+ (5

1 A,B1\2
2 + E)U; hg ]>[A,B]'

Also, since 09; f does not depend on o, we get

(0,15 05} ap) = (0 = om0 f) 4 g

=((1- mgA’BJ tanh (B}A’BJ))U‘/a./f)[A,B]’

so that by Cauchy-Schwarz

Lo \2 -2 (plA,B] 2
(9; 13 G./>[A,B] < (cosh (Bj )@, 1) )[A,B]
[A,B] [A,B] . [A,B]\2
x((cosh(Bj )—mj smh(Bj ) >[A,Bl‘
Now, splitting cosh(x) — y sinh(x) = 2(1 - y)ex + %(1 4+ y)e * forx,y € R and
recalling (3.10) and that m'" 1 = (sinh(BI"#1)) 4 g1/ (cosh(BYPD)) 14 sy as
in (3.11), we bound

1 (cosh (BE'A’B]) sinh (B[ ]))[A BULj)) (cosh (BE'A’B]) exp (ZBE'AB]»[A,BU{J'}]

4 (cosh (BE-A’B]»ZA,BU{]‘}] (cosh (BEA’B]»[A,BU{J'}]

l(exp( B[A B]))[A BU (cosh? (B[A B]))[lf/szu{/} ( p(4B[A B]))1/2 (4.3)
4 cosh? ((B[~A asogn) feosh (BNl soiy e

1(1 + 4€)*{ cosh? (B[A B])) A,BU{j1]

as well as

A,B1\\2
ﬁ J))[A,Bu{j} {cosh (B

A,B]\\2
4 (cosh (BY P, 5oy
[A,B]\ 2 ABly 12
1 {exp (B ))ia,pugy {cosh? (8" i (exp (—28"71)) e
- B j [A,BU{;j}]
4 cosh? ((B[' ]>[A,Bu{j}]) cosh (B £ ]))IA,BU{J}] ' ’

1 A,B]\\—1
Z(l + 4e) (cosh2 (Bﬁ ])>[A,BU{/’}]’

AB AB
J)eXP(—ZB} ]))[A,Bu{j}]

[A B]
cosh (B j ))[A,Bu{j}]

1 {cosh (B[A Bl) + sinh (B

S
<

A
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where we used repeatedly the bound (3.7) from Lemma 3.2. Using also the first bound
(3.6) from Lemma 3.2, the previous bounds yield altogether that

(8 fi GJ)[A B]
1= (mAP)? T
J

< (1 +4€)*(cosh™ (Bﬁ-A’B])(ajf)zhA B

Combining this bound with Lemma 2.1, we obtain

1 (14 e)(1 +4e)*
: <ay_x-1(1 — ——)D — D
(f: Pine <av-i-1(1 = 5= ) Diasi(F) + —————Dia.a1 ()
N 11 (f; h[A B])[A B
2 N — [A Blyy
2¢ N —k k]géAUB 1—@m )2

To conclude the lemma, the last term on the r.h.s. of the last equation can be estimated
similarly as in (3.5). O

To obtain the improved iteration bound of Proposition 4.1, the previous lemma
suggests to study the norm of SI4-B1 introduced in (4.2). We do this in two main steps
and, similarly as in the previous section, we need a technical preparation whose proof
is explained in Sect. 6.

Lemma4.2 Let B be as in (3.1), Q as in (3.2), A, B C {1, ..., N} be disjoint with
|AU B| =k and for g € N, let

I{}A,B] :Zmax[gﬁ%g Z |8,B[AB]’q max Z |al AB }

j¢AUB ¢Au3

Then, for every g > 2, we have in 2 that I,;A’Bl < (58)7.
Moreover, defining X([]A’B] as the matrix with entries

A,B [A,B] .o
XU = (0BT for1 < j <N -k,

the matrix norm ofX,[IA’B] is bounded in Q by ||X,[1A’B] || < (5B)14, for every q € N.
With the input of Lemma 4.2, we can prove the following result.
Lemma4.3 Let f be as in (3.1), Qas in (3.2), Cg asin (3.3), € € (0,1072), A, B C
{1,..., N} disjoint with |A U B| = k and let S'"A-B1 be as in (4.2). Assume that B is
sufficiently small and set

QN—k—1.e = {an—k—1 Cp < €}.

Then, there exists some universal C > 0 such that in Q N Qy_k—_1.e, we have

| ST < €42 exp (CB) max(l, apa,m)>
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Proof We split the bound into two main steps, based on

plAp) Bl
0= > C"Si[;\’mcf:<z “ l ABl, “ J [A.B] >
i.j¢AUB i¢AUB 1 —(m;""H? jeaus 1—(mj )2 (AB]
o h[A Bl 2
= da[a,B) Z <C05h_2(Bi[A’B])< Z TN Y f) >
i¢AUB jeAuB /1 — (m[A Bly2 [A,B]

0; h[A B] (45)

2
2, olA,B]
§2a[A,3J Z <COSh (Bi )( Z 7“13]2 j) >
i¢AUB jAUBUGY AT = (m; ™) [A.B]

_ AB A,B
+2aa8 Y — [A B])2<cosh 2B @l )?)

i¢AUB 4.5]

=T +T,

for ¢ € RVN—*. We bound the contributions T and T, defined on the r.h.s. in (4.5),
separately. To this end, a straightforward computation yields first of all that

o gIAB .
—%e 20jB; (mg.A’B] +oj)Xl[}4’B], i #J,

DA ) =
e —o sinh (2B;A’B])(tanh (BJ[.A’B]) —mB.A’B]), i=],

where X481 = (Xl.[;"B]) is defined by

1<i,jsN—k

o0 2q
X[A Bl 11— exp (2(718 B[A B] = Z a(ajaiB][.A’B])q.

In particular, Lemma 4.2 implies that in €2, we have that

o]

o) <3

g=1

'”XAB”<CﬁwMCm
q!

for some universal C > 0 and thus

T, < exp(CB)aa 5] Z (1- (m5A,B])2)7l(ef4aij (mgA,B] +Gj)2)[A,B] C?'
Jj¢AUB
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To control the r.h.s. further, we compute

—4o; BB 14 B) N2
(e J (mj +0j) )[A’B]

(1 + (m#1)?){ cosh (38151))

[A,B]} . [A,B]
i ij <smh (3Bj ))

[A,BU{j}]
(cosh (BE.A’B])>

[A,BU{j}]

[A,BU{j}]

BI\2) 3BAB) ’ _4plABI
5’A e >[A,Bu{j}]+(1+m5‘A e

(cosh (Bﬁ.A’B]))

(1—m [A,BUj}]

N =

[A,BU{j}]

1 plAB]

. (sinh(B%™ ")) 4, BU(j

Now, recalling once more that mihBl = e .
J (cosh(B;™"))ra,Buij

computation as in (4.3) and (4.4) using Lemma 3.2 shows that in 2N {aN,k,l eCp <
€}

as in (3.11), a similar

2<eiBﬁ'A'B]> i<BE_A.13]> .
| & mlABl _ [A.BUGN e ' 4B
[A,B] = [A,B]
! {cosh (B ))[A,Bu{j}] (cosh (B ))[A,BU{j}]
and
plABI _
(€_4UJBj (mE'A’B] + Uj)Z)[A,B] < C(cosh? (BﬁA’B]»[A],Bu{j}] =C(1- (mE'A’B])Z)

for some absolute constant C > (. Consequently, it holds true that T; <

C % exp(CB)aya,pyllcll3.
Next, we consider the contribution T, defined in (4.5). In this case, in order to
extract a factor 8, we need to apply the spectral gap inequality again. Setting

u; := tanh (BB — m! )

i
we apply Cauchy-Schwarz and find

h=2(BIA-Bly (5. A B] 2)
(cosh 2B (arnl* %)

fsint?® (1) cosh (B M) tanh (54) —mf )
[cosh (B

[A,BU{i}
) 1/2
< C(COSh6 (Bl‘[A B])>[A,BU{Z.}] u4 1/2
= <COSh (Bi[A’B]))[A,BU{,'} "11A.B] .
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Then, since (u,-)[A,B.] =0, we can bound (u?>[A,B] < (u%; ui2>[A,B] + (u;; u,')%A’B] and
by the spectral gap inequality, we get

(uisuidia, B) < (A, B] Z ((3kui)2>[A 8’
k¢ AUB ’

<M12 ”%)[A 5= 4aa,p) Z <(3kui)2(ui - 3kui)2>[A

Bl
k¢ AUB

Using the elementary bound |tanh(x) — tanh(y)| < 2cosh™2(x)|x — yle* ™! for
x,y € R, we then obtain

|3l 1] < 2cosh 2 (BI )3 BB exp (|3 BIP)))

so that Lemma 4.2 implies for 8 small enough (so that 58 < 1) that

(uis uidia, gy < 4apa.p Z <cosh*4 (Bi[A’B])|3kB[[A’B]|2exp (2|8kBl.[A‘B]|)>
k¢AUB

<Ccp? exp(CB)ara, cosh™ (Bi[A’B]))

3 ( plA.B]
(cosh™ (B; ))[A,Bu{i}]

(cosh (Bi[A’B])>[A,BU{i}]

[A,B]
[A,B]

= Cp*exp(CP)aia, 5]

Analogously, we obtain that

{cosh™? (B[.[A’B]))
(cosh (Bi[A’B]))

[A,BULi}]

<u12 u%) < CBexp(CP)aja, )
4. 5] [A,BU{i}]

and combining this with the previous estimates, we conclude that

Ty, < Ca

[A,BI\\1/2
3 Z 82 exp(Cﬁ)cl.z (Cosh6 (Bi )>[A,Bu{i}] (cosh*3 (B[A,B]

A1 s = T2 (cosh (BT st

i [A, BU{i}]

< CB?exp(CB) max(1, apa p))llcl3

Here, the second step follows from Lemma 3.2, arguing as before. In conclusion, we
have shown that for all ¢ € RV =% we have that

0 < (¢, S'4Ble), < Cp%exp(CP) max(1, aja,5)?lella.

for some universal C > 0, i.e. ||SI4 81| < CB% exp(Cp) max(l, a[A,B])Z. O

Proof of Prop. 4.1 We combine Lemmas 4.1 and 4.3, which implies directly the
improved iteration bound in Proposition 4.1. O
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5 Proof of Theorem 1.1

In this section, we combine Prop. 3.1 and Prop. 4.1 to prove Theorem 1.1.

Proof of Theorem 1.1 W.l.0.g., we can assume that € is sufficiently small. In particular,
we assume in the following that € € (0, 1072) so that we can apply the main results
of the previous sections.

We proceed inductively and before giving the details, let us first of all show that
a; = 1. To see this, let A, B C {1, ..., N} be disjoint such that |A U B| = N — 1
and let i ¢ A U B. Then, the Gibbs measure (-)[4,p] is simply the coin tossing
measure associated to the external field Bl.[A’B]. In other words, it is determined by the
probabilities (15,—+1)[4.8] = % + % tanh (BI!A’B]). Set p; := % + % tanh (BI!A’B]) and
let f : {£1} — R be a function s.t. f(1) # f(—1). Moreover, assume without loss
of generality that ( f)[4.5) = 0, i.e. that

Pi
1 — p;

f(=)=- J.

Then, we find that

<ﬁn“ﬂ=nfaf+u—p»ﬂen2=lf?faf

= pi(l=p){(f (D = F=1) )4 5y = D)

and thus aj4 g} = 1. Since A, B C {1, ..., N} were arbitrary, this means thata; = 1.
Now, let € > 0 be sufficiently small. We choose the inverse temperature § =
e3/* « 1 so that

é=e—1/4>>1 and i=e”4<<1.
€ €l/2

In particular, we can assume in the following w.l.0.g. that € is so small that

C2
. B —1/2
() gy = O > 2loga,

(i)  (1+40e*HCcg=0)e¥? <e  and

C,B2eC28
Git) 2501 + 4042 2P _ oyl 2 14
€

where each O(1) > 0 is bounded by some universal constant, and the constants C;
and C» refer to the universal constants from Prop. 3.1 and Prop. 4.1, respectively.
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Next, the event £ of high probability we use for the proof of Theorem 1.1 is defined
by

N

Il

Q

)
=
S

c
{aN_1_1Cﬁ < € and anN—| > SaN_]_l}

I
=

QN {aNflflcﬂ >eoray—j < 5aN7171},
=0

where 2 denotes the set defined in (3.2). In particular, according to Prop. 3.1 combined
with condition (i) from above as well as the fact that P(2) > 1 — eV, it holds true
that

P(Q) >1—Ce N

for universal constants ¢, C > 0.

Now, let us prove the following induction: if ay_x—1 < 1 +40e' /" in $ for some
0 < k < N —2, then we prove that this implies ay _; < 1+40e/%in €. Since a; =1,
the inductive assumption is clearly satisfied fork = N —2. Hence, Theorem 1.1 follows
from the proof of the inductive step.

To prove the inductive step, by the inductive assumption on ay_—1 and condition
(ii) from above, we have that ay _x—1Cg < € in Q. By definition of §, this implies
that

1/4

an—k < San—g—1 < 5 (1 +40e'/%)

in Q. Therefore, Proposition 4.1 implies that

25C,82eC2P (1 + 40€!/4)? (1 + 4¢)’

1— < (1- e —
< c (N —k) “N"—( N—k)aNk1+ N—k

14 32¢!/4

< (1= oo Sy

Combining this with condition (iii) from above and using again ay_; < Say—_k—1,
we obtain that

<<1+ 5¢l/4 1 ) +l—|—32€1/4
an — — AN —k— _—
N=k = N—k N_—k/NH! N—k
5¢l/4 1 1 + 32el/4
1 ——)1 40e' /4y ¢ 7
_(+N—k N )T T =
3 1/4 40 1/4 -3 1/4
14406l 4 OF )(Ne k) < 14404,

@ Springer



Spectral gap estimates for mixed p-spin models at high temperature 903

for all € > O sufficiently small. This proves the inductive step and therefore, arriving
at k = 0, we have shown that on a set of probability at least | — Ce~“N, we have that
apy < 1+40e'/4, O
6 High probability estimates

In this section, we complete our arguments by providing the high probability estimates
related to the set €2, defined in (3.2), Lemma 3.2 as well as Lemma 4.2.

Lemma 6.1 Let Q be defined as in (3.2). Then, P(Q) > 1 — eV
Proof We recall from (2.1) that

[A.B], \ _ Br o .
B, (“>—Zm< D SiinedyTine Ty

p>2 i2,....,ip€BC,

-t E 8irin...ip—1j0i10iy "'Gip—l> +n;

15yl p—1€BC

for 0 € X n_jaup| and o4 understood to be fixed. It is then simple to see that an
.. . [A,B] . .
explicit expression for o;0; B ; is given by

a. plA, Bl Ull Oi, Oip_n
019 B; " (o) = Zf Z gklkZ b2 NN AN

P>2 ki,ka, ..., p 2€B°

where foreachi, j € {I,..., N—|AUB]|}, the couplingg,';jl'kz__.klk2 isasumof p(p—1)
i.1.d. standard Gaussian rand(_)_rn variables (if the indices k,, # k; for 1 < u__;é s <p-2
are all distinct; otherwise g,’{f1 kpkpy = 0). Moreover, the couplings g,’fl Ky OTE
independent over the superscripts i, j € {I,..., N — |A U B|}. We can view this as

0 9; B[A Blg) = Z 5P_Gp(r, ..., T.€€)),

where G, : (]RN )? — R denotes the multilinear map that is defined through

p—1kp
(Gp)k1k2...k,, = gk; lk ,the vector T € {y € RN . llyll2 < 1} has components

7, =0ifi e Band1; = N‘l/zm ifi €{1,..., N}\B and (ex)x—1
standard basis of RV . In particular, we have that

N denotes the

.....

[A,B]
sup sup sup  [|9; B (@)l = |||G Il
A,BC{I,...Q,)N}:UAEE‘M OEXN_|AUB| Z \/

ANB=
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904 A. Adhikari et al.

where

NG pll == sup Gp(y1®Yy...®Y)p).
Yireeos ypERN:
lyil2=1Vi=1,...p

According to [14, Theorem 1], we have that

P({N"21G,I > Vp(p = DI8Tog(p/10g(3/2))p + logr + log2]} ) < ™!

for any t > 1. Choosing t = 2p for p > 2, this implies

P{N"2IG,ll > 5/ pPlog p}) < e Nloe2P,

. . A.B
Finally, since sups,Bc1,.... N}: SUPy €54 SUPoeSy_ A, ||8iB; ](o')” > 58 for B =
ANB=f

23022 V' p3log pB), defined in (3.1), implies that N~V/2||G,,, |l > 5./p3 log ps for
some py > 2, we conclude that P(Q) > 1 — ¢~V log4 >, (%)N >1—e™N, @O

We continue with the proof of Lemma 4.2.

Proof of Lemma 4.2 Assuming the first claim I(BA’B] < (5B)4 for g > 2 for the

moment, the bounds on the matrices X gA’B] are simple. Indeed, for ¢ = 1, we have

XEAZ.’].B] = 0; BJ[.A’B], SO ||XEA’B]|| < 5B in €2, by definition of Q2. For ¢ > 2, on the
other hand, we have that || X [[IA’B] | < I,EA’B] by standard matrix properties and hence
the claim follows if I[EA’B] < (5B)7 for g > 2. To this end, notice for g = 2

[A,B] [A,B]\? [A,B] [A,B] [A,B]\?
B = max ([ ()] LA () D, )
A,B
< IX{*P17 < 5)?
and for g > 2 that I, < Iy maxi<; j<n—jaup| 13 B 211972 < (5p)7 in Q. o

Finally, it remains to prove Lemma 3.2 which follows as a simple corollary from the
next Lemma.

Lemma6.2 Let € € (0, 10_2) and K € R. Suppose that A, B C {1,..., N} are
disjoint and let j ¢ A U B. Then, if B is sufficiently small (depending on K ) and if

Ck.paja sugy == 20K B)? exp(20K B)aa, pugjy) < €,

we have in Q that

A.B A.B
(exp(K B! ])>[A,Bu{j}] < (1+4e)exp (K (B sugin)-
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Proof Writing (fz)[A,BU{j}] = (f; fha.ugy + <f>%A,Bu{j}]' Since cosh(x) > 1
(see also Remark 2 after Theorem 1.1), we bound

(f2>[A,BU{j}] < aga,Bugjy Z ((3kf)2)[A,Bu{j}] + (f)[zA,BU{j}],
k¢AUBULj)

using the spectral gap inequality. Choosing f = exp (K BJ[.A’B]), we have oy f =
exp (K BJ[.A’B]) (1 — exp (ZKak Bﬁ.A’B])) and Lemma 4.2 implies

> (1 —exp (kg BM))? <Y (4K)q) PE:FK

k¢ AUBU{j} g>2 g k¢ AUB

< Z @K 1148l < (20K B)? exp(20K B)

|4
= a2

Here, we used the elementary bound (¢* — 1)? < |x|>¢2*| for x € R. We conclude

> @HPasugn = Crpl ) aBuGn

k¢ AUBUY{j}

for f = exp (KB/[.A’B]) and since Ck gaja, pu(jy < € < 1, this implies

2 2
(f)augn < (1= Ck pagason) (Hiasogy-

Now, f 172 — exp (X B4 B1) 50 we can iterate the previous step and find that
P72 b; p P

. —l g glA.Bl
hrgo<exp (27K B; ))ABU{J}]

1
(1 — Cy-1 LBYA, BU{/}])2

BlABY

Noting that lim;_, 5o (exp (2 IKB[A B])>[A Bu{j) = XP (K( i

[4,BU(j1) and

1

log 1_[

2!
1=0 (1 = Co-1g gara.uijn)

o
= > 2= log)(1 - 27 exp (20K B2 — 1) Cr paa,pupyy ) < 3¢
=0

for B small enough (depending on K, so that exp(|20K B|) is sufficiently close to one).
All in all, we conclude that
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906 A. Adhikari et al.

(exp (KB PNy gy = (1 + 4 exp (KB Diapuin).

[}

Proof of Lemma 3.2 This is a simple application of the previous lemma, noting that
the definition of Cg in (3.3) and the assumption Cgapa,guyjj; < € allows us to apply
Lemma 6.2 uniformly in K € [—20, 20], if B is small enough (so that exp(ZO2 B) is
sufficiently close to one). Indeed, with this observation, we obtain directly (3.7) and
(3.8). The second inequality in (3.6) follows similarly, realizing first that by Jensen’s

inequality and the identities ml[A’B] = (tanh(Bi[A’B]))[ 4.p) and (3.10), we have that

1 1
<
1— (m[,.A’B])2 “\1- tanhz(Bj[.A’B])

_ <cosh2(B}A’B])>[A’B]
[A,B]
<cosh3 (B;A’BJ)>

- <cosh(B£.A’B])>[

[A.BU{j}]

A,BU{j}

and then applying (3.8) three times. The first inequality in (3.6) is a consequence of
Cauchy-Schwarz inequality. O
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