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Multitwists in big mapping class groups

GEORGE DOMAT
FEDERICA FANONI
SEBASTIAN HENSEL

We show that the group generated by multitwists (ie products of powers of twists about disjoint non-
accumulating curves) doesn’t contain the Torelli group of an infinite-type surface. As a consequence,
multitwists don’t generate the closure of the compactly supported mapping class group of a surface of
infinite type.

20F65, 57K20

1 Introduction

The mapping class group of a surface of finite type has been thoroughly studied for decades. In particular,
multiple simple sets of generators are known. The Dehn—Lickorish theorem [7; 11], in combination with
the Birman exact sequence [4], shows that the pure mapping class group of a finite-type surface can be
generated by finitely many Dehn twists about nonseparating curves, and we need to add finitely many
half-twists to generate the full mapping class group. Humphries [10] proved that, if the surface is closed
and of genus g > 2, 2g + 1 Dehn twists about nonseparating curves suffice to generate the mapping
class group, and moreover this number is optimal: fewer than 2g 4 1 Dehn twists cannot generate. Other
results show that mapping class groups can be generated by two elements (see eg [17]), by finitely many
involutions or by finitely many torsion elements (see eg [5]).

In the case of surfaces of infinite type, the (pure) mapping class group is uncountable, so in particular it is
not finitely (nor countably) generated. For some of these surfaces the mapping class group is generated by
torsion elements, or even by involutions (see [6; 12]), while for other surfaces they aren’t (see [6; 8; 12]).
To the best of our knowledge, no other generating set is known.

Note that the (pure) mapping class group of a surface of infinite type is endowed with an interesting
topology, induced by the compact—open topology on the group of homeomorphisms of the surface. So it
is interesting to talk about topological generating sets (sets whose closure of the group they generate is
the (pure) mapping class group). It follows from the finite-type results that Dehn twists topologically
generate the closure of the compactly supported mapping class group. Moreover, Patel and Vlamis [14]
proved that the pure mapping class group of a surface is topologically generated by Dehn twists if the
surface has at most one nonplanar end, and by Dehn twists and maps called handle shifts otherwise.
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Our goal here is to investigate a natural candidate for a set of generators of the closure of the compactly
supported mapping class group of a surface: the collection of multitwists. A multitwist is a (possibly
infinite) product of powers of Dehn twists about a collection of simple closed curves that do not accumulate
anywhere in the surface. Our main result is a negative one, and it follows from a nongeneration result for
the Torelli group:

Theorem A Let S be an infinite-type surface. Then the subgroup of the mapping class group of S
generated by multitwists doesn’t contain the Torelli group. In particular, multitwists don’t generate the
closure of the compactly supported mapping class group.

The idea of the proof is to produce an explicit element in the Torelli group that is not in the subgroup
generated by multitwists. This element is built by taking an infinite product of increasing powers of
partial pseudo-Anosov homeomorphisms supported on disjoint finite-type subsurfaces. We use work of
Bestvina, Bromberg and Fujiwara [3] to certify that the mapping class we construct is not in the subgroup
generated by multitwists.

Theorem A also begs the following question:

Question B What is the subgroup generated by the collection of multitwists? Is there an alternative,
more explicit description of its elements?

Furthermore, our theorem shows that the subgroup generated by the collection of multitwists is not a
closed subgroup of the mapping class group. Therefore, it does not immediately inherit a Polish topology
from the topology on the mapping class group.

Question C Is the subgroup generated by the collection of multitwists a Polish group?
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2 Preliminaries

Here a surface is a connected orientable Hausdorff second countable two-dimensional manifold without
boundary unless otherwise stated. One notable exception is any subsurface, which will always have
compact boundary. Boundary components of subsurfaces are assumed to be homotopically nontrivial, but
are allowed to be homotopic to a puncture.
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Surfaces are of finite type if their fundamental groups are finitely generated and of infinite type otherwise.
A surface S is exceptional if it has genus zero and at most four punctures, or genus one and at most one
puncture, otherwise it is nonexceptional.

The mapping class group of a surface S is the group MCG(S) of orientation-preserving homeomorphisms
of S up to homotopy. The pure mapping class group PMCG(S) is the subgroup of MCG(S) fixing all
ends and —if there are any — boundary components, and MCG.(S) denotes the closure of the subgroup
generated by compactly supported mapping classes. The Torelli group Z(S) is the subgroup of the
mapping class group given by elements acting trivially on the first homology group of the surface.

A pseudo-Anosov mapping class f of a finite-type surface is chiral if f k is not conjugate to f =k for
every k # 0. We will need chiral pseudo-Anosovs in the Torelli group. The existence of such is likely
well known, but since we could not find a proof in the literature we include the following:

Lemma 1 Let ¥ be a finite-type nonexceptional surface with boundary. Then there is a mapping class
¢ € MCG(X) with the following properties:

(i) ¢ is pseudo-Anosov,
(i1) ¢ is chiral, and

(iii) if ¥ is a subsurface of a surface S, so that each boundary component of 3 is separating in S, then
@ acts trivially on the first homology of S

Proof Begin by taking an arc p joining a boundary component ¢ of ¥ to itself, which is filling and
nullhomologous in H;(X, dX). By Scott’s theorem [16] there is a cover of ¥ in which p lifts to a
simple arc.

By taking a further cover, we can find a cover $ — ¥ such that p lifts to a simple arc p in ) joining
two different boundary components ¢; and ¢, of S, and such that the cover is characteristic (ie every
homeomorphism of X lifts).

Denote by § the boundary of a regular neighbourhood of ¢; UpUc,. Observe that since one complementary
component of § is a pair of pants, and the other one is not, no orientation-preserving homeomorphism of
> can preserve § setwise while inverting its orientation.

Now, let y be an oriented loop on X based at a point p € ¢, which lifts in T to a curve freely homotopic
to §. We claim that the boundary-push P, defined by y has the desired property.

First, y is filling (since p was filling), and so the same proof as that of Kra’s theorem (see [9, Theorem 14.6])
shows that ¢ = P,, is pseudo-Anosov, proving (i).

Next, boundary pushes defined by nullhomologous loops are in the Torelli group of 3. If ¥ is a subsurface
of a surface S and all of the boundary components of X are separating in S, the Torelli group of X is
contained in the Torelli group of .S, showing (iii). (See [15] for a study of Torelli groups of subsurfaces
without assuming the boundary components to be separating.)

Algebraic & Geometric Topology, Volume 25 (2025)
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Finally, note that conjugating a boundary-push simply has the effect of changing the pushing curve:

nyf_l = Pry)-
Furthermore, push maps are equal if and only if the defining curves are homotopic (by the Birman exact
sequence). Thus, if f¢! f~1 = ¢/, then f(y)' = y/. Since f preserves primitivity in the fundamental
group, we only have to exclude the case i = 1 and j = —1. Butif fof~! = ¢!, there is a lift f of f
which preserves § and inverts its orientation, which is impossible, as discussed above. Hence (ii) holds. O

A curve on a surface is the homotopy class of an essential (ie not homotopic to a point, a puncture or a
boundary component) simple closed curve. Given a curve o, we denote by 7, the Dehn twist about «.

An integral weighted multicurve i is a formal sum ) ;. ; n;o;, where the o; are pairwise disjoint curves
not accumulating anywhere and the n; are integers. Given an integral weighted multicurve p, we define 7,

— nj
o =T

to be the mapping class

Such a mapping class is called a multitwist.

We say that an integral weighted multicurve is finite if I is finite (ie it contains finitely many curves). An
integral weighted multicurve v is a submulticurve of an integral weighted multicurve u = ) ;o n;; if
V=73 ;cynioi, where J C I.

Given a surface with boundary, an arc is the homotopy class (relative to the boundary) of a simple arc that
cannot be homotoped into the boundary. We denote by C(S) the curve and arc graph of a surface S, where
vertices are curves and, if 0.5 # @, arcs, and two vertices are adjacent if they have disjoint representatives.

For any two subsurfaces 4 and B of S that have an essential intersection, the subsurface projection of
B to A is the subset 0B N A C C(A). This projection is denoted by 7 4(B). For any 8 € C(B) we also
define m4(B) := m4(B). These projections always have bounded diameter [13] and given any intersecting
subsurfaces 4, B, C C S we define the projection distance as

dq(B,C) :=diame(4)(m4(B) U my(C)).

For a subgroup G < MCG(S), we say that a subsurface K C S is G-nondisplaceable if gK and K cannot
be homotoped to be disjoint for any g € G. Note that if a subsurface K is G-nondisplaceable, subsurface
projections are always defined between G-translates of K.

3 Proof of Theorem A

Fix an infinite-type surface S, different from the Loch Ness monster.

Figure 1 shows some examples of MCG¢ (.S)-nondisplaceable subsurfaces that will be used in the following
lemma.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 1: The subsurfaces of Lemma 2.

Lemma 2 If S is an infinite-type surface, different from the Loch Ness monster, it contains infinitely
many finite-type MCG¢ (S)-nondisplaceable subsurfaces, which are pairwise disjoint and nonaccumulat-
ing. Moreover, the subsurfaces can be chosen to be nonexceptional.

Proof We split the proof into cases. In each we describe a finite-type MCG¢(S)-nondisplaceable
subsurface such that we can clearly find infinitely many copies with the required properties.

Case 1 Suppose S is the once-punctured Loch Ness monster. Then note that any separating curve o
which separates the two ends cannot be mapped disjointly from itself by any mapping class (because it
bounds a nondisplaceable subsurface). As a consequence, for any g > 1, any genus-g subsurface with
two boundary components separating the two ends is nondisplaceable.

Case 2 Suppose S has at least two nonplanar ends. Note that by the argument in [14, Proposition 6.3],
any separating curve such that both complementary components have infinite genus is MCG, (.S)-
nondisplaceable.

e If S has at least one nonplanar end — denoted by e — which is isolated in Ends(.S), for any g > 1,
any genus-g subsurface with two separating boundary components, each of which cuts off a surface
containing only the end e, is MCG, (.S)-nondisplaceable.

e If S has at least one nonplanar end —denoted by e — which is isolated in Endsg(.S) but not in
Ends(S), for any g > 1, any genus-g subsurface with three separating boundary components, two of
which cut off a subsurface whose only nonplanar end is e and the third one cuts off a planar surface, is
MCG.(S)-nondisplaceable.

e If no nonplanar end is isolated in Endsg (.S), Endsg (S) is a Cantor set. If it contains an end e that is not
accumulated by planar ends, we choose a genus-g subsurface with two separating boundary components
and no planar ends, so that each complementary component has infinite genus, for g > 1. Otherwise, we
choose a genus-g subsurface with three separating boundary components, so that two complementary
components have infinite genus and one is a planar subsurface, for g > 1.

Algebraic & Geometric Topology, Volume 25 (2025)
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Case 3 Suppose S has no nonplanar ends. We can then choose any n-holed sphere whose boundary
curves are separating, so that there is at least one end in each complementary component, forn > 5. O

Fix a finite-type l\m—nondisplaceable subsurface ¥ C S and let J be the MCG,(S)-orbit of X.
As ¥ is MCG, (S)-nondisplaceable, any two surfaces in )’ have intersecting boundaries — in particular,
subsurface projections w4 between surfaces in ) are always defined. Moreover, by [2; 13], there is some
constant p > 0 such that for every 4, B,C € )Y

e at most one of d4(B,C), dg(A4,C) and d¢c (A, B) is bigger than y, and
e {DeY|dp(A, B)> u}|is finite.

See [8, Lemma 3.8] for details on checking these in the infinite-type case. We can therefore run the
projection complex machinery to deduce (see [3, Proposition 2.7]):

Proposition 3 MCG.(S) acts by isometries on a hyperbolic graph C()) so that for every A, B € Y with
A # B:
(1) C(A) is isometrically embedded as a convex set in C())) and the images of C(A) and C(B) are
disjoint.
(2) The inclusion
| |con—cw)
Cey
is MCG,(S)-equivariant.
(3) The nearest-point projection to C(A) sends C(B) to a bounded set, which is at uniformly bounded
distance from m 4(B).

(4) Ifg e MCG,(S) is supported on A and the restriction is pseudo-Anosov, and I" is the subgroup of

MCG,(S) given by elements leaving A invariant and preserving the stable and unstable foliations
of g, then (MCG.(S),C(}), g, ') satisies WWPD.

Furthermore, the same proof as [3, Lemma 2.8] yields:

Lemma 4 Lett be a multitwist about a finite multicurve (. Then for every A € ) there is a vertex v4
of C()) such that the nearest-point projection to C(A) of the t orbit of v4 is uniformly bounded. In
particular, if T is hyperbolic, its virtual quasiaxis can intersect C(A) only in a bounded-length segment.

Proof If uN A = @, 7 fixes any element of C(A), so it’s elliptic. Otherwise, let v4 be an element of
AN # @. Then the nearest-point projection of t”(v4) to C(A) is a uniformly bounded distance from
m4(t"(v4)), which is defined to be 74 (d(t"(A)). But this is at bounded distance from t”(u)NA=uNA,
so the projection of t”(vy4) is at uniformly bounded distance from A N u for every n. This proves the
first statement of the lemma. The second statement follows as in the proof of [3, Lemma 2.8]. O

As a consequence, we can apply [3, Corollary 3.2] to deduce:
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Proposition 5 Let 3 be a MCG,(S)-nondisplaceable subsurface of finite type and f a mapping class that
is a pure chiral pseudo-Anosov mapping class of X of sufficiently large translation length and the identity
on the complement. Then there is a homogeneous quasimorphism ¢ : MCG.(S) — R of defect A < 12
such that |p(f™)| — oo and |¢(t)| < A for every multitwist T and every element t acting elliptically on
C(MCG.(S) - %).

Proof Let ) =MCG,(S)-X. The bounds on ¢( /) and ¢(7), for T acting elliptically on C()), are given
by [3, Corollary 3.2]. The only thing we need to check is that |¢(t)| < A for every multitwist . But a
multitwist T associated to an integral weighted multicurve ;t = ) ;. n;o; can be written as a product of
two multitwists, 71 and 7,, where 7; is associated to the integral weighted multicurve
M1 = Z nio;
i NZ#D
and T, to the integral weighted multicurve
M2 = Z nie;.
iiNX=g
Then t; acts elliptically on C()), so ¢(t2) = 0. By Lemma 4, if 7; doesn’t act elliptically on C(}),
its virtual quasiaxis has small projections. Thus, by the construction of the quasimorphism ¢ in
[3, Proposition 3.1], if the translation length of f is larger than the projection bound from Lemma 4, we
have ¢(t1) = 0. As a consequence |¢(7)| < A. |

Proof of Theorem A Suppose first that S is not the Loch Ness monster. We will construct an element F
of Z(.S') which is not a finite product of multitwists. Since F is in I\WC(S) (by construction, or by the
fact that Z(S') C l\m by [1]), this will also show that multitwists don’t generate the closure of the
compactly supported mapping class group. By Lemma 2, we can find pairwise disjoint nonaccumulating
l\m—nondisplaceable finite-type subsurfaces %,. For every n, fix a mapping class I, of S supported
on X, which restricts to a chiral pseudo-Anosov mapping class in the Torelli group of 3,. Then for any n,
by Proposition 5 (after potentially passing to a power in order to increase the translation length), we can
find a homogeneous quasimorphism ¢y, : MCG¢(S) — R with defect at most A = 12 that is unbounded
on powers of F,, and bounded by A on all multitwists or elements acting elliptically on C(MCG¢(S)- X,).
Choose powers kj so that
|on(Fpm)| = oo,

which exist because by assumption |, (Fy)| > 1 for every n. Define
F=T] Fk.
neN
For every n, ]_[m#n F,If,m acts elliptically on C(IMCG,(S) - Z), so
@n(F;f" ° l_[ Frﬁ”‘)
m#n
Algebraic & Geometric Topology, Volume 25 (2025)

on(F)| = > |gn(FEn)| — A — oo,




3928 George Domat, Federica Fanoni and Sebastian Hensel

If F were a product of & multitwists 7y, ..., tg, then for any n,

[0n(F)| = |@n(tg 0+ -0 11)| = 2kA,

which gives a contradiction.

Suppose now that S is the Loch Ness monster and fix a point x € S. By the Birman exact sequence
[8, Appendix], the kernel of the surjection

(S ~ {x}) — Z(S)

is the fundamental group of S and is therefore generated by twists. In particular, if Z(.S) is contained in
the subgroup generated by multitwists, so is the Torelli group of the once-punctured Loch Ness monster,
a contradiction. By [14], MCG(S) = MCG¢(S) and MCG(S ~ {x}) = MCG(S ~ {x}), so the same
argument applied to MCG(S) and MCG(S ~ {x}) proves the result for the closure of the compactly
supported mapping class group. |
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