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Particle collisions at accelerators such as the Large Hadron Collider, recorded and analyzed by
experiments such as ATLAS and CMS, enable exquisite measurements of the Standard Model and
searches for new phenomena. Simulations of collision events at these detectors have played a pivotal
role in shaping the design of future experiments and analyzing ongoing ones. However, the quest
for accuracy in Large Hadron Collider (LHC) collisions comes at an imposing computational cost,
with projections estimating the need for millions of CPU-years annually during the High Luminos-
ity LHC (HL-LHC) run [1]. Simulating a single LHC event with Geant4 currently devours around
1000 CPU seconds, with simulations of the calorimeter subdetectors in particular imposing sub-
stantial computational demands [2]. To address this challenge, we propose a conditioned quantum-
assisted deep generative model. Our model integrates a conditioned variational autoencoder (VAE)
on the exterior with a conditioned Restricted Boltzmann Machine (RBM) in the latent space,
providing enhanced expressiveness compared to conventional VAEs. The RBM nodes and con-
nections are meticulously engineered to enable the use of qubits and couplers on D-Wave’s Pegasus-
structured Advantage quantum annealer (QA) for sampling. We introduce a novel method for
conditioning the quantum-assisted RBM using flux biases. By adapting flux bias on D-Wave’s sys-
tems, we effectively incorporate the flexibility of classical Restricted Boltzmann Machines (RBMs),
as universal approximators for discrete distributions, with the potential speedup and scalability of
quantum annealing. We further propose a faster and more robust adaptive mapping to estimate the
effective inverse temperature in quantum annealers. The effectiveness of our framework is illustrated
using Dataset 2 of the CaloChallenge [3].

I. INTRODUCTION

By the end of the decade, the LHC is expected to be-
gin an upgraded “High Luminosity” phase, which will
ultimately increase the collision rate by a factor of 10
higher than the initial design. Increasing the number
of collisions will generate more experimental data, en-
abling the observation of rare processes and increased
precision in measurements, furthering our understanding
of the universe. The path toward the HL-LHC presents
great technological challenges and commensurate inno-
vations to overcome them. Monte Carlo simulations of
collision events at the ATLAS experiment have played a
key role in the design of future experiments and, partic-
ularly, in the analysis of current ones. However, these
simulations are computationally intensive, projected to
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reach into millions of CPU-years per year during the HL-
LHC run [1]. Simulating a single event with Geant4
[4] in an LHC experiment requires roughly 1000 CPU
seconds. The calorimeter simulation is by far dominat-
ing the total simulation time [2]. To address this chal-
lenge, deep generative models are being developed to
act as particle-calorimeter interaction surrogates, with
the potential to reduce the simulation overall time by
orders of magnitude. The key point to take into con-
sideration is that one particle impacting a calorimeter
can lead to thousands of secondary particles, collectively
known as showers, to be traced through the detector,
while only the total energy deposit per sensitive element
(a cell) is actually measured in the experiment. Hence,
through the generation of these showers, non-negligible
computational resources are being employed in the de-
tailed recording of the path of these particles. The prob-
lem being addressed is whether one can bypass the path-
tracing step in the simulation and generate the cell energy
deposits directly from a set of well-defined parameters
(e.g., type of particle, incidence energy, incidence angle,
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etc.) via sampling from a deep generative model.

There is a large and growing body of literature ad-
dressing this critical problem via deep generative models.
The earliest methods developed to address this challenge
were of the kind of Generative Adversarial Networks [5?
? ], which are now an integral part of the simulation
pipeline [6? ] of some experiments. Different deep
generative frameworks have been proposed since then,
including VAEs [7? ? ? ], Normalizing Flows [8? ],
Transformers [9], Diffusion models [10? ? ] and combi-
nations thereof [11? ]. A noteworthy development in the
field is the CaloChallenge-2022 endeavour [12], which not
only catalyzed research efforts but has also enabled bet-
ter quantitative comparison across different frameworks.
Similarly, defining benchmarks and metrics has been a
rather active topic of research [13? ]. A common fea-
ture of these models is the fast generation of showers via
sampling on GPUs, but further speed increases may still
be possible with alternative computing paradigms. In
our work, we develop deep generative models which can
be naturally encoded onto Quantum Annealers (QAs),
allowing for potentially significant improvements in the
speed of shower simulation.

In previous work by this group [14], a proof of con-
cept of a quantum-assisted deep discrete variational au-
toencoder calorimeter surrogate called CaloQVAE was
presented, whereby the performance in synthetic data
generation is similar to its classical counterpart. As a
follow up, in Ref [15], we improved our framework by re-
engineering the encoder and decoder architectures by in-
troducing two-dimensional convolutions as well as replac-
ing the two-partite graph in the RBM with four-partite
graph, enabling us to use D-wave’s quantum annealer Ad-
vantageSystem [16]. The main contributions of this paper
are: i) we condition the prior on specific incident energies
which allows us to disentangle the latent space embed-
dings. Most relevant is that we propose a novel method to
enforce this condition scheme on the qubits by means of
the QA’s flux bias parameters. By adapting flux bias on
D-Wave’s systems, we effectively incorporate the flexibil-
ity of classical RBM, as universal approximators for dis-
crete distributions, with the potential speedup and scala-
bility of quantum annealing. ii) We also propose a novel
adaptive method to estimate the effective temperature
in the quantum annealer. This method is a simple map
with a stable fixed point on the effective temperature,
and we show it to be more stable with a faster conver-
gence than the KL-divergence-based method used previ-
ously. This contribution is a key methodological advance-
ment that may benefit a wide range of quantum machine
learning and sampling applications. iii) The new model
uses 3D convolutional layers for the encoder and decoder
as well as periodic boundaries to account for the cylin-
drical geometry of the shower, leading to an improved
performance when compared to its previous counterpart.
As the HL-LHC prepares to generate enormous datasets,
rapid and accurate simulations are paramount. Our ap-
proach addresses an urgent and multidisciplinary chal-

FIG. 1. (a) Calochallenge dataset showers are voxelized using
cylindrical coordinates (r, φ, z) such that the showers evolve
in the z direction. For any given event, each voxel value
corresponds to the energy (MeV) in that vicinity. Dataset 2
contains 100k events and the voxelized cylinder has 45 stacked
layers. Each layer has 144 voxels composed of 16 angular bins
and 9 radial bins. The data set is parsed onto a 1D vector
following the common way to eat a pizza, i.e., grab a slice and
start from the inside towards the crust. Each 1D vector has
45 × 9 × 16 = 6480 voxels per each event. (b) Visualization
of the voxels in an event in the dataset.

lenge, offering a potential solution that may transform
simulation pipelines in high-energy physics while con-
tributing to the broader quantum information and ma-
chine learning communities. We illustrate our framework
by using Dataset 2 of the CaloChallenge. Henceforth,
we refer to our framework as Calo4pQVAE.

The paper is organized as follows: In the Methods
section we present the dataset we used, the preprocess-
ing steps employed. This section also introduces the
Calo4pQVAE framework, which is detailed in three sub-
sections: the 4p-VAE, where we give a description over
the classical framework; the 4-partite RBM where we de-
scribe in detail the sampling and training procedure for
conditioned and non-conditioned RBM; and in Quan-
tum Annealer we give a brief overview of the motiva-
tions behind quantum annealers, explain how they work,
and discuss how we incorporate them into our framework,
including sampling methods and conditioning techniques.
In the Results section we outline the training process of
our model and define the criteria used to select the best-
performing model. We also showcase the performance
of the model using various quantitative and qualitative
metrics. We interpret the results and provide a thorough
discussion on the current limitations of our approach,
propose next steps for improvement, and address the
technical challenges ahead.
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II. METHODS

The CaloChallenge 2022 [3] comprises three distinct
datasets, each designed to facilitate research and testing
in the field of calorimeter simulations. All three datasets
are derived from Geant4 simulations. The first dataset,
referred to as Dataset 1 , represent photon and charged
pion showers within a specified η [17] range. The dataset
covers a discrete range of incident energies, ranging from
256 MeV to 4 TeV, logarithmically spaced out evenly
with varying sizes at higher energies. The calorimeter
geometry is that of the ATLAS detector.

In the case of Dataset 2 it is comprised by two files
containing 100,000 Geant4-simulated electron showers
each. These showers encompass a wide energy range,
spanning from 1 GeV to 1 TeV sampled from a log-
uniform distribution. The detector geometry features a
concentric cylinder structure with 45 layers as shown in
Fig. 1, each consisting of active (silicon) and passive
(tungsten) material. The dataset is characterized by high
granularity, with 45×16×9 = 6, 480 voxels. The cylinder
is 36 radiation lengths deep and spans nine Molière radii
in diameter [3]. Lastly, Dataset 3 contains four files,
each housing 50,000 Geant4-simulated electron show-
ers. Similar to Dataset 2, these showers encompass en-
ergies ranging from 1 GeV to 1 TeV. The detector ge-
ometry remains consistent with Dataset 2 but exhibits
significantly higher granularity, boasting 18 radial and
50 angular bins per layer, totaling 45 × 50 × 18 = 40,
500 voxels.

These datasets collectively offer a comprehensive re-
source for researchers interested in the development and
evaluation of generative models and simulations within
the field of calorimetry in High Energy experiments. The
datasets are publicly available and accessible via [18? ?
]. For our results, we consider Dataset 2 and we leave the
testing of our framework using the remaining datasets for
future work.

A. Data preprocessing

Before feeding the shower and incident energy data
to the model, we apply several transformations to the
shower and the incident particle energy on-the-fly. Given
an event shower, v, and corresponding incident energy, e,
we first reduce the voxel energy, vi, per event by dividing
it by the incident energy, e, viz. Ei = vi/e. Notice that
Ei ∈ [0, 1], where the left and right bounds correspond to
when the voxel energy is zero and equal to the incident
energy, respectively. To remove the strict bounds, we de-
fine ui = δ + (1− 2δ)Ei, where δ = 10−7, to prevent dis-
continuities during the logit transformation. Specifically,
we use the transformation xi = lnui/(1−ui)−ln δ/(1−δ),
where the second term preserves the zero values in the
transformed variable, i.e., when the voxel energy is zero,
vi = 0, the transformed variable xi = 0.

The incident energy is used as a conditioning parame-

ter and we transform it by applying a logarithmic func-
tion followed by scaling it between 0 and 1. These trans-
formations have been used before in the same context
[8? ? ]. However, in our case, we modify the process
to preserve the zeroes in the transformed variables, xi,
and therefore omit the last step of standardizing the new
variables, in contrast with other approaches.

B. 4p-QVAE

The Calo4pQVAE can be conceptualized as a varia-
tional autoencoder (VAE) with a restricted Boltzmann
machine (RBM) as its prior. The modularity of our
framework allows for the replacement of any component,
such as the encoder, decoder, or the RBM, facilitat-
ing flexibility in its configuration [19]. The encoder,
also referred to as the approximating posterior , is de-
noted as qϕ(z|x, e), while the latent space prior distri-
bution is denoted as pθ(z). The decoder, responsible
for generating data from the latent variables, is repre-
sented as pθ(x|z, e). We train the model to generate
synthetic shower events given a specific incidence en-
ergy. In other words, we are interested in finding pθ(x|z,
e), such that

∫
pθ(x|z, e)pθ(z)dz matches the empiri-

cal dataset distribution. We use ϕ to denote the en-
coder parameters, θ for the prior and decoder parameters,
and z the latent space vector. We denote as x a one-
dimensional vector, such that x ∈ Rn, and we say each
element xi contains the energy measured at the ith voxel
for that specific instance (or event), defined by the bijec-
tive transformation described in the previous subsection,
while e is incidence energy of the event. During training,
the model takes as input an instance of x and e. The in-
put data is encoded into the latent space via the encoder.
One key difference between VAEs and autoencoders is
that in the latter, the same input generally yields the
same encoded representation, provided the encoder does
not use stochastic filters, such as dropout. In contrast,
VAEs generate a different encoded representation with
each pass of the same input. This is because the output
of a VAE encoder consists of the parameters of a dis-
tribution from which the encoded data is sampled. The
encoded data is then passed through the decoder which
reconstructs the shower event vector, x̂. The incident
particle energy is the label of the event and conditions
the encoder and decoder, as depicted in Fig. 3. To condi-
tion the encoder and decoder with the incidence energy,
we tested two different methods: simple concatenation
of the label with the one-dimensional energy per voxel
vector, and positional encoding similar to the techniques
used by Meta [20] and Google [21]. Despite experiment-
ing with these different encoding schemes, we observed
no significant difference in performance. Therefore, we
opted to use the simpler concatenation method hence-
forth and leave the positional encoding methods for fu-
ture work when dealing with a greater number of features
in the dataset.
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FIG. 2. Sketch of Calo4pQVAE. (a) The input data is com-
posed by the energy per voxel, x and the incidence energy,
e. During training, the data flows through the encoder gets
encoded into a latent space, z, it then goes through the de-
coder and generates a reconstruction of the voxels per energy,
while the incidence energy is the label of the event and con-
ditions the encoder and decoder. The decoder outputs the
activation vector, χ and the hits vector ξ. The model is
trained via the optimization of the mean squared error be-
tween the input shower and the reconstructed shower, the
binary cross entropy (hit loss) between the hits vector and
the input shower and the Kulbach-Liebler divergence which
is composed by the entropy of the encoded sample and the re-
stricted Boltzmann machine log-likelihood. (b) For inference,
we sample from the RBM or the QA conditioned to an inci-
dence energy, afterwards the sample goes through the decoder
to generate a shower.

The encoder architecture uses hierarchy levels, as de-
scribed in [19]. The encoder is composed by three sub-
encoders. The first generates one-fourth of the encoded
data, which is then fed to the second sub-encoder along
with the input data to generate another quarter of the
encoded data. This process is repeated with the third
sub-encoder, each time integrating all previously gener-
ated data and the original input to produce the final
encoded output, as depicted in Fig. 3. The purpose
of these hierarchy levels is to enforce conditional rela-
tionships among latent units by introducing conditioning
among latent nodes, viz.

qϕ(z|x) ≡ qϕ(z1, z2, z3, z4|x) (1)

= q
(1)
ϕ (z1|x)

4∏
α=2

q
(α)
ϕ (zα|{zi}α−1

i=1 ,x)

The choice of three sub-encoders is designed on mim-
icking the connections between the four partitions in la-

tent space. Our results suggest that this hierarchical ap-
proach indeed fosters correlations between latent units,
leading to a Boltzmann-like distribution. Additionally,
this hierarchical structure introduces multiple paths for
gradient backpropagation, similar to residual networks
[22], enhancing the model’s learning capability. The
fourth partition conditions the RBM and consists on
a binary representation of the incident particle energy,
which we describe in detail in Appendix G.

Besides the reconstruction of the event, the encoded
data is also used to train the 4-partite RBM via the
Kullback-Liebler (KL) divergence. As in traditional
VAEs (full derivations can be found in Ref. [23] and
in Appendix A), we optimize the evidence lower bound
(ELBO), Lϕ,θ(x), to train the Calo4pQVAE. Explicitly,
the ELBO function is:

Lϕ,θ(x) = ⟨ln pθ(x|z)⟩qϕ(z|x) − ⟨ln qϕ(z|x)
pθ(z)

⟩qϕ(z|x) .(2)

The first term in Eq. (2) represents the reconstruc-
tion accuracy and the second term corresponds to the
KL divergence. To define a functional form for pθ(x̂|z),
certain assumptions about the distribution are typically
made. A common assumption is that the likelihood of
the reconstruction is Gaussian distributed, which simpli-
fies to optimizing the mean squared error (MSE).

In the case of calorimeter data, one important aspect
is differentiating between voxels that are hit (xi ̸= 0)
from those that are not hit (xj = 0) in a given event.
Accurately training deep learning models to produce zero
values can be challenging, as typical activation functions
for regressions struggle to yield consistent zero outputs.
Here we tackle the challenge by separating zero values
from non-zero values by factorizing the data vector x
into two components, i.e., x = χ ⊙ ξ where χ ∈ Rn

represents the continuous energy values of the hits and
ξi = Θ(xi) is a binary vector indicating the presence of
hits, with Θ(•) representing the Heaviside function.

Next, we consider a joint probability pθ(χ, ξ|z) as
the probability of the voxels being hit according to ξ
and energy χ. We can express the joint probability
as pθ(χ, ξ|z) = pθ(χ|ξ, z)pθ(ξ|z). We model the event
hitting probability, pθ(ξ|z), as a Bernoulli distribution∏n

i=1 p
ξi
ξi
(1 − pξi)

1−ξi . The number of particles in the
electromagnetic shower follows approximately a Poisson
distribution. Furthermore, via the saddle point approx-
imation, for large number of particles in the shower the
multivariate Poisson distribution becomes a multivariate
Gaussian distribution with the mean equal to the vari-
ance. One can show that the variables {χi}ni=1 are also
approximately Gaussian distributed provided vi/e ≪ 1
(see App. H). In the present paper, we assume a variance
equal to unity in our generative model, as we observed
better performance for this choice. Hence, the joint dis-
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tribution p(χ, ξ|z) can be formally expressed as

pθ(χ, ξ|z) =
n∏

i=1

(
ξi

1√
2π

e−
(χi−xi)

2

2

+ (1− ξi)δ(χi)) p
ξi
ξi
(1− pξi)

1−ξi . (3)

Maximizing the log-likelihood of pθ(χ, ξ|z) is rather dif-
ficult due to the factor containing the Dirac delta func-
tion. It may well be possible to replace the Dirac delta
function with a smooth parameterized function. Yet,
there is a simpler way where we instead mask χ with ξ,
in which case we can neglect the term containing the
Dirac delta function. The key point to stress here is that
by means of the mask we split the tasks between gen-
erating zeroes and non-zeroes, and generating the voxel
energy via ξ and χ, respectively. Therefore, the joint
distribution in Eq. (3) becomes [24]:

pθ(χ, ξ|z) =
n∏

i=1

1√
2π

e−
(χi·ξi−xi)

2

2

pξiξi(1− pξi)
1−ξi . (4)

The reconstruction term transforms to

⟨ln pθ(χ, ξ|z)⟩qϕ(z|x) = ⟨
n∑

i=1

[
− (χi · ξi − xi)

2

+ξi ln(pξi) + (1− ξi) ln(1− pξi) + const]⟩qϕ(z|x) . (5)

While Eq. (4) outlines the functional structure of the
reconstruction of our generative model, the formulation
of loss function requires further consideration. Specif-
ically, there are three key aspects to address. First,
the Bernoulli-distributed hits vector is designed to cap-
ture the hits distribution in the dataset, yet binary en-
tropy alone does not adequately represent this. Next, the
MSE term in Eq. (5) is biased towards low energy when
the hits vector reconstruction, ξ, incorrectly predicts val-
ues during training. To tackle both concerns, we replace
ξ → Θ(xi), which converts the binary entropy into a
binary cross entropy (BCE). The third consideration in-
volves how BCE penalizes errors. In its standard form,
BCE penalizes all incorrect hit predictions equally. How-
ever, it is intuitive that this should not be the case. For
instance, predicting a voxel hit of 0 when the true value is
100 GeV should be penalized more heavily than predict-
ing 0 when the true value is 1 GeV. To account for this,
we experimented with reweighting the BCE terms pro-
portional to the voxel value. Despite this modification,
we did not observe a significant improvement.

Maximizing the ELBO function leads to maximizing
the log-likelihood of pθ(x). In practice, VAEs are trained
by minimizing the negative ELBO function, from which it
is straightforward to notice that the first term in the r.h.s.
of Eq. (5) becomes mean squared error (MSE), while the
second and third terms correspond to the binary cross
entropy. After taking these considerations into account,

flipping the sign in the ELBO function and neglecting
constant terms, Eq. (5) becomes:

−⟨ln pθ(χ, ξ|z)⟩qϕ(z|x) = ⟨
n∑

i=1

(χi(θ) ·Θ(xi)− xi)
2⟩qϕ(z|x)

−⟨Θ(xi) ln(pξi(θ)) + (1−Θ(xi)) ln(1− pξi(θ))⟩qϕ(z|x) .(6)

In Eq. (6), we use the Gumbel trick for the hits vector.
We explain the approach in what follows.
The second term in the r.h.s. of Eq. (2) is known as

the VAE regularizer. This term can be parsed as:

⟨ln qϕ(z|x)
pθ(z)

⟩qϕ(z|x) = ⟨ln qϕ(z|x)⟩qϕ(z|x)−⟨ln pθ(z)⟩qϕ(z|x)
(7)

Let us focus on the first term on the r.h.s. of Eq. (7).
When taking the gradient of the entropy with respect
to the model parameters one faces two issues: i) due
to the discrete nature of the latent variables z, the gra-
dient becomes singular; and ii) given a function evalu-
ated on a random variable, it is ill-defined taking the
gradient of the function with respect to the parameters
of the random variable’s probability density function.
Moreover, taking the gradient of a discrete estimator,∑

z∼qϕ(z|x)(...), with respect to ϕ is not well-defined,

since the gradient variables appear in the summation
argument. The first issue can be easily addressed by
simply considering a continuous step-like function, such
as a sigmoid, σ(•). Specifically, we replace z with ζ,
where ζi = σ([encoded data point]i · β), and β is an an-
nealing parameter, such that limβ→∞ ζ = z. The second
issue can be addressed by means of the so-called Gum-
bel trick [25]. The Gumbel trick has become an umbrella
term which refers to a set of methods to sample from dis-
crete probabilities or to estimate its partition function.
In our case, we simply generate latent variables ζ via

ζi = σ((li(ϕ, x) + σ−1(ρi))β) for all i = 1, ...,m , (8)

where {ρi}mi=1 is a set of i.i.d. uniform random numbers,
and {li(ϕ,x)}mi=1 is a set of logits, i.e., a set of unbounded
real numbers generated from the encoder. The connec-
tion with Gumbel distributed random numbers is due to
the fact that σ−1(ρ) ∼ G1−G2, where G1 and G2 are two
Gumbel distributed random numbers. Moreover, under
the recipe given in Eq. (8) one is guaranteed that in the
discrete regime of ζ (i.e., β → ∞), P (ζi = 1) = σ(li(ϕ,
x)) [25? ? ]. Taking into account the previous, we can
then express the entropy as

⟨ln qϕ(ζ|x)⟩qϕ(z|x) = ⟨
m∑
i=1

ζ(li, β, ρi) lnσ(li)

+(1− ζ(li, β, ρi)) ln(1− σ(li))⟩qϕ(z|x) (9)

The second term in Eq. (7) can be expanded as fol-
lows. By design the functional form of pθ(z) is that of
a Boltzmann distribution in a heat bath at temperature
T = 1 (kB = 1). Therefore, we have:

⟨ln pθ(z)⟩qϕ(z|x) = −⟨E(z)⟩qϕ(z|x) − lnZ . (10)
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FIG. 3. Diagram of the encoding framework. (a) We unwrap the cylindrical shower into a tensor of rank 3 with indices. We
account the angular periodicity of the cylindrical geometry by padding the tensor in theta dimension, such that the size becomes
45 × 18 × 9. To account for the neighboring voxels in the center of the cylinder, we pad the tensor in the corresponding radial
dimension. We pad it by taking the centermost voxels, splitting it in half and permuting the two halves. (b) These operations are
performed several times, ech prior to a 3D convolution operation for feature extraction. (c) The encoder embeds hierarchy levels,
i.e., the first encoder generates a fraction of the encoded data, which is then fed to the second encoder (together with the input)
to generate the remaining fraction of the encoded data. The encoded data is used to train the QPU RBM. The encoded data and
the incidence energy is passed to the decoder to reconstruct the energy per voxel. (d) The Calo4pQVAE uses a discrete binary
latent space and assumes a Boltzmann distribution for prior. The energy function in the Boltzmann distribution corresponds
to a sparse 4-partite graph, which allows the direct mapping to Pegasus-structured Advantage quantum annealer.

The first term in the r.h.s. is the energy function aver-
aged over the approximate posterior, whereas the second
term is the free energy, which is independent of the en-
coded samples. The free energy can be replaced by the in-
ternal energy, U , minus the entropy, S, times the temper-
ature, viz. U−TS. We use the high temperature gradient
approximation to replace the second term in the r.h.s. of
Eq. (10) with the internal energy, which is a common
practice in approximating the free energy when training
RBMs. In the high temperature gradient approximation,
as the energy in the system saturates, the specific heat
converges to zero. We demostrate in Appendix D that
when ⟨E(z)⟩⟨∂E(z)/∂ϕ⟩ = ⟨E(z)∂E(z)/∂ϕ⟩, the spe-
cific heat is zero, which allows us to rewrite the previous
Equation as

⟨ln pθ(z)⟩qϕ(z|x) = −⟨E(z)⟩qϕ(z|x) + U . (11)

In this regime, the entropy is solely configurational, scales

linearly with the number of units in the RBM and is
independent of the energy parameters.

Computing U in Eq. (11) requires calculating the
partition function which becomes intractable beyond a
few tens of nodes due to the exponential scaling of the
number of states with the number of nodes. Instead,
we estimate U using uncorrelated samples. To obtain
these uncorrelated samples, one performs Markov Chain
Monte Carlo simulations also known as block Gibbs sam-
pling. In the following section we elaborate on how we
sample from the 4-partite RBM.

C. 4-partite Restricted Boltzmann Machine

Let us consider a 4-partite restricted Boltzmann ma-
chine. For this purpose, we denote each of the four layers
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as v, h, s and t. The energy function is defined by:

E(v,h, s, t) = −aivi − bihi − cisi − diti

−viW
(0,1)
ij hj − viW

(0,2)
ij sj

−viW
(0,3)
ij tj − hiW

(1,2)
ij sj

−hiW
(1,3)
ij tj − siW

(2,3)
ij tj , (12)

where we are using the double indices convention for sum-
mation.

The Boltzmann distribution has the following form:

p(v,h, s, t) =
exp(−E(v,h, s, t))

Z
. (13)

where Z is the partition function,

Z =
∑

{v,h,s,t}

exp(−E(v,h, s, t)) . (14)

Similar to the 2-partite RBM, we can express the dis-
tribution over any one of the layers conditioned to the
remaining three in terms of the ratio of the Boltzmann
distribution and the marginalized distribution over the
layer of interest. Without any loss in generality, let us
assume the layer of interest is h, then the probability
distribution on p(h|v, s, t) is given by:

p(h|v, s, t) =
p(v,h, s, t)

p(v, s, t)

=
exp(−E(v,h, s, t))∑
h exp(−E(v,h, s, t))

=
∏
i

exp(hi · (bi +Bi))

1 + exp(bi +Bi)
(15)

with

Bi = W
(01)
ji vj +W

(12)
ij sj +W

(13)
ij tj (16)

We can rewrite Eq. (15) in a rather compact form. Fur-
thermore, we do the same for the case where we condition
any of the four partitions on the remaining three. We ob-
tain:

p(v = 1|h, s, t) =
∏
i

σ(ai +Ai) , (17a)

p(h = 1|v,x,y) =
∏
i

σ(bi +Bi) , (17b)

p(s = 1|v,h, t) =
∏
i

σ(ci + Ci) , (17c)

p(t = 1|v,h, s) =
∏
i

σ(di +Di) . (17d)

where

Ai = W
(01)
ij hj +W

(02)
ij sj +W

(03)
ij tj , (18a)

Bi = W
(01)
ji vj +W

(12)
ij sj +W

(13)
ij tj , (18b)

Ci = W
(02)
ji vj +W

(12)
ji hj +W

(23)
ij tj , (18c)

Di = W
(03)
ji vj +W

(13)
ji hj +W

(23)
ji sj . (18d)

We then propose a Gibbs sampling process to sample
from the joint distribution p(v,h, s, t) of the 4-partite
RBM. Notice that the joint distribution can be factorized
as p(v,h, s, t) = p(v|h, s, t)p(h, s, t). Extending the ap-
proach used in 2-partite RBM, we perform Markov chain
Monte Carlo by sequentially updating each partition con-
ditioned on the remaining, i.e., the prior in step n + 1
is deemed the posterior in step n. The Gibbs sampling
process, at iteration n, is done in the following steps:

1. Sample partition v: p(v|h(n), s(n), t(n))

2. Sample partition h: p(h|v(n+1), s(n), t(n))

3. Sample partition s: p(s|v(n+1),h(n+1), t(n))

4. Sample partition t: p(t|v(n+1),h(n+1), s(n+1))

Notice that one block Gibbs sampling step corresponds to
four sampling steps. By repeating this process iteratively,
we generate samples that approximate the joint distribu-
tion.

We have shown how to generalize an RBM to a four-
partite graph. It is important to emphasize that, as with
any deep generative model, the features of the dataset
are expressed in latent space. In this context, each state
in latent space encodes specific features of the dataset.
Different techniques such as t-SNE [26] and LSD [27],
can illustrate how dataset features are embedded in la-
tent space after training. These methods allow for the
conditioning of the prior on specific features. There
is a rather straightforward way to condition the prior
on given dataset parameters during training, which is
widely used across different frameworks. Generally, this
involves using specific channels to condition the prior
and specifics depend on the actual framework. An accu-
rate and robust method to sample from latent space con-
strained to specific features is crucial for practical appli-
cations in generative deep models. In the present context,
a calorimeter surrogate requires input related to par-
ticle type, incident particle energy and incident angle,
among other parameters. In the following, we show how
to condition the 4-partite RBM sampling process.

1. Conditioned 4-partite Restricted Boltzmann Machine

In this section we outline the approach to condition the
4-partite RBM. In this context, the conditioned RBM
refers to the scenario where a subset of nodes in the
RBM is kept fixed during the block Gibbs sampling
process. We adapt the methodology from [28] to our
Calo4pQVAE. A crucial element of our approach is the
use of one complete partition to deterministically en-
code the data features. Although utilizing the entire
partition for feature encoding might appear excessive,
it is necessary due to the sparsity of the quantum an-
nealer. Exploring the optimal number of nodes required
to efficiently encode the features is beyond the scope of
this paper. Moreover, as we move forward towards more
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complex datasets, we anticipate an increase in the num-
ber of features that need to be encoded, underscoring the
importance of our chosen approach as a baseline.

Notice that by treating one partition as a conditioning
parameter, we effectively modify the self-biases of the
remaining partitions. To fix ideas, we consider partition
v as the conditioning partition, therefore we may rewrite
Eq. (12) as

E(h, s, t|v) = −(bi + vjW
(0,1)
ji )hi − (ci + vjW

(0,2)
ji )si

−(di + vjW
(0,3)
ji )ti − hiW

(1,2)
ij sj

−hiW
(1,3)
ij tj − siW

(2,3)
ij tj .(19)

The block Gibbs sampling procedure is the same as before
via Eqs. (17) although we skip Eq. (17a). The authors
in [28] caution on the use of contrastive divergence when
training a conditioned RBM due to the possibility of van-
ishing gradient even when the conditioned RBM might
not be fully trained. This happens when mixing times
are larger than the number of Gibbs sampling steps. De-
spite the previous, we use contrastive divergence in our
framework and we show how the estimated log-likelihood
saturates after 250 epochs. We further elaborate and dis-
cuss this approach in the discussion section.

D. Quantum Annealers

A quantum annealer (QA) is an array of superconduct-
ing flux quantum bits with programmable spin–spin cou-
plings and biases with an annealing parameter [29]. The
motivation for QAs comes from the adiabatic approxi-
mation [30], which asserts that if a quantum system is
in an eigenstate of its Hamiltonian (which describes the
total energy of the system), and the Hamiltonian changes
slowly enough, then the system will remain in an eigen-
state of the Hamiltonian, although the state itself may
change (see Appendix F for a formal derivation). QAs
were initially thought of as a faster method to find the
ground state of complex problems that could be mapped
onto a Hamiltonian H [31]. This can be done by initializ-
ing the system in the ground state of some Hamiltonian
H0, which is easy to prepare both theoretically and ex-
perimentally. In addition, by design the commutator [H,
H0] ̸= 0. The QA interpolates between the two Hamilto-
nians via

HQA =
A(s)

2
H0 +

B(s)
2

H (20)

with {
H0 = −

∑
i σ̂

(i)
x

H =
∑

i ∆iσ̂
(i)
z +

∑
i>j Jij σ̂

(i)
z σ̂

(j)
z

(21)

such that the annealing parameters, A(s) and B(s), are
two slowly-varying controllable parameters constrained
to A(0) ≫ B(0) and A(1) ≪ B(1) and s ∈ [0, 1] [32].

In practice, quantum annealers have a strong interaction
with the environment which lead to thermalization and
decoherence. Evidence suggests that the culprit are the
σz operator which couple to the environment [33]. There
has been efforts towards mitigating decoherence via zero
noise extrapolation methods [34].
Thermalization and decoherence are usually unwanted

features in quantum systems as it destroys the quantum
state. In our case, these features allows us to replace the
RBM with the QA. In other words, RBMs are classical
simulations of QAs. A non-desired feature in our frame-
work correspond to system arrest or freeze-out during an-
nealing [35], akin to glass melts subject to a rapid quench
[36]. Similar to glasses, the annealing time and protocol
can have a dramatic impact on the end state [37]. It has
been shown that the distribution in this freeze-out state
can be approximated with a Boltzmann distribution [19].
In our pipeline we use Dwave’s Advantage system6.4

[38] which is composed by 5627 qubits and are coupled
such that it forms a quadri-partite graph. Typically each
qubit is coupled with 16 other qubits. In Fig. 4 we show
the histogram for number of connections between each of
the four partitions.
Notice that the RBM data are binary vectors such that

each element can take value of 0 or 1, whereas the qubits
can have values −1 or 1. Hence, to map the RBM onto

the QA one redefines the RBM variables xi → (σ
(i)
z +1)/2

and rearrange the terms in the RBM Hamiltonian to be
mapped onto the QA (this is explicitly shown in Ap-
pendix F). The previous variable change will lead to
an energy offset between the RBM and the QA, which
henceforth we neglect. It is important to stress that the
QA is in a heat bath with temperature TQA ≲ 15mK
[39], while the annealing parameter has an upper bound
B(1) ≈ 5.0 · 10−24J [40], which implies that the prefac-

tor βQA = B(1)
2kBTQA

≈ 12 while in the RBM by design

βRBM = 1. To ensure that both, the RBM and the QA
describe the same Boltzmann distribution with the same
temperature, one can either re-scale the QA Hamiltonian
by 1/βQA or the RBM Hamiltonian by βQA. Currently,
there is not a way to measure the QA prefactor, however
there are different ways to estimate it [33? ]. In addition,
there is not a direct way to control this prefactor. The
most common way to estimate this prefactor is via the
Kullback-Liebler divergence between the QA and the
RBM distributions, whereby one introduces a tuning pa-
rameter β as a prefactor in the RBM distribution which
is tuned to minimize the Kullback-Liebler divergence. It
is in the process of estimating the βQA that we also in-
directly control the parameter by rescaling the Hamil-
tonian. The previous can be mathematically expressed
as

βt+1 = βt − η(⟨H⟩QA − ⟨H⟩RBM ) . (22)

The previous converges when the average energy from
the RBM matches that from the QA, in which case,
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FIG. 4. Quadripartite RBM weight matrices. Each panel
correspond to the histogram of connections between partition
A and partition B (see legend).

β = βQA. Due to coupling-dependent temperature fluc-
tuations, βQA is expected to change in the process of
training the model. For this reason the method de-
scribed by Eq. (22) should be employed, in principle,
after each parameter update. Notice that optimizing β
in Eq. (22) requires samples from the RBM, furthermore,
it is the classical RBM temperature which is being tuned
to match the distribution of the QA. In our case, we
want the opposite, to fit the QA distribution to that of
the RBM and not the other way around. To address
this point, H(x) is replaced with an annealed Hamil-
tonian H(x, β) = H(x)/β, i.e., instead of tuning the
temperature in the classical RBM, to match the distri-
bution in the QA, one iteratively rescales the Hamilto-
nian in the QA to effectively tune the QA’s tempera-
ture to match that of the classical RBM. This approach,
as already mentioned, is well-known [33? ? ] and has
been proven to be empirically robust yet slow to con-
verge. We therefore propose a different protocol which
empirically converges faster than the KL divergence:

βt+1 = βt

(
⟨H⟩QA

⟨H⟩RBM

)δ

. (23)

Notice that the previous map has a fixed point at βt =
βQA. The condition for a stable fixed point is λ(δ) < 1,
where

λ(δ) =

|1 + σ2
QA

⟨H⟩B(1)
|, δ = 1

|1 + δ
σ2
QA

⟨H⟩QA
|, δ ̸= 1 .

(24)

In Fig. 5 we show Eq. (24) vs β for different values of δ.
The values of β chosen for this plot correspond to where
we typically find the fixed point. We call δ a stability pa-
rameter since we can tune it to stabilize the mapping per
iteration and modulate the fixed point attractor feature
to ultimately converge in a smaller number of iterations,

FIG. 5. λ(δ) (see Eq. (24)) vs β for different δ values (see
legend). The stability region is shaded in light blue. Different
δ values affect the stability depending on the β values. For
instance, for low β values, large δ parameters leads to better
stability; conversely, large β values with large δ parameter
leads to instabilities. The purple pentagons correspond to
the average energy ratio between QPU samples and classical
samples. The intersection between the black dashed line and
the purple curve define the fixed point.

as we show in the next section. The purple markers in
Fig. 5 correspond to the ratio of the average RBM energy
obtained from the QA and that obtained from classical
sampling. When the ratio equals one, the mapping in
Eq. (23) is at the fixed point. In Appendix F we pro-
vide a fully detailed derivation and in the next section
we compare both methods.
Up to this point, we have detailed the process of replac-

ing the RBM with the QA in the Calo4pQVAE. As previ-
ously mentioned, we utilize a conditioned RBM to enable
the sampling of showers with specific characteristics. In
the next section, we will explore various approaches for
conditioning the QA, aiming to achieve targeted sam-
pling of particle showers with desired features.

1. Conditioned Quantum Annealer

Quantum annealers were designed to find solutions
to optimization problems by identifying a Boolean vec-
tor that satisfies a given set of constraints. Typically,
QAs are not intended to be conditioned or manipulated
in terms of fixing specific qubits during the annealing
process. However, there are different approaches that
can be employed to fix a set of qubits during the anneal-
ing process. In this context, we will present two such
approaches. For clarity, let us revisit the concept of con-
ditioning in the realm of QAs. Our goal is to utilize
QAs in a manner that allows us to fix a subset of qubits,

denoted as σ
(k)
z (see Eq. (21)), a priori , such that these

qubits remain in their predetermined states throughout
and after the annealing process.
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Reverse annealing with zero transverse field for
conditioning qubits. This approach requires control
over the biases in H0 from Eq. (21), where H0 =∑

i κiσ̂
(i)
x and {κi} are directly specified by the user.

Initially, we set the qubits encoding the condition σ
(k)
z

while the rest of the qubits are randomly initialized. We
also set the biases κk = 0 to ensure that the trans-

verse field does not alter the state of σ
(k)
z . Subsequently,

we perform reverse annealing, by starting from s = 1 and
reversing the annealing process towards s = 0, before
completing the annealing process as usual. The primary
drawbacks in this approach are:

• Speedup compromise: The annealing process is ef-
fectively doubled in duration due to the reverse an-
nealing step.

• Condition destructed by thermal fluctuations:
There is a possibility of the conditioned state being
altered due to thermal fluctuations.

Both drawbacks can be mitigated by decreasing the
annealing time, as this would not only reduce the
overall duration but also minimize the destruction of
the conditioned-encoding state by thermal fluctuations.
However, as previously noted, reducing the annealing
time can lead to the issue of dynamical arrest, where
the system becomes trapped in a local minimum [35].
Given that our current framework relies on thermody-
namic fluctuations, we leave this approach for future ex-
ploration and proceed to discuss an alternative method
that does not suffer from these drawbacks and is more
practical for immediate implementation.

Conditioning qubits through flux biases. This
approach relies on using the external flux bias, Φx

k, as
effective biases to fix the qubits during annealing. The
external flux bias were introduced as a practical rem-
edy to render the biases hi time-independent during the
annealing by having B(s)hi = 2Φx

i Ip(s), where Ip(s) de-
notes the magnitude of the supercurrent flowing about
the rf-SQUID loop. This flux bias is applied to the qubit
loop about which the supercurrent flows [41]. Flux bi-
ases work as effective biases on qubits. Hence, before
the annealing we specify the encoded incidence energy
via the flux biases. Through out our experiments, we al-
ways made sure that the partition encoding the incidence
energy in the QA after annealing matched the encoded
incidence energy before the annealing.

III. RESULTS

In this section, we present the results concerning train-
ing and evaluating our model on Dataset 2. Therefore,
we present as results the training aspects of our frame-
work.

Training: We train our model for 250 epochs. Each
epoch typically has 625 updating steps. The number

FIG. 6. Restricted Boltzmann Machine log-likelihood vs
epochs. Annealed importance sampling and reverse annealed
importance sampling methods were used to estimate the parti-
tion function. The annealed step was set to 1/30. The yellow
star marks the epoch were the annealed training parameters
have reached their final values. The red star marks the point
after which the encoder and decoder training parameters are
frozen. In magenta, we plot the KPD and FPD (right axis)
vs epochs.

TABLE I. Fréchet Particle Distance (FPD) and Kernel Parti-
cle Distance (KPD) metrics, implemented in the JetNet [42]
library and adapted for the CaloChallenge [3].

Calo4pQVAE FPD KPD

MCMC (100k) (390.35 ± 1.85) × 10−3 (0.46 ± 0.05) × 10−3

of block Gibbs sampling steps was set to 3000. Dur-
ing the first 50 epochs we anneal the model parameters,
such as those used in the Gumbel trick, from smooth
to a sharp step, to mitigate the discontinuities in the
gradient related to the use of discrete variables. After
the annealing parameters have reached their final values,
we train the model for the next 150 epochs, after which
we freeze the encoder and decoder parameters at epoch
200, while the prior distribution parameters keep be-
ing updated. We use an Nvidia A100 GPU. Our ex-
periments show that this last step was necessary for the
RBM log-likelihood to saturate. In Fig. 6 we show the
RBM log-likelihood vs epochs. The yellow star points to
when the annealed parameters reached their final values,
whereas the purple star points to when the encoder and
decoder parameter were frozen, after which it is clear the
log-likelihood saturates. To estimate the log-likelihood,
after training, we used annealed importance sampling and
reverse annealed importance sampling methods [43? ]
with an annealed step set to 1/30. As the model updates
its parameters, the encoded data used to estimate the
log-likelihood will also be modified from epoch to epoch,
hence, we stored the validation encoded data for each
epoch in order to accurately estimate the RBM log-
likelihood. During training we save an instance of the
model every ten epochs.



11

FIG. 7. a) Mean number of iterations to meet the reduced
standard error threshold in Eq. (25) using different iterative
methods. Method 1 uses the KL divergence as in Eq. (22).
Method 2 and 3 use Eq. (23), in addition Method 2 adapts
the δ parameter after each iteration such that λ ≈ 0 (see
Eq. (24)). The dashed purple line corresponds to the ratio
between final minus initial effective β and the number of itera-
tions, such that higher values implies faster convergence. The
bars correspond to standard deviation. b) Estimated inverse
temperature vs iterations using method 2 adaptive. c) RBM
histogram using classically generated and QA-generated sam-
ples after estimated temperature convergence.

Validation: To validate our model, we use Fréchet
physics distance (FPD) and the kernel physics distance
(KPD) [13]. These are integral probability metrics for
high energy physics, specifically designed to be sensitive
to modelling of shower shape variables. In Fig. 6 we
show these metrics vs epochs. Henceforth, the results
are generated using the 240-epoch model, correspond-
ing to the best KPD metric with good FPD metric in
the saturated RBM log-likelihood regime. We further
validate our model’s reconstruction, classical sampling
and QA sampling with Geant4 data. To sample us-
ing the Advantage system6.4 QA [16], we first estimate
the effective β by iteratively using Eq. (23) until the
absolute difference between the QA’s energy and that
of the RBM is smaller than the reduced standard error,
viz.,

|⟨H⟩QA − ⟨H⟩RBM | < 2√
N

σQAσRBM

σRBM + σQA
. (25)

In Fig. 7 we show the mean number of iterations to
meet the reduced standard error threshold in Eq. (25)

using different iterative methods. Method 1 uses the KL
divergence as in Eq. (22). Method 2 uses Eq. (23),
where Method 2 adaptive adapts the δ parameter after
each iteration such that λ ≈ 0 from Eq. (24). The dashed
purple line corresponds to the ratio between final minus
initial effective β and the number of iterations, such that
higher values implies faster convergence.

In each API call the user specifies the bias and cou-
pler parameters, as well as the number of samples to be
generated. The QA is programmed once using these bi-
ases and couplers and then performs the annealing pro-
cess sequentially for the number of iterations requested,
returning samples for each anneal. In addition, the user
has the option to specify the flux bias parameters with
each API call.

In the case of conditioned sampling using the QA,
we estimate the temperature under flux biases. We ob-
served that using flux biases increases the QA’s effec-
tive temperature. Additionally, programming the QA
increases temperature fluctuations. In Fig. 8 (a-c) we
present the RBM energy histogram obtained from en-
coded Geant4 showers, classically generated samples
and QA-generated showers. Specifically, in Fig. 8 a)
we estimate the inverse temperature for each incident
energy condition, as outlined previously, before gener-
ating the QA sample. Fig. 8 d) shows the estimated
inverse temperature per incident energy condition. No-
tably, we observe rather large but rare thermal fluctua-
tions of the order of 10%. In Fig. 8 e) we show the same
estimated inverse temperature shown in Fig. 8 d) ver-
sus the incident energy condition, suggesting that these
large thermal fluctuations are independent of the incident
energy condition. To further investigate these effects,
we repeated the process of generating conditioned sam-
ples using the QA, but estimated the QA inverse tem-
perature only once at the beginning of the sampling pro-
cess. This estimate is depicted as a dashed black line
Fig. 8 d). In Fig. 8 b) we show the RBM energy,
where a small shift in the energy of the QA samples
is noticeable. Using the same inverse temperature ob-
tained in the previous setting, we generated new sam-
ples and introduced a 2.5s pause between QA API calls,
that is per sample. In Fig. 8 c) we show the RBM en-
ergy obtained from these new samples, from which it is
clear that the energy shift has disappeared. Additionally,
in Fig. 8 d) we show the estimated inverse temperature
in the absence of flux biases in dashed red. We conclude
that there are two main contributions to the thermal fluc-
tuations: the programming of the QA and the flux biases.
The former can be substantially mitigated by either paus-
ing the sampling process between samples or estimating
the inverse temperature per sample. The latter can be
accounted for by estimating the inverse temperature in
the presence of flux biases. We discuss this further in the
Discussion section.

After estimating the effective β in the QA, we use
the validation dataset composed of 10, 000 data points
to benchmark the model. In Fig. 9 (a) we show the
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FIG. 8. RBM energy histogram obtained from encoded Geant4 showers, classically generated samples and QA-generated
samples. a) QA samples obtained via inverse temperature estimation per incident energy condition, b) single estimated
inverse temperature, c) single estimated inverse temperature and a sleep time of 2.5s between API call. d) Estimated inverse
temperature per incident energy condition in solid purple, estimated inverse temperature in the absence of flux biases in dashed
red, estimated inverse temperature for single incident energy condition used in b) and c). e) Estimated inverse temperature
vs incident energy condition.

shower energy histograms, while in Fig. 9 (b) we show
the sparsity histogram. The sparsity index is a mea-
sure of the sparsity of the shower and we define it as the
ratio between zero-value voxels in the shower and total
number of voxels. Each of the histograms include the
Geant4 data and the model’s reconstruction. Further-
more, we test the generative model by generating sam-
ples from the RBM and feeding these samples together
with the incidence energy from the validation dataset to
the decoder and generating shower samples. Similarly,
we test the quantum-assisted generative model by gener-
ating samples from the QA instead of the classical RBM.
Both, the classically generated samples and the quantum-
assisted generated ones are included in Figs. 9 (a) and
(b) and are labelled Sample and Sample w/ QPU , respec-
tively. In Fig. 9 (c) we show the RBM energy distribu-
tion corresponding to the encoded validation dataset and,
both, the classically and QA sampled data.

To further validate our model, we generate a synthetic
dataset composed by 100, 000 events with the same in-
cidence energy distribution as the training dataset. We
compare our synthetic dataset with Dataset 2’s test set
[3] by computing the mean energy in the r, θ and z direc-
tions of the cylinder (see Fig. 1). We show these results
in Figs. 9 (d-f).

IV. DISCUSSION

In the previous section we outlined the process of train-
ing our conditioned quantum-assisted Calo4pQVAE and
described a novel and faster method to estimate the QA’s
effective inverse temperature before sampling using the
QPU. We evaluated the performance of our model by
means of the KPD and FPD metrics, achieving results
on the same order and one order of magnitude higher
than CaloDiffusion, respectively, as shown in Table I
[11]. Furthermore, when compared with the models in
the CaloChallenge under this metric, our framework per-
forms better than more than half of the 18 models consid-
ered [12]. Our results demonstrate that i) our framework
is able of reconstructing the showers and preserving spar-
sity, and ii) the prior is effectively learning the structure
of the encoded data.

Another critical metric to evaluate is the shower gen-
eration time, which in our framework depends on the de-
coder processing time and the RBM generation time. Es-
timating the RBM generation time is not straightforward
and there are multiple approaches for this task. This es-
timation depends on the size of the RBM, its coordina-
tion number and the values of the couplings and biases,
among other things. Furthermore, it has been shown
that the RBM mixing time increases with training [44].
On the other hand, as mentioned earlier, QA can suffer
from freeze-out, depending on features such as the cou-
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FIG. 9. Comparison between Geant4 samples, reconstructed samples using Calo4pQVAE, classically generated and QA-
generated samples. a) Energy per event histogram, b) sparsity index per event, c) RBM energy per event. Comparison between
Geant4 and classically generated samples. Mean event energy vs layer number (panel d), vs angular number (panel e),
and vs radial number (panel f). Each panel shows the relative error and the error underneath. The average is take from 100k
events.

pling and bias values, the coordination number and the
annealing time. Therefore, benchmarking the classical
and quantum-assisted generation times requires careful
consideration, and we leave this research for a future pa-
per. Ultimately, both frameworks are several orders of
magnitude faster than Geant4.

We previously mentioned that we set the number of
block Gibbs sampling steps to 3000. We observed that
with this number of steps, the RBM log-likelihood ver-
sus epochs increased monotonically. In this case, gen-
erating 1024 samples classically takes approximately 1
s with O(1000) MCMC steps. Conversely, when sam-
pling with QA, there are three characteristic timescales to
consider: the programming time (approximately 10 ms),
the annealing time (approximately 20µs) and the readout
time (approximately 100µs). This results in a total gen-
eration time of approximately 0.1 s for O(1000) samples,
i.e., one order of magnitude faster than the classical
method, assuming the QPU programming step is per-
formed only once. These estimates per sample are shown
in Table II, which are highly competitive [12]. However,
in our current framework, as mentioned earlier, the flux
biases conditioning is done during the programming step,
effectively increasing the overall time to approximately
10s.

Future iterations of D-wave’s QA are expected to de-
couple the flux biases conditioning from the programming
step. Therefore, we anticipate that the quantum-assisted

TABLE II. Shower generation time estimates using Geant4
[10], Calo4pQVAE on GPUs (assuming 3k BGS) and
Calo4pQVAE with QPU without conditioning.

Geant4 GPU (A100) QPU Anneal time

Time O(0.1) −O(102) s ∼ 2 ms ∼ 0.2 ms ∼ 0.02 ms

framework to be competitive if the flux biasing condition-
ing remain below the order of milliseconds. Additionally,
uncoupling the flux biases step from the QA program-
ming will help mitigate the undesired large tempera-
ture fluctuations. Furthermore, since the self-correlation
time is bound to increase with the coordination number,
we expect the competitiveness of QAs to improve as the
number of couplers per qubit increases.
In the immediate future, we will focus on three key

aspects:

• Exploring RBM Configurations: In the
present work, we set the number of units in the
RBM to 512 units per partition, which implies a
compression factor in the Calo4pQVAE of approxi-
mately 30%, similar to that in Ref. [19]. Increasing
this number will require increasing the number of
block Gibbs sampling steps, as shown in [44? ].
We will explore different RBM sizes with varying
numbers of block Gibbs sampling steps to optimize
performance and computational efficiency.
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• Enhancing the Decoder Module: We will in-
vestigate the use of hierarchical structures and skip
connections in the decoder module, as these can
have a positive effect on performance, as observed
in diffusion models [11]. Implementing these archi-
tectures may improve the model’s ability to recon-
struct complex data patterns.

• Upgrading to the Latest Quantum Annealer:
We plan to replace the current QA with D-Wave’s
latest version, Advantage2 prototype2.4 [45]. Al-
though it has a smaller number of qubits, it offers
a greater number of couplers per qubit and reduced
noise, which could enhance the quality of quantum
simulations and overall model performance.

By successfully conditioning a quantum annealer to sam-
ple from a desired subspace of data and demonstrating ro-
bust, resource-efficient temperature-scaling procedures,
our work lays the groundwork for broader applications of
quantum annealing in generative modeling. This paves
the way for additional quantum training strategies and
sets a precedent for feature disentanglement as in Ref.
[46] with quantum hardware.

As a final comment, our framework combines deep gen-
erative models with quantum simulations via Quantum
Annealers (QAs). We speculate that the transition to

a QA presents new opportunities not only in the noisy
intermediate-scale quantum stage but also by paving the
way toward utilizing large-scale quantum-coherent simu-
lations [47] as priors in deep generative models.
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Appendix A: Variational Autoencoder

In this section we describe the VAE framework first proposed by Kingma and Welling in [23]. Suppose we have a

data set {x(i)}|D|
i=1, where each element in the data set lives in RN . The goal in training a Variational Autoencoder

(VAE) on this data set is to fit a probability distribution, p(x), to the data. This is done by maximizing the log-
likelihood (LL) of p(x) over the data set. A key component in generative models is the introduction of latent variables,
z, such that the joint distribution can be expressed as p(x, z) = p(x|z)p(z), where p(z) is the prior distribution of
z ∈ RM . VAEs are composed by an encoder and a decoder, and are trained using the Evidence Lower Bound (ELBO)
as a proxy loss function for the LL. To understand the relationship between the LL and the ELBO, we first write the
following identity:

ln pθ(x) = ⟨ln pθ(x)⟩qϕ(z|x) (A1)

where ⟨•⟩qϕ(z|x) denotes expectation value of • over qϕ(z|x). Here, qϕ(z|x) is the encoding function, also known as
the approximate posterior. This function encodes the data x into z in the latent space. We can further manipulate
the r.h.s. in Eq. (A1), viz.,

ln pθ(x) = ⟨ln pθ(x, z)

pθ(z|x)
⟩qϕ(z|x)

= ⟨ln pθ(x, z)qϕ(z|x)
qϕ(z|x)pθ(z|x)

⟩qϕ(z|x)

= ⟨ln pθ(x, z)

qϕ(z|x)
⟩qϕ(z|x) + ⟨ln qϕ(z|x)

pθ(z|x)
⟩qϕ(z|x)

= Lϕ,θ(x) +Dkl(qϕ(z|x)||pθ(z|x)) . (A2)

In the last line in the previous Eq., Lϕ,θ(x) is the ELBO and Dkl(qϕ(z|x)||pθ(z|x)) is the Kullback-Liebler (KL)
divergence. The KL divergence is a positive functional and equals zero when both distributions are the same. There-
fore:

Lϕ,θ(x) = ln pθ(x)−Dkl(qϕ(z|x)||pθ(z|x)) ≤ ln pθ(x) (A3)

The previous Eq. shows that maximizing the ELBO implies maximizing the LL (since the LL is the upper bound),
as well as to minimizing the KL divergence between qϕ(z|x) and pθ(z|x).
We can express the ELBO in a more tractable way:

Lϕ,θ(x) = ⟨ln pθ(x, z)

qϕ(z|x)
⟩qϕ(z|x)

= ⟨ln pθ(x|z)⟩qϕ(z|x) − ⟨ln qϕ(z|x)
pθ(z)

⟩qϕ(z|x) . (A4)

The first term in the last equality is called the reconstruction term since it is a measure of how well the model is able
to reconstruct the input x from a latent vector z. The second term in the last equality is called a regularizer and
measures the divergence between the prior and the approximate posterior.

The legacy VAE [23] assumes the functional forms:

pθ(x|z) =
N∏
i=1

1√
2πσ2

x̂i

exp

(
− (xi − x̂i)

2

2σ2
x̂i

)
(A5a)

pθ(z) =
M∏
i=1

1√
2π

exp(z2i /2) (A5b)

qϕ(z|x) =
M∏
i=1

1√
2πσ2

i

exp

(
− (zi − µi)

2

2σ2
i

)
. (A5c)

This leads to the following expression for the ELBO:

Lϕ,θ(x) = −
N∑
i=1

⟨(xi − x̂i)
2⟩qϕ(z|x) −

M∑
i=1

1

2

(
µ2
i + σ2

i − 1− lnσ2
i

)
+ const . (A6)
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To obtain the previous equality we assumed σx̂ = 1. We also used the fact that ⟨z2i ⟩qϕ = µ2
i + σ2

i . While the goal is
to maximize the ELBO, it is common practice to minimize the negative ELBO during training. An important step in
the context of VAEs is the so-called reparameterization trick. When dealing with a finite data set and optimizing the
loss function we need to compute gradients of expectations with respect to distributions that may not be explicitly
expressible. For instance, consider computing the gradient of an estimator:

∇ϕ⟨fϕ(z)⟩qϕ(z) = ∇ϕ

∫
dzqϕ(z)fϕ(z) (A7)

∼ ∇ϕ

∑
z∼qϕ(z)

fϕ(z) (A8)

The issue here is that taking the gradient over
∑

z∼qϕ(z)
is rather ill-defined because the samples are drawn from a

distribution parameterized by ϕ. To circumvent this, the reparameterization trick consists in a change in variable in a
way that makes the sampling process differentiable with respect to ϕ. This variable change needs to preserve the metric,
i.e., the distribution in the old variable and that in the new variable need to both be normalized:∫

dzqϕ(z) =

∫
dϵρ(ϵ) =⇒ ρ(ϵ) = |dz

dϵ
|qϕ(z) (A9)

The simplest change in variable is z = µ+ σϵ with ϵ ∼ N (1, 0), which leads to

∇ϕ

∑
z∼qϕ(z)

fϕ(z) →
∑

ϵ∼N (0,1)

∇ϕfϕ(µϕ + σϕϵ) (A10)

The reparameterization trick is merely a change in variable akin to that used in the Box-Muller method to generate
Gaussian distributed random numbers from Uniform distributed random numbers [48]. This is quite often used in
the context of deep generative models in order to be able to take the gradient over an estimator.

Appendix B: Discrete Variational Autoencoder

Discrete Variational Autoencoders (DVAEs) are a type of VAE where the latent space is discrete. The main two
challenges with DVAEs are i) how does one backpropagate the gradient since the latent space is discrete? ii) what
reparameterization can be employed to enable gradient-based optimization? To address the former, one can simply
relax the discrete condition by introducing annealed sigmoids. Specifically, we replace the Heaviside function Θ(x)
with the sigmoid function σ(xβ), where β is the annealing parameter. Notice that limβ→∞ σ(xβ) = Θ(x). To
address the latter issue one can employ the Gumbel trick. The Gumbel trick has become an umbrella term which
refers to a set of methods to sample from discrete probabilities or to estimate its partition function. In our case,
we simply generate latent variables ζ via

ζ = σ((l(ϕ, x) + σ−1(ρ))β) , (B1)

where ρ is a uniform random number, and l(ϕ, x) is a logit, i.e., the inverse of a sigmoid function, such that in
the discrete regime of ζ (i.e., β → ∞) P (ζ = 1) = σ(l(ϕ, x)). Notice that in this approach, we generate the
random variable ζ using a deterministic equation, σ; a logit, l(ϕ, x); and a uniformly-distributed random number,
ρ. The connection with Gumbel distributed random numbers is due to the fact that σ−1(ρ) ∼ G1 − G2, where G1

and G2 are two Gumbel distributed random numbers [25? ? ].

Appendix C: Bipartite Restricted Boltzmann Machines

Suppose a data set {v(i)}|D|
i=1, and each element in the data set lives in {0, 1}N . The goal behind training a Restricted

Boltzmann Machine (RBM) over this data set consists on fitting a probability mass function, p(v), that models the
distribution of the data. This is achieved by maximizing the log-likelihood (LL) of p(v) over the data set. We denote

the joint probability of the dataset as PD =
(∏

v∈D p(v)
)1/|D|

. Maximizing the LL corresponds to:

argmax
Ω

lnPD (C1)
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By design, p(v) follows a Boltzmann distribution viz.

p(v) =

∑
h e−E(v,h;a,b,W )

Z(a, b,W )
, (C2)

where Z(a, b,W ) is the partition function and E(v,h;a, b,W ) is the energy function defined as

E(v,h;a, b,W ) = −
∑
i

aivi −
∑
j

bjhj −
∑
i,j

viWijhj . (C3)

The parameters a, b and W are fitting parameters and h is called the hidden vector such that h ∈ {0, 1}M . Notice
that the matrix W couples the nodes in v with the nodes in h, while there are no explicit couplings between nodes
in v nor between nodes in h, which is the same to say that the RBM is a bipartite graph.

Notice that

∂E

∂w
=


−vk w = ak,

−hk w = bk,

−vkhl w = Wkl .

(C4)

Taking the derivative of the LL with respect to some generic parameter w yields:

∂ lnPD

∂w
=

1

|D|

|D|∑
i=1

⟨−∂E

∂w
⟩p(h|v(i)) − ⟨−∂E

∂w
⟩p(v,h) (C5)

The previous simplifies to

∂ lnPD

∂ak
=

1

|D|

|D|∑
i=1

⟨vk⟩p(h|v(i)) − ⟨vk⟩p(v,h) (C6a)

∂ lnPD

∂bk
=

1

|D|

|D|∑
i=1

⟨hk⟩p(h|v(i)) − ⟨hk⟩p(v,h) (C6b)

∂ lnPD

∂wkl
=

1

|D|

|D|∑
i=1

⟨vkhl⟩p(h|v(i)) − ⟨vkhl⟩p(v,h) (C6c)

where

⟨•⟩p(h|v(i)) =

∑
h •e−E(v(i),h)∑
h e−E(v(i),h)

(C7)

and

⟨•⟩p(v,h) =

∑
v,h •e−E(v,h)∑
v,h e−E(v,h)

. (C8)

Since the number of v and h states are 2N and 2M , respectively, the number of terms in the summations in Eqs.
(C7) and (h)eq:p(v,h)) are |D| × 2M and 2N+M , respectively. This exponential dependence on the dimensionality
makes computing these averages intractable. To overcome this challenge, importance sampling is employed.

Notice that q(h|v) = p(v,h)/p(v), from which it is straightforward showing

q(h|v) =
M∏
j=1

q(hj |v) , (C9)

where

q(hj |v) =
ehjCj(v)

1 + eCj(v)
(C10)
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and Cj(v) =
∑

i viWij + bj . Therefore, q(hj = 1|v) = σ(Cj(v)). Conversely, p(vi = 1|h) = σ(Di(h)), with
Di(h) =

∑
j Wijhj + ai. Hence, we can employ the expressions σ(Di(h)) and σ(Cj(v)) to perform Gibbs sampling.

We can further simplify the expectation values from Eq. (C7):

⟨vk⟩p(h|v(i)) = vk (C11a)

⟨hj⟩p(h|v(i)) =
eCj(v)

1 + eCj(v)
(C11b)

⟨vkhj⟩p(h|v(i)) = vk
eCj(v)

1 + eCj(v)
(C11c)

(C11d)

Note that p(v,h) = p(v|h)p(h) and p(v,h) = q(h|v)p(v). Therefore, starting from an observed data point, v,
we can generate samples of the hidden units, v, via p(h|v). These samples can then be used as prior samples to
generate new samples of v vectors. We can repeat the process a number of times K, called the number of Gibbs

sampling steps. We denote this process as (v,h) ∼ [q(h|v)p(v|h)]K
Therefore, for very large K, we can estimate Eq. (h)eq:p(v,h)) as:

⟨•⟩p(v,h) ≃
1

N

∑
(v,h)∼[q(h|v)p(v|h)]K

• . (C12)

The Gibbs sampling number of steps ultimately should be larger than the mixing time. The mixing time will depend
on the size of the RBM, the data set being used and, interestingly, it has been shown that as the number of updates
during training increases, the Gibbs sampling number of steps must increase for the RBM to reach equilibrium and
avoid getting stuck in an non-equilibrium state [44].

The standard procedure to train an RBM involves partitioning the data set D into mini-batches Dα, such that
D = ∪αDα. Then the RBM parameters are updated by:

a
(t)
k = a

(t−1)
k + η

∂ lnPDα

∂ak
, (C13a)

b
(t)
k = b

(t−1)
k + η

∂ lnPDα

∂bk
, (C13b)

W
(t)
kl = W

(t−1)
kl + η

∂ lnPDα

∂Wkl
, (C13c)

where η is the learning rate. When performing importance sampling, it is common to generate Markov chains of the
size of the mini-batch, |Dα|.

There are three primary methods for training RBMs in the literature. Each one mainly differs from the others
in the manner in which the Markov chains are initialized. The simplest one correspond to the case where for each
parameter update, the initial state is randomly sampled from a 1/2-Bernoulli distribution and is called Rdm-K ,
where K is the number for Gibbs sampling steps. Another way shown to yield more robust RBMs is called Contrastive
Divergence (CD), whereby the MArkov chain is initialized from a point in the dataset. Lastly, persistent contrastive
divergence (PCD) is very similar to CD in the sense that the Markov chain is started using a data point in the data
set for the first parameter update, while for the remaining parameter updates, the Markov chains are initialized using
the last state in the previous parameter update. This is similar to the traditional way to sample from an Ising model
when decreasing the temperature. Instead of restarting the Markov chain from a random state after each temperature
update, the chain is restarted from the previous state before the temperature update.

Appendix D: High temperature gradient approximation

The previous section shows the derivation of the block Gibbs sampling Eqs. used to trained RBM. A quite common
approach to training RBMs consists in replacing lnZ with the average energy before computing the gradient. The
basis comes from noticing that the gradient of the logarithm of the partition function w.r.t. the RBM parameters is
equal to the average value of the gradient of the energy w.r.t. the RBM parameters, viz.,

−∂ lnZ

∂ϕ
= ⟨∂E

∂ϕ
⟩ (D1)
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This expectation value is over the ensemble and it is approximated by an arithmetic average over samples obtained
via block Gibbs sampling, i.e.,

⟨∂E
∂ϕ

⟩ ≃ 1

N

∑
z∼BGS

∂E

∂ϕ
=

∂

∂ϕ

1

N

∑
z∼BGS

E(z) . (D2)

The last equality is not general and only holds in certain scenarios, as we show here. In the following we show that
this approximation corresponds to the high temperature gradient approximation where thermal energy is larger than
typical spin interactions, such that the specific heat is zero and the only contribution to the entropy is configurational.

By definition, the average energy is given by ⟨E(z)⟩ =
∑

z E(z)e−βE(z)/Z(β). Deriving the energy w.r.t. some
parameter ϕ the energy depends on leads to:

∂

∂ϕ
⟨E(z)⟩ = ⟨∂E(z)

∂ϕ
⟩+ β

(
⟨E(z)⟩⟨∂E(z)

∂ϕ
⟩ − ⟨E(z)

∂E(z)

∂ϕ
⟩
)

(D3)

Hence ∂
∂ϕ ⟨E(z)⟩ = ⟨∂E(z)

∂ϕ ⟩ implies the equality:

⟨E(z)⟩⟨∂E(z)

∂ϕ
⟩ − ⟨E(z)

∂E(z)

∂ϕ
⟩ = 0 . (D4)

Recall the specific heat relates to the second cumulant via CT = 1
kT 2σ

2
E . Notice that CT depends on ϕ. The derivative

of the second cumulant w.r.t. ϕ leads to

∂σ2
E

∂ϕ
= β⟨∂E(z)

∂ϕ
⟩
(
⟨E(z)2⟩ − 2⟨E(z)⟩2

)
+ 2

(
⟨E(z)

∂E(z)

∂ϕ
⟩ − ⟨E(z)⟩⟨∂E(z)

∂ϕ
⟩
)

(D5)

−β

(
⟨E(z)2

∂E(z)

∂ϕ
⟩ − 2⟨E(z)⟩⟨E(z)

∂E(z)

∂ϕ
⟩
)

(D6)

From the previous Eq. it is easy to show that when Eq. (D4) is satisfied, ∂CT

∂ϕ = 0. In general, the previous occurs at

very large temperatures where CT = 0, i.e., the energy of the system saturates such that increasing the temperature
does not increase the energy. In such regime, the spins are uncorrelated and the entropy is solely defined by the
logarithm of possible configurations.

Appendix E: Quadripartite RBM numerical verification

We considered 4-partite RBM with six nodes per partition. This setting allows for the explicit enumeration of all
feasible states, facilitating the precise computation of the partition function. To rigorously assess the accuracy of our
approach, we conducted a comparative analysis of the density of energy states. This entailed a direct comparison
between the utilization of all feasible states and the implementation of the 4-partite Gibbs sampling method, as
elaborated upon in Section IIC. In Figure E1, we present a detailed visual comparison of the density of states
obtained through both methodologies, across various iterations of the Gibbs sampling process. This comparison
shows the convergence and consistency of these two approaches.

Appendix F: Quantum Annealers

1. Adiabatic Approximation

Here we derive the adiabatic approximation following [30], which is the theoretical foundation of quantum annealers.
Let us suppose a time-dependent Hamiltonian H(t), we denote the time-dependent eigenstates as |n; t⟩ and the
eigenvalues as En(t), such that,

H(t)|n; t⟩ = En(t)|n, t⟩ , (F1)

which simply states that at any particular time t, the eigenstate and eigenvalue may change. Notice that one can
write the general solution to Schrödinger’s Eq., viz.,

iℏ
∂

∂t
|α; t⟩ = H(t)|α; t⟩ (F2)
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FIG. E1. Density of states for 4-partite RBMs with 6 × 4 nodes and N = 10240 samples, with Gibbs sampling steps set to
(upper left panel) 200, (upper right panel) 500, and (lower panel) 3000 units.

as

|α; t⟩ =
∑
n

cn(t)e
iθ(t)|n; t⟩ (F3)

with

θn(t) = −1

ℏ

∫ t

0

En(t
′)dt′ . (F4)

By substituting Eqs. (F3) and (F4) in Eq. (F2) we reach the following equality:∑
n

eiθn(t)
[
ċn(t)|n; t⟩+ cn(t)

∂

∂t
|n; t⟩

]
= 0 (F5)

By taking the inner product w.r.t. ⟨m; t| and invoking orthonormality, yields the following differential equation for
the time-dependent coefficients:

ċm(t) = −
∑
n

cn(t)e
i(θn(t)−θm(t))⟨m; t| ∂

∂t
|n; t⟩ . (F6)

To get a better sense of the ⟨m; t| ∂∂t |n; t⟩ term, let us take the time derivative of the characteristic Eq. (F1):

⟨m; t| ∂
∂t

[H(t)|n; t⟩ = En(t)|n, t⟩] =⇒

⟨m; t|
[
Ḣ(t)|n; t⟩+H(t)

∂

∂t
|n; t⟩ = Ėn(t)|n; t⟩ (F7)

+En(t)
∂

∂t
|n; t⟩

]
=⇒

⟨m; t|Ḣ(t)|n; t⟩ = (En(t)− Em(t)) ⟨m; t| ∂
∂t

|n; t⟩

(F8)

For m ̸= n, we can write

⟨m; t| ∂
∂t

|n; t⟩ = ⟨m; t|Ḣ(t)|n; t⟩
En(t)− Em(t)

. (F9)
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Substituting the previous Eq. in Eq. (F6) leads to:

ċm(t) = −cm(t)⟨m; t| ∂
∂t

|m; t⟩ (F10)

−
∑
n̸=m

cn(t)e
i(θn(t)−θm(t)) ⟨m; t|Ḣ(t)|n; t⟩

En(t)− Em(t)
. (F11)

The previous Eq. shows that states with n ̸= m will mix with |m; t⟩ due to the time dependence of the Hamiltonian.
The adiabatic approximation consists in neglecting the mixing terms which correspond to the regime whereby

|⟨m; t|Ḣ(t)|n; t⟩|
En(t)− Em(t)

≡ 1

τ
≪ ⟨m; t| ∂

∂t
|m; t⟩ ∼ Em

ℏ
. (F12)

The previous gives us the condition where the adiabatic approximation holds, i.e., that in which the timescale τ for
changes in the Hamiltonian is much larger than the inverse of the characteristic frequency of the state phase factor.
In such regime,

cn(t) = eiγ(t)cn(0) (F13)

with

γn(t) ≡ i

∫ t

0

dt′⟨n; t′| ∂
∂t′

|n; t′⟩ (F14)

Notice that

0 =
∂

∂t
⟨n; t′|n; t′⟩ =

[
∂

∂t
⟨n; t′|

]
|n; t′⟩+ ⟨n; t| ∂

∂t
|n; t⟩ (F15)

which implies that (
⟨n; t| ∂

∂t
|n; t⟩

)∗

= −⟨n; t| ∂
∂t

|n; t⟩ (F16)

Therefore, the integral argument is imaginary in which case γ(t) is real. Hence, in the adiabatic approximation
(τ ≫ 1/ωn), if the system starts out in eigenstate |n; 0⟩, it will remain there since cn(t) = eiγ(t)cn(0) and cl(t) = 0 for
all l ̸= n. Finally, it is important to stress that the adiabatic approximation does not correspond to short time regimes,
i.e., the time t is not relevant here but only the Hamiltonian change rate and the characteristic time of the state
phase factor.

2. Dwave parameter mapping

This subsection shows the explicit parameter mapping between an RBM and a QA. Recall the quadripartite RBM
energy function is:

E(v,h, s, t) = −aivi − bihi − cisi − diti

−viW
(0,1)
ij hj − viW

(0,2)
ij sj

−viW
(0,3)
ij tj − hiW

(1,2)
ij sj

−hiW
(1,3)
ij tj − siW

(2,3)
ij tj , (F17)

where we are using the double indices convention for summation. Since RBM data values are 0s and 1s, while qubits
can take the values {−1, 1}, we map the quantum states to RBM states as:v

h
s
t

 =
1

2

zv + 1
zh + 1
zs + 1
zt + 1

 (F18)
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By substituting Eq. (F18) in Eq. (F17) and reading out the new couplings and biases, we obtain:

∆i = −ai
2

− 1

4

∑
j

W
(01)
ij +W

(02)
ij +W

(03)
ij

 , i ∈ Φ0

∆i = −bi
2

− 1

4

∑
j

(W (01))tij +W
(12)
ij +W

(13)
ij

 , i ∈ Φ1

∆i = −ci
2

− 1

4

∑
j

(W (02))tij + (W (12))tij +W
(23)
ij

 , i ∈ Φ2

∆i = −di
2

− 1

4

∑
j

(W (03))tij + (W (13))tij + (W (23))tij

 , i ∈ Φ3

Jij = −
W

(γ,δ)
ij

4
, i ∈ Φγ and j ∈ Φδ (F19)

where Φi denotes the partition i and (•)t denotes transpose. In addition, this mapping introduces an energy offset,
Ho, in the Hamiltonian

Ho = −

1

2

∑
i

ai + bi + ci + di +
1

4

∑
j

∑
γ<δ

W
(γ,δ)
ij

 , (F20)

which we ignore since it does not contribute to the state probability distribution. After applying this transformation,
we obtain the new RBM Hamiltonian:

HRBM =
∑
i

∆RBM
i zi +

∑
ij

JRBM
ij zizj . (F21)

3. DWave βQA parameter estimation: Method 1

Let us assume two RBMs which we denote as QA and B, both, described by the same Hamiltonian at different
temperatures, viz.:

PQA(x) =
e−βQAH(x)

Z(βQA)
, (F22)

PB(x) =
e−βH(x)

Z(β)
. (F23)

We denote as βQA and β the inverse temperatures of system QA and B, respectively. The Kullback-Liebler divergence
associated to these two system yields:

DKL(PQA||PB) = (β − βQA)⟨H⟩QA + ln
Z(β)

Z(βQA)
, (F24)

from which it is trivial to show that β = βQA yields zero in the KL divergence. The KL divergence derivative w.r.t.
β yields

∂DKL

∂β
= ⟨H⟩QA − ⟨H⟩B(β) , (F25)
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where we have made explicit the β dependence of system B. We can fit β through gradient descent using the KL
divergence, which leads to:

βt+1 = βt − η
(
⟨H(x)⟩QA − ⟨H(x)⟩B(β)

)
(F26)

The pseudo-algorithm to fit β using Eq. (F26) is:

1. Fix learning rate η and initialize β0. Parse the RBM parameters onto the Quantum Annealer via Eqs. (F19).

2. Sample from system QA RBM and from system B at temperature 1/β0.

3. Compute expectation of H(x) using the samples from QA and from B, respectively.

4. Update β using Eq. (F26).

5. Repeat steps 2 to 4 until a convergence criterion is fulfilled..

Afterwards, βT ≈ βQA. Therefore, rescaling the Hamiltonian by 1/βT and then parsing the new Hamiltonian param-
eters onto the QA via Eqs. (F19) will ensure that we are effectively sampling from H. Notice that in the previous
method, ⟨H(x)⟩QA is independent of β, hence in the previous algorithm we need to generate samples only from
system B every time we update β. This can be rather inconvenient, for instance, in the case where our interest is
in having the QA mimic B, where the latter is a trained RBM. Changing the temperature of system B to match
that of QA will affect the performance of the model. We might be tempted to invert the method and fit βQA,
but this is not a viable approach, since one does not have control over βQA let alone a measurement of it. Instead,
one can do the following: Replace the original Hamiltonian with that scaled by β, i.e., H(x) → H(x)/β, which leads
to:

βt+1 = βt − η
(
⟨H(x)⟩QA(r) − ⟨H(x)⟩B(1)

)
(F27)

where QA(r) correspond to rescaling H(x) by 1/βt. In reaching the previous equation, we redefined η
βt

→ η where η

is fixed. The pseudo-algorithm to fit β using Eq. (F27) is:

1. Fix learning rate η and initialize β0. Parse the RBM parameters onto the Quantum Annealer via multiplying
Eqs. (F19) by 1/β0.

2. Sample from the QA RBM and from the B RBM at temperature 1.

3. Compute expectation of H(x)/β0 using the samples from QA and from B, respectively.

4. Update β1 using Eq. (F27).

5. Repeat steps 2 to 4 until a convergence criterion is fulfilled.

The previous method is one of the common approaches used to estimate the βQA parameter in QAs. However,
it can be slow to converge which is why we propose a simple mapping with a stable fixed point at βQA. We describe
the method in full detail in the following.

4. DWave βQA parameter estimation: Method 2

Once again, let us assume two RBMs which we denote as QA and B, both, described by the same Hamiltonian at
different temperatures, viz.:

PQA(x) =
e−βQAH(x)

Z(βQA)
, (F28)

PB(x) =
e−βH(x)

Z(β)
. (F29)

We denote as βQA and β the inverse temperatures of system QA and B, respectively. Now, let us denote as SQA and
SB as the entropy of QA and B, respectively, and assume SQA = SB , from which after some straightforward algebra:

β = βQA
⟨H⟩QA

⟨H⟩B(β)
+

ln
Z(βQA)
Z(β)

⟨H⟩B(β)
. (F30)
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We can further simplify the previous expression by introducing the variable ∆β = βQA − β:

β = βQA
⟨H⟩QA

⟨H⟩B(β)
+

ln⟨e−∆βH⟩B(β)

⟨H⟩B(β)
. (F31)

Notice that the r.h.s. of Eq. (F31) has a fixed point at β = βQA. Here on we will only keep the first term in the
r.h.s. and we will show that the fixed point is stable. In addition, same as we did when deriving the previous method,
we replace H(x) → H(x)/β. Since we do not have any control over βQA nor we know the value a priori , we replace
the prefactor in the first term of the r.h.s. with β since it does not affect the fixed point value and we further introduce
a stability parameter δ(> 0). After the previous considerations, we propose the following mapping:

βt+1 = fδ(βt) ≡ βt

( ⟨H⟩QA(r)

⟨H⟩B(1)

)δ

(F32)

The function fδ has a fixed point at β = βQA. The stability condition close to the fixed point correspond to
|f ′

δ(βQA)| < 1. The first derivative at the fixed point yields:

|f ′
δ(βQA)| =

|1 + σ2
QA

⟨H⟩B(1)
|, δ = 1

|1 + δ
σ2
QA

⟨H⟩QA
|, δ ̸= 1 .

(F33)

In Fig. 5 we have plotted Eq. (F33) vs β for different values of δ. The values of β chosen for this plot correspond to
where we typically find the fixed point. We call δ a stability parameter since we can tune it to stabilize the mapping
per iteration.

A similar analysis can be done for the previous method. Specifically, the stability condition becomes:

|1−
σ2
QA

βQA/η
| < 1 . (F34)

From the previous it is easy to notice that the fixed point is unstable when the learning rate, η, such that η > βQA/σ
2
QA

(βQA/σ
2
QA ∼ 2 · 10−2).

Appendix G: Incident energy conditioning

In the conditioned Calo4pQVAE framework, we condition the latent space RBM using the incident energy. We
perform the condition as follows:

1. By applying a floor function on the incident energy in MeV, bin the incident energy, e, ebin = floor(e); the
logarithm of the incident energy multiplied by 10, elnbin = floor(10 · ln e); and the square root of the incident

energy multiplied by 10, e
√

bin = floor(10 ·
√
e).

2. Convert to binary number the three previous binned numbers, Be = binary(ebin), Bln e = binary(elnbin), B
√
e =

binary(e
√

bin). We allocate 20 bits for each of these binary numbers.

3. Concatenate the three binary numbers, B = cat(Be, Bln e, B√
e).

4. Use one partition to fit as many repetitions of the concatenated binary number B.

5. Set residual nodes to zero.

We fixed the number of nodes per partition to 512, hence the binary number B fits 8 times and the number of residual
nodes is 32.

Appendix H: Gaussian approximation to shower logits

In the main text we describe the data transformation used to train our model, where we first reduce the voxel
energy per event by dividing it by the incident energy and we afterwards construct logits based on the reduced energy
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random variable. The number of particles in the electromagnetic shower follows approximately a Poisson distribution.
Furthermore, via the saddle point approximation, for large number of particles in the shower the multivariate Poisson
distribution becomes a multivariate Gaussian distribution with the mean equal to the variance. Here we show that
to zeroth approximation, the logits are Gaussian distributed.

Let us consider a Gaussian positive distributed random variable r with mean and variance Λ, i.e.,

f(r) =
N (r|Λ,Λ)

Ω
, ∀r > 0 (H1)

where Ω is a normalization constant. We define u = ln x
1−x with x = r/R and R ≫ r. To zeroth order approximation,

u ≈ ln r − lnR. To obtain the distribution of u we first introduce an auxiliary random variable z = ln r with
distribution g(z). By equating the cumulatives of r and z we obtain:

g(z) = ezf(ez) . (H2)

The distribution of u, h(u), is simply the distribution of z shifted by lnR, namely, h(u) = g(u+ lnR):

h(u) =
Reu

Ω

1√
2πΛ

e−
(Reu−Λ)2

2Λ . (H3)

The previous distribution is highly sensitive to u and the main contribution comes from Reu ≈ Λ. Hence, we can
expand ln r around lnΛ:

ln r ≈ ln Λ +
r − Λ

Λ
, (H4)

which translates to u ≈ ln Λ
R + r−Λ

Λ . Notice that since r−Λ
Λ ∼ N (0, 1

Λ ), then:

u ∼ N (ln
Λ

R
,
1

Λ
) . (H5)


