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Abstract—The transition to millimeter-wave and sub-THz
frequency bands necessitates that the base-stations (BSs) uti-
lize extra-large antenna arrays (ELAA) to compensate for the
associated huge path-losses. However, when higher frequencies
and shorter transmission distances are utilized, the spherical
wave curvature can no longer be neglected. Hence, the ELAA-
based wireless systems tend to operate primarily in the near-field.
Thus, the far-field channel models used for near-field users may
detrimentally affect wireless system designs and performance
gains. To this end, we investigate the impact of mismatches
between far-field and near-field channel models/precoders on
the performance of ELLAA-based integrated sensing and com-
munication (ISAC). To this end, the achievable user rates are
derived for the near-field. Two detectors for sensing a target
are designed based on known/unknown BS/target channels. The
performance of these detectors are investigated by deriving
the probability of detection and probability of false-alarm. A
transmit power optimization procedure is also proposed to
maximize the minimum achievable user rate, while ensuring a
power threshold for sensing. Numerical results are used to study
the fundamental trade-off between the probability of detection
and achievable rates for near-field ELAA-based ISAC. We unveil
that ELAAs can be leveraged to improve the ISAC performance
trade-offs.

I. INTRODUCTION
The communication and sensing tasks are used to be

carried out in separate spectrum allocations using dedicated
hardware platforms. Since the communication spectrum tends
to merge with sensing frequencies, integrated sensing and
communication (ISAC) has been envisioned for the next-
generation wireless systems [1]-[3]. In ISAC, communication
and sensing tasks share the available spectrum and hardware
resources, enabling a unified architecture for both function-
alities [4]. As a result of this integrated design, both the
communication and sensing performance can be boosted,
while improving the spectrum utilization and reducing the
hardware/implementation cost [1], [4]. Thus, ISAC has re-
cently attracted tremendous research interests in a myriad of
directions [5]-[8].

In [5], a joint transmit and receive beamformer design for
ISAC systems has been developed to maximize the signal-
to-interference-plus-noise ratio (SINR) at the receiver. In [6],
a non-orthogonal multiple access-aided ISAC framework has
been studied by superimposing communication with sensing
signals. In [6], a beamformer design problem is formulated to
optimize the communication rate and received signal power
for sensing. In [7], a full-duplex ISAC system has been pro-
posed to transmit communication signals during the waiting
time interval of conventional pulsed radars. In [7], an ISAC
system has been proposed to increase the achievable rate while
mitigating near-target blind range issue, and its performance
has been compared against the radar-centric pulsed waveform

embedded with communication signals. In [8], the probability
of false-alarm and detection have been derived, and the
performance trade-off has been studied for a far-field ISAC
system. In [9], the energy efficiency of a multi user ISAC
system is maximized, while ensuring sensing requirements in
terms of individual radar beam pattern gains, via successive
convex approximation and semi-definite relaxation techniques.

The ISAC systems are anticipated to function in recently
acquired mid-band (7-15 GHz), millimeter-wave, and sub-THz
frequency bands. Consequently, it signifies the necessity of
deploying extra-large antenna arrays (ELAAs) at the base-
stations (BSs) to compensate for the path-losses resulting due
to higher frequencies [1]. The transition from the compact
antenna arrays to ELAAs not only results in large array
apertures but also fundamentally alters electromagnetic (EM)
propagation characteristics [10]. The EM radiation field of an
antenna array can be divided into three regions, namely the
reactive near-field, the radiative near-field, and the far-field
[10]. In typical wireless systems, the far-field propagation is
assumed in which the channels are modeled through planar
wavefronts. Whereas in the radiative near-field, the channels
should be modeled via spherical-waves [10]. The boundary
which separates near-field and far-field is quantified by Fraun-
hofer/Rayleigh distance, which is directly proportional to the
square of the array’s aperture and inversely proportional to
the wavelength. In the current state-of-the-art, the BSs use
compact antenna array, and hence, the near-field propagation
is insignificant. However, the radiative near-field is more
likely to be extended up to hundreds of meters when ELAAs
operating in millimeter-wave and sub-THz frequencies are
deployed. Hence, the users/targets served by these ELAAs
are more likely to be located within the near-field. In [10], a
novel channel model has been proposed to accurately model
the near-field line-of-sight (LoS) channels. By adopting this
near-field LoS channel model, [11] unveils that the classical
far-field channel model may become inaccurate for the ELAAs
operating at millimeter-waves.

Despite the aforementioned research efforts on ISAC [5]-
[8] with far-field channel models, the characterization of
fundamental performance trade-offs in the near-field channel
model in [10] is also a necessity for ELAAs. Having being
inspired, we investigate the trade-off between the achievable
rate and probability of detection for ELAA-aided near-field
ISAC systems. By adopting computationally-efficient maxi-
mal ratio transmission (MRT)-based precoders, the achievable
user rates are quantified. Two detectors based on Neyman-
Pearson (NP) lemma and the generalized likelihood ratio test
(GLRT) criterion are derived for target detection with/without
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Fig. 1. An ELAA-based ISAC system.
sensing channel knowledge. The performance of two detec-
tors is evaluated via the receiver operating characteristics
(ROC). A transmit power optimization procedure is also pro-
posed to maximize the minimum achievable user rate, while
satisfying a predefined threshold sensing power. The rate-
detection trade-off is optimized via transmit power allocation.
Our results unveil that the mismatches between precoders
designed based on far/near-field channel assumptions degrade
the ISAC performance gains. Thus, we advocate to classify
the users/targets based on Fraunhofer distance and use the
relevant near/far-field precoders in designing ELAA-based
ISAC systems.
II. SYSTEM, CHANNEL AND SIGNAL MODELS

A. System model

We consider an ISAC system in which an ELAA-based BS
communicates with K single-antenna users while sensing a
target (see Fig. 1). The ELAA has M;/M, transmit/receive
antennas, which are arranged as a uniform rectangular planar
array (URPA) with M} rows and M, columns. We consider
that the URPA is centered around the origin of the XY -plane.
Each antenna element has an area of A. Antennas are spaced
at dp and d, along the horizontal and vertical directions,
respectively. This leads to an array with a width and a height
of L, = Mu/A+(M},—1)dy, and L,, = M,/ A+(M,—1)d,,
respectively. The antennas are indexed from left to right,
starting from the bottom row to the top row. The coordinates
of the mth antenna can be written as p,, = [Ty, Ym,0]7,
where z,, = Ay — (M), — 1)/2 + mod(m — 1, M,,)] and
Ym = Dy(—(M, —1)/2 4+ |(m — 1)/My]). Here, we define
Ay = VA+dy, and A, = A+ d,. The Fraunhofer distance
of the ELAA is given by dr = 2(L3 + L2)/X [12, Eq. 3)].
B. Channel model

We assume that the users and target are located within the
near-field of ELAA such that the transmission distances are
below dr. Hence, both communication and sensing channels
need to be modeled by using the spherical wavefront-based
near-field model. The location of the kth user is defined as
u, = [Tk, Yk, 21| . hence, the azimuth and elevation angles at
the ELAA can be defined as wy = tan~!(xy/21) and ¢}, =
tan™!(yi/\/2% + z7), respectively.

We define the channel vector between the BS and the
kth user as fr = [fir, -, fak] € CYMe. Here, fr =

| frnk| €779m% is the channel between the mth antenna of the
ELAA and the kth user. The channel amplitude and phase are
denote by | fiuk| and d,i € [0, 27), respectively. They can be
modeled as [11]

‘f'mkz| =V g'mk and 6'mk = 27 mod (||K/mk‘|/)\7 1) 5 (1)

where &, is the free-space channel gain at the mth antenna
located at p,,, and it is defined as (2) at the top of this page.
In (2), a;(8) £ VA/2+(=1)'8, Tk = T — Tk, and Ypup =
Ym—Yi [11]. In (1), Kk = Pm—Ug, and A is the wavelength.
The direct and reflected channels of the target are denoted by
g € CY*M: and hf € CMr*1 respectively. These sensing
channels can also be modeled similarly to fj.

C. ISAC signal model

A sensing signal is transmitted along with the information-
bearing communication signals. The signal transmitted by the
BS can be written as

K
s = pstsss + Zk:l pc,kPWc,ksc,k7 (3)

where s € CM7rx1 ;5  is the transmit power allocation
coefficient for the sensing signal, P is the total transmit power
available at the BS, w, is the sensing precoder, ss is the
sensing signal satisfying E[|s,|*] = 1, pe is the transmit
power allocation coefficient for the the kth communication
user, W is the kth user’s precoder, and s.; is the com-
munication signal intended for the kth user. The normalized
sensing and communication precoders can be designed via
MRT principle to minimize the computational complexity as

w, =g /\/Tr(gfg) and weyp =fl/\/Te(ff), @

where g is the BS-target sensing channel, and f}, is the BS-kth
communication channel. The signal received at the kth user
can be written as

Yi = £is + 1 = /ps PEewsss + v/ pe i PEeWe kSe k
K
+ Z#k V pei Pfcwe isci + ng, 5)

where the first term in (5) is the sensing signal interference,
and the second term is the desired signal of the kth user. The
third term is the inter-user interference, and ny ~ CN(0,03)
is an additive white Gaussian noise (AWGN) at the kth user.
The received SINR at the kth user can be written as
_ pekPlfewer|?
ps Plfkws|? + PS5, peilfiwei|? + 02

Vi (0)
From (6), an achievable DL user rate at the kth communica-
tion user can be written as
Ri =logy (14 k). ™)
ITI. SENSING MODEL
The detection hypotheses are formulated based on the
presence/absence of the target. Thus, the null hypothesis (Hg)
defines a case in which the target is absent in the sensing
environment. The alternate hypothesis (#1) represents the
case in which the target is present.
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A. Formulation of the target detectors
The null hypothesis can be written as

Ho:y=2Zs+n, ®)
where Z € CM-xM: ig the self-interference matrix, and
n ~ CN(0,0%I). By employing successive interference
cancellation for ISAC, the self-interference power can be
mitigated [13]. The (p, ¢)th element of the self-interference
matrix Z € CMr*M: can be modeled as [14], [15]

A
(2.0 = \/opae 27T, ©
where d,, > 0 and A,, > 0 denote the residual self-
interference channel power and the distance between the gth
transmit antenna and the pth receive antenna, respectively.

The alternate hypothesis can be written as

Hi:y=h"gs+Zs+n=Hs+Zs+n, (10)
where g € C'*M¢ and hf € CM-*! are the DL and UL
channels between the BS and target, respectively, and we
denote H = h¥ g as the composite BS-target channel.

1) Case-1 (Known channel H): We assume Z, s, H and
the covariance matrix of AWGN are known. The distributions
of the signals in (8) and (10) can be written as

Ho : y ~ CN(mg, o°T), (11a)

Hy:y ~CN(my,o’T), (11b)
where mg = Zs and m; = Hs+Zs. The NP detector decides
Hq if [16] .

Lly) = % > K, (12)
where L(y) is the likelihood ratio and x is a detection
threshold. In (12), f(y;Ho) and f(y;H1) are the probability
density functions (PDFs) of y under Hg and H1, respectively.
By using (11a) and (11b), the PDFs in (12) can be written as

o~ (v=m0) 7 L1 (y—mq)

f(y,HO) = 7rA47‘ det(o_QI) ’ (133)
e*(y*ml)HﬁI_l(y*ml)
fly; Ha) = T det(o7T) (13b)
Next, the likelihood ratio in (12) can be rewritten as
e—(y—ml)Ha%Ifl(y—ml)
Ly) = > K. (14)

o~ (y—mo)H LT (y—mo)
The log-likelihood ratio can be obtained by taking the loga-
rithm of (14). Thus, the NP detector decides H; if
T(y) =y" (m1 — mo) = y"Hs > #/, (15)
where the modified threshold x’ is given by
K = (1/2)0% In(k) + (1/2)s"H"Hs + s"Z"Hs.  (16)

In (15), T (y) is a sufficient test statistic for the NP detector.
The PDFs of the test statistic 7 (y) under H and H; can be
written as
Ho : T(y) ~ CN(’FN/L(), ’INJo),
Ha 2 T(y) ~CN (11, 01),

(17a)
(17b)

where myg, M1, Up and U1 can be derived as (Appendix A)
mo=s"Z"Hs andm; =s"H"Hs+s"Z"Hs, (18

where k' is given in (16). By using the complementary
cumulative distribution function (CCDF) of the Gaussian
distribution [16], Pr4 can be derived as

Pra = Q((+ = m0)/Vio) 1)
where Q(-) is the Gaussian Q-function. Moreover, for a fixed
Pr 4, the modified threshold ' can be computed as

K = Vi0Q ! (Pra) + 1. 22)

The probability of detection (Pp) can be derived via (22) as
Pp=Pr(T(y)>r;H) = Q ((F/ - ml)/m) .23

2) Case-2 (Unknown channel H): We assume Z, s and the
covariance matrix of AWGN are known, but H is unknown.
The distributions of the signals in (8) and (10) are written as
Ho : y ~ CN(m], 1), (24a)

Hy iy ~CN(ml,o°T), (24b)

where mzr) = Zs and m1 = Hs + Zs. The GLRT detector

decides H; if [16] R
oy, iy = S0 (25)

. f (y7 H; HO) "
where L(y, H) is the likelihood ratio, and H is the maximum
likelihood estimate (MLE) of H, which can be computed as
(Appendix B)

H=ys"(ss")! - Z. (26)

In (25), f(y,H;Ho) and f(y,H;?,) are the PDFs of y
under Ho and Hi, respectively. By using (24a) and (24b),
the PDFs in (25) can be explicitly written as

o~ mpT LT (y—mf)

1y, HiHo) = 7Mr det(o21) ' (272)
X o~ v=mD LT (y—m])
Sy, Hith) = mMr det(o21) (@7)
Next, the likelihood ratio in (25) can be rewritten as
. ef(y*mI)HjlzI’l(y*mI)
Ly, H) = - > . (28)

o~ (v=mDH LTy —m])
The log-likelihood ratio can be obtained by taking the loga-
rithm of (28). Thus, the GLRT detector decides H; if
T(y,H) =y" (m| - m{) = y"Hs
=y (ySH(SSH)71 — Z) s>, 29)
where the modified threshold s’ is given by
» = (1/2)0% In(s) + (1/2)s"H"Hs + s"Z"Hs.  (30)
The PDFs of the test statistic 7 (y, H) under #, and #; can
be written as

Ho : T(y,H) ~ T (o, Bo), (31a)

Hy: T(y,H) ~ (a1, B1), (31b)

where oy = mg/’f}o, Bo = mo/ﬂo, o] = m%/f}l and 3, =
mm1 /0. Here, mg and m, are derived as (Appendix C)

mo = o> M,s™ (ss™) s, (32)

m1=s H”Hs + s7Z7Hs + 02 M, s (ssH)_ls. (33)

Moreover, vy and v; can be derived as (34) and (35) at the

top of the next page, respectively (Appendix C). Next, Pra

9o = o?’s"H"Hs, and 71 = o’s” H Hs. (19 .an be defined as
Next, the probability of false alarm (Pr4) can be defined as
Pra=Pr(T(y) > r';Ho), (20) Ppa = Pr (T(y,ﬂ) > ;/;HO) , (36)
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Authorized licensed use limited to: Southern lllinois University Carbondale. Downloaded on December 09,2025 at 04:21:21 UTC from IEEE Xplore. Restrictions apply.



2025 IEEE International Conference on Communications (ICC): Wireless Communications Symposium

vo =s7 2" Zss" ((ss”) ™!

Vs 2" Zs + o° M,s" 27 Zss™ ((ss™) ") H's + o' (M? + M,)s™ ((ss™) ) s — s 27 Zss" 2" Zs

—20°M,s" 2" Zs 4+ o> M, Tr (ZSSHZH) — (6®M,s" (ss™)'s)2. (34)

01 = (Hs + Zs)" (Hs + Zs)s" ((ss”) ") "s(Hs + Zs)" (Hs + Zs) + 20> M, (Hs + Zs)" (Hs + Zs)s" ((ss")™")"s
+0s™ ((ss™) ") s(Hs + Zs)" (Hs + Zs) + 0”s" ((ss™) )T (s + Zs) (Hs + Zs)"™" ) + 0" (M7 + M,)s" ((s5"))"'s

—2(Hs + Zs)" (Hs + Zs)s" Z(Hs + Zs) — 202Tr((Hs + ZS)SHZH) —20°M,s" 2" (Hs + Zs)

+(Hs + Zs)" Zss" 2" (Hs + Zs) + UQMTTr(ZssHZH) — (s"H"Hs + s"Z"Hs + 0> M,s" (ss") " 's)*. (35)

Algorithm 1 : Algorithm to solve power allocation coeffi-
cients optimization problem P, in (40a)-(40¢)

Input: g, P, K, w.;Vi, W, o,

1: Compute |frw.i|?, |frws|?, and |fw,;|* Vi.

2: Evaluate p. ;* Vk and p; by solving P, in (40a)-(40e).
Output: p.* Vk, p}

where 5 is given in (30). By using the CCDF of the Gamma
distribution, Pr 4 can be derived as

ﬁ’Y(aoyﬁo%l) 37

PFAzl_F

Then, Pp can be derived as

Pp = Pr (T(y,ﬂ) > %’;Hl) —1- ﬁw(al,,ﬁ’l%’). (38)

'«

IV. TRANSMIT POWER OPTIMIZATION

In this section, an algorithm is developed to optimize
the transmit power allocation coefficients for sensing and
communications. The optimization problem is formulated
based on the max-min fairness-based criterion to maximize
the achievable DL rate of the weakest communication user,
while satisfying a threshold (p;) for sensing power allocation
coefficient. We formulate the optimization problem for (6) as

P, pc,rilvak}fps min 7y, (39a)
subject to Ci : pek, ps > 0 VEk, (39b)
K
Co: ) pektps<l, (3%
Cs: ps 2 ps. (39d)

By defining a lower bound # to the SINR at all K users,
the max-min optimization problem in (39a)-(39d) can be
equivalently reformulated as

P, : max ¥, (40a)
Pe,kVE,ps
subject to C1 : pe,ps > 0 Vk, (40b)
C . <1 40
2! Zkzlf)c,wrps_ ) (40c)
Cs: ps > ps, (40d)
Ca : per Plfiwer]® > ps P|fews|*
K
TPYY L, peilfwel” + oty (@00)

The above optimization problem (40a)-(40e) can be solved
via geometric programming (GP) using a convex solver. Our
optimization procedure can be summarized as Algorithm-1.

V. THE TRADE-OFF BETWEEN Pp AND Ry
The achievable rate (Ry) in (7), and Pp in (23) and (38)
can be used to quantify the ISAC performance trade-offs. By
varying the transmit power allocation coefficient for sensing as
ps € [0, 1], the trade-off between R and Pp can be studied.
The remainder of the available transmit power can be allocated
to the users based on the max-min criterion as

Por o
subject to Ci : pek,ps >0 VEk, (41b)
K
Co: ) pek+ps<1, (41c)
Cs : perPlEwer]? > po PYIfw.|?
+PYY, pelfowel” + ob, (“1d)

which can also be solved via GP with a convex solver. Thus,
by adopting (7), (23), (38), and (41a)-(41d), the trade-off
between R and Pp can be quantified by traversing through
the common points of ps € [0, 1].

VI. NUMERICAL RESULTS
We set the carrier frequency to fo = 28 GHz such that

A = 10.71 mm. We consider an ISAC system equipped with
an ELAA with M; = 400 and M, = 200. We set L; =
0.16m, L, = 0.46m, A = (\/4)2, d;, = 0.5, and d,, = 2.
The noise variance is modeled as o2 = 10log;, (NoBNF),
where Ny = —174dBm/Hz, B = 100 MHz, and Np = 7
dB. The system consists of K = 5 communication users and
a single target. The BS-users and BS-target distances are set
to [20, 30, 35,40, 10] m and 20 m, respectively, such that the
distances fall below Fraunhofer distance (dp = 44.13m) to
guarantee that the users and target are located in the near-field.
Monte-Carlo simulations are used to validate our numerical
results in the context of an ISAC scenario that has been
examined for two different cases, namely (i) Case-1: known
sensing channel, and (ii) Case-2: unknown sensing channel.
In Fig. 2, the trade-off between the Pp and achievable
DL user rate for ISAC is studied. Two scenarios, namely
Case-1: known sensing channel (H) and Case-2: unknown
sensing channel (ﬂ) are considered for three different Ppy
values such that Pry € {0.1,0.01,0.001}. The trade-off
curves are plotted by varying the transmit power allocation
coefficients for the sensing signal (p,) from O to 1. A system-
wide common user rate for each sensing power allocation
coefficient point has been achieved through our optimization
problem (41a)-(41d). For instance, at ps; = 0.2, in the system
with Pr4 = 0.1, an achievable rate of 0.996 bits/s/Hz can
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be obtained while achieving a Pp of 0.853 and 0.761 for
the Case-1 and Case-2, respectively. Fig. 2 provides a useful
insight that availability of sensing channel knowledge at the
BS can increase its detection probability. For instance, at
ps = 0.2, the system with target sensing channel knowledge
outperforms the system without BS-target channel knowledge
by 13.28%, 24.63% and 69.95%, for Pr4 = 0.1, Pr4 = 0.01
and Pr 4 = 0.001, respectively. This observation unveils that
in the lower Pr 4 regime, the detection probability drastically
reduces in the absence of BS-target channel knowledge.
Hence, Fig. 2 unveils that achievable rates can be increased
at the expense of Pp thus constituting a fundamental ISAC
performance trade-off. Fig. 2 also reveals that this trade-off
can be improved by adopting ELAAs for ISAC.

Fig. 3 presents the ROC curves depicting the fundamental
trade-off between Pp and Pr4 for both the cases of known
and unknown sensing channels. The Case-A, -C and -E
correspond to the scenario of known sensing channel. The
Case-B and Case-D correspond to the scenario of unknown
sensing channel. For Case-A, -B, -C and -D, M, = 100 has
been used, whereas Case-E has been plotted for M, = 200.
For instance, at Pp4 = 0.4, Pp decreases by 16.42% and
9.56% in Case-B compared to Case-A and Case-D compared
to Case-C, respectively. This implies that the unavailability of
sensing channel knowledge at the BS decreases the detection
capability of the detector. Fig. 3 reveals that the detection
capability increases with the increased threshold for target
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Fig. 4. Percentage rate loss: M; € {100, 324,400}, M,. = 200, gs = 0.01
and K € {5,15}.

sensing power allocation coefficient (p5). The impact of
number of receive antennas (M,.) is also studied through ROC
curves for known sensing channel under two cases, namely
Case-C (M,-=100) and Case-E (M, =200). We observe that
by the detection probability can be boosted by increasing M,..
For instance, at Pr4 = 0.4, Pp can be increased by 6.39%
when number of receive antennas increases from M, = 100
to M, =200.

The Fig. 4 depicts the percentage sum rate losses in-
curred due to near/far-field channel mismatches for M; €
{100, 324,400}, M, = 200, ps = 0.01 and K € {5,15}.
The percentage sum rate loss is quantified by using Ripss =
(R’ — R*)/R' x 100 %, where R’ and R* are the sum rates
offered by systems with near-field and far-field assumptions,
respectively. The Case-A, -B and -C correspond to the set-
ups with M; = 400, M; = 324 and M; = 100, respectively
for K = 5. The Case-D corresponds to the set-up with
M; =100 and K = 15. We utilize Algorithm-1 for optimized
power allocation to guarantee system-wide user-fairness. At
transmit signal-to-noise ratio (SNR) of 30dB, a system with
K =5 near-field users loss the sum rate by 92.89%, 72.87%,
and 30.84% for M; = 400, M; = 324 and M; = 100,
respectively, due to the use of precoders designed with far-
field assumption while the users are located in the near-field.
This result unveils that the higher number of transmit antennas
could worsen the impact of inaccurate assumption of far-field
for the near-field communication users. We also observe that
the rate loss increases with K. For instance, the rate loss for
Case-C with K = 5 and Case-D with K = 15 are 30.84%
and 39.27%, respectively, at transmit SNR 30 dB. We conclude
that significant rate losses can incur when far-field precoders
are used for the users located in near-field in ISAC systems.

VII. CONCLUSION

The trade-off between the probability of detection and
achievable user rates of ELAA-based near-field ISAC systems
has been investigated. The precoders for the sensing and com-
munication signals have been constructed based on the MRT
principle to ensure simple implementation. The achievable
rate, probability of detection/false-alarm, and ROC have been
used to investigate the performance of ELAA-based near-
field ISAC. A transmit power allocation algorithm has also
been proposed to maximize the minimum achievable user rate,
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while ensuring a minimum sensing power threshold. Based
on our analysis and numerical results, it is advocated to use
near-field precoders when the users/target are located in the
near-field to enhance rate/detection probability and to avoid
mismatches between near/far-field channel models.

APPENDIX A
DERIVATION OF g, M1, U9 AND 91 IN (18)-(19)
The means 7 and m; of the test statistic 7 (y) under Hq
and H; can be derived as

E[T(y); Ho] = 1710 = E [y Hs; Ho]

—E [(ZS +n)¥ Hs] = sz " Hs, 42)
E[T(y); Ha] = 11 = E [y Hs; 7

—E [(Hs +Zs +n)" Hs] — s"H"Hs + s"Z"Hs, 43)

where n ~ CN(0, 0%I). Next, the variances 7y and ; of the
test statistic 7 (y) under Ho and H; can be derived as

5o =E [(yHHS —E [yHHs])2 ;7—[0}

E {((ZS +n) Hs — stHHs)Q}

E [(SHZHHHnHHs - stHHs)Q} —o2s"H" Hs, (44)
v =E {(yHHs —-E [yHHs] )2 ;7—[1]
) {((Hs 4+ Zs+n)" Hs - (sHHHHs i stHHs)>2]

= o’s"H " Hs. (45)
APPENDIXAB
DERIVATION OF H IN (26)
The MLE of H can be derived by using (27b) as
On(f(y, H; H1))

oH =0

7] 1.
30 {—(y—mI)Hﬁl '(y—m])—In (ﬂ'M" det(aQI))} =0
8% {—(y — Hs — ZS)H% 71(3’ —Hs - ZS)] =0
H=ys"(ss")"' -2 (46)

APPENDIX C
DERIVATION OF g, m1, Ug AND 91 IN (32)-(35)
The means 1 and m; of the test statistic 7 (y, H) under
Ho and Hq can be derived as

E [T(y, ) Ho] =m0 =E [yH (ysH(ssH)‘1 - z) s; Ho]
—E [(ZS +n)"(Zs +n)s" (ss) 's — (Zs + n)st}
— o2 M, s (ss") s, @7)
E [T(y, H); Hl] — i =E [yH (ysH(ssH)*1 - z) s; Hl]
=E [(Hs +Zs +n)" (Hs 4+ Zs + n)s” (ss”) " 's
—(Hs + Zs + n)st]
=s"H"Hs +s"Z"Hs + 0> M,s" (ss") s, (48)

where n ~ CN(0,0°T). Next, the variances 7 and ¥; of the

test statistic 7 (y, H) under Hy and #; can be derived as

vo =E [(yH (ysH(ssHY1 — Z) s — m0)2 ;7—[0]
=E [(Zs +n)"(Zs + n)s” (ss") " 's(Zs + n)" (Zs + n)
—(Zs +n)" (Zs + n)s" 2" (Zs + n)
—(Zs +n)"Zs(Zs + n)" (Zs + n)
+(Zs +n) " Zss" 2" (Zs + n)] —mg, (49)
1 =E [(yH (ysH(ssH)71 — Z) s — ﬁu)Q ;7-[1]

=E [(Hs +Zs+n)" (Hs + Zs + n)s” (ss") 7 's

iy

x (Hs + Zs+n)H(Hs+Zs+n) — (Hs—|—Zs+n)H

X (Hs + Zs + n)s” Z" (Hs + Zs + n) — (Hs + Zs + n)"
xZs(Hs + Zs + n)” (Hs 4+ Zs + n) + (Hs + Zs +n)"”

x Zss"Z" (Hs + Zs + n)] — w2, (50)

where the final expressions for 7y and v; have been given in
(34) and (35), respectively.
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