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ABSTRACT. We prove a ‘Whitney’ presentation, and a ‘Coulomb branch’ pre-
sentation, for the torus equivariant quantum K theory of the Grassmann man-
ifold Gr(k;n), inspired from physics, and stated in an earlier paper. The
first presentation is obtained by quantum deforming the product of the Hirze-
bruch Ay classes of the tautological bundles. In physics, the Ay classes arise
as certain Wilson line operators. The second presentation is obtained from
the Coulomb branch equations involving the partial derivatives of a twisted
superpotential from supersymmetric gauge theory. This is closest to a pre-
sentation obtained by Gorbounov and Korff, utilizing integrable systems tech-
niques. Algebraically, we relate the Coulomb and Whitney presentations uti-
lizing transition matrices from the (equivariant) Grothendieck polynomials to
the (equivariant) complete homogeneous symmetric polynomials. Along the
way, we calculate K-theoretic Gromov-Witten invariants of wedge powers of
the tautological bundles on Gr(k;n), using the ‘quantum=classical’ statement.
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1. INTRODUCTION

Based on predictions inspired by physics, in [GMSZ22] we conjectured presen-
tations by generators and relations for the quantum K theory ring of the Grass-
mannian and for the Lagrangian Grassmannian. The main goal in this paper is
to provide rigorous mathematical proofs of these statements in the Grassmannian
case, in the more general equivariant context.

Let Gr(k;n) denote the Grassmann manifold parametrizing linear subspaces of
dimension k£ in CC", and let 0 - § — C" — Q — 0 be the tautological se-
quence, where rk(S) = k. An influential result by Witten [Wit95] states that
(QH*(Gr(k;n)),*), the quantum cohomology ring of the Grassmannian, is deter-
mined by the ‘quantum Whitney relations’:

(1) c(8) x¢(Q) = ¢(C") + (-1)*q,

where ¢(E) = 14+c¢1(E)+...+c.(E) is the total Chern class of the rank e bundle E.
This equation leads to a presentation of QH*(Gr(k;n)) by generators and relations:

) = Zlgller(2),. . en(x)ier(2),. . eni(T)]
(Choe@) (X556 @) = 1+ (-1Fq)

Here €;(z) = e;(z1,...,21),€;(Z) = €;(Z1,...,Tn—k) denote the elementary sym-
metric polynomials, and z;,Z; correspond to the Chern roots of S, respectively
Q.

Let T be the torus of invertible diagonal matrices with its usual action on
Gr(k;n). In this paper we generalize Witten’s relations from the quantum coho-
mology to the T-equivariant quantum K ring of Gr(k;n), defined by Givental and
Lee |Giv00, [GL0O3| [Lee04]. Denote this ring by QK (Gr(k;n)) and by K7 (Gr(k;n))
the ordinary equivariant K-theory ring.

For a vector bundle E, denote by \,(E) = 1+yE +...+y° A° E the Hirzebruch
Ay-class in the K theory ring. The K-theoretic Whitney relations are

Ay(S) - Ay (Q) = Ay(C") € Kp(Gr(k;n)).
The main geometric result in this paper is a quantum deformation of these relations.

Theorem 1.1. The following equality holds in QK (Gr(k;n)):

(3) M) ¥ Ay(Q) =2 (€") = Ty (S) — 1)+ det Q.

In the theorem we regard C™ as the T-module with weight space decomposition
C"=Cy®...0Cy,. fweset Ty :=e',..., T, := e, then Ky (pt) is the Laurent
polynomial ring Z[TiE, ..., T, and A\, (C") = [[7_, (1 + yT), see

The equality may be translated into an abstract ‘quantum K-theoretic Whit-
ney’ presentation of the ring QK,(Gr(k;n)) by generators and relations; this is
stated in [Iheorem 1.2l and [Iheorem 8.2 below. In this case one uses variables
X, Xj, interpreted as exponentials of the Chern roots: X; = %, Xj = ¢%. This
naturally generalizes the classical presentations of K(Gr(k;n)) by Lascoux [Las90],
and of QH*(Gr(k;n)) by Witten from (2)) above.

In [GMSZ22] we conjectured a second ‘Coulomb branch presentation’ of the
ring QK1 (Gr(k;n)), and in this paper we prove an equivariant generalization of
it. Let W be a twisted superpotential [MP95| [AHKTO1l [CK16, (GMSZ22] arising
in the study of supersymmetric gauge theory; cf. below. The expression for

(2) QH*(Gr(k;n
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W depends on the exponentials X1q,..., Xx. In this context, the exterior powers
A'S, N Q arise as certain Wilson line operators considered in the physics literature

[JM20], [TMNT20, JMT19| [UY20]. The Coulomb branch (or vacuum) equations for
W are

15174
= <1< k.
(4) eXp(@lnXl) 1, 1<i<k

It is convenient to work with the ‘shifted Wilson line operators’, or, equivalently,
with the (dual) K-theoretic Chern roots

(5) zi=1-X;, (1<i<k); (=1-T; (1<j<n).

The Coulomb branch equations show that z; are the roots of a ‘characteristic poly-
nomial’:

n—1
(6) [(&2,6,9) = &+ D (1) gni(2,¢,9),
i=0

where the polynomials §;(z, ¢, ¢), defined in below, are symmetric both in z;’s

and ¢;’s. Our main result in this paper is that the relations from
generate the ideal of relations of QK,(Gr(k;n)), and, furthermore, that the Vieta

relations satisfied by the roots of the polynomial @ are algebraically equivalent to
those from[Theorem 1.1} see(Theorem 10.2{below. Specifically, denote by 2; = 1—X;
the K-theoretic Chern roots of the dual of Q.

Theorem 1.2. The following two rings give presentations by generators and rela-
tions of QK (Gr(k;n)):
(a) (Coulomb branch presentation) The ring @T(Gr(k;n)) given by
Kr(pt)[[glller(2), -+ sen(2)sen(2), -+ veni(B)] /(D eil2)e(2)=e(2, ¢, ) r1<esn.
itj=¢
Here 2 = (21,..., 2n—k) and the polynomials §¢(z,C, q) are defined in .
(b) (QK-theoretic Whitney presentation) The ring QK (Gr(k;n)) given by
Kr(pt)[[gll[en(2), -+ sen(2)e1(2), - en k(D] /(D eil2)e(2)=ae(2, ¢, @) 1<o<n,
itj=¢
and where the polynomials gy are defined in .

In each situation, e;(z) is sent to Z;zo(—l)p (?:5) APS, for1 <i<k.

The relations giving QK (Gr(k; n)) are obtained from those in by
the change of variables and X; =1 — 3.

The two presentations satisfy some remarkable algebraic properties. In both
situations, the polynomials g, and gy do not depend on ¢ if 1 < ¢ < n — k; in other
words, the first n — k relations are ‘classical’. Furthermore, we may use the first
n — k relations to eliminate the variables Z;, Z; for 1 < j < n — k. We prove that in

QK1 (Gr(k;n)),
(—Dfes(2) = G(2,0) = > _ (=1 Gi(2)e;(0),

i+j=¢

where G,(z) is the Grothendieck polynomial; see [Proposition 11.6] Note that the
elimination of variables process led us to define G)(z,(), which is an equivariant
deformation of Gy(z). This is different from another equivariant deformation of
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G,(z), the factorial Grothendieck polynomial defined by McNamara [McNOG], and
which represents equivariant Schubert classes. (The latter are not symmetric in
(’s.) In analogy to the presentation of Hj.(Gr(k;n)), the Cauchy formulae calcu-
lating >, ,_, Gi(2,()e;(¢) allow us to formulate the relations in QI\{T(Gr(k:;n))
as expressions involving G7,_, . (2,(),...,G7,(2,(); see below. We
have not seen a presentation formulated naturally in terms of these polynomials,
even in the ordinary non-quantum ring K (Gr(k;n)).

A similar description holds for the QK-Whitney presentation QIV{T(Gr(k;n)),
with the caveat that the Grothendieck polynomials G,(z), G}(z,() are replaced
by the complete homogeneous symmetric polynomials h;(z) and their equivariant
versions hj(z,¢) = Zi+j:€(—1)jhi(z)€j(<). Geometrically, the polynomials hj(z, ()
represent (equivariant) K-theoretic Chern classes of the tautological quotient bundle
Q. Analyzing the precise algebraic relationship between G’(z,() and h’(z, () lies
at the foundation of proving the isomorphism between the two presentations in
this is done in §T1}

One advantage of working with K-theoretic Chern roots is that the leading terms
of these presentations give presentations of the equivariant quantum cohomology
ring QH7.(Gr(k; n)); both specialize to Witten’s presentation . In physics termi-
nology, one recovers the 2d limit of the theory. This is illustrated in §12]

As expected from physics [NS09], the Coulomb branch equations (4} coincide
with the Bethe Ansatz equations considered by Gorbounov and Korff [GK17]. In
their paper, Gorbounov and Korff utilized integrable systems and equivariant lo-
calization techniques to obtain another presentation of the equivariant quantum K
ring QK (Gr(k;n)), different from those in In order to identify the
geometric ring QK (Gr(k;n)) with that given from integrable systems, they require
the equivariant quantum K Chevalley formula (a formula to multiply by a Schubert
divisor). As proved in [BCMP18a], this formula determines the ring structure.

Aside from a finite generation statement of the ‘classical’ Coulomb branch pre-
sentation (i.e., modulo ¢), used in the proof of our proofs are logi-
cally independent from results in [GK17]. We calculate the product A, (S)* A, (Q)
from directly, based on the ‘quantum=classical’ statement by Buch
and one of the authors [BM11], applied to the Schur bundles. This requires the
calculation of certain push-forwards of the K-theory classes of the exterior powers
A'S, AJQ. For this, we rely on sheaf cohomology vanishing statements obtained by
Kapranov [Kap84]. We obtain rather explicit calculations of KGW invariants and
quantum K products involving Schur bundles, which may be interesting in their
own right. To illustrate, we prove the following quantum deformation of the classi-
cal equality A'S - det(Q) = AF71S* - det(C") € K (Gr(k;n)) (cf. see
also [Corollary 6.4)).

Theorem 1.3. The following holds in QK (Gr(k;n)):
(Ay(S) = 1) xdet(Q) = (1 = ¢)((Ay(S) — 1) - det(Q)).
FEquivalently, for any i > 0,

N(S) * det(Q) = (1 — q) AF7T (S*) - det(CT™).



QK THEORY VIA SCHUR BUNDLES 5

Of course, the QK Whitney, the Coulomb branch, and the presentation from
[GK17] are isomorphic. In we provide a direct isomorphism from the non-
equivariant Coulomb branch presentation (jl\((Gr(k:; n)) to the one from [GK17].
The final step in proving is to show that there are no other relations
in the quantum K ring beyond those stated in In the quantum co-
homology case, a result going back to Siebert and Tian [ST97] (see also [FP97))
states that if one has a set of quantum relations such that the ¢ = 0 specialization
gives the ideal of the ‘classical’ relations, then these generate the ideal of quan-
tum relations. The proof utilizes the graded Nakayama lemma. The quantum K
theory ring is not graded. Still, a similar statement holds, utilizing the ordinary
Nakayama lemma for the quantum K ring regarded as a module over the power
series ring QK (pt) := Kr(pt)[[¢]], together with a finite generation statement for
completed rings; cf. [Eis95, Ex. 7.4, p. 203] or Such arguments are

useful in studying presentations of more general quantum K rings, therefore we

took the opportunity to gather in the relevant results about comple-
tions and filtered modules. A second appendix contains a worked out example for
QK7 (Gr(2;5)).

We mention that our initial paper [GMSZ22] also gives physics inspired pre-
dictions for the quantum K theory of the Lagrangian Grassmannian LG(n;2n); a
mathematical followup analyzing this situation will be considered elsewhere.
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2. PRELIMINARIES ON EQUIVARIANT K THEORY

In this section we recall some basic facts about the equivariant K-theory of a
variety with a group action. For an introduction to equivariant K theory, and more
details, see [CG09).

Let X be a smooth projective variety with an action of a linear algebraic group
G. The equivariant K theory ring K (X) is the Grothendieck ring generated by
symbols [E], where E — X is an G-equivariant vector bundle, modulo the relations
[E] = [E1] + [E2] for any short exact sequence 0 — Ey — E — E; — 0 of
equivariant vector bundles. The additive ring structure is given by direct sum,
and the multiplication is given by tensor products of vector bundles. Since X is
smooth, any G-linearized coherent sheaf has a finite resolution by (equivariant)

1n an upcoming paper, it will be shown that a certain ‘functional relation’, which determines
the relations from [GK17], is equivalent to the quantum K Whitney relations .
2The program is available at https://sites.math.rutgers.edu/~asbuch/equivcalc/
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vector bundles, and the ring K¢ (X) coincides with the Grothendieck group of G-
linearized coherent sheaves on X. In particular, any G-linearized coherent sheaf F
on X determines a class [F] € Kg(X). An important special case is if @ C X is a
G-stable subscheme; then its structure sheaf determines a class [Oq] € Kg(X).
The ring K (X) is an algebra over Kg(pt) = Rep(G), the representation ring
of G. If G = T is a complex torus, then this is the Laurent polynomial ring
Kr(pt) = Z[TEY, ... TEY where T; := e* are characters corresponding to a basis

of the Lie algebra of T'.
The (Hirzebruch) A, class is defined by

A(E) =1+ y[E] + *IN2E] + ... + y°[A°E] € Ka(X)[y].

This class was introduced by Hirzebruch [Hir95] in order to help with the formalism
of the Grothendieck-Riemann-Roch theorem. It may be thought as the K theoretic
analogue of the (cohomological) Chern polynomial

cy(BE)=14ca(E)y+...+c(BE)y°

of the bundle E. The A, class is multiplicative with respect to short exact sequences,
ie. if

0 Ey B, Es 0
is such a sequence of vector bundles then
Ay(E2) = Ay(E1) - Ay (E3);

cf. [Hir99]. A particular case of this construction is when V is a (complex) vector
space with an action of a complex torus T, and with weight decomposition V' =
®;V,.,, where each p; is a weight in the dual of the Lie algebra of T'. The character
of V' is the element chp (V) := ", dim V), e*¢, regarded in K (pt). The A, class of
V is the element Ay (V) = 3,5, y'ch(A'V) € Kp(pt)[y]. From the multiplicativity
property of the A, class it follows that

Ay(V) =TT+ yereytim Vi
i
see [Hir95].
Since X is proper, the push-forward to a point equals the Euler characteristic,
or, equivalently, the virtual representation,

X(X,]—'):/X[]-‘] = Z(—l)ichTHi(X,]-')‘

For E, F' equivariant vector bundles, this gives a pairing

(=) Ka(X) ©Ka(X) = Ka(pt);  ([E][F]) 1:/XE®F:X(X7E®F)-

3. EQUIVARIANT K THEORY OF FLAG MANIFOLDS

In this paper we will utilize the torus equivariant K-theory of the partial flag
manifolds Fl(iy, 2, ..., ix;n), which parametrize partial flags F;, C ... C F;, C C",
where dim F; = 7, to study the equivariant quantum K theory ring of Grassmann
manifolds Gr(k;n). The goal of this section is to review some of the basic features
of the equivariant K rings of the partial flag manifolds. Of special importance is
the calculations of K theoretic push forwards of Schur bundles, which will play a
key role later in the paper.
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3.1. Basic definitions. The flag manifold Fl(i1, i2, ... ,ix;n) is an algebraic vari-
ety homogeneous under the action of GL,, := GL,(C). Let T C GL,, be the sub-
group of diagonal matrices acting coordinate-wise on C". Denote by T; € Kp(pt)
the weights of this action.

Set W to be the symmetric group in n letters, and let W;, ;< W be the
subgroup generated by simple reflections s; = (4,4 + 1) where i ¢ {i1,...,9p}.
Denote by ¢ : W — N the length function, and by Wi the set of minimal
length representatives of W/ Wiy, iy This consists of permutations w € W which

have descents at positions i1, ..., %, i.e., w(ix+1) < ... < w(igg1), for k=0,...,p,
with the convention that iy = 1,7,41 = n.
The torus fixed points e,, € Fl(i1,1ia,...,ix;n) are indexed by the permutations

w € Whrir For each such point, the Schubert cell X2 C Fl(iy,iz,...,i5;n)
is the orbit B~ .e, of the Borel subgroup of lower triangular matrices, and the
Schubert variety is the closure X,, = X%:°. Our convention ensures that X, has

codimension ¢(w). The Schubert varieties X* determine classes O,, := [Ox,] in
Kp(X). Similarly, the S-fixed points give classes denoted by iy, := [Oe,]. The
equivariant K-theory Kp(F1(iy,...,ip;n)) is a free module over K¢ (pt) with a basis

given by Schubert classes {Oy},cpyin.ip. For the Grassmannian Gr(k;n), the
Schubert varieties are indexed by partitions A = (Aq,..., ) included in the k x
(n—k) rectangle, i.e., n—k > Ay > ... > A\ > 0. For Grassmanians, we denote the
Schubert variety by X; this has codimension |A\| = A1 +...4+Ag. The corresponding
class in Kr(Gr(k;n)) is denoted O, := [Ox, .

Let i = (1 < i3 < ... < i, < n) and j obtained from i by removing some
of the indices is. Denote by F1(i) and FI(j) the respective flag manifolds and by
mij : F1(i) — F1(j) the natural projection. We will need the following well known
fact:

Lemma 3.1. Let w € W'. Then for any Schubert varieties X,, € FI(i) and
X, € F1(j)

(wiyj)*(’)w =0 € KT(FI(_])), and 7Ti*,jOU =0, € KT(FI(I))
where w' € W3 is the minimal length representative for w € W/Wj.

Proof. The first equality follows from [BK05, Thm. 3.3.4(a)] and the second because
mi,j is a flat morphism. (I

3.2. Push-forward formulae of Schur bundles. Next we recall some results
about cohomology of Schur bundles on Grassmannians. Our main reference is
Kapranov’s paper [Kap84]. A reference for basic definitions of Schur bundles is
Weyman’s book [Wey03].

Recall that if X is a T-variety, 7 : E — X is any T-equivariant vector bundle of
rank e, and A = (\1,..., ;) is a partition with at most e parts, the Schur bundle
G (FE) is a T-equivariant vector bundle over X. It has the property that if z € X
is a T-fixed point, the fibre (& (FE)), is the T-module with character the Schur
function sy. For example, if A = (1¥), then &1x)(E) = AFE, and if A = (k) then
&) (E) = Sym*(E).

In this paper X = Gr(k;C") with the T-action restricted from GL,(C). To
emphasize the T' = (C*)™-module structure on C", we will occasionally denote by
V := C" and by Gr(k; V) the corresponding Grassmannian. Further, V' will also be
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identified with the trivial, but not equivariantly trivial, vector bundle Gr(k; V) x V.
The following was proved in [Kap84].

Proposition 3.2 (Kapranov). Consider the Grassmannian Gr(k; V') with the tau-
tological sequence 0 - S — V — Q — 0. For any nonempty partition A = (A >
Ao > ... > A > 0) such that Ay < n — k, there are the following isomorphisms of
T-modules:

(a) For all i >0, H (Gr(k; V), 8,(S)) = 0.

(b)

H'(Gr(k; V), 62(SM))

GA(V*) =
0 1> 0.

(c)
G\(V) i=0

HY(Gr(k; V), 6,(Q)) = {0 i>0.

Proof. Parts (a) and (b) were proved in [Kap84, Prop. 2.2], as a consequence of the
Borel-Weil-Bott theorem on the complete flag manifold. For part (c), observe that
there is a T-equivariant isomorphism Gr(k; V) ~ Gr(dimV — k; V*) under which
the T-equivariant bundle Q is sent to $*. Then part (c) follows from (b). O

We also need a relative version of Consider an T-variety X
equipped with an T-equivariant vector bundle V of rank n. Denote by 7 : G(k,V) —

X the Grassmann bundle over X. It is equipped with a tautological sequence
0 —>S8S — 7V — Q — 0 over G(k,V). The following corollary follows from
using that 7 is a T-equivariant locally trivial fibration:

Corollary 3.3. For any nonempty partition A = (A; > A2 > ... > X\ > 0) such
that A1 < n — k, there are the following isomorphisms of T-modules:

(a) For all i > 0, the higher direct images, R'm,&(S) = 0.

(b)

FMGMyD:{f“w):>8
(c)

4. QUANTUM K THEORY AND ‘QUANTUM=CLASSICAL’

4.1. Definitions and notation. The quantum K ring was defined by Givental and
Lee [Giv00, Lee04]. We recall the definition below, following [Giv00]. The quantum
K metric is a deformation of the usual K-theory pairing; we recall the definition
of this metric for X = Gr(k;n). Fix any basis (ay) of Kr(Gr(k;n)) over Kr(pt),
where \ varies over partitions in the k x (n — k) rectangle. The (small) quantum
K metric is defined by

(7) (CL)\, a,u,)sm = qu<GA7a#>d € KT(pt)Hq]],
d>0

extended by Kr(pt)[[g]]-linearity. The elements (ax,a,)q € Kr(pt) denote 2-point
(genus 0, equivariant) K-theoretic Gromov-Witten (KGW) invariants if d > 0; if



QK THEORY VIA SCHUR BUNDLES 9

d = 0 then (ax,au)o = (ax,a,) are given by the ordinary K-theory pairing. The
(n-point, genus 0) KGW invariants (ai,...,a,)q € Kp(pt) are defined by pulling
back via the evaluation maps, then integrating, over the Kontsevich moduli space
of stable maps Mo ,,(Gr(k;n),d). Instead of recalling the precise definition of the
KGW invariants, in below we give a ‘quantum=classical’ statement
calculating 2 and 3-point KGW invariants of Grassmannians. Explicit combinato-
rial formulae for the 2-point KGW invariants for any homogeneous space may be
found in [BM15, [BCLM20].

Example 4.1. Consider the projective plane P?, and for simplicity work non-
equivariantly. Consider the Schubert basis Oy = [Opz], O1 = [Oline), O2 = [Opt].
The classical K-theory pairing gives the matrix

1 1 1
(0,00 =11 1 0
1 0 0
For any i,j >0 and d > 0, (0;,0;)q = 1. Then the quantum K metric is given by
(05, 0))sm = (05,05) + a+ ¢ + ... = (0;,0;) + %q

Theorem 4.2 (Givental [Giv0(]). Consider the Kr[pt]([q]]-module

QK7 (Gr(k;n)) == K (Gr(k; n)) @ Kz (pt)[q]]-
Define the (small) equivariant quantum K product x on QK (Gr(k;n)) by the equal-
ity
(8) (axb,c)s Zq a,b,c)q

d>0

for any a,b,c € Kp(Gr(k;n)). Then (QKp(Gr(k;n)),+,%) is a commutative, as-
sociative Kr(pt)[[q]]-algebra. Furthermore, the small quantum K metric gives it a
structure of a Frobenius algebra, i.e. (a*b,¢)sm = (@, 0% C)sm.

Remark 4.3. It was proved in [BCMPI3| that the submodule Kr(Gr(k;n)) ®
Kr(pt)[g] is stable under the QK product x. This means that the product of two
Schubert classes in QK (Gr(k;n)) has structure constants which are polynomials in
q. Similar statements hold for any flag manifold [ACT22| Kat18]. However, work-
ing over the ring of formal power series in q is needed for proving module finite

generation of the claimed presentations. It is also natural if one studies quantiza-
tions of dual bundles, such as those from[Theorem 6.1] below.

We record the following immediate consequence.

Corollary 4.4. Let a,b,c € Kp(Gr(k;n))[[g]]. Then axb = c if and only if for any

k € Kr(Gr(k;n)),
Z qd<a’ b, H>d = Z qd<cv "€>d

d>0 d>0

4.2. Quantum=classical. The goal of this section is to recall the ‘quantum =
classical’ statement, which relates the (3-point, genus 0) equivariant KGW invari-
ants on Grassmannians to a ‘classical’ calculation in the equivariant K-theory of
a two-step flag manifold. This statement was proved in [BM11], and it general-
ized results of Buch, Kresch and Tamvakis [BKTO03| from quantum cohomology.
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The proofs rely on the ‘kernel-span’ technique introduced by Buch [Buc03]. A Lie-
theoretic approach, for large degrees d, and for the larger family of cominuscule
Grassmannians, was obtained in [CPII]; see also [BCMP18b|] for an alternative
way to ‘quantum=classical’ utilizing projected Richardson varieties.

We recall next the ‘quantum = classical’ result, proved in [BM11], and which
will be used later in this paper. To start, form the following incidence diagram:

Zg=Flk —d.k,k+d;in) —— Fl(k—d,k;n) —— X := Gr(k;n)

(9) p2l Ql
Yy:=Fl(k—d,k+d;n) —2— Gr(k—d;n)

Here all maps are the natural projections. Denote by p; : Fl(k — d, k, k + d;n) —
Gr(k;n) the composition py := pop]. If d > k then we set Yy := Fl(k +d;n) and if
k+d > n then we set Yy := Gr(k — d;n). In particular, if d > min{k, n — k}, then
Y, is a single point.
Theorem 4.5. Let a,b,c € Kr(Gr(k;n)) and d > 0 a degree.

(a) The following equality holds in Kr(pt):

(a,b,¢)a = /Y (p2)«(P1(a)) - (p2)+(P1(D)) - (p2)«(PI(c))-
(b) Assume that (p2).«(pi(a)) = pr*(a’) for some a’ € Kr(Gr(k — d;n). Then
@beu=[ @0 @07 (0).
Gr(k—d;n)

Observe that part (b) follows from (a) and the fact that the left diagram is a
fibre square; for details see [BM11]. We will often use the tautological sequence on
Gr(k;n):

0-S—-C"—=-Q:=C"/S—0.
To lighten notation, we will denote by the same letters the bundles on various flag
manifolds from the diagram @, but we will indicate in the subscript the rank
of the bundle in question. To illustrate in a situation used below, observe that
Fl(k —d, k;n) equals to the Grassmann bundle G(d, C"/S_4) — Gr(k —d;n), with
tautological sequence

0— Sk/Sk_d — Cn/Sk—d — (Cn/Sk = p*((C"/Sk) — 05

all these are bundles on Fl(k — d, k;n), with Sk is pulled back from Gr(k;n), and
Sk—a is pulled back from Gr(k — d;n).

5. COHOMOLOGICAL CALCULATIONS FROM ‘QUANTUM = CLASSICAL’ DIAGRAMS

In this section we calculate some push-forwards of tautological bundles, which
will be utilized in the proof of our main result. For a vector bundle E of rank e,
we denote by A(E)>s, respectively A(E)<, and so on, the truncations y*[A*E] +
...+ y¢[A°E], respectively 1+ y[E] + ...+ [A°E] etc. We use the notation from the
diagram @

Proposition 5.1. Let d > 1. Then the following hold:
(a) For any j >0, (p2)«p;(NS) = NNSk_q in Kr(Ya). In particular,

(10) (pz)*(ﬁ)\y(s)) = )‘y(sk—d)~
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(b) The following holds in Kr(Yy):

(11) (P2)P1(Ay(Q)) = Ay (C"/Skta) - Ay(Skta/Sk—a)<a-
(¢) The following holds in Kr(Yy):
(12) (P2)«01(Ay(87)) = Ay(Sk-a) - Ay ((Skta/Sk—a)")<a-

Proof. Consider the exact sequence on Fl(k — d, k, k + d) given by

0— Sk—d — Sk :p’{S — Sk/Sk_d — 0.
It follows that Ay (Sk) = A\y(Sk—d) - A\y(Sk/Sk—a). By the projection formula,
(13) (02)+(Ay(Sk)) = Ay(Sk—a) - (p2)+(Ay (Sk/Sk-a))-
Observe now that ps : FI(k — d, k,k + d;n) — Fl(k — d,k + d;n) may be iden-
tified with the Grassmann bundle G(d, Sk+4/Sk—d), with tautological subbundle
Sk /Sk—a. Then part (a) follows from the projection formula and [Corollary 3.3

which shows that
(p2)«(Ay(Sk/Sk-a)) = [OFI1(k—d,k+d;m)]-
For (b), consider the short exact sequence on Fl(k — d, k, k + d;n),
0— Sk+d/8k — (Cn/Sk = pikQ — Cn/8k+d — 0.
Then Ay (p} Q) = Ay (Sk+d/Sk) - (p2)* Ay (C"/Skta), and by the projection formula
(P2)«(Ay (P1Q)) = (P2)+(Ay(Skta/Sk)) - Ay(C"/Skra)-
The claim follows again by |Corollary 3.3 using that Sgyq/Sk is the tautological
quotient bundle of the Grassmann bundle G(d, Skta/Sk—a), thus
Ty (Skra/Sk) = 1+ Y[Skra/Sk—a] + - - + y* N [Sksa/Sk-a).

Part (c) follows similarly to (b), utilizing the exact sequence 0 — (Sk/Sk—a)* —
Sp =pi(S*) = S;_; — 0 and |Corollary 3.3 O

We need the analogues of some of the previous equations in the equivariant K
theory of Gr(k — d;n).
Corollary 5.2. (a) The following equations hold in Kp(Gr(k — d;n)):

(a) q«(p"2y(S)) = Ay(Sk-a).

(b) @p* (Ay(8™)) = Ay(Si_a) - Ay ((C"/Sk—a)")<a-

(¢) p"(My(Q)) = Ay(C"/Sk—a) <n—-
Proof. Parts (a) and (b) follow similarly to (a). For (a), we utilize

the short exact sequence 0 — Sg_q — Sk = p;iS — Sk/Sk—a — 0 on Fl(k —
d, k;n), and that the projection ¢ : Fl(k — d, k;n) — Gr(k — d;n) is identified to
the Grassmann bundle G(d; C"/Si_q4) — Gr(k — d;n) with tautological subbundle
Sk/Sk—a. For (b) one takes the dual of this sequence. Then by

4 (Ay(Sk/Sk-a)) = [Ocr(k—am)] and g« (Ay((Sk/Sk-a)")) = Ay ((C"/Sk-a)") <a-
Then (a) and (b) follow from this and the projection formula.

For part (c), observe that F1(k—d, k;n) — Gr(k—d;n) is the Grassmann bundle
G(d,C"/Sk—_q) with tautological quotient bundle C"/S; = p*Q. Then the claim

follows again by O
Observe that pr* (A, (Sk—a)) = A\y(Sk—a) in Ko (Yy). Utilizing this, and combin-
ing [Proposition 5.1} |Corollary 5.2f and part (b) from [Theorem 4.5 we obtain the

following useful corollary:
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Corollary 5.3. Fiz arbitrary b,c € Kr(Gr(k;n)) and any degree d > 0. Then the
equivariant KGW invariant (A\,(S),b, c)q satisfies:

(Ay(8), b, ¢)a = / Ay(Sk—a) - @™ (b) - qup™(c)-

Gr(k—d;n)

In particular, the 2-point KGW invariant (b, c)q satisfies:
o= [ ' ®) 0o,
Gr(k—d;n)

6. QUANTUM DUALS
The main goal of this section is to prove the next identity.
Theorem 6.1. The following holds in QK (Gr(k;n)):
(Ay(S) = D) xdet(Q) = (1 = ¢)((Ay(S) — 1) - det(Q)).
Equivalently, for any i > 0,
AY(S) *det(Q) = (1 — ¢) AF71(S*) - det(C™).

An equivalent formulation of this identity is in terms of (equivariant) KGW
invariants: for any degree d > 0 and any a € K¢ (Gr(k;n)),

(14) (Ay(8)—1,det(Q),a)a = ((Ay(5)—1)-det(Q), a)a—((Ay(S)—1)-det(Q), a)a—1.
By [Corollary 5.3| and |[Corollary 5.2 the left hand side may be calculated as:

(15) </\y(3)—17det(9)’a>d=/e(k ] )(/\y(sk—d)—1)-A"_k(<c"/5k—d)'q*p*(a)~

The next lemma calculates the push-forwards relevant for the right hand side.

Lemma 6.2. The following equality holds in Kp(Gr(k — d;n)):
n—Fk

Y (pT(Ay (Sk) - det(Q))) = Ay(Sk—a) - Ay(C"/Sk—a) >n—k-
Proof. To start, observe that for any (equivariant) vector bundle E,
NE®det(E*) = A= g and y™M BN 1 (EF) = Ay (E) - det(E”).
Utilizing this and that det(C"/S;) = det S} ® det C" , we obtain that
n—k

Y g (p"(Ay (Sk) - det(C™/Sk)))
= 4" Fq.(p* (N (Sk) - det Sj - det C"))
=" "y q. (A1 (S)) - det C))
=" (Ay=1(Sk—q) - Ay=1 (Sk/Sk—a)") - det C"
=y " A1 (Sk—a) - 4 (Ay-1(Sk/Sp-a)") - det C™.
By [Corollary 3.3} g.(Ay((Sk/Sk—a)*)) = Ay((C"/Sk—a)*)<a, therefore
YNy 1 (Sk/Sk-a)") =y (L +y " (C"/Sk—a)" + ... + 4y~ AT (C"/Sk—a)")
= det(C"/Sk_a)* - (y* A" (C"/Sk—_4)
+ydm L AREHEL (O S ) 4+ AR (CS—a)
=y~ ") det(C" /Sk—a)” - Ay (C"/Sk—a) >n—k-
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Combining the last two equalities above we obtain:
n—k

Y" g (P (Ay (Sk) - det(C"/S))

=" A1 (Sk—a) - 4= (Ay=1(Sk/Sk-a)") - det C*

=" N1 (Sia) -y~ TP det(C/Sk—a)” - Ay (C/Sk—a) nk - det C”
=y (Sia) - det(Sk—a) - Ay(C"/Sk—a)>n—+

= Ay(Sk—a) - Ay (C"/Sk—d)>nk-

The last expression is the one from the claim. O

Consider the following projection maps:

(k—d,k—d+1,k;n) 4>Gr(k;n)

(16) % \

Gr(k —d+ 1;n) r(k —d;n)
We are now ready to prove

Proof of[Theorem 6.1 A standard diagram chase and the equalities from

ftion (15)| and [Lemma 6.2] imply that in order to prove it suffices to
show that in Kr(Fl(k —d, k —d + 1,k;n),

YN (AN (Sk—g) — 1) - AVTH(C? /S—a))
=pi d( y(Sk—a) * Ay(C" [Sk—d)>n—k — Ay(Sk—d+1) - /\y(C"/Sk_dH)zn—k)

— g (VEC Sima) = NTEC Sian) )
After expanding and canceling the like terms, this amounts to showing that
(17)
PE Ny (Sk—a) - Ay(C"/Sk—a)>n—) = PE ™ Ny (Sk—at1) - Ay (C"/Sk—as1)>n—1)
—y" (AT Sk ain))-

Since this identity will be used again in the proof of relations in the quantum K ring,
we will prove it in the lemma below, thus finishing the proof of O

Lemma 6.3. [Equation (17)| holds.

Proof. Consider the projection p’ : Fl(k—d,k—d+1, k;n) — Fl(k—d+1, k;n); this
is the Grassmann bundle G(k — d; Sy—_gq+1) over Fl1(k —d +1, k;n) with tautological
subbundle Sy, and quotient bundle £ := Sk_44+1/Sk—4. In order to show the equality
it suffices to replace p*=< by p/, i.e.,

as) Py (Sk—a) - My (C"[Sk—d)>n—k) = P;(i\C ESk—d-&-l) : )‘y((cn/sk—d+1)2n—k).
— "L (AR (C /S an))-
To calculate the left hand side, consider the short exact sequences
0—=Sk—qg— Sp—dr1 > L—=0; 0>L—>C"/S—q—C"/Sk_4+1 — 0.
From this it follows that A\, (C"/Sk—q) = (1 + yL)Ay(C"/Sk_a+1), thus

Ay (C™[Sk—a)sn—k = Ay(C" [Sk—as1)sn—k + YL - Ay (C"/Sk—dt1) >n—k-
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Observe that p’,(\,(Sk—q4)) = 1, by [Corollary 3.3] Using this and the projection
formula, we calculate the left hand side of [Equation (18)

Pi(Ay(Sk-d) - Ay(C" /Sk—d)>n—k)

= P(Ay(Sk—a) - Ay (C"/Sk—d41)>n—k)

+ Py (Sk-a) - (Ay (L) = 1) - Ay (C"/Sk—d+1)2n—k)

= Ay(C"/Sk—a+1)>n—) + Pe((Ay(Sk—at1) = Ay(Sk—a)) - Ay(C"/Sk—a+1)2n—k)

=Xy (C"[Sk—at1)>n—k) + (Ay(Sk—at1) = 1) - Ay(C"/Sp—da41) >n—k

= Ay(Sk—a+1) - Ay (C"/Sk—ar1)zn—k =y~ F A" 7F(C"/Sy—a11)-
The last expression is the right hand side of again by projection

formula. 0

Corollary 6.4. Leti > 0. The following equalities hold QK (Gr(k;n)):
(a) N'Q* xdet S* = (1 — q) A" F7% Q- det(C")*;
(b) N'S x det S* = (1 — q) AF—1 S*;
(c) N""F71Q x det S = ATQ* - det(C");
(d) A"F1Q x det @ = ATQ*.

Proof. All are consequences of [Theorem 6.1, Part (a) applies this theorem to the

dual Grassmannian Gr(n—#k, (C™)*); we utilize that there is a T-equivariant isomor-
phism Gr(k; C") ~ Gr(n—k, (C™)*) under which the T-equivariant bundle Q is sent
to §*. Part (b) follows because as elements of K7 (Gr(k;n)), det @ = det S*-det C”,
then A'S x det S* = (det C™)* A* S xdet @ = (1 — q) AF~# S*. Part (c) follows by
multiplying (a) by det S, then using (b), and (d) follows from (c). O

7. RELATIONS IN QUANTUM K THEORY

Recall the tautological sequence 0 - S — C* — Q — 0 on X = Gr(k;n). The
goal of this section is to prove the following theorem.

Theorem 7.1. The following equalities hold in QKp(X):

M (8) % Ay (Q) = A(C") = gy (A, () = 1) @ det Q)
=, (C") — %qyﬂf’c(xy(a ~1)xdet Q

(19)

The second equality follows from therefore we focus on the first.
Our strategy is to utilize again the ‘quantum=classical’ identity in order to show

that for any a € Ky (Gr(k;n)), and for any d > 0,
(20)  (Ay(S), Ay (Q)sa)a = Ay (C™)(L,a)a — 4" (A (S) = 1) @ det(Q), a)a-1.
By this will imply the desired identities. The KGW invariant from

the left hand side may be calculated using the following lemma.

Lemma 7.2. The following equality holds in Kr(Gr(k — d;n)):

40" (Ay(S)) - 40" (Ay(Q)) = Ay(C") = Ay(Sk—a) - Ay (C"/Sk—a)>n—1-
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Proof. This follows from |Corollary 5.2] working in the Grassmannian Gr(k — d;n)
with tautological sequence 0 — Sg_q — C* — C"/S_q — O:

2:P"(Ay(S)) - 4=p" (Ay(Q)) = Ay(Sk—a) - Ay(C" /Sk—d) <n—k
= )‘y(sk*d) ' ()‘y(Cn/Skfd) - )\y((cn/skfd)>nfk)
= Ay (C") = Ay(Sk-a) - Ay(C"/Sk—d) >n—k-

We are now ready to prove [[heorem 7.1

Proof of [Theorem 7.1 We need to verify [Equation (20)] and for that, we utilize the
‘quantum= classical’ statement in [I'heorem 4.5 From [Lemma 7.2 the left hand

side of equals:
Lo ) =M Sd) M S 00 (@)
Gr(k—d;n)

From the right hand side equals:

/ Ay(C") - gxp™(a)—

Gr(k—d;n)

/ (Ay(Sk—ds1) - Ay(C"/Sk—as1) sn—i +y" " A" F (C"/Sk—at1)) - D" (a).
Gr(k—d+1;n)

Here p: Fl(k —d+1,k;n) — Gr(k;n) and ¢ : Fl(k —d+1,k;n) — Gr(k—d+1;n)

are the natural projections. After cancelling the like terms, this amounts to proving
the equality

/ (My(Sta) - My(C/Sk—a) o) - 020" (a) =
Gr(k—d;n)

/ (Ay(Sk—ds1) - Ay(C"/Sk—as1)sn—r — " " A" ¥ (C"/Sk—at1)) - a:p"(a).
Gr(k—d+1;n)

Recall the projection p*~¢ : Fl(k —d,k —d+ 1, k;n) — Gr(k;n). As in the proof of

by diagram chasing and projection formula, one shows the previous
equality by demonstrating the following:

PE N (Sk—a) - Ay (C"/Sk—a)>n—r)
=P Ny (Skeat1) - Ay (C"/Sk—ar1)sn—t — Y F A"TF(C"/Sk—a41)).
This is [Equation (I7)} proved in O

8. THE QK WHITNEY PRESENTATION

In this section we prove that the relations found in give a presenta-
tion of the algebra QK (Gr(k;n)). The proof strategy is similar to that employed
in [STOT, from quantum cohomology: one first proves that in the classical
limit these generate the full ideal of relations, then one uses Nakayama-type argu-
ments to upgrade to the quantum situation. Unlike the quantum cohomology ring,
the quantum K theory is not a graded ring. One may still use the usual Nakayama
lemma for modules over completed rings to prove that the same phenomenon holds.
The necessary statements are collected in the Appendix [A] below.

As usual, we consider the Grassmannian Gr(k;n) equipped with the tauto-
logical sequence 0 — & — C* — Q — 0. Let X = (X;,...,X;) and X =
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(Xl, e ,X,L_k) denote formal V%riables The elementary symmetric polynomials
ei(X) = ei(X1,...,X) and e;(X) = e;(X1,..., X, ) are algebraically indepen-
dent. Geometrically, in Ky (Gr(k;n)),

k

A(S) =TI +uXi); Ay H 1+yX;).
i=1 7j=1
Define by I ¢ Kr(pt)[er(X),...,ern(X),e1(X),...,enx(X)] the ideal deter-
mined by the Whitney relations in Ky (Gr(k;n)), i.e., I is generated by the coeffi-
cients of the powers of y in

k n—k n
(21) H(1+yXi) H(1+y5(¢) = H(1+yﬂ)-

A non-equivariant variant of the following proposition appears in [Las90, §7].
Proposition 8.1. There is an isomorphism of Kr(pt)-algebras

U Kr(pt)er(X),...,ex(X),e1(X), ..., enr(X)]/T — Kgp(Cr(k;n)),
sending e;(X) = N'S and e;(X) — N Q.

Proof. Denote the ring on the left by A. Since A\, (S) - Ay(Q) = A, (C"), the homo-
morphism ¥ : A — K7 (Gr(k;n)) is well defined. Consider the polynomial ring

A =7, ..., T[er(X),. .., ex(X),e1(X), ..., en (X))

Note that I is also an ideal in A’. Observe that A’/I is a free Z[I1,...,T,]-
module of rank (Z) (There are several proofs. For instance, (temporarily) identify
Z[Ty,...,T,] to Hx(pt). Then from the Whitney relations ¢ (S) - ¢T'(Q) = ¢T'(C")
in H3(Gr(k;n)), there is an isomorphism of H}.(pt)-algebras A'/T ~ H(Gr(k;n)),
sending e;(X) + ¢ (S) and e;(X) ¢l (Q).) If we regard the Laurent polyno-
mial ring Kr(pt) = Z[TE!, ..., T as a Z[T, ..., T,]-algebra (under the natural
inclusion of polynomials into Laurent polynomials), we obtain that

= (A"/I) @yry...,1,,) Kr(pt)

is a free Kr(pt)-module of rank (Z) We utilize this to show that ¥ induces an
isomorphism between the associated graded rings. To calculate gr(A), we make the
change of variables z; = 1 — X; (1 <i<k), 2 =1-X; (1<j<n—k),and
(s =1—Ts (1 < s <mn). Each of these variables has degree 1. Under this change,
A becomes

Kr(pt)lei(z),...,ex(2);€1(2),. .., en—r(2)] )
<Zi+j:€ 61'(21, ey zk)ej(él, ey gn—k) — eg(Cl, ey Cn)>1§€§n7

see also below (with ¢ = 0). The variables z; = 1 — X; are sent to the K-
theoretic Chern roots of &*, and similarly, Z; to the K-theoretic Chern roots of
Q*. We deduce that the initial term of ¥(e;(2)), and of ¥(e;(Z)), equals to ¢! (5*),
respectively ¢] (Q*) in Hy(Gr(k;n)). Thus, when taking the associated graded
rings, ¥ recovers the usual presentation of the equivariant cohomology ring. This
implies that ¥ is injective.

The surjectivity follows from the theory of factorial Grothendieck polynomials.
More precisely, from [Buc02, Thm. 2.1] or [Oet21l Thm. 1.2], see also [FL94, McNO6,
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INT3|, for each partition A, the equivariant Schubert class O) is a symmetric poly-

nomial in the K-theoretic Chern roots 1 — X3,...,1 — X of § with coefficients

in Ky (pt). By below, this is a Ky (pt)-linear combination of the (images of)

e;(X). Then ¥ is also surjective, and this finishes the proof. O
Recall from that in QK1 (Gr(k;n)),

(22) Ay (8) % Ay (Q) = Ay (C) — Ly F (2, (8) — 1)  det Q.

L—q
Motivated by this, define the ideal

Iy € Kr[pt]([gl]fex(X), ... ex(X), e1(X), ..., en—i(X))]

generated by polynomials obtained by equating the powers of y in the equality:

k n—k
H(l +yX;) x H (1+yX,)
(23) =1 j=1 )
i=1 =1

Theorem 8.2. There is an isomorphism of K [pt)[[q]]-algebras
U Krpt){[gller(X), - en(X), en(X), s en—i(X)] /1y = QKp(Gr(k;n)),
sending e;(X) = N'S and e;(X) — N Q.
Proof. There exists a ring homomorphism
U Kelpt[lgllen(X), - - ex(X), ex(X), ., en—x(X)] = QKp(Gr(k; n)),

sending e;(X) ~— A'S and ¢;(X) = A/Q. Tt follows from [Equation (22)| that
U(I;) = 0, therefore this induces the homomorphism ¥ from the claim. In order
to prove that ¥ is an isomorphism, we will use the Nakayama-type result from

applied to the case when
M = Kr[pt][[gl]ler(X), .-, ex(X),ea(X), .o en—i(X))/ 1

is the claimed presentation, regarded as a module over the (g)-adically complete

ring R = Krp[pt][[¢]], and the free R-module N = QK,(Gr(k;n)).

implies that if one takes the quotient by (q), ¥ becomes an isomorphism. The fact
that M is a finite R-module follows from [Eis95l Ex. 7.4, p. 203] (cf. [Remark A.4]),
applied to the ideal m = (g), and then noting that M is finite over

S = Krpt][[q]][er(X), ..., ex(X),er(X), ..., enr(X)].
Note that R and S are Noetherian rings, e.g. by [AM69, Thm. 10.26], and that {q)
is included in the Jacobson radical of R because 1 — aq is invertible in R, for any
a € KT(pt)H O

3See also |GMST23l §3 and Appendix A] for more details about this argument, and how it
applies to more general partial flag varieties.
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9. PaYSsIcs, WILSON LINES, & JACOBIAN RING PRESENTATIONS

In this section we will outline the approach giving the Jacobian relations
derived from a holomorphic function W called the (twisted) superpotential in the
physics literature. These relations will be utilized in the next section to obtain the
Coulomb branch presentation of QK (Gr(k;n)). See e.g. [JM20, [TM19] [TMNT20,
GMSZ22| [UY20] for references.

Briefly, in the special case that a space can be realized as V//G for V a complex
vector space V and G a reductive algebraic group, the quantum K theory of V//G
arises from a three-dimensional “supersymmetric gauge theory,” which is ultimately
defined by G, a representation p defining the G action on V, and a matrix of real
numbers k (of the same rank as G), whose values we will give momentarily. The
three-dimensional theory lives on a three-manifold, which is taken to be ¥ x St for
a Riemann surface ¥, partly as a result of which the theory can be described as a
two-dimensional theory on X. Correlation functions in the two-dimensional theory
include “Wilson lines” (see e.g. [CK16l section 2])

(24) Tr, P exp ( /S 1 A)

(for p a representation of G, A a connection on a principal G bundle, P a path-
ordering symbol) on S* over a fixed point in ¥, and those Wilson lines correspond
to K theory elements on V//G. More precisely, we will identify them with Schur
functors on certain vector bundles on V//G associated to representations of G
see below. Quantum K theory of spaces described as critical loci of
holomorphic functions on noncompact symplectic quotients can also be described
physically, but in this section we focus on the simpler case of spaces that are them-
selves symplectic quotients of vector spaces. Given V//G, the quantum K theory
relations arise as derivatives of a holomorphic function known as the superpotential

and conventionally denoted W cf. below.

Remark 9.1. At least in some cases physics makes predictions for the quantum
K theory ring of a space realized as the critical locus of a holomorphic function
on V//G (such as a hypersurface, or a complete intersection), but the details are
beyond the scope of this paper. See e.g., [GMSZ22] and references therein.

For simplicity, we specialize to the case that G = GLy for a positive integer k.
Then, define k1, ko € R as follows. Write p as a sum of irreducible representations

Define

1<~ dim P~y

14
- |
(26) ki = ;(Casl(ﬂv)) ; ke =k 2 2 7dimGL(k)Casz(p”)’

N =

where Cas denotes eigenvalues of Casimir operators as in e.g., [[ac06, chapter 7).

Remark 9.2. The choice of k1 and ko from generates the standard quantum
K theory. However, physics considerations suggest there are other choices, conjec-
turally related to the quantum K theory with level structure considered in [RZ18].
See |GPZ21] for further physics discussions.
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Then, the quantum K theory ring relations are given physically as the critical
locus equations of a function W known as the superpotential, which is given as
[CKT6l equn (2.33)], [GMSZ22] equ'n (2.1)]

oo oy — ey [
_ k2 2 1~ R2
wo= 5 > (InX,)* + o (;111)(@)

a=1

2

k
+ (In(-1)¥"q) Z In X,

(27) + 2 [z (0 ) + § (i )2).

where we use In X to denote a vector with components (In X,), where (X,) is a
point in (M ®z C — A)/W = (CF — A)/W for R the root lattice of GLy,

(28) A = J]{Xe =X} [J{Xa = 1} []{Xa =0},
a<b a a

W = Sk the Weyl group of U(k), (,) denotes a natural pairing between root and
weight lattice vectors, and {p,} are the weight vectors of the representation p. It
can be shown that the superpotential is invariant under the action of the Weyl
group.

For the case of a Grassmannian Gr(k;n), described as the GIT quotient V//GLy
for V.= Hom(C*,C"), with p given by a sum of n copies of the fundamental
representation,

(29) ki = —n/2, ky = k—n/2,

and the superpotential specializes to

s , 1(<& ’
W= §;(mxa) —2<;1nXa>
k k
(30) +In((-1)F"g) Y X, + nY Lis(Xa).

Remark 9.3. A Wilson line in representation ¢ of U(k) is the Chern character of
the Schur functor &4S for S the universal subbundle, where the X, are exponentials
of Chern roots. We give a few simple examples below:

Representation  Schur functor Wilson line

D S €1 (X)
EE Sym?S ha(X)
H A28 e2(X)

Remark 9.4. There exists an analogous superpotential W whose derivatives encode
quantum K theory relations for more general V//G. Write G as the complexification
of a compact Lie group G’, and decompose the Lie algebra of G', g, as a sum
of central pieces and simple factors. Very schematically, there is one q; for each
central copy of Lie U(1) in g, and the superpotential is a Weyl-invariant function
determined by the weight vectors of the representation p and the “Chern-Simons
levels,” here l~<:1, l~£2, which are determined by slight generalizations of (@
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We claim that the quantum K theory ring is determined by an analogue of the
Jacobian ring of W (involving exponentials of derivatives rather than just deriva-
tives). For the moment, we compute the relations generated by W, and then later
we will observe that the resulting ring is the quantum K theory ring of Gr(k;n) as
presented by [GK17].

Returning to the Grassmannian Gr(k;n), using the possibly obscure fact that

0
(31) 5 Lia(y) = ~In(1 =),
we find for each 1 < a < k that
oW
(32) exp <6lnXa> =1

implies that

(33) (—1)" g ( (1‘[ Xb> (1-X,)"

There is also an equivariant version of these identities. Let T; € Kr(pt) denote
equivariant parameters. These appear in the pertinent physical theories as expo-
nentials of “twisted masses.” Concretely, in cases with twisted masses, the super-
potential for Gr(k;n) generalizes to [UY20]

e k 2
W = §;mx (Z:lnXa>
+ In ((—1)F! ZlnX + ZZLIQ (X T,

i=1 a=1

N | =

Simplifying

ow

for each 1 < a < k, we find

n k n
(35) (D)X [ 15 = (H Xb> J
j=1

i=1

In the next section we will symmetrize these relations to obtain the Coulomb branch
presentation of QK (Gr(k;n)). This will be proved to be isomorphic to the QK
Whitney ring from We also note that the equations are the
same as the Bethe Ansatz equations from [GKIT, equ'n (4.17)]. In loc.cit., the
authors utilize an approach based on algebraic properties of integrable systems and
of equivariant localization, to obtain a distinct presentation of QKr(Gr(k;n)). See
also below for a comparison.

Observe that in the non-equivariant specialization, i.e. when T; = 1, the equa-

tions specialize to ([33)).

Remark 9.5. If one considers the specialization q — 1 in the finite difference op-
erator H annihilating the I-function considered by Givental and Yan in [GY21, p.
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21] (see also [Wen19]) one recovers again the vacuum (or the Bethe Ansatz) equa-
tions from 1 E| The I-function from [GY21] corresponds to the ‘abelianization’ of
the Grassmannian Gr(k;n); cf. loc.cit. From this perspective, our procedure below
may be interpreted as a symmetrization of the specialization Hqy1. This further
suggests that the abelian-nonabelian correspondence proved for quantum cohomology
in [CEKSO8] may extend to quantum K theory; see [GW22]. See also [IMTI15] for
a related method to obtain relations in quantum K theory by identifying difference
operators which annihilate the appropriate J-function.

Example 9.6. In the case of Gr(2;5), the superpotential is given by

1 1
W= X))+ 5 (InX)® — (InXy) (InXy)
(36) +In(— ZlnX + ZZLu Xo T
i=1 a=1

and the chiral ring relations (35) are, for a € {1,2},

5 X2 5
37 T, —Xo) = T
@) [l -x) = Cog 117

In the nonequivariant case, we take T; = 1, then the chiral ring relations become
(38) —¢X1 = Xo(1-X1)°, —qXo = Xi(1 - X2)°,

in agreement with . We show in the next section how the symmetrization of
this leads the quantum K relations; see also Appendiz B below.

10. COULOMB BRANCH AND QUANTUM WHITNEY PRESENTATIONS

The goal of this section is to obtain the Coulomb branch presentation we denoted
by QET(Gr(k; n)), and predicted by physics. We will prove in |Theorem 10.2| that
this is equivalent to the presentation of QK4 (Gr(k;n)) from [Theorem 8.2}

The idea of obtaining the Coulomb branch presentation was already used in
the authors’ previous work [GMSZ22]. First, one rewrites the ‘vacuum equa-
tions’ in terms of the ‘shifted variables’ from below. Since Gr(k;n) =
Hom(C*,C™)//GLy, any presentation has to satisfy a symmetry with respect to
Sk, the Weyl group of GL;. While the ideal generated by equations is sym-
metric under permutations in Sy, the individual generators are not. To rectify this,
we write down a ‘characteristic polynomial’ (cf. below) where all
the coefficients satisfy the required symmetry. Then we utilize the Vieta equations
for this polynomial to obtain a set of polynomial equations. These are Si X S,k
symmetric, and they give a presentation of the equivariant quantum K ring. To
start, define

(39) G =1-T;, 2z, =1-X, (1<i<n; 1<a<k),
so that for any a, equation becomes

(40) <H(Za - Ci)) [Ta-=)] + (=Dl —=z)"" H(l —G) =

i=1 b#a i=1

4More precisely, in loc. cit. one needs to take the T-equivariant version of all objects involved,
and their ¢ is the ‘loop parameter,” which is different from ours.
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A key observation is that we may rewrite this in the form

n—1
(41) ()" 4+ D (1" (2a) Gn—i(2.C,q) = 0.
i=0
where the g;(z, ¢, q) are symmetric polynomials in 21, ...,z and (1,...,(,. To do

this, it suffices to take a = 1. The only non-trivial part is the symmetry in the
variables z. This follows from repeated application of the identity

ej(za,- - 2k) = €j(z1, ..., 26) — z1€5-1(22, - - -, 2k)

to the factor [],_,(1—2;) = Zi:ol(fl)iei(z% ..., 2k), then collecting the resulting

powers of z1.
To state the formula for the polynomial §s(z, ¢, q), we fix some notation. Set

k J
& =1[0=2) =D (=D'ei(2); ez =Y (=1)eil2); 25 = (=1)(c(2)—c<;-1(2)).
i=1 i>0 i=0
Informally these are truncations of the Chern polynomial in z = (z1,...,2;). One
defines similarly ¢, cg o ccZ ;3 these are polynomials in ¢ = (C1y.---5Cn). Set

(42)  A(2,0) = ee(Q) +ee—1()cdy +er—2(Q)cds + - - + erpr1(Q)cSy-
If clear from the context, we will drop the variables z,( from the notation. (As
usual, e;(z) = €;(¢) =0 for i < 0 and ep(z) = eog(¢) = 1.) Define the matrices

-1 0 ... 0
—e1 -1 0
E - . 9
: 0
—€p_1 —€p_2 -1
¢ /
C>n—k+2 C>n—k+1
/
CC . . Cz,g B Con—k+2
Sn—k+2 = ¢ ; Sn—k+1 = .
e, ;
0 C>n

Besides their usefulness in the lemma below, these matrices will appear naturally in
below, in relation to an equivariant generalization of Grothendieck polynomials.

Lemma 10.1. The polynomial coefficients g¢(z,(,q) from are given by:

(43) CIZZ(Z,C) f1<l<n-—k
So(2,0) + (E . Oén—k-‘y—?)é + (—l)wrkq(k_l)cC fn—k+1</l<n.

n—~_
Here My denotes the £ —n + k-th component of the k-component column matriz M.

Proof. This is a tedious, but rather standard algebraic manipulation, which we
leave to the reader. ]

Define a ‘characteristic polynomial’ f (¢, z,(, q) by

n—1
(44) F(€26a) = €+ D (=) gai(2,(,9).
=0

From we deduce that f(&,2,(,q) = 0 whenever £ = z, for some a. Since f
is a degree n polynomial in &, the equation f(&,z,(,q) = 0 has n roots in some
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appropriate field extension, which by construction include z1, ..., z;. Let {z,2} =
{z1,**, 2k; Zk+1, - * , 2} denote the n roots of . From Vieta’s formula,
(45) Y eil2)e(2) = (¢, 9)-

itj=t

This determines the ‘Coulomb branch ring’:

(46)  QKy(Gr(kin) = Kr(pt)[lglller(2), - ex(z)sex(2), - s eni(2)]/J,

where J is the ideal generated by the polynomials
(47) > ei2)e(2) = gelz,¢,q); 1< L< .
itj=~
Our goal is to demonstrate that the relations above are equivalent to those from

arising from the QK- Whltncy rclatlons To this aim, apply the same
change of Varlables ) to the relatlons , denoting in addition z; = 1 — X;.

Then the presentatlon in 2] can be written as:
(48)  QKp(Gr(kin)) = Kr(ph)[[alller(2), - ex(2).ea(2), . enn(2)]/ ],
where the ideal J is generated by Dirj=e€i(2)ej(2) — ge(2, ¢, q) for

d n—s
(49) f]z(Z,C,(I) = eE(C) - L Z (_1)8 <£S)As+kna

1- q s=n—k+1
for 1 < ¢ <mn, and A; = ¢;(1 — 2)e,—k(1 — 2). Note that g also depends on Z,
although this is not included in the notation. (In fact, in the proof of [Theorem 10.2
we will eliminate the dependence on Z; see [Theorem 11.8]) To get a more explicit

formula, observe that

: n-—s
50 A—zy, . l—x) = (=1 S(T1ye e Tn).
el m ) = S (e )
An easy algebra manipulation based on this formula shows that for 1 < /¢ < n,

Sy (’;jj) eorkn(l—2) = <—1>”—’“+1((£ N n) —errion(®)),

s=n—k+1
therefore (49) may be rewritten as

61 G:.6a) = )+ (1" Loen= () —eenen(2).

Theorem 10.2. The following three rings are isomorphic to one another and to
the algebra QK (Gr(k;n)):

(a) The ring @T(Gr(k, n)) from .
(b) The ring QKT(Gr(k, n)) from (4 ) )
(¢) The ring Kr(pt)[[q]]le 1(X), ( )ser(X), ... en—k(X)]/1,, where I, is

the ideal defined in

Note that the ring in (¢) was proved in [Theorem 8.2| to be isomorphic to the
‘geometric’ ring QK (Gr(k;n)). We already proved that the isomorphism of the
rings in (b) and (c) follows from the change of variables

=1-X; (1<i<k); % =1-X; (1<j<n—k).
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The isomorphism between (a) and (b) is proved in the next section. In the process
we will reformulate these presentations in terms of (equivariant) Grothendieck poly-
nomials and (equivariant) complete homogeneous symmetric functions; see

below. An example for QK,(Gr(2;5)) is given in Appendix

11. AN ISOMORPHISM BETWEEN THE WHITNEY AND COULOMB BRANCH
PRESENTATIONS

The goal of this section is to prove thus finishing the proof of
Theorem 10.2] We utilize the notation from

11.1. Grothendieck polynomials. We start by recording some algebraic identi-
ties about the Grothendieck polynomials G;(z) = G,(z1, ..., 2x), indexed by single
row partitions. As usual, z = (z1,...,2k), and e; = €;(z),h; = h;(z) denote the
elementary symmetric function, respectively the complete homogeneous symmetric
function. It was proved in [Len00, p.80] that
(52)
Gi(z)= > (=D’hjras = hj+(hje1 —hjer) + (hyp2—hjrer+hje) +.. ..
a,b>0;a+b<k
An equivalent formulation proved in [Len00, Thm. 2.2]) is
k
(53) Gj(2) = hj(2) = Y _(=1)"s(j10-1)(2),
a=2
where s,,(z) denotes the Schur polynomial, and (j, 1%~!) is the partition (j,1,...,1)
with a — 1 1’s. We refer to [Len00] for more about these polynomials. We record
a Cauchy-type identity for Grothendieck polynomials. It is likely well known, but
we could not find a reference.

Lemma 11.1. If¢>1 and z = (z1,...,2x), then
(54) Z (=1)e;(2)Gj(2) = erp1(2) — epy2(2) + ...
1,j>05i+j=¢
In particular for £ >k, 37, i~ —(—=1)ei(2)Gj(z) = 0.
Proof. From we obtain
¢

k
> (—1)Vei(2)Gj(2) = en(z) + DD (1) e j(2)s(j10-1)(2)

i+j=¢ j=la=1
k ¢ _
= eo(2) + Z(—Uail Z(—l)]eé—j(Z)S(j,lafl)(z)
a=1 Jj=1

To prove the lemma, it suffices to show that
¢

D (—Derj(2)s(ae1)(2) = —erya1(2)-

j=1
The case when a = 1 follows from Ziﬂze(fl)jei(z)hj(z) = 0 (i.e., the usual
Cauchy formula) for £ > 1. For a > 1 we utilize the Pieri formula to multiply a
Schur function by e;(z) (cf e.g. [Ful97]). To start, only Schur functions s, with
w <€+ 1and 1 < ps <2 may appear. Furthermore, if © = (p1,...,us) is such a
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partition with 1 < p; < €41, then the Schur function s, appears in the left hand
side twice, in the expansion of the terms

()M ey (2)8p, 101 (2) + (1) ey 11(2) 8, 1,101 (2).
Since the coeflicients of s, appearing in the Pieri rule equal to 1, and since the
terms above have opposite signs, it follows that the corresponding s,,’s cancel. We
are left with the situation when p; = 1. Then necessarily j = 1, i.e., we consider
the terms —e;—1(2)eq(z). Again by Pieri formula, the only multiple of s, with

1 =118 —epyq—1(2). This finishes the proof. O
Define the column matrices:
(_1)n—k+1hn_k+l (_1)n_k+1Gn—k+1
(—1)n_k+2hnfk+2 (_1)n_k+2Gn7k+2
(_1)nhn (_1)nGn
Define also the k& x k& matrix
Cgkfl _c§k72 <_1)k_1
(_1)k_202k c§k72 e P - (_1)k_2
A= | (=), o (DM espine ek —C<hi oo (F1)FT
_czk e .« .. . e DR cgl _1
Czk DR ... DY DR C>2 1

Lemma 11.2. The following equality holds: G = AH.

Proof. This follows from together with the Cauchy formula }- ., .(=1)%h.e, =
0 for j > 1. O

11.2. Equivariant deformations. Motivated by propositions and be-

low, define the polynomials ', G’ € C[z,(] by

Wiz, = Y (1) ea(Qhu(2); Cj(z0)= Y (~1)"eal)Go(2).

a+b=j a+b=j
Note that both are symmetric polynomials in variables z and {. The polyno-
mial h(z,() is a specialization of the factorial complete homogeneous polyno-
mial (see e.g. [Mih08]), but the polynomial G’;(z,() is far from being the factorial
Grothendieck polynomial [McNOG|, which is much more complicated. E|
Lemma 11.3. The following Cauchy-type formulae hold:

(a) If £ > 1 then
D (1) (2, Qen(z) = e(C).

at+b=¢
(b) If £ > 1 then

Y (FD)Gh(z Qen(z) = (2, €),

a+b=~¢

5The factorial Grothendieck polynomials, which represent the equivariant Schubert classes in
K7 (Gr(k;n)), are not symmetric in ¢.
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where ¢, ,(2, () is defined in [@2).

Proof. For (a), we collect the coefficients of e;(¢) from both sides. On the left hand
side this coeflicient equals to

S (1) a(2) (D hai(2) = S (1) e a(2)hai(2).

i<a i<a
By Cauchy formula, this equals to 0 if ¢ < ¢, and it equals to 1 if ¢ = ¢, thus
proving part (a). We apply the same strategy for (b). The coefficient of ey(¢) on
the left hand side equals to 1, and a calculation similar to (a) shows that if i < £,
the coefficient of ¢;(() is

D (1) %er—a(2)(=1)'Gai(2) = eris1(2) — ermiva(2) + ... = 2p_iy1

i<a
Here the first equality follows from the Cauchy-type formula . This finishes the
proof of (b). O

Our next task is to write down the analogue of relating the polyno-
mials G and hj. To this aim, in analogy to , define the polynomial
(55)
Gl(2,¢) = (—1)"H}y 4 (2, Q)en(2) = By+(Hy 4y —her)+ (R o—h e +hen)+. ..
where the sum is over a,b > 0 and a + b < k.
Lemma 11.4. For any ¢ > 1, the following holds:
GZ(»’% () = Giz,¢) = (1) er31(Q) — erg2(¢) + - + (1) " Teryr(()).

Proof. This follows from a direct calculation, by identifying the coefficients of e;({)
in both sides. We leave the details to the reader. ]

Define the column matrices:
(=)™ hy (=) a
o (=12 kg | o ()" 26

(=1)"hs, (=)"G,
Corollary 11.5. The following holds: G' = AH' + Oén—k—l—Z'

Proof. Let GT be the column matrix with entries (71)"*k+iGL_k+i(z,C). As in

the proof of [Lemma 11.2) Gt = AH’. Then the claim follows from the formula in
[Cemma 1T.41 O

11.3. Elimination of variables. Our strategy is to utilize the Vieta relations in
order to eliminate the variables 2;, Z; from the quantum rings QAKT(Gr(k; n)) and
QI/{T(Gr(k; n)) respectively, then prove that the resulting rings are isomorphic. It
turns out that the elimination process naturally leads to the study of variations of
the Grothendieck, respectively the complete homogeneous polynomials.

Proposition 11.6. Consider the Coulomb branch ring C/QI\{T(Gr(k;n)) from ([6).
Then the following holds for 1 </ <n —k:

a2)= Y (~1Ve(Q)G; (=) = (~1)'Gy(2,¢) mod J.

i+j=¢
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Proof. We proceed by induction on ¢ > 1. If £ = 1, the claim follows from the defi-

nition of ¢1(z, ¢, q) and the fact that G;(z) = Zle(—l)iei(z) from [Equation (53)

By induction and the relations we obtain that for £ > 2,

~
|

1

()= go(2.C0) = D ers(2) | Y (-1)ei(Q)G4(2)

s=0 i+j=s
/—1
(56) = 90(2,60) = Y ers(2)(—1)°GL(z,)
s5=0
= g(2, ¢, q) + (~1)°Gi(2,¢) — chy(2,0)

= (- ) 1(2, ).
Here the third equality follows from [Lemma 11.3|1b), and the fourth follows from

the definition of g, from [Cemma 10. O

Proposition 11.7. Consider the quantum K Whitney ring QT(T(Gr(k;n)) from
(48). Then the following holds for 1 <€ <mn —k:

()= Y (=1VeilOhy(z) = (1) hi(2,¢) mod J.

itj=t

Proof. The proof is similar to that for |Prop081t10n 11.6| utilizing the Cauchy for-

mula in|Lemma 11.3(a), and that in this case g¢(z, () = es(¢ by O

Recall the notation from and the surrounding paragraphs. Define the col-
umn matrices

On—k+1 In—k41 en—k+1(C)
_ Gn—k+2 . On—k+2 : :
(57) R = : ;. R= . ; En—k+1 =

Theorem 11.8. (a) The ring QK(Gr(k n)) is isomorphic to Ky (pt)[[q)[e1, - - ., ex]/ T,
where the ideal I is defined by R=EH + E kg1 L€

In—k+1 -1 0 ... 0 (=)~ ’“+1h’n b1 en—k+1(C)
gn7k+2 B —eq —1 0 ( 1)n k+2hiz fio .

: S ; :

n —ep-1 —ep-z ... 1 (=1, enl©)

(b) The ring @(Gr(k;n)) is isomorphic to Kr(pt)[[q]][e1, ..., ex]/I, where the
ideal 1, is defined by R = EG’' + C;g a1 1€

/
Jn—k+1 -1 0 ... 0 -1 k'HG; ka1 Co>n—k+1
Gn—k+2 —e1 - ... 0 ()" G s :
. = . . . +
: : .0 : :
.@n —€r—1 —€k—2 .o —1 (—l)nG; /

S,
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Proof. The isomorphisms are obtained by eliminating the variables Z;, respectively
4 (1<i<n- k) from the first n — k relations in @T(Gr(k;n)) respectively
QKT(Gr (k;n)) (cf. (46)) respectively ([48)). We indicate the main steps to obtain
these formulae
Consider first Q\KT(Gr(k n)). By |Proposition 11. 7|7 ej(2) = (=1)1(z,¢) mod-
ulo I we utilize this to eliminate the first n — k relations from J to show that I is
generated by

Z (—1)bea(z)hg(z,o _98(37<); n—k+1</£<n.

a+b=0;b<n—k

From the Cauchy formula in [Lemma 11.3((a) it follows that for n — k 4+ 1 < /¢ <mn,

¢
Z (=1)%euhp, = e(C Z Ve yhj, = e mod I.

a+b=£;b<n—k

Writing these expressions in matrix form proves the claim for I.

Same proof works for I, after utilizing that ej(2) = (-1)/G) (z ) modulo I by
[Proposition 11.6} and the Cauchy-type formula from 3(b); the matrix
C’i’ﬁ_ g1 accounts for the right hand side of the Cauchy formula. [

11.4. Proof of [Theorem 10.2, We need the following algebraic identities.

Lemma 11.9. (a) Let A’ be the antidiagonal transpose of A from (11.1). Then
Moaey
G) _.62(2) =[[a-=) (kTQ)

i=1

() = ex(s) (o)

Al

() R = CZ5 iy = E-CS,ypn = ()" I, (1~ G)

Proof. Part (a) follows e.g. from induction on i; we leave the details to the reader.

Part (b) is equivalent to [Lemma 10.1 O
Next we state the key result which relates the two presentations.
Lemma 11.10. The following equality holds:
R—CL 1 —E-CS n=A(R—ES_,,,) modl,
where A’ is the antidiagonal transpose of A.
Proof. From part (b) of [Lemma 11.9| we need to show that
k—1
(-1
(i_2)

()

AR = By ) = ()" [ ] - 6)
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From the definition of g, from it follows that for £ > n — k + 1,

=0 = (e 9(( ) - o).

By |Lemma 11.9(a), forn —k+1</¢ <n,

(D ¢ — (_ nfki _ 3 /. _
A(R-E;_; )= (-1) 1_q€n—k(1 Z)A (<£+k—n> €€+k—n(2’)>e+k_n

If one writes e,_r(1 — Z)er(l — 2z) in the presentation from [Theorem 10.2{c), it
follows that in QK (Gr(k;n))

n

en—k(l—2er(l—2) = eqp(X)er(X) = (1—q) [[(1—¢) mod I
i=1
Then the claim follows by combining the previous equalities. (I

Corollary 11.11. The ideal Icl.

Proof. We need to show that R — EG/ — Ciﬁ_ p+1 = 0 modulo I. From definitions,
[Cemma 11.10] and [Corollary 11.5| we have

R — EG/ — Cgﬁ—k-&-l - R - E(AH/ + an—k—&-Q) - C;ﬁ—k-l‘l
=R-ECS, ., C 1 — EAH'

=A(R-E5_,.,)— EAH'
= AEH' — EAH'.

Then the claim follows because EA = A’E as matrices with polynomial coefficients.
O

The next theorem finishes the proof of
Theorem 11.12. There is Ky (pt)[[q]]-algebra isomorphism

Kr(pt)[ldl]les - exl/T = Kr(pt)[lalller, - - ex] /T
sending e;(z) — e;(z).

Proof. By |Corollary 11.11} there is a surjective ring homomorphism of Kr(pt)][[q]]-

algebras
® : Kr(pt)[[alller (), - ex(2))/T = Ke(pt)[[all[e1 (2), - ex(2))/ T,

sending e;(z) — e;(z). To prove ® is an isomorphism, we follow the same approach

as in the proof of relying on We need to check
that the Coulomb branch presentation K (pt)[[q]]le1, ..., ex]/I is a finite module
over Kr(pt)[[¢]], and that we obtain an isomorphism after taking the quotient by
(¢). To start, note that from the definition of the ideal J from , the variables
21,..., 2k are solutions of the Bethe Ansatz equations (40). Then the same hap-
pens for the variables 21, ...,z appearing in Kz (pt)[[q]][e1, ..., ex]/I. From this,
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and from the special case ¢ = 0 of Lemma 4.7], we obtain that the quo-

~

tient Kr(pt)[[q]]le1, - --,er]/({g) + I) is Kr(pt)-module-generated by the factorial
Grothendieck polynomials G (z; €) from [McNOG|, where A is included in the kx (n—
k) rectangle. (This result uses a determinantal formula for factorial Grothendieck
polynomials from [GKI7, Prop. 2.14], in turn attributed to [IN13].) Since ® is
surjective, [Proposition 8.1 and [Lemma A.2| imply that the images ®(Gi(z;&))
modulo ¢ form a basis in Kp(Gr(k;n)) ~ Kr(pt)[gllle, ..., ex]/((q) + I). This
implies that ® must be an isomorphism modulo {g). Then the same argument as
in based on Ex. 7.4, p. 203] (cf. Remark A 4), implies that
Kr(pt)[[q]][e1, ..., ex]/T is a finite module, thus ® is an isomorphism, by [Proposi-
ftion A3l 0

12. EXAMPLES: NON-EQUIVARIANT AND QUANTUM COHOMOLOGY
SPECIALIZATIONS

In this section we illustrate the non-equivariant specializations of the Coulomb
QK Whitney presentations of QK (Gr(k;n)), i.e. when ¢; =0 for 1 <4 <n. The
second part is dedicated to the quantum cohomology limit. In particular we show
that both presentations specialize to Witten’s presentation of QHT.(Gr(k;n)).

12.1. Non-equivariant presentations. We abuse notation and denote by the
same symbols the non-equivariant specializations of relations, ideals, etc. For ¢ > 1,
the polynomials g;, g, are given by

1 zqen—’f(l - 2)<<e+ /];— n) - 65*’“‘”(’2));

. . " k-1
9e(2,4) = Sppr + (=1) +kq<n — €>.

In particular, if 1 < ¢ <n—k, go = 0 and g, does not depend on q. The non-
equivariant versions of propositions and state that for any 1 < j <n —k,
the following identities hold:

(58) ej(2) = (=1)7h;(z) mod J; ¢;(2) = (=1)’G;(z) mod J.

Je(z,q) = (~1)"F

Remark 12.1. It is well known that the Grothendieck polynomials G;(z) represent
Schubert classes O; € K(Gr(k;n)) [Las90]. Nevertheless, the geometric interpreta-
tion e;(2) = (—1)20; fails in the equivariant case, already for j = 1. The Schubert
divisor class may be calculated from the exact sequence:

0— AS® Copym =4, — OGr(k;n) — 07 — 0.
Then, from the geometric interpretation of the variables z;, (;,

(I—z1) oo (1 —2p)
(T=G)-e - (1= G)

However, from|Proposition 11.6],
e1(2) = —Gi(z,¢) = —G1(2) + ex(Q),
which is different from the expression in|Equation (59)|

(59) Or=1-

€ Kp(Gr(k;n)).
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Corollary 12.2. The rings Q?(Gr(k;n)) and @(Gr(k;n)) are isomorphic to

QK(Gr(k;n)) = Zlldlller, ... exl/T;  QR(Gr(k;n)) = Zllglller, .- -, ex] /T,
where the ideal I is defined by R = EH, i.e.,

On—k+1 -1 0 0 (=) * 1 h, ki
§n7k+2 —e1 -1 e 0 (—1)nik+2hn,k+2
: : : .0 :
gn —€k—1 —€L—2 e -1 (—1)nhn

and the ideal T is defined by R = EG + C% ki b€

gn7k+l —1 0 0 (_1)n_k+1Gn7k+l szn—k—‘rQ
Jn—k+2 —eq -1 R 0 (—1)n_k+2Gn,k+2 .
: ; ; .0 : i,
gn —ep_1 —€k—9 ... —1 (-G, 0

12.1.1. Projective spaces. To illustrate both presentations we take two ‘opposite’
examples, for the projective space Gr(1;n) and its dual Gr(n — 1;n). These are
isomorphic manifolds, and their quantum K rings are also isomorphic. But the
isomorphism is highly non-trivial; this is expected, given that the Grassmannians
are realized as different GIT quotients. A worked out example for QK (Gr(2;5) is
included in Appendix

If k =1, then G, (2) = hy(2) = z}". The presentations from are

QK (Gr(13n)) = Z[al[=)/ (=" — a) = QK(Gr(1;n)).

Consider now k = n—1. From ([53) it follows that the Grothendieck polynomials G,
are significantly more complicated than the polynomials ;. To illustrate, consider
QK(Gr(3;4)). The QK Whitney presentation is

Q\K(Gr(3;4)) _ NZ[[QH[el(NZh22,23),62(21: 22,23),63(21,22,23)]
(G2 + ha, g3 + e1ha — h3, §a + e2ho — e1hg + hy)

where

G2 = %(14‘61)(3—61); gs = %(1‘%1)(3—62); ga = q_%(“’el)(l—e:s)

The Coulomb presentation is

QI\{(Gr(3;4)) - Z[[Q]]A[el(zhz%za),62(21,23723),63(21722,23)]
(g2 + G2,93 + e1Ga2 — G3 — €3, 4 + e2G2 — e1G3 + Gy)

where §2 = €3 — ¢, 93 = —2¢, g4 = —q and

Gy =hy —s21+5211; Gs=hs—s31+5311; Ga=hs—541+541,1-

12.1.2. Relation to the Gorbounov and Korff presentation. In this section we re-
call the description of the non-equivariant quantum K-theory ring QK(Gr(k;n))
from Gorbounov and Korff’s paper |[GK17], based on the Bethe Ansatz equations.
Then we indicate an isomorphism between this and our non-equivariant Coulomb
presentation QAK(Gr(k; n)).
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For a variable £, denote by &£ = % Consider a sequence of indeterminates
Fq,...,Ex,Hy, ..., H,_i, and extend this sequence by requiring Fy = Hy = 1 and

H.=0forr>n—kand E, =0 for r > k. Consider the generating series

n—k k
H(E) = S (Hy — Ho )57 B() = 3 (B — By )€,
r=0 r=0

The following is stated in [GK17, Theorem 1.1].

Theorem 12.3 (Gorbounov-Korff). The non-equivariant quantum K theory ring
of Gr(k;n) is generated by Hy,...,H,_, F1,..., Ey with relations given by the
coefficients of £ in the expansion of

k
(60) H(§)E(SE) = <H 95) M1 - Hi) +

i=1

Denote by QK% (Gr(k;n)) the Gorbounov and Korff’s presentation. A direct
computation gives that the coefficient of £¢ in is equal to

L
(61) (1) (He — Hewr) + S (Fey — Hoviy) | (-1 JZ(S_J) :

B 0 1<l<n—k-1,
o (—1)"“(1(”2) n—k</t{<n.

We provide next an algebra isomorphism between the (non-equivariant) Coulomb
branch presentation QK(Gr(k;n)) and the presentation QKX (Gr(k;n)).

Proposition 12.4. Consider the map E : QKX (Gr(k;n)) — @R(Gr(k‘;n)) de-
fined by

E(H;)=G(z) for1<j<n—k; E(E;)=Gu(z) for1<j<k.
Then Z is an algebra isomorphism.

Proof. The main argument is showing that = is well defined. To calculate the
image of the left hand side of (61, one utilizes the polynomial identity e,(z) =
Zf e( 1)G1i(2) (see, e.g., [Len00, Thm. 2.2]), together with the (non-equivariant)
Cauchy identity from M(b We leave the details to the reader. O

12.2. Quantum cohomology as a limit. Next we discuss how the quantum
K theory reduces to the quantum cohomology. Mathematically, this is achieved
by taking leading terms, or, equivalently, taking the associated graded rings. In
physics this corresponds to ‘taking a two-dimensional limit’ which we recall next,
see [GMSZ22]. If we assume the theory is defined on a 3-manifold S* x % for some
Riemann surface ¥, where S! has diameter L, then

1,2
q= L"q2a, Xa:eXP(LO'a):1+L0a+?0a2+"' )

(62) 2
L
T; = exp (Lm;) :1+Lmi+7mi2+~~
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Here ¢oq is the quantum parameter in the 2d theory and m; are elements in Hx(pt)
(in physics terminology, the twisted masses). The term —Lm,; corresponds to the
cohomological parameter t; € Hj.(pt). We have
L? L?
zazl—Xa:—LUa—7aa2—...; Cizl—Ti:—Lmi—7mi2—....

In the two-dimensional limit, L — 0 and the leading terms will dominate. We
now take the 2d limit in Equation arising from the Coulomb branch. After
taking the leading terms, becomes

n

H (0o —m;) = (=1)"goq, a=1,... k.

i=1
These are the generators which determine the chiral rings of the 2d gauge lin-
ear sigma model (GLSM) for Gr(k;n) when twisted masses m; are turned on.
The 2d limits of the polynomials go(z,¢, q) are go(z,¢,q) — L*g2%(o, m, g2q), with
324(2,m, q24) given by

g?d(a,m, QQd) = ee(m) + (—1)n+kQQd(Se,n, f=1,...,n.

where 0, is the Kronecker delta. Then the 2d limit of the Coulomb branch pre-
sentation in is

(63) Z ei(0)ej(6) = G2 o,m,qea), L=1,...,n.

i+j=t
We may identify {—o,} with Chern roots of S and {—&,} with Chern roots of Q.
This recovers the equivariant quantum Whitney relations from :

c'(8) xc™(Q) = ¢"(C") + (1) g2a.

As we observed earlier, the 2d limits of the Coulomb branch and the Whitney
presentations from and coincide. Indeed, under the change of variables
from and after taking leading terms we obtain

~2d —k 2d
9y (Ua m, Q2d) = ef(m) + (_l)n Q2d5Z,n =9 (Ua m, q2d)a { = 1) B
APPENDIX A. COMPLETIONS OF FILTERED MODULES

For the convenience of the reader, in this appendix we gather some results about
I-adic completions of modules. We utilize them to deduce properties of the (equi-
variant) quantum K theory in terms of those of the ordinary (equivariant) K theory,
but they may be of more general interest. We follow the terminology from [AMG69,
Ch. 10].

From now on we will consider a commutative ring R with a descending filtration
by additive groups R = Ry D R; D ... such that R; - R; C R;y;. Consider
a filtered R-module M, i.e., M is equipped with a filtration by additive groups
M = My > My D ...such that R;M; C M;;.

Fix I C R an ideal. This determi%s filtrations R,, := I"R and M,, := I""M of
R respectively M. We denote by R, M the I-adic completions.

If we assume in addition that R is Noetherian then Ris Noetherian and it is
equipped with an ideal I ~ I ® R included in the Jacobson radical of R [AMG69,
Prop. 10.15]. For a finitely generated R-module M, there is an isomorphism

(64) M &g R~ M,
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see [AM69, Prop. 10.13]. Furthermore, R is a flat R-algebra, in particular the
operation M +— M preserves short exact sequences. Finally, if we assume that M
is equipped with another filtration compatible with I, that is, I.M,, C M,,+1, then
(64) equips M with a natural filtration induced from M which is compatible with
respect to I.

We recall next a version of Nakayama’s Lemma.

Lemma A.1. Let R be a Noetherian ring, I C R an ideal, and let M be a finitely
generated R-module. Let M’ C M be a submodule such that

M/M' =T.(M/M").
Then M = M' as R-modules.

Proof. The claim follows from the ordinary Nakayama Lemma [AM69 Prop. 2.6],
utilizing that [ is included in the Jacobson radical of R. (]

Lemma A.2. Let M be a free R-module of rank p where R is an integral domain.
Then any set of R-module generators my,...,my, € M of cardinality p forms a basis.

Proof. Let K be the fraction field of R. Then M ®pr K is a K-vector space of
dimension p. Consider the map ® : K — M given by ®(e;) = m;, where e; is the
natural basis for K. We have an exact sequence

0 — ker(®) - K - M — 0.

Now K is a flat R-module (see [AMG9, Cor. 3.6]), and therefore we have an exact
sequence of K-vector spaces

0= ker(®)®@r K - KPQr K - M @ K — 0.

Since dimyg M ®r K = p, the last map is an isomorphism. The hypothesis implies
that m; ®1,...,m,®1 is a generating set for the K-vector space, therefore it is also
a basis. If cymq + ... + ¢pmp = 0in M then eym; ® 1+ ... + ¢pmy, ® 1 = 0, from
where we get that ¢; = 0, which finishes the proof. O

Proposition A.3. Let R be a Noetherian integral domain, and let I C R be an
ideal. Assume that R is complete in the I-adic topology. Let M, N be finitely gen-
erated R-modules.

Assume that the R-module N, and the R/I-module N/IN, are both free mod-
ules of the same rank p < oo, and that we are given an R-module homomorphism
f: M — N such that the induced R/I-module map f : M/IM — N/IN is an
isomorphism of R/I-modules.

Then f is an isomorphism.

Proof. We start by observing that since R is complete in the I-adic topology, R~R
and I ~ I; cf. [AM69, Prop. 10.5 and Prop. 10.15]. Let mq,...,m, € M be any
lifts of a basis of the free R/I-module M/IM ~ N/IN. By applied
to the modules M and M’ = (m4,...,m,), the elements m4,...,m, generate M,
and similarly the elements f(m1),..., f(mp) generate N. Since N is free of rank p,
it follows from that f(ma),..., f(mp) is a basis over R. In particular,
f must be surjective. To prove that f is an isomorphism, it suffices to show that
mi,...,m, are linearly independent over R. If > ¢;m; = 0 with ¢; € R, taking
the image under f and using that {f(m;)} form a basis implies that ¢; = 0. This
finishes the proof. O
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Remark A.4. A useful criterion for finite generation of a module is provided in
[Eis95, Ex. 7.4]. Assume that R C S are Noetherian rings such that R is complete
with respect to an ideal m C S, and that m is contained in the Jacobson radical of
S. If M is a finitely generated S-module and M/mM is a finitely generated R/m-
module, then M s a finitely generated R-module. See also |GMS™23, Appendix A]
for more details.

Remark A.5. By [AMG69, Prop. 10.24] the hypothesis that M, N are finitely gen-
erated may be deduced if we know that R is I-complete, and M, N are equipped with
good and separated filtrations compatible with respect to I. (Recall that a filtration
of M is good if the associated graded grM = €, M;/M; 1 is a finitely generated
grR-module, and it is separated if (), M; =0.)

Remark A.6. If f : M — N is a filtered homomorphism of R-modules (i.e.
f(M;) C N;) which induces an isomorphism grf : etM — grN of graded grR-
modules, then the induced map between the completions f : M — N is an isomor-

phism [AM69, Lemma 10.23]. This is an alternative to|Proposition A.5

Remark A.7. Instead of working with completions in [Lemma A.1| and |Proposi
one may work with the localizations with respect to the multiplicative set
S =1+ 1. The hypothesis that R is Noetherian is not needed in this case, and the
ideal ST'I is included in the Jacobson radical of ST'R; cf. [AMG69, Ch. 3, Ex. 2].
If R is Noetherian, then SR — Risa subring [AM69, Remark, p. 110].

APPENDIX B. EXAMPLE: EQUIVARIANT QUANTUM K THEORY OF Gr(2;5)

In this section, we illustrate the Whitney and Coulomb branch presentations for
QK1 (Gr(2;5)). The QK Whitney relations are obtained by equating powers of y
in

(1+yX1)A+yXo) (14 yX1) (1 +yX2)(1 +yX3) =

(65) > @ 4o o <
H(l + Tiy) — T—4" X1 XoX3(X1 + Xo +y X1 Xo).

i=1
Under the changes of variable X; = 1 — z;, (1 < i < 2), X'j =1-2;, (1 <j5<3),
Ts=1—( (1 <s<5), the QK Whitney relations become

D eil2)es(2) = en(Q) = 7o (Bradhs +des(Ar — Ag)).

itj=¢

for 1 < /¢ <5, with

One may solve for e;(Z) in terms of e;(z) to obtain:

e1(2) = e1(¢) — hi(z) = —hi(2,¢);
e2(2) = e2(¢) — h(2)er(Q) + ha(z) = —hy(2,¢);
3(C) = hi(2)e2(C) + ha(2)e1(¢) — ha(z) = —h3(z, Q).

S
w
—~
I3
~
Il
D
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This allows the elimination of the Varlables z. The remaining two relations, and
the Cauchy formula from 3| give the generators for the ideal I:

64(<) - h4(Z,<) = 761(’2)}1!}(’23 C) + 62(Z)h/2(2’, g)
= () = 7 (1 In(e) + ()2~ e (2)).

65(C) + hIS(Z,C) — €1 (Z)h’il<za C) = _62(Z)hg’)(z’ C)
= es(0) = (14 hn(2) + a(2))(1 -~ ea(2)).

We now turn to the Coulomb branch relations for QK (Gr(2;5)). The Vieta
relations give

Z ei(2)ej(2) = ge(2,¢q)

it+j=t

for 1 < ¢ < 5, where the polynomials §,(z, (,q) are given by
9e(2,¢) = ee(Q) +er-1(Qea(2), £=1,2,3,

9a(2,Q) = ea(Q) +e3(Q)ea(z) — e5(C —qz

5

95(2,¢) = e5(¢) + ea(2)ea() — ex(2)es(C) — g >_(—1)es (<)

s=0

One may solve for e;(Z) in terms of e;(z) to obtain:

e1(2) = e1(Q) — Gi(z) = —G1(2,0);
2(2) = €e2(C) — G1(2)ex(¢) + Ga(2) = G5(2,¢);
e3(2) = e3(¢) — G1(2)e2(C) + Ga(2)er(C) — Ga(2) = —G5(2, Q).
Here G,(z) are the Grothendieck polynomials, given by
Gi(z) = h1 —ea = 21 + 22 — 2122;
Go(z) = hy — 821 = zf + 2129 + z% - 2%22 - zlz%;

Gs(z) =hs —s31 = z:f + Z%ZQ + zlzg + zg’ — z?zg — z%zg — zlzg’.
After eliminating the variables Z, the remaining two relations, and the Cauchy
formula from [Lemma 11.3((b) give the generators for the ideal I of QK4 (Gr(2;5)):
94(2, ¢, q) = —Gli(2,¢) + 5y = —Gly(2,¢) + ea(C) +e3(C)ea(z)

95(2,¢, q) = —e1(2)Gy(2,¢) + G5(2,0) + ¢55
= —e1(2)G(z, Q) + G5(2,0) + e5(¢) + ea(Q)ea(2),

with the equivariant Grothendieck polynomials defined by

Gi(2,0) = Ga(z) = Gz(2)ex(C) + Ga(2)ea(C) — Gr(2)es(€) + ea(Q);
G5(2,C) = G5(2) — Ga(2)e1(¢) + Gs(2)e2(¢) — Ga(2)es(¢) + Gi(2)ea(() — e5(¢),

and G4(z), Gs(z) are given by (53).
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