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Abstract. The exploration of dark sector interactions via gravitational waves (GWs) from binary
inspirals has been a subject of recent interest. We study dark forces using extreme mass ratio inspirals
(EMRIs), pointing out two issues of interest. Firstly, the innermost stable circular orbit (ISCO) of the
EMRI, which sets the characteristic length scale of the system and hence the dark force range to which
it exhibits enhanced sensitivity, probes force mediator masses that complement those studied with
supermassive black hole (SMBH) or neutron star binaries. The LISA mission (the proposed µAres
detector) will probe mediators with masses mV ∼ 10−16 eV (mV ∼ 10−18 eV), corresponding
to ISCOs of 106M⊙ (108M⊙) central SMBHs. Secondly, while the sensitivity to dark couplings is
typically limited by the uncertainty in the binary component masses, independent mass measurements
of the central SMBH through reverberation mapping campaigns or the motion of dynamical tracers
enable one to break this degeneracy. Our results therefore highlight the necessity for coordinated
studies, loosely referred to as “multimessenger", between future µHz−mHz GW observatories and
ongoing and forthcoming SMBH mass measurement campaigns, including OzDES-RM, SDSS-RM,
and SDSS-V Black Hole Mapper.
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1 Introduction

A wide range of physics scenarios beyond the Standard Model (SM) and General Relativity (GR)
have as their template the following potential generated by an object of mass M :

U = −GM

r

[
1 + α̃′e−

r
λ

]
, (1.1)

where the extra contribution to the Newtonian potential, sometimes dubbed a “fifth force" or “dark
force" depending on the context, is controlled by an effective coupling strength parameter α̃′ and a
characteristic length scale λ. The Yukawa contribution can also be interpreted as the static limit of an
interaction mediated by bosons of mass

mV ∼ 1

λ
. (1.2)

This widely used framework has historically served to parametrize deviations from GR and the in-
verse square law [1–3], the effects of light string moduli [4–7] and, in more recent times, as a template
to study light mediators in dark sector models [8–13]. Interpreted purely in terms of deviations from
GR (i.e., without reference to dark sector physics), this formalism describes, for example, models
of large extra dimensions (for small values of λ ≪ 10−3m) [14, 15] as well as braneworld [16–18],
and the linearized regime of massive gravity theories (for large values of λ) [1]. In the study of dark
sectors, on the other hand, α̃′ takes on the role of the dark sector coupling and mV the role of the
dark mediator mass, while the Yukawa interaction is assumed to be sourced by the accumulation of
dark charge on the central and secondary objects. Indeed, a host of interaction potentials (not just the
Yukawa potential) are possible, depending on the nature of the mediator being exchanged (we refer
to [19, 20] for a unified treatment of such exchange interactions, and [21, 22] for recent work along
these lines). We will mainly restrict our attention to long-ranged Yukawa potentials in this work.

The phenomenological framework of Eq. (1.1) encapsulates a wide variety of theories. For the
purposes of this work, it is useful to distinguish between (i) theories of modified gravity or fifth
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forces, which would apply to all bodies; and (ii) theories of dark sector physics, where Eq. (1.1)
only applies to bodies with dark charge. While our main interest is in the second category, we
briefly summarize the various systems that have been used to constrain fifth forces in general. The
parametrization in Eq. (1.1) dictates the use of diverse experimental settings, where the characteristic
scale of the probe should be λprobe ∼ λ. The pursuit of probing λ through measurements at laboratory
scales has a long history [23]. In the large λ (light mediator) regime, competitive bounds arise from
planetary motion and the motion of stars around Sgr A∗ (we refer to [23] and [24] for comprehensive
treatments of these two frontiers). The most stringent Solar System constraints on the (α̃′, λ) plane
come from modifications of Kepler’s Third Law. On the other hand, broadly three avenues have been
pursued with respect to constraints from Sgr A⋆ [25]: (i) Orbital precession data by near infrared
monitoring of stars that are sufficiently close to Sgr A⋆; (ii) high-precision timing of pulsars by
existing and future radio telescopes; and (iii) space- and time-resolved probes of the accretion flow
by the Event Horizon Telescope. The advent of gravitational wave (GW) astronomy has opened up
new opportunities in this frontier (we refer to [26] for a recent review)1.

Compact object mergers in particular present unique opportunities: the population distributions
and the GW waveforms emanating from these systems are sensitive to modifications of the type
parametrized in Eq. (1.1). Different classes of compact binary systems enable different scales λ to be
probed, depending on the characteristic frequency of the GW emission. The dark sector interpretation
of Eq. (1.1), which is our main interest, works under the assumption that both the interacting objects
accumulate dark charge. In the case of inspiraling neutron stars, such accumulation could result
from dark matter capture; in the case of solar or super massive black holes, such accumulation could
result from spike formation, or from the fact that such black holes are charged under millicharged
dark fermions [28]. Here, too, the recent literature is substantial, and we refer to [8–12] for some
representative studies.

The purpose of this paper is to explore the possibility of probing dark forces with extreme mass
ratio inspiral (EMRI) systems consisting of a central object – the super-massive black hole (SMBH)
– and a stellar mass black hole in a decaying orbit around the central object [29, 30]. These systems
produce millions of cycles in the GW sensitivity band of LISA, enabling probes of the background
geometry, as well as the detection of small changes to the radiation-reaction force. The inspiral pro-
cess is driven mainly by the emission of gravitational radiation, thus providing an excellent laboratory
in which to probe any altered emission due to dark forces. EMRI systems have been extensively used
as laboratories of GR and modified gravity: we refer to [31, 32] for papers relevant to our study.
Their use as probes of dark forces and dark sectors is somewhat more limited and recent: we refer
to [31, 32] for scalar-mediated dark force studies, and [9] for somewhat related dark sector studies of
SMBH binaries.

There are two main reasons why EMRIs should be studied in this context. The first is that the
innermost stable circular orbit (ISCO) of the EMRI, which determines the characteristic length scale
of the system and thus the characteristic wavelength of the mediator, probes a dark force range that is
complementary to that probed by SMBH or neutron star binaries. Moreover, since the ISCO scales
linearly with the mass of the central SMBH, different EMRI systems are sensitive to different dark
force ranges corresponding to λ ∼ RISCO ∝ M2, where M2 is the mass of the SMBH. In particular,

1It should be noted that many of the constraints on the (α̃′,mV ) plane coming from GW data are obtained under
the specific assumption that Eq. (1.1) depicts theories of massive gravitons (the constraints come from corrections to the
propagation of GWs from the source binary to Earth, due to the non-zero graviton mass). For example, very strong
constraints on mV are obtained by a comparison of the times of arrival of GW and electromagnetic signals, or pure GW
signals coming from sky-averaged, quasi-circular inspirals of compact objects of various masses (we refer to [27] for an
early landmark paper in this area, and Table 2 of [26] for a summary of constraints). The use of GW propagation to
constrain massive gravitons is not the focus of our work.
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we show our results for LISA [33, 34] (SMBH masses ∼ 106M⊙ with corresponding λ ∼ O(1010)
m and mV ∼ O(10−16) eV) and for the proposed µAres detector [35] (SMBH masses ∼ 108M⊙
with corresponding λ ∼ O(1012) m and mV ∼ O(10−18) eV).

The second reason EMRIs are interesting in this context is that mass measurements of the central
SMBH, performed by methods that are independent of the primary EMRI system (a combination
that we somewhat loosely call “multimessenger") can enable us to probe small values of the dark
sector coupling. The main challenge in probing small couplings α̃′ is that the correction in Eq. (1.1)
is parametrically limited by the uncertainty in the binary component masses2. Independent mass
measurements can break the degeneracy between gravity and the dark force, if the dark force is
assumed to be subdominant or “switched off" between the SMBH and ordinary matter, while being
operational between the SMBH and the black hole comprising the EMRI system. Stated in another
way, the central SMBH is envisioned to have ordinary matter in its vicinity, which allows for the
determination of the mass of the SMBH, without the confounding effect of the dark force. This
knowledge of the mass of the SMBH can then be used to constrain the dark force using the EMRI
between the SMBH and stellar black hole. Although we will be somewhat agnostic to the underlying
particle physics model that achieves this, we will indicate the most natural setting where our scenario
may be applicable: a dark sector fermion χ with very feeble millicharge (near the weak gravity
conjecture limit) interacting via an Abelian gauge boson Vµ.

Measuring the mass of SMBHs is a topic of intense research in astronomy. In quiescent galaxies,
the methods typically rely on the motion of dynamical tracers – stars or gas – combined with sophisti-
cated dynamical models. On the other hand, for active galaxies with prominent broad emission lines,
the most promising method is reverberation mapping [37–39]. While measuring the motion of dy-
namical tracers requires high resolution and is applicable for nearer galaxies, reverberation mapping
can be applied to galaxies at greater distances. We will also consider a third method that is applicable
to nearby galaxies: GW signals from extremely large mass-ratio inspirals (XMRIs) formed by the
central SMBH and a brown dwarf. We note that there are other emerging proposals for measuring
the mass of SMBHs that we do not consider, such as X-ray flux variability of active galactic nuclei
[40]. Our work motivates cross-pollination between the exciting field of SMBH mass determination
and the future field of EMRI studies with future GW detectors, all within the context of dark sector
physics.

The rest of the paper is organized as follows. In Section 2, we discuss multimessenger measure-
ments of the SMBH mass in different astrophysical systems. In Section 3, we show the dark force
effect in the GW emission from EMRIs and the resulting sensitivity to the dark force with future
LISA and µAres observations. We conclude in Section 4.

2 EMRIs, Multimessenger Studies, and Ultralight Mediators

For ultralight mediators, the prospects of distinguishing the dark force from pure gravity is challeng-
ing. Compared to equal mass binaries, however, EMRIs offer certain advantages in addressing this
important problem. The key point is the determination of the mass of the SMBH by a method for
which the dark force can be switched off, followed by the determination of the mass of the mediator
by an EMRI between the SMBH and a stellar black hole.

2A possible remedy that has been pursued by some authors [36] is to ascertain the masses of the binary components
with post-Keplerian parameters such as advance rate of periastron and Shapiro time delay. However, this is predicated on
the assumption that the dark sector contribution to the orbital decay proceeds through a dominant dipole term (while the
contribution to other post-Keplerian parameters comes from corrections to the potential in Eq. (1.1)). Rephrased in terms of
post-Newtonian counting, the dipole radiation correction to the orbital decay enters at -1PN order compared to GR, while
the corrections to other post-Keplerian parameters enter at 0PN.
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2.1 Multimessenger Studies with XMRI-EMRI Combinations

The combination of an extremely large mass-ratio inspiral (XMRI) and an EMRI with the same
central SMBH but two different smaller objects (a brown dwarf for the XMRI [41–43] and a black
hole for the EMRI) constitutes our first example of a multimessenger signal. XMRIs have been
recently explored as interesting sources for LISA or TianQin. With mass ratios as small as ∼ 10−8,
a brown dwarf would complete ∼ 108 cycles before the merger, spending time on band for millions
of years. These are expected to be abundant and loud systems: 104 (103) years before merger, the
SNR is expected to be O(103) (O(104)) [43]. It should be noted that the high SNR of XMRI systems
implies that they can be detected in nearby galaxies as well ([43] calculates that XMRI systems with
SNR = 10 can be detected out to 50 Mpc 200 yrs before plunge). It is instructive to consider the case
of Sgr A⋆. XMRIs between Sgr A⋆ and brown dwarfs can constrain the mass of Sgr A⋆ at the level of
O(10−2)M⊙ [42] 3. For the event rate of eccentric XMRIs, [42] obtain an average of N = 8+9

−3 for
the case of low spin of Sgr A⋆ (a = 0.1) and N = 12+6

−4 for the case of high spin of Sgr A⋆ (a = 0.9).
The numbers quoted above signify sources that emit GWs in the LISA and TianQin detection band
with SNR ∼ 30. The brown dwarfs are assumed to have mass 0.05M⊙ in prograde orbits and have an
orbital inclination of 0.1 rad. The initial eccentricity of the XMRI system is taken to be between 0.99
and ≥ 0.999 with semimajor axis 4× 10−4 pc ≤ a ≤ 8× 10−3 pc. Similar numbers are reported by
[43].

We now turn to a discussion of EMRI formation. Generally, the rate of EMRI formation in
a galaxy is determined by two timescales. The first (the two-body relaxation timescale Trlx) is the
time it takes to produce high eccentricity EMRI candidates from the dense cluster of stars and stellar
remnants in the nuclear cluster surrounding the SMBH. The timescale Trlx is determined by the
number density of compact objects in the nuclear cluster, their velocity dispersion, steepness profile,
and half mass radius [44]. The second timescale pertains to the time it takes for the EMRI candidate
to decouple from the rest of the nuclear cluster, and is determined by the rate of GW emission. Typical
estimates for the relaxation time are in the range of O(0.1−1) Gyr. Combining the estimates of these
timescales, the benchmark figure for EMRI event rates from studies in the literature is ∼ 10−6 per
galaxy per year. This translates to tens to hundreds of EMRI events per year at LISA, which probes
the Universe out to redshift z ∼ 1 [45]. It should be noted that the event rate for EMRIs is a subject of
ongoing research, and the benchmark rate quoted above can be boosted by other mechanisms. While
the ∼ 10−6 per galaxy per year is based on the “loss cone" scenario where a candidate is scattered
by interactions with other bodies in the nucleus into a highly eccentric orbit around the SMBH, the
presence of an accretion disk can significantly enhance this process. For example, [46] find that
accretion disk-assisted EMRIs form ∼ O(101 − 103) times faster than the “loss cone” mechanism.

The possibility of a concurrent observation of an XMRI-EMRI combination at Sgr A⋆ is pes-
simistic: while the expected event rate of an XMRI is relatively high, the event rate of an EMRI
is more suppressed, and the joint probability is further suppressed. Nevertheless, given that XMRI
signals may be detected up to 50 Mpc, and EMRIs even further, the possibility of a coincident XMRI-
EMRI signal may be significantly boosted if one considers other galaxies. Since such a concurrent
multimessenger observation represents one of the best case scenarios for constraining ultralight me-
diators, we depict results corresponding to this benchmark scenario in our plots in Section 3.

3We will assume that the redshifted SMBH mass and the physical SMBH mass have the same level of uncertainty in
this case. This is possible if the redshift is accurately determined, as expected for concurrent XMRI-EMRI events.
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2.2 Multimessenger Studies with Stellar Kinematics - EMRI Combinations

We now turn to another possibility: multimessenger combinations from stellar kinematics around
SMBHs on the one hand, and EMRIs of stellar black holes on the other. While the precision of mass
measurements using stellar orbits is far lower than that using the XMRI-EMRI combination, the event
rate of such a possibility is more optimistic.

For the case of Sgr A⋆, the mass measurement by the GRAVITY Collaboration [47–49] relies on
stellar orbits at several thousands of gravitational radii and yields a value of M2 = (4.297±0.012)×
106M⊙. On the other hand, [50] provide six SMBH mass measurements at 3σ confidence level from
SINFONI observations of nearby fast rotating early-type galaxies: NGC 584 (M2 = (1.3 ± 0.5) ×
108M⊙), NGC 2784 (M2 = (1.0± 0.6)× 108M⊙), NGC 3640 (M2 = (7.7± 5)× 107M⊙), NGC
4570 (M2 = (6.8±2.0)×107M⊙), NGC 4281 (M2 = (5.4±0.8)×108M⊙) and NGC 7049 (M2 =
(3.2± 0.8)× 108M⊙). Other SMBH mass measurements are also available: the MASSIVE Survey
[51] is a volume-limited, multi-wavelength, integral-field spectroscopic and photometric survey of
O(100) of the most massive early-type galaxies within 108 Mpc. A sample of 72 SMBHs and their
host galaxies based on kinematic data and modeling efforts is provided in [52]. We note that the
general level of the uncertainty in the mass measurement using stellar kinematics is ∼ O(10− 30)%.
Thus, the observation of an EMRI between the SMBH and a stellar black hole in any of these galaxies
would result in multimessenger combinations of stellar kinematics-EMRI.

2.3 Multimessenger Studies of Spectroscopic Reverberation Mapping and EMRIs

The third multimessenger combination scenario that we will consider is the measurement of the
SMBH mass with spectroscopic reverberation mapping. In this method, the time delay in changes
in the continuum emission arising from the accretion disk near the SMBH and the response of these
changes on the emission from the (farther away) broad line region are measured. This time delay
effectively measures the distance between the accretion disk and the broad line region (more precisely,
the responsivity-weighted average radius of the broad line region). Finally, from this information, the
mass of the SMBH can be extracted following [53]:

M2 =
fcτcentσ

2
line

G
. (2.1)

Here, f ∼ O(1) is a parameter that is specific to the broad line region and depends on its structure,
orientation, and kinematics. The parameter τcent is the measured time delay (as measured from the
centroid of the cross-correlation function around the emission peak), while σline denotes the root-
mean square width of emission in the variable part of the spectrum. A major source of uncertainty
is the value of f . Mass measurements of SMBHs using this method can be obtained from the AGN
Black Hole Mass Database [54]. Most of the measured SMBH masses lie at redshifts z < 0.2,
although there are a few at z ∼ O(2− 3). The general level of uncertainty in the mass measurement
is ∼ O(10%).

In this context, we take particular note of the OzDES and SDSS reverberation Mapping Pro-
grams [39, 55, 56], which have pioneered large-scale reverberation mapping campaigns [55]. These
programs have observed hundreds of active galactic nuclei, probing a wide range luminosities and
redshifts. The OzDES-RM program recently published data from successful campaigns for eight
active galactic nuclei between 0.12 < z < 0.71 [55]. In previous work, they measured the mass
of two SMBHs at some of the highest redshifts, z = 1.905 and z = 2.593. The measured masses
are 4.4+2.0

−1.9 × 109M⊙ for DES J0228-04 and 3.3+1.1
−1.2 × 109M⊙ for DES J0033-42, calculated with

f = 4.47 ± 1.25. The SDSS-RM Program published results for 849 broad line quasars between
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0.1 < z < 4.5. The observation of an EMRI between the SMBH and a stellar black hole in any
candidate observed by these campaigns would result in multimessenger combinations of reverbera-
tion mapping - EMRI, which constitutes our third benchmark scenario.

3 Results

In this section, we obtain constraints on the mediator mass versus coupling plane (mV , α̃
′), assum-

ing that the central SMBH and a second stellar black hole constitute an EMRI system. Our strategy
will be to compute the temporal evolution of the angular frequency ω̇, including the correction due
to the dark force in Eq. (1.1), and subsequently compute the GWs from perturbations of the Kerr
metric following [57] (we refer to [58, 59] for classic papers and [60, 61] for earlier work). We will
then compare our results to the case of pure gravity, where the dark force is absent. Our calculation
most closely resembles that of [11], who performed an analogous calculation for regular equal-mass
binary inspirals. We will assume an uncertainty of O(10)% in the mass of the SMBH, corresponding
to the case where the SMBH mass measurements comes from either stellar kinematics or reverber-
ation mapping. On the other hand, for the case of an XMRI-EMRI multimessenger combination,
we will assume that the mass of the SMBH is determined up to negligible fractional uncertainty
∼ O(10−3)%.

We note that several prior studies of dark sectors with binary inspirals have concentrated on con-
straining either the strength of the dipole radiation term, or the charge of the remnant. For example,
[11, 28, 62–64] consider black hole binary inspirals with massless mediators and constrain the dipole
radiation term from the early pre-merger inspiral stage. The charge of the merger remnant can be
constrained from the detection of the quasinormal modes. Dipole radiation in the context of EMRIs
has been considered by [65–67]. Our focus, as stated before, will instead be on constraining the dark
force in the limit of vanishing dipole radiation, relying instead on independent mass measurements
of the SMBH.

The use of independent mass measurements to constrain dark forces works under the assump-
tion that the dark force is only operational between the SMBH and the stellar black hole, while being
switched off between the SMBH and surrounding baryonic matter, including stars, other objects such
as brown dwarfs, and matter in the accretion disk. This is possible in models where the black holes
are charged under a dark force acting only between particles in the dark sector, and not between
the dark and visible sectors. We discuss a simple model that achieves this as a proof of principle,
in Appendix A. The model consists of millicharged dark fermions with mass ∼ 1 GeV and charge
approximately equal to their mass, near the weak gravity conjecture limit. The dark force carrier
is a vector V . The discharge time of a black hole initially charged with such dark fermions can be
shown to be large under the most conservative assumptions. We remain somewhat agnostic about the
question of how the black holes acquire their initial distribution of dark fermions, indicating some
possibilities in Appendix A. For the case of the SMBH, the question reverts to the open question of
how seeds of such black holes are formed.

3.1 Effect of Dark Forces

To set our notation, we consider an EMRI system consisting of two masses M1 and M2, with the
mass ratio, η ≡ M1/M2 ≪ 1. The heavy object (M2) is a SMBH. In addition to the gravitational
attraction between the two objects, we introduce a dark force operating between them. For simplicity,
we consider a Yukawa force mediated by a mediator particle V

|F⃗Yukawa| =
α′Q1Q2

r2
e−mV r(1 +mV r). (3.1)
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Here α′ is the dark fine structure constant, mV is the mass of the dark force mediator, r is the
separation between the two objects constituting the EMRI system, and Qi is the dark charge of the
object i, with i = 1, 2. We will consider both the case when α′ > 0 (attractive force between charges
of opposite signs) as well as α′ < 0 (repulsive force between charges of the same sign)4. Although
the Yukawa force is typically used to describe interactions mediator by scalar particles, we do not
distinguish between scalar and vector mediators in this study when introducing dark forces in the
form of Eq. (3.1). The dark force, together with the gravitational attraction, gives the total force
acting on each object

|F⃗total| =
GM1M2

r2
[1 + α̃′e−mV r(1 +mV r)], (3.2)

where it is convenient to normalize the strength of the dark force to the gravitational force by intro-
ducing

α̃′ ≡ α′Q1Q2

GM1M2
. (3.3)

The introduction of the dark force modifies the EMRI system in two ways. Firstly, the angular
frequency ω(r) is determined by the net force on the lighter object, which is modified by the dark
force, resulting in a departure from the inverse-square law as given in Eq. (3.2). Secondly, dark
(dipole) radiation in the form of emission of the light force mediator will make the inspiral faster,
affecting the temporal dependence of the separation r(t). Both ω(t) and r(t), and therefore ultimately
the GW frequency fGW(t) and strain hc(t) are modified from the pure gravity case in the presence
of a dark force. In this work, we will assume that the dipole radiation is negligible.

Given a centripetal force in Eq. (3.2), the relation between the orbital frequency and the separa-
tion r in the presence of a dark force can be obtained as

ω2 =
G(M1 +M2)

r3
(1 + α̃′e−mV r(1 +mV r)). (3.4)

The GW frequency of a harmonic m is determined with the orbital angular frequency

fGW,m =
m

2π
ω. (3.5)

Near the ISCO, GW radiation drives orbits to be circular; therefore the m = 2 mode dominates and
we focus on fGW ≡ fGW,2 in the rest of the paper. We determine r(ω) numerically from Eq. (3.4).
The EMRI losses energy mainly through GW radiation when dipole radiation of the mediator is
turned off. The GW emission rate is

dEGW

dt
=

32

5
Gµ2 ω6 r4. (3.6)

Here, µ = M1M2/(M1 +M2) is the reduced mass.
The time evolution of the orbital frequency due to GW radiation is [10]

dω

dt
= −32

5
Gµω5 r2 gN−1. (3.7)

4For dark force mediated by a scalar particle, the force between two particles is always attractive. The modifications of
inverse-square law from attractive interactions mediated by a scalar mediator and a vector mediator are the same, and we
will not distinguish them in the GW analysis.
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The g factor is from the dark force correction to the gravitational attraction,

g = −3 + α̃′e−mV r (3 +mV r(3 +mV r))

1 + α̃′e−mV r (1 +mV r(1−mV r))
. (3.8)

While a precise determination of the gravitational wave emission from the EMRI systems remains an
ongoing effort, several sets of waveforms have been provided for data analysis. We adopt the result
provided by Ref. [57], which was obtained by numerically solving the Teukolsky equation [58, 68]
for quasi-circular orbit cases. The result for each physical quantity is presented as the usual equation
but with an additional factor added which captures the relativistic correction. In the case of GW
frequency evolution in Eq. (3.7), we include the correction N−1 obtained from Table VIII of [57].

The strain amplitude of the GW signal can be calculated from the gravitational energy radiation
rate. For the characteristic strain in the harmonic m, we follow the definition of [57],

hc,m ≡ ho,m

√
2f2

GW,m/ḟGW,m , (3.9)

with the dominant contribution coming from the harmonic m = 2. The f2
GW/ḟGW factor accounts

for the time the GWs are produced at a fixed frequency for detection. The rms amplitude is defined
as

ho,m =
2
√
Ė∞m

mω dL
, (3.10)

where Ė∞m is the total energy emission rate into the m-th harmonic to infinity. dL is the luminosity
distance from the EMRI system to Earth. The full expression for ho,m appears in Eq. (3.11b) of [57].
We reproduce the expression for the m = 2 mode here for completeness

ho,2 =

√
32

5

η GM2

dL
(GM2 ω)

2/3Ho,2. (3.11)

The relativistic correction to the strain Ho,2 can be obtained from the relativistic correction to the
energy loss rate Ho,2 =

√
Ė∞2, and we use numerical values of Ė∞2 reported in Table IV of [57].

We will focus on the m = 2 harmonic of the characteristic strain amplitude hc ≡ hc,2, which is
calculated through Eq. (3.9) with numerical results of ḟGW from Eq. (3.7) and ho,2 from Eq. (3.11).

3.2 Temporal Evolution of Gravitational Waves

We use formulas introduced in the last section to calculate GWs emitted by the EMRI system. Fig. 1
and Fig. 2 illustrate the evolution of the GW frequency fGW and characteristic strain hc for different
choices of the dark force strength parameter α̃′. The mass of the SMBH is chosen as M2 = 106M⊙,
and the mass of the inspiralling black hole is M1 = 10M⊙. We assume for simplicity both black
holes are Schwarzschild black holes, though dark forces can also impact EMRIs involving rotating
black holes. The mass of the mediator is mV = (107 km)−1 ≃ 1.98× 10−17eV, such that the force
range is comparable to the ISCO radius of 8.9 × 106 km for a 106M⊙ SMBH. The associated GW
frequency emitted at the ISCO is about 4.4 mHz. We evolve the EMRI system using Eq. (3.7) from
the initial condition fGW = 1.34 mHz at t = 0, and calculate the GW emission power with Eq. (3.9).
The corresponding initial EMRI components separation is about 2 × 107 km with small difference
depending on the type of interactions.

The colored curves in Fig. 1 show fGW as a function of time in the cases with the absolute value
of the dark force strength |α̃′| = 0.5 (purple), 0.25 (red), and 0.1 (blue). The attractive force case
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Figure 1: Evolution of the EMRI GW frequency fGW of a 10M⊙ object inspiraling a 106M⊙ SMBH
for a range of dark force strength values α̃′ in the attractive case (solid) and repulsive case (dashed).
The mediator mass is (107 km)−1. (left): the case of multimessenger EMRI signals with either
reverberation mapping or stellar kinematics data, resulting in an uncertainty (displayed by the gray
band) of 10% in determining both of the masses M1 and M2. (right): the case of multimessenger
EMRI-XMRI signals, resulting in a fractional uncertainty (displayed by the gray band) of 10−3% in
the SMBH mass M2 and 10% in M1.
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Figure 2: The temporal dependence of the characteristic strain hc of the EMRI system for a range
of dark force strength values in the attractive (solid) and repulsive (dashed) cases. The black hole
and dark force mediator masses are chosen to be consistent with Fig. 1. (left): multimessenger
measurement with reverberation mapping. The uncertainty of masses M1 and M2 are both 10%.
(right): multimessenger measurement with XMRI. The uncertainty of masses M1 and M2 are 10%
and 10−3% respectively.

(α̃′ > 0) is shown with solid curves while the repulsive force case (α̃′ < 0) is shown with dashed
curves. As a comparison, we show the case in the absence of dark force with the black curve, to-
gether with a gray band representing the typical uncertainty from the determination of the black hole
masses. In the left panel, we show the uncertainty of ∆M2/M2 = 10% corresponding to reverbera-
tion mapping campaigns. In the right panel, the uncertainty is ∆M2/M2 = 10−3% corresponding to
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Figure 3: The coupling g defined in Eq. (3.8) as a function of the dimensionless force range mV r
with different choices of α̃′ for attractive dark force (solid) and repulsive dark force (dashed). The
largest deviations from the gravitation only case, g = −3, occur when mV r ∼ 1.

the mass determination with an XMRI measurement. In both panels, a 10% uncertainty for the mass
of the inspiraling black hole ∆M1/M1 = 10% is incorporated within the gray bands. Evidently,
the attractive dark force accelerates the system towards ISCO, while the repulsive dark force slows
down the system’s evolution towards ISCO. Larger values of the effective dark force strength induce
more significant deviations from the gravitation-only scenario. With a more precise multimessenger
determination of M2 in the right panel, a smaller |α̃′| = 0.1 can be distinguished from the uncertainty
band compared to the sensitivity of about |α̃′| = 0.25 in the left panel.

In Fig. 2, we show the strain amplitude hc as a function of time for the same EMRI event
consisting M1 = 10M⊙ and M2 = 106M⊙ located at dL = 1 Gpc, in the attractive dark force
case (solid) and the repulsive dark force case (dashed). The inverse mediator mass is chosen to be
1 × 107 km. In all figures, the pure gravity case is shown with the black curve, and the benchmarks
with non-zero dark force couplings are shown for |α̃′| = 0.5 (purple), |α̃′| = 0.25 (red), and |α̃′| =
0.1 (blue), corresponding to the same benchmark values in Fig. 1. The SMBH mass uncertainty is
shown with the gray band for 10% in the left panel, and for 10−3% in the right panel, while the mass
uncertainty of the lighter component is kept to be 10% in both panels. We note that for an attractive
(repulsive) dark force, the characteristic strain hc is weaker (stronger) than the pure gravity case at
a given time t > 0. This contrasts with the evolution of rms amplitude ho,2 of GWs emitted toward
infinity. The dependence is reversed as a result of the effect of the dark force on the GW frequency:
when the EMRI system evolves faster to ISCO, it spends less time fGW/ḟGW in the fixed observation
frequency window, such that the hc in Eq (3.9) is suppressed. Similar to Fig. 1, we see that the effect
of the dark force can be discerned best with a stronger dark force strength |α̃′|.

The strain amplitude of a resolved EMRI signal is inversely proportional to the luminosity dis-
tance. Therefore, EMRI events that are closer can be measured with greater precision; indeed, as
mentioned before, multimessenger studies involving EMRIs rely on stellar kinematics or reverbera-
tion mapping that are only effective at much smaller distances. Nevertheless, dL = 1 Gpc represents
a conservative choice.

In addition to the dark force strength, EMRIs are also sensitive to the mass of the mediator mV ,
which determines the range of the dark force. The dependence on the mediator mass is from the g
factor in Eq. (3.8). In the scenario where there is no dark force, as well as in the scenario where
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Figure 4: GW frequency versus time plot of a 10M⊙ object inspiraling a 106M⊙ SMBH for a
range of the dark force mediator mass mV . (left): the case of multimessenger EMRI signals with
reverberation mapping data, resulting in an uncertainty of 10%in determining each of the masses M1

and M2. (right): the case of multimessenger EMRI-XMRI signals, resulting in an uncertainty of
10−3% in the SMBH mass M2 and 10%in M1.

the range of the dark force is much longer or shorter than the EMRI separation, Eq. (3.8) reduces to
g = −3. Conversely, the correction factor deviates from −3 when mV is comparable to the inverse
mutual separation of the EMRI components. We show the dependence of the g factor on the relative
values of mV and r in Fig. 3, for the case of attractive (denoted by solid lines) as well as repulsive
(denoted by dashed lines) dark force interactions. It is clear that significant deviations from the
gravity only case occur when mV r ∼ 1. The deviation of the g from −3 introduces an effect on the
EMRI evolution that agrees with the attractive or repulsive nature of the dark force. Specifically, the
system evolves more quickly for an attractive dark force interaction when g is more negative around
mV r ∼ 1, while it evolves more slowly for a repulsive dark force interaction when g is less negative
around mV r ∼ 1.

The effect of the mediator mass on the EMRI is displayed in Fig. 4 with fGW as a function
of time for a fixed dark force strength but different mediator masses. We choose α̃′ = 0.5 in the
left panel, and α̃′ = 0.2 for the right panel. The other EMRI parameters are kept to be consistent
with Fig. 1. We also choose the initial frequency to be fGW = 1.34 mHz for all EMRIs. The
corresponding initial black hole separation is about 2 × 107 km with small difference depending
on the type of interactions. As a comparison, the ISCO radius is about 8.9 × 106 km for M2 =
106M⊙. The mediator mass values are chosen to represent three different force range scenarios:
short force range m−1

V = 5× 106 km (red); intermediate force range comparable to the ISCO radius
m−1

V = 107 km ∼ RISCO (yellow); and the very long-range force limit m−1
V = 109 km (blue).

As is expected from the dependence of the g factor on mV r, the dark force effect of yellow curves
exhibit more significant distinction from the gravity-only case (black), compared to the short-range
and long-range force limits.

In the regime where mV ≪ R−1
ISCO, EMRI GWs can still discern between the gravitational at-

traction and an additional dark force if one advocates, as we have, for an independent mass measure-
ment for which the dark force is switched off. This is different from the case of GW measurements
from equal-mass binary systems, where the effect of the dark force becomes entirely degenerate with
gravity: in that case, a rescaling of the binary component mass by a factor of (1 + α̃′)2/5 mimics the
presence of the dark force. The primary challenge in distinguishing the effect of the dark force stems
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Figure 5: Strain hc as a function of the GW frequency fGW near ISCO. Color curves show the EMRI
evolution with a range of dark force strengths. Black curve shows the evolution in a gravitation-only
scenario. Brown dots indicate the evolution time is 5 years from ISCO while cyan dots represents
1 year left to ISCO. (upper): Dark force effect compared to the gravitation-only case, with mass
uncertainties ∆M1/M1 = 10% and ∆M2/M2 = 10%, depicted on the left, and zoom-in of spe-
cific regions on the right. (lower): Dark force effect compared to the gravitation-only case with
∆M1/M1 = 10% and ∆M2/M2 = 10−3% on the left, and zoom-in plot on the right.

from uncertainties in the pure gravitational contribution, which ultimately arises due to uncertainties
in M1 and M2 (illustrated by the gray band). For instance, for a benchmark value of α̃′ = 0.5, the
rescaling factor on the mass, (1 + α̃′)2/5 ≃ 1.18, exceeds the uncertainty in the reverberation map-
ping and the XMRI measurements. Consequently, the degeneracy is broken for EMRI GWs in the
ultra-long-range force limit.

In the end, we show the EMRI GWs on the plane of strain versus frequency in Fig. 5, with
the black and cyan dots indicating the remaining time from ISCO is 5 years and 1 year respectively.
The mediator mass is set to m−1

V = 107 km to demonstrate the maximum effect. The upper panels
illustrate the effects of the dark force compared to uncertainties determined by reverberation mapping,
with a detailed zoom-in on the region where the dark force leads to a significant deviation from the
gravity-only scenario. The lower panels show the case when uncertainties are determined by the
XMRI measurement. The GW data collected over the last few years from the EMRI events in future
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observations will be utilized to precisely track the evolution of the strain versus the frequency, crucial
for distinguishing the existence of the dark force. We will use the hc − fGW relation to calculate the
sensitivity to the dark force in the next section.

3.3 Sensitivity with Multimessenger Measurements

We perform a likelihood analysis to test the future sensitivity to α̃′ with the EMRI GWs and the
additional independent measurement of the black hole masses. The likelihood analysis is based on
the strain-frequency data of the GW signal. The likelihood is defined as [69]

Λ(s|α̃′) = K exp[(hα̃′ |s)− 1

2
(hα̃′ |hα̃′)− 1

2
(s|s)] (3.12)

Here K is a normalization constant, s(t) is the observed GW waveform in the time domain, and
hα̃′(t) is the waveform corresponding to a selected value of α̃′. The scalar product between the two
waveform is given by

(hα̃′ |s) = 4Re

∫ fmax

fmin

dfGW
h̃α̃′(fGW) s̃(fGW)

Sn(fGW)
(3.13)

where Sn(fGW) represents the noise spectral density of the GW observatory and has a dimension
of Hz−1. Quantities denoted with a tilde represent the Fourier transform of the time domain data.
Following the definitions in [70], we can write the scalar product as

(hα̃′ |s) = Re

∫ fmax

fmin

dfGW
hc,α̃′(fGW)sc(fGW)

f2
GW Sn(fGW)

(3.14)

The characteristic strain hc,α̃′(fGW) is calculated with the chosen dark force strength. The sc(fGW)
is obtained from the observed GW waveform. In the EMRI measurement, the upper limit fmax and
the lower limit fmin of the integral in Eq. (3.14) is determined by the frequency range over which
the waveform is observed, with the upper limit set to f ISCO

GW and the lower limit set to the EMRI GW
frequency at 10 years before ISCO 5. As long as the EMRI signal is stronger than the detector noise,
the likelihood is mostly determined by the deviation of the signal spectrum in the presence of the dark
force from the gravity-only spectrum (with mass uncertainties). We calculate the value of α̃′ for a
given mV that maximizes the likelihood. This is equivalent to maximizing the log-likelihood, which
we can read from Eq. (3.12) as

log Λ(s|α̃′) = log K + (hα̃′ |s)− 1

2
(hα̃′ |hα̃′)− 1

2
(s|s)

= (hα̃′ |s)− 1

2
(hα̃′ |hα̃′) (3.15)

For an observed waveform s(t), the term logK − 1
2(s|s) is a constant independent of the dark force

effect and can be omitted from the definition of log-likelihood in the rest of the analysis.
To estimate the sensitivity to α̃′, we assume that the observed signal corresponds to the dark

force scenario. The likelihood of a gravity-only scenario is calculated with the assumed uncertainties
in the masses of the EMRI components and α̃′ = 0. A scan across the parameter space of α̃′ is
performed to assess the likelihood with non-vanishing α̃′. We further assume that the test statistic,

5The LISA observatory is set to observe for 4.5 years, with the possibility of extension up to 10 years [33, 34]. For the
proposed µAres mission, a 10-year-long observation period is foreseen. Therefore, we use tobs = 10 years in our analysis.
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denoted as τ , is χ2-distributed under the null hypothesis. The two likelihoods are then compared at a
95% confidence level. The likelihood test statistics is

τ = −2

(
ln Λ(s|0)−max

α̃≥0
[ln Λ(s|α̃)]

)
(3.16)

We will use the likelihood test statistics to calculate the sensitivity to the dark force strength
and the force range. While the precision of GW measurements improves the sensitivity to α̃′, the
sensitivity to the dark force range depends on the mass of the SMBH involved in the EMRI event.
We discuss the relation between the dark force range and the SMBH mass in the following. EMRI
GWs are observed mostly when the orbits of the inspiraling object have decayed close to the ISCO
radius, which can be written as RISCO = 6GM2 for Schwarzschild SMBHs. The frequency of GWs
emitted when the separation is equal to the ISCO radius, r = RISCO, is

f ISCO
GW =

1

6
√
6πGM2

≃ 4.35

(
106M⊙
M2

)
mHz. (3.17)

This determines the observed GW frequency for EMRIs with different center SMBH masses. The
frequency window of LISA is ideal to be used for observing GWs from ∼ 106M⊙ SMBHs. On the
other hand, EMRI GWs from heavier SMBHs appear at lower frequencies that are outside the LISA
range. For example when M2 ∼ 109M⊙, the GW frequency lies in the unexplored µHz range. Future
observations of µHz GWs have been proposed with space-based interferometers µAres [35], cold-
atom interferometers [71], and using Solar System asteroids as test masses [72]. With a larger SMBH
mass and consequently a wider ISCO radius, we can probe the dark force of a lighter mediator mass
mV , which would be indistinguishable from a rescaling of gravitational force with measurements at
smaller separations. Therefore, the mediator mass of optimal sensitivity, the SMBH mass and the
GW frequency can be correlated as follows,

m−1
V ≃ 8.96× 108

(
M2

108M⊙

)
km ≃ 3.90× 108

(
10−4 Hz

fGW

)
km (3.18)

We present the sensitivity to α̃′ across a range of the mediator mass mV in Fig. 6. In particular,
we choose two sets of representative GW event parameters: (1) M2 = 106M⊙, dL = 10 Mpc for
lighter SMBHs; and (2) M2 = 108M⊙, dL = 0.1 Gpc for heavier SMBHs, to demonstrate their
sensitivity to different mediator masses. In both benchmarks, the results are calculated by requiring
τ = 4 in Eq. (3.16) with different multimessenger measurements. In both cases, we will show that
the optimal sensitivity is achieved when the mediator mass approximates the inverse of the EMRI
separation, as can be seen from the minimum of the sensitivity curve at mV r ∼ 1.

In the first benchmark, the SMBH mass uncertainty can be independently constrained to within
10% by spectroscopic reverberation mapping or stellar kinematics, with which the sensitivity of
EMRI GW measurement is shown with the red dotted curve in Fig. 6. Additionally, the SMBH mass
can be measured within 10−3% uncertainty with XMRIs. The corresponding sensitivity is shown
with the cyan dotted curve in Fig. 6. The EMRI GWs from ∼ 106M⊙ SMBHs will be measured
precisely with the future LISA observatory. We use noise power spectral densities reported in [29]
for the LISA instrumental noise and the galactic confusion noise to obtain the sensitivity. We as-
sume M1 = 10M⊙ with 10% uncertainty. The results show that LISA has optimized sensitivity to
mV ∼ 10−17 − 10−16 eV, while it can still detect effects from longer mediator wavelengths. To
illustrate sensitivities achieved through further reduction of uncertainties associated to the black hole
masses, we present the sensitivity corresponding to 10−3% precision for both M1 and M2 in the black
dashed curve.
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Figure 6: Projected 95% C.L. sensitivity of LISA and µAres to an attractive dark force on its strength
α̃′ and force mediator mass mV . The cyan, red, and black curves assume the EMRI system consists of
a stellar black hole of mass M1 = 10M⊙ and a SMBH of mass M2 = 106M⊙. The cyan dotted curve
corresponds to the case of EMRI-XMRI signals, resulting in an uncertainty of 10% in determining
the value of M1, and 10−3% in determining the value of M2. The red dotted curve displays the
sensitivity of EMRI signals complemented with spectroscopic reverberation mapping measurements,
leading to a 10% uncertainty in both M1 and M2. The black dashed curve depicts the sensitivity of an
EMRI waveform observed with an uncertainty of 10−3% in determining both masses. We also show
the case of a heavier SMBH mass with the blue dashed curve for an IMRI-XMRI multimessenger
measurement. The black hole masses are M1 = 104M⊙ and M2 = 108M⊙, with 10% uncertainty in
M1 and 10−3% uncertainty in M2.

In the second benchmark, we assume the sensitivity is set through GWs measured by the future
µAres observation, combined with an independent SMBH mass measurement ∆M2/M2 = 10−3%
from the XMRI. µAres is capable of detecting GWs with a sensitivity of hc ≈ 10−18 at fGW =
10−6 Hz. With such sensitivities, it will be able to observe Intermediate Mass Ratio Inspirals (IMRIs)
involving 103 − 104 M⊙ intermediate-mass black holes inspiralling onto 107 − 108 M⊙ SMBHs out
to z ≥ 6 [35]. An IMRI system will respond to the dark force similarly to an EMRI, and the GW
emission will be altered in a comparable manner. According to Eq. (3.18), an IMRI signal from a
108M⊙ SMBH is able to probe m−1

V ≳ 109 km. We assume M1 = 104M⊙ for the intermediate-
mass black hole, and use the µAres noise level reported in [35] to calculate its sensitivity. The final
sensitivity is depicted by the blue dashed curve in Fig. 6. In the regions where the blue curve overlaps
with the red and cyan curves, the dark force effect can be measured for both SMBHs of different
masses, allowing the parametric dependence on α̃′ and mV to be disentangled.

Our study concentrates on the role of independent mass measurements; however, previous stud-
ies employing Fisher information matrix analysis demonstrated that uncertainties in EMRI param-
eters could potentially be reduced to an order of magnitude of O(10−4) [73], benefiting from the
information in the GW waveform (see also applications to dark force effects in neutron star bina-
ries [11]). In order to estimate the prospective sensitivity of an EMRI observation to the strength of
the dark force utilizing the maximum likelihood criterion, we use the mass determination uncertainty
of 10−3% to demonstrate the improvement of the sensitivity with both the multimessenger measure-
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ments and the dedicated waveform analysis. While a comprehensive waveform analysis that takes
into account the additional dark force coupling within the model parameters is outside the scope
of this study, our findings indicate that an independent measurement of the SMBH mass—one not
influenced by the dark force— could resolve the degeneracy between the EMRI model parameters.

4 Conclusions

Our focus in this paper has been to probe dark forces using EMRI systems. In contrast to other
studies using compact object mergers, we have stressed on the importance of independent mass mea-
surements of the central SMBH that do not depend on the interaction between the SMBH and stellar
black hole partner of the EMRI system. Such independent mass measurements break the degeneracy
of the effect of the dark force with a simple rescaling of the binary component masses. We have
discussed two classes of such independent mass measurements, based on multimessenger studies in-
volving other gravitationally bound systems and on photons. In the first class are XMRI systems
involving the SMBH and a smaller object, such as a brown dwarf. In the second class are various ex-
isting methods of determining the SMBH mass, such as stellar kinematics and reverberation mapping
campaigns. The SMBH mass determination in the first case can be very precise, with an uncertainty
of ∼ 10−3%, while a standard benchmark of the mass uncertainty using reverberation mapping is
∼ 10%. We have depicted both benchmarks in our results.

The question of localization of EMRIs using future GW detectors is important for our work.
The LISA-TianQin or TaiJi-TianQin networks have the possibility of localizing GW events; such
localization is frequency-dependent and has been estimated to be 200, 3, and 0.005 deg2 at 1, 10,
and 100 mHz, respectively [74]. A typical benchmark for the localization of EMRIs is ≲ 10 deg2

[30]. Multimessenger observations involving electromagnetic follow-ups, with the accretion disk or
the broad line region, would further localize EMRIs (their potential as standard candles has been
discussed by [75]).

In this study, we have assumed that the corrections from environmental effects are negligible.
SMBHs are known to exist in dense astrophysical environments, which may influence the dynamics of
EMRIs [76–78]. Key processes such as gravitational pull from matter, accretion onto EMRI compo-
nents, dynamical friction, and planetary migration can impact the gravitational waveform, potentially
leading to biased parameter estimation and reduced detectability of EMRIs. We direct readers to [79]
for information on the maximum level of corrections due to various environmental effects over a typi-
cal LISA mission. The environmental corrections are expected to be minimal for SMBHs surrounded
by thick disks, but more substantial for those in thin disks, which are predominantly found in active
galactic nuclei at high redshifts. Although SMBHs in thin disks contribute up to only a few percent of
the EMRIs detectable by LISA with z ≲ 1, potential uncertainties from environmental effects should
also be considered when applying our method to these events.

Our results motivate multimessenger studies with coordination between GW detectors and re-
verberation mapping campaigns. In particular, SMBH mass determination by the OzDES-RM and
SDSS-RM programs, and the AGN Black Hole Mass Database serve as rich targets for future EMRI
studies. The upcoming SDSS-V Black Hole Mapper Reverberation Mapping Project is also important
in this regard [80]. Similarly, SMBH mass determination by the SINFONI and MASSIVE Surveys
using dynamical tracers also serve as possible targets for future EMRI sources. The best case scenario
is the concurrent observation of an EMRI and an XMRI for a given SMBH.
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A Dark Charged Black Holes

In this appendix, we discuss the existence of black holes with dark charge. Several mechanisms
of endowing black holes with long-lived charge content are mentioned by the authors of [9, 81] -
one interesting possibility is to introduce millicharged fermions in the dark sector [28]. Denoting
the mass of the SMBH by M2 and its charge by Q2, one can obtain Q2/M2 ∼ 1 by choosing the
charge-to-mass ratio of dark fermions to be ∼ 1 (close to the limit imposed by the weak gravity
conjecture). In this case, one could consider a SMBH-brown dwarf XMRI system (where the brown
dwarf is the uncharged Object A alluded to above) which determines the mass of the SMBH; concur-
rently, a SMBH-black hole EMRI system (where the stellar black hole is the dark-charged Object B)
constrains the light mediator mass. We outline the model below.

Our model will consist of a millicharged dark fermion χ with charge qχ and mass mχ, interact-
ing by the exchange of a vector mediator Vµ. The Lagrangian is

L = −1

4
VµνV

µν +
1

2
mV VµV

µ + χ̄(iγµD
µ −mχ)χ . (A.1)

Here, the covariant derivative is given by Dµ = ∇µ+iqχVµ, and we normalize the dark fine structure
constant α′ = 16. The total charge of the SMBH can then be written as

Q2 = N2qχ , (A.2)

where N2 gives the number of fermions of opposite charge it needs to accrete to become neutral. We
now discuss in turn estimates of the discharge time for a dark charged black hole, and then how it
could acquire dark charge in the first place. These issues all hinge on the possibility that a charge qχ
with mass mχ is able to be absorbed by a black hole with charge Q and mass M . A simple (classical)
comparison of the associated gravitational attraction and possible dark repulsion yields the condition

qχQ ∼ mχM ⇒ Q

M
∼ mχ

qχ
. (A.3)

In the Standard Model, this condition is badly violated unless Q ∼ 0. However, for a dark sector with

mχ ∼ mp, and qχ ∼ 10−18 e (A.4)

where e is the charge of the electron and mp is the mass of a proton, one can obtain Q ∼ M .

6For comparison, [10] sets qχ = 1.
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Assuming that the SMBH is in an environment with density ρ of oppositely charged dark
fermions moving with velocity v, and that the accretion follows the Bondi rate for collisionless fluid,
[28] estimates the discharge time to be

τdischarge ∼
(

v

220 km/s

)3
(
0.4GeV/cm3

ρ

)(
10M⊙
M2

)(
mχ

mp

)(
e

qχ

)
yr . (A.5)

With the choice of dark sector parameters given in Eq. (A.4), this results in a large discharge time.
Another choice of the mass and charge could be mχ ∼ 10−3mp and qχ ∼ 10−21 e, which leaves the
discharge time unchanged. If the black hole is located in an environment where ρ ∼ 0, the discharge
time can be even longer. We note that the above estimate for the discharge time assumes an accretion
rate given by

dM2

dt
∼ M2

2Qρ , (A.6)

where Qρ ∼ ρ/v3 is the dark fermion phase space density [82]. Moreover, it assumes that the
entire density ρ is constituted by oppositely charged dark fermions, which is the most conservative
assumption.

The question of how a SMBH can acquire dark charge in the first place is a difficult one and
is tied to the formation mechanism of SMBHs, which is unknown. It may be easier to answer this
question for the case of stellar black holes first. Classic calculations [83] indicate that the charge of a
typical star at birth may be given by (

Q

M

)
birth

∼ mχ

qχ
(A.7)

under the assumption that the black hole is formed by the collapse of dark charged particles. For the
Standard Model, the charge obtained from Eq. (A.7) is miniscule, and is promptly discharged as well.
For dark sectors with mχ

qχ
∼ 1, however, one can obtain

(
Q
M

)
birth

∼ 1, and the discharge time can
also be large.

For a SMBH, the situation is less clear. The proliferation of SMBH observations with z >
5 raises the question about their origin, which is a mystery (we refer to [84] for a review). One
possibility is the existence of intermediate mass black hole seeds with M2 ∼ 103−5M⊙ at z ∼ 20,
along with a population of stellar black holes. If these SMBH seeds are formed from the collapse of a
dark matter halo, calculations similar to the one sketched above may apply to their initial charge. The
subsequent accretion history of the seed is expected to follow mean Eddington rates with episodes of
super-Eddington accretion [85–88]:

M2(t) ∼ Mseed × et/τEdd , (A.8)

where τEdd = 45 Myr is the Eddington timescale. Accretion under these circumstances can grow
∼ O(10− 100)M⊙ seeds into black holes with mass ∼ 103M⊙ by z = 18 and ∼ 108M⊙ by z = 7.

Assuming that the growth of the black hole mass between z ∼ 30 to z ∼ 7 proceeds by the
accretion of equal numbers of positively and negatively charged dark particles, the final charge of the
SMBH would be equal to the initial charge, while the mass is enhanced by orders of magnitude. This
would yield, for example, (Q/M)final ∼ 10−5, assuming that (Q/M)birth ∼ 1. On the other hand,
preferential accretion of one charge over the other could produce (Q/M)final ∼ 1.
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