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Abstract— This paper reports on single-crystal silicon (Si)
thermal-piezoresistive resonators (TPRs) achieving ∼0.2ppb-level
frequency stability in phase-locked loop (PLL) measurements.
A pair of resonators operating in a balanced-bridge configuration
is presented, with one device being driven at resonance and
the other used to null the parasitic background responses. The
resonance frequency of the driven TPR has been measured over
40 hours with closed-loop continuous tracking by PLL and
yields an Allan deviation σA ≈ 2.66ppb at an averaging time
of τ ≈ 4.95s which is the best reported value among all Si
TPRs studied to date. Further, an external DC power feedback
loop is implemented alongside the PLL to enhance the frequency
stability of the TPR, to achieve σA ≈ 0.236ppb at τ ≈ 1.2s, the
best short-term frequency stability among all reported Si MEMS
counterparts. This result suggests that such TPRs with precise DC
control can potentially achieve frequency stabilities comparable
to, or better than, existing state-of-the-art resonators used in
oscillator circuits, with significantly reduced external thermal
control requirements and power demands. [2024-0121]

Index Terms— Microelectromechanical systems (MEMS) res-
onator, thermal-piezoresistive resonator (TPR), frequency stabil-
ity, Allan deviation.
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I. INTRODUCTION

THERMAL-PIEZORESISTIVE resonators (TPRs) have
recently been demonstrated as frequency-stable reso-

nant microelectromechanical systems (MEMS). Among earlier
TPRs, the piezoresistive MEMS heat engine was reported
in 2011 [1]. There has been growing research to exam-
ine the effects of self-sustained oscillation (SSO) and
thermal-piezoresistive feedback in these devices. To date,
TPRs have been demonstrated for sensing [1], [2], [3],
[4], [5] and signal amplification [6], [7], [8]. They are
a new class of internally transduced resonant devices that
can offer compelling performance benefits such as low
motional resistance [9], high effective quality factor (Qeff)

[10], and reduced thermal control requirements, thanks to the
thermal-piezoresistive internal feedback that is naturally built-
in. Previous works have reported single-crystal Si TPRs with
good frequency stabilities (e.g., Allan deviation σA ≈ 40 ×

10−9 at τ ≈ 0.02s) while operating at their SSO thresholds [8],
[11]. However, there has not been much research on the
frequency stability of a single-crystal Si TPR operating below
the SSO threshold.

In this work, we report on investigating the frequency
stability of TPRs operating in a balanced-bridge circuit, with
a phase-locked loop (PLL) employed to track the frequency
of one of the resonators and an additional DC power feed-
back loop to further improve upon earlier reported stability
results [12]. These resonators may have operating regimes
of amplification and SSO similar to other reported TPRs
[6], [7], [8] when driven at higher DC power levels than
presented herein. However, here we do not pursue experi-
mental identification of these regimes nor operation in them.
Instead, operating well below any SSO threshold allows us to
explore the optimal voltage coefficient of frequency (VC f )

tuning needed to achieve superior frequency stability. All
measurements are performed at room temperature under a
moderate vacuum of ∼70mTorr. We achieve an Allan deviation
(σA) of approximately 2.66ppb for an averaging time (τ) of
4.95s without DC power feedback, in comparison to σA ≈

0.236ppb at τ ≈ 1.2s with DC power feedback. Overall, our
reported results are the best results reported for this class
of devices with σA ≈ 40–90ppb for τ ≈ 0.02–1s reported
elsewhere in the literature [3], [4], [11] and among the best
reported short-term frequency stability reported for any MEMS
resonator [13], [14].
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Fig. 1. Thermal-piezoresistive signal transduction block diagram describ-
ing how the TPR operates and illustrating the intrinsic internal feedback
loop, depicting the changes in device temperature (T ), actuator stress (σx),
longitudinal actuator deformation (x), actuator resistance (R), and actuator
power (P), with their respective physical effect causing the changes in device
parameters. Insets show maximum expansion (contraction) of the longitudinal
mode shape when heating (cooling) occurs in the TPR.

Fig. 2. Microfabrication of the Si TPR via an SOI wafer-based single-mask
process for suspended resonators.

II. DEVICE FABRICATION AND OPERATIONAL THEORY

The resonators are fabricated along the <100> direc-
tion of an n-type doped Si-on-insulator (SOI) wafer, with
an estimated doping concentration of Nd ≈ 8 × 1019/cm3

calculated from Hall effect measurements, conditions that
maximize the negative longitudinal piezoresistive coefficient
π11 = −102.2 × 10−11 Pa−1 which is necessary for creating
the thermal-piezoresistive feedback, as illustrated in Fig. 1.
To fabricate the TPRs, a single-crystal SOI wafer-scale process
for realizing suspended MEMS structures is used (Fig. 2).
Fabrication starts with an SOI wafer (Fig. 2a) having 2µm-
thick Si and 2µm-thick buried oxide (BOX, SiO2) layers, with
a photolithography step performed for hard mask patterning
(Fig. 2b). A chromium (Cr) hard mask is then deposited
(Fig. 2c), and lift-off is used to pattern it (Fig. 2d), which
is followed by a dry etch of the Si device layer (Fig. 2e).
Fabrication is finished by using a combination of Cr wet
etching and buffered SiO2 etchant to remove the hard mask
and release the MEMS resonator, respectively. Finally, CO2
critical point drying is performed to prevent stiction during
the suspension of the resonators (Fig. 2f).

Each TPR is comprised of four Si piezoresistive beams, with
a width of 1.74µm, length of 19µm, and thickness of 2µm,
acting as electro-thermomechanical engines for the resonator
when driven by both DC and AC (or radiofrequency, RF)
currents, which are connected to a contact pad that also serves
as a device anchor. Two identical proof masses are suspended
to the piezoresistive beams (Fig. 3b). The specific design and
fabrication of these TPRs leads to an entire suspended area that
can be seen highlighted in Fig. 3c. In this work, we examine

Fig. 3. Images of the TPRs and configuration of the TPRs studied in this
work. (a) SEM image of a single TPR in this work, with a thickness of 2µm.
(b) Structure and configuration of the TPRs, showing 2 TPRs connected via
a suspended anchor from the middle pad, and with 3 large bonding pads.
(c) Zoomed-in top view of the entire suspended region in the TPR-pair
structure.

the potential of utilizing the TPR to generate a highly stable
frequency reference. We hypothesize that the intrinsic internal
feedback offers enhanced Qeff which could contribute to a
higher frequency stability.

III. CHARACTERIZATION OF RESONATORS

A. Experimental Results of Individual Resonators

We first characterize the individual TPRs using a network
analyzer and DC power source. The DC voltage is swept,
which is used to Joule heat the beams, and the resonance
characteristics are observed. Additionally, adjustments to the
AC driving voltage are made to increase the signal-to-noise
ratio (SNR) while avoiding a nonlinear response. We first
configure TPR 1 into the experimental scheme seen in Fig. 4a
and drive it until we observe an initial resonance (Fig. 4b).
Afterwards, the TPR is driven by a larger AC signal plus a
high DC bias to obtain a clear resonance that has good SNR
(Fig. 4c). Finally, we perform a DC voltage sweep around 1V,
to collect data for assessing the voltage coefficient of frequency
(VC f = (1 f / f0)/1Vdc) as the biasing voltage is increased
from 950mV to 1.05V (Fig. 4d).

An identical experimental scheme is again used to char-
acterize TPR 2 (Fig. 4a) using the same network analyzer
and DC power source. An initial resonance is observed for a
DC voltage of 300mV (Fig. 4e) which has a lower SNR than
TPR 1, resulting in a resonance peak that is more challenging
to observe. To obtain a better SNR, and to ensure linear
operation of the resonator, we drive TPR 2 with an AC voltage
of 6mV (Fig. 4f). We then perform a DC sweep on TPR 2 to
observe the frequency tuning by sweeping Vdc from 950mV
to 1.05V and note that the resonant frequency continues to
increase as the DC voltage is increased (Fig. 4g). Comparing
the results of the DC sweeps of both TPRs 1 and 2 (Fig. 4d
& Fig. 4g), we choose TPR 1 for further measurements, as it
shows a VC f = (1 f / f0)/1Vdc = 0 at Vdc = 980mV. This
will help minimize resonance frequency instability induced
by fluctuations in the DC power source, potentially improving
the expected frequency stability. We then extract the Qeff of
the TPR over the range of DC bias voltages employed and
observe a slight improvement in Qeff in our resonators as the
DC voltage is increased (Fig. 4h).

B. Experimental Results of Balanced-Bridge Circuit

After we determine the individual device that will be used
to perform further experiments, we connect both devices in
a balanced-bridge circuit (Fig. 5a). The circuit enables us to
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Fig. 4. Electrical measurement scheme of TPR 1 and TPR 2, and the subsequent measurement results. (a) Measurement circuit scheme for driving a single
resonator and measuring its resonance response. (b) Initial resonance observed at a Vdc of 300mV and Vac of 1mV for TPR 1. (c) Resonance of TPR 1 as
Vdc is increased to 1V and Vac is increased to 3mV, showing a clear resonance response with a Qeff of 40,000. (d) Measurement of resonance response
for TPR 1 when Vac is set at 1mV and Vdc is swept from 950mV to 1.05V, showing small resonant frequency shifts as the DC bias voltage is increased.
(e) Initial resonance observed at a Vdc of 300mV and Vac of 1mV for TPR 2. (f) Resonance of TPR 2 as Vdc is increased to 1V and Vac is increased to
6mV, showing a clear resonance response with a Qeff of 42,000. (g) Measurement of resonance response for TPR 2 when Vac is set at 1mV and Vdc is
swept from 950mV to 1.05V, showing clearly noticeable resonant frequency shift as the DC bias voltage is increased. (h) Qeff extraction over the range of
DC bias voltages used to drive the resonators, with slight Qeff improvement observed as Vdc is increased.

Fig. 5. Electrical measurement scheme for a pair of resonators operating in
a balanced-bridge circuit, along with measurement results. (a) Measurement
circuit scheme for driving TPR 1 at resonance while nullifying the background
by driving a TPR 2 180◦ out of phase. (b) Frequency response of bridged
circuit as Vdc is swept from 0mV to 1V. (c) Resonant frequency obtained from
the TPR plotted against the DC bias voltage, as Vdc is swept from 200mV to
1.06V. A flattening of the frequency increase due to DC voltage increase is
observed. (d) Zoomed-in view of (c) from 900mV to 1.06V plotted in ppm,
showing the region where a zero-slope point for VC f = 0 is observed at
Vdc = 980mV.

measure the resonant response of TPR 1 by driving it with
both RF and DC currents, while driving TPR 2 solely with
an RF current 180◦ out of phase, to provide real-time back-
ground subtraction. This circuit scheme allows us to perform
subsequent measurements and characterization of individual

resonators. We then characterize the resonator over a range
of DC voltages (Fig. 5b). We find the highest resonance
frequency of f = 6.759MHz at a corresponding DC bias
voltage of Vdc = 980mV (Fig. 5c). This characterization is
performed to ensure that we are operating the TPR at the
zero-slope point of Fig. 5d to attain VCf = 0. Additionally,
we employ the equivalent circuit model shown in Fig. 6a to
extract circuit parameters by comparing the simulated curve
obtained from the model to the experimental results (Fig. 6b).
From the comparison, it is estimated that Qeff ≈ 41,000 for
the device connected in the balanced bridge circuit shown in
Fig. 5a. The equivalent circuit model in Fig. 6a is comprised
of several circuit elements which are shown in Fig. 6c. C1 and
C2 describe the capacitance of the pads, where the chip is not
grounded but is connected to the large ground plane present in
the ceramic package. CE is the electrical capacitance, arising
from parasitic pad-to-pad capacitance, and RA represents the
electrical resistance, which is equivalent to the resistance from
a single thermal beam due to the geometry of the resonator.
Rm, Lm, and Cm are the motional impedance parameters of
the MEMS resonator. All values for all circuit elements are
shown in the table in Fig. 6c.

C. Modeling of Resonators to Determine VCf Rollover

When a TPR is electrically driven, the piezoresistive beams
undergo Joule heating which both raises their temperature
and induces stress from thermal expansion. Consequently, the
negative temperature coefficient of Young’s modulus (TCEY)

in Si softens the longitudinal stiffness, reducing the resonance
frequency. With the increase in thermal stress due to the
elevated temperature, it is believed that the anchors of the TPR
expand, causing an effective stiffness in the thermal beams to
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Fig. 6. Equivalent circuit model and simulation results for a single resonator
in a balanced-bridge configuration. (a) TPR equivalent circuit model showing
where each component of the equivalent circuit model is obtained from,
with the respective values for the circuit elements shown in the table on the
bottom right. (b) Comparison of results from equivalent circuit simulation and
experiment using the balanced-bridge (when Vdc = 980mV), showing a Qeff
of 41k that is obtained from the resonance fitting. (c) Equivalent circuit model
for a single TPR without background, used for comparison to experimental
results obtained from balanced-bridge configuration.

increase, subsequently raising the TPR’s resonance frequency.
In our measurement, we achieve VC f = 0 by balancing
these two effects via carefully controlling Vdc, which can be
observed in Fig. 5c.

COMSOL MultiphysicsTM finite element method (FEM)
simulations have been performed on a TPR model for val-
idation of the rollover point for VC f observed in Fig. 5d.
We perform a steady-state DC response simulation on the
TPR, to observe the electro-thermo-mechanical response of
the TPR as a range of DC currents are simulated through the
resonator. First, we start by simulating the electrothermal and
thermomechanical responses of the resonator and surrounding
geometry, including the BOX layer under the Si bonding pads
(Fig. 7a), modeled with a temperature boundary condition of
293.15K at its bottom surface. We then observe the thermal
expansion of the resonator as a range of DC currents are
simulated through the model, with the octagonal electrical
contact pads mechanically fixed. Fig. 7b shows a zoomed-in
view of the resonator axial expansion as a 7.5mA DC current
is simulated through it (Fig. 7b). We model the EY softening
in the Si beams according to the equation in [15] and plot the
EY softening compared to the Tresca stress in the middle of
the thermal beams (Fig. 7c), to determine if our hypothesis for
the resonance frequency increase as Vdc is increased is valid.

The Tresca stress (Fig. 7c) exhibits a rising trend until
Idc reaches 30 mA, beyond which it decreases, in line with
our hypothesis regarding the rollover point seen in VC f in
Fig. 5d. The finite element method (FEM) simulation results
show an expansion (of width) in the anchors adjacent to the
thermal beams, as depicted in Fig. 7d, thereby substantiating
the hypothesis of increased effective stiffness in the thermal
beams. In Fig. 5c, we note a turnover point for VC f at Vdc =

980 mV and Idc = 8.5 mA, approximately 4 times lower

Fig. 7. Steady-state DC response from finite element method (FEM)
simulations of a TPR using COMSOL MultiphysicsTM. (a) FEM model of a
TPR, with thermal expansion color-plotted, when all geometry is modeled to
accurately simulate the thermal expansion of the TPR when driven with a DC
current. (b) Zoomed-in thermal expansion of a TPR when driven with Idc =

7.5mA. (c) Young’s modulus (EY) softening due to the increased temperature
plotted against the Tresca stress in the beams at the middle point highlighted
in the inset. (d) Expansion of the TPR anchor as Idc is increased from 0mA
to 55mA, with both points where the thermal beam connects to the anchor
plotted, with an inset showing the two points highlighted in blue.

than the values derived from our TPR model simulations. This
discrepancy may stem from inaccuracies or oversimplifications
in the heat transfer, surface-to-ambient radiation parameters,
or other higher-order factors impacting the simulation out-
comes. Future endeavors will need to focus on refining the
electro-thermo-mechanical modeling of the TPRs to pinpoint
the exact cause of the VC f rollover point. The models exhibit
strong concurrence in validating the hypotheses concerning the
VC f rollover points depicted in both Fig. 5c and Fig. 5d.

IV. FREQUENCY STABILITY MEASUREMENTS OF
RESONATORS

When tracking the frequency of a resonator, several random
fluctuations in the resonance frequency will be present in the
system and can be modeled using noise power laws [16]. The
random fluctuations can be represented by the sum of five
independent noise processes, which can be mapped onto an
Allan deviation plot using the slope of σA(τ ) to determine
what power laws (τµ/2, with µ being the power index) the
random fluctuations of the resonance frequency follow. Table I
lists the five noise processes and the corresponding power laws
for σA, each represented by a slope in the Allan deviation plot.

A. Frequency Stability of a TPR Operating in a PLL

After device characterization, we replace the network ana-
lyzer in Fig. 5a with a lock-in amplifier to construct a PLL to
track the TPR 1 resonance frequency for ∼40 hours to examine
the stability of the resonance frequency. After 40 hours of
testing, the resonance frequency has drifted about −3.6ppm
and shows a linear variation over time (Fig. 8a). The observed
frequency variation shows an apparent long-term frequency
drift over the 40-hour measurement, which is hypothesized
to be a result of a variation in the power delivered to the
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TABLE I
MAPPING OF THE POWER LAW FREQUENCY MODULATION (FM) NOISE

FOR FREQUENCY INSTABILITY OF OSCILLATORS USING
ALLAN DEVIATION

Fig. 8. Resonance frequency tracking results from a 40-hour PLL operation,
along with respectively calculated σA results with τµ/2 power laws overlayed.
(a) Measurement results from 40-hour PLL tracking resonance frequency
of TPR 1 with (red) and without (blue) linear long-term frequency drift
subtracted. (c) σA versus τ computed from the 40-hour PLL data, showing a
minimum σA = 2.66ppb for original data (blue) and a lower σA at longer τ

values with the linear background subtracted (red).

device. The power variation is thought to result from a change
or drift in the electrical resistance of the device (RA in
Fig. 6a). If the linear long-term frequency drift is removed,
the resultant frequency fluctuations are only a few hundred
ppb, exhibiting excellent stability performance. The linear drift
background-subtracted frequency variation data is a calculated
result obtained by performing a linear fit to the frequency
tracking data and then subtracting the resultant fit from the
original data.

We then use the equation derived in Appendix I to calcu-
late the Allan deviation from the 40-hour frequency stability
measurement in Fig. 8a and obtain a σA of ≈2.66ppb for a
τ of ≈4.95s (Fig. 8b). The background-subtracted PLL data
shows better σA at larger τ values, following the random walk
(τ 1/2) power law for τ > 600s, and identical σA at smaller τ

values when compared to the original data.
To determine if the linear long-term frequency drift could be

due to changes in electrical parameters, we run a 24-hour PLL
with a constant current of Idc = 7.5mA supplied by a Keith-
ley 2450 SMU and track the change in load resistance (Rload).
A different TPR (TPR 3, of geometry nearly equivalent to TPR
1) is used in this PLL, to determine whether or not the results
are unique to the previous resonator (TPR 1). We note that the
change in the resistance and frequency of the TPR circuit are
in alignment and show a similar linear background response to
that of the first pair of resonators that we measured (Fig. 8a).
The clear overlap of the trends in 1 f / f0 and Rload traces

Fig. 9. Resonance frequency tracking results from a 24-hour PLL operation,
along with calculated σA results with τµ/2 power laws overlayed, for verifi-
cation of where linear long-term frequency drift arises from. (a) Measurement
results from a 24-hour PLL with Idc = 7.5mA delivered to a different
resonator (TPR 3, green) while recording the total load resistance of the
balanced-bridge circuit in Fig. 4a (maroon). (b) σA versus τ for 24-hour
PLL data, showing a nearly flat minimum σA = 2.67ppb at a τ smaller than
in results in Fig. 8, as well as long-term frequency stability that degrades at
a faster rate than the previous measurement results of Fig. 8.

confirm our hypothesis that the device resistance changes over
the duration of the PLL, causing a linear long-term resonance
frequency drift. We thus hypothesize that using an external
feedback loop to supply constant DC power to the device could
remove this linear background and produce results similar to
that demonstrated in Fig. 8a with background subtraction.

From the 24-hour PLL measurement in Fig. 9a, the com-
puted Allan deviation shows σA ≈ 2.67ppb for τ ≈ 2.39s
(marginally higher than results in Fig. 8), and noticeably
compromised σA results for larger τ , following the τ 1 res-
onator frequency drift power law for τ > 50s (Fig. 9b).
Overall, we have achieved Allan deviation values that are
approximately 15 to 35 times better than the reported values
within the literature for similar devices operating at and below
their SSO thresholds (Table II).

B. Constant DC Power Feedback for Stability Enhancement

We then create an external DC power feedback loop using
a laptop computer equipped with LabVIEW (Fig. 10). A
proportional, integral, and derivative (PID) controller is used
to adjust the supplied Vdc by comparing the measured DC
current to a target value set by the constant power criterion and
calculating a new setpoint for Vdc. In the DC power feedback
loop, we only use proportional (P) and integral (I) parameters
because the derivative (D) parameter is sensitive to noise in the
control system. The feedback loop has an adjustable measuring
period, as well as an adjustable constant power setpoint and
PID settings while the loop is running. We run this loop in
parallel to a PLL for TPR 3 and track the resonance frequency
and resistance (Rload) seen by the DC power supply over ∼23
hours (Fig. 11a). The PID controller is set with some initial
parameters that appear to hold the DC power constant, though
a drift in the Rload trace plotted Fig. 11a is observed. The
drift in Rload appears to cause a corresponding drift in the
resonance frequency. Calculating the Allan deviation of this
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TABLE II
COMPARISON OF BEST REPORTED ALLAN DEVIATION FOR SEVERAL MEMS/NEMS RESONATORS

Fig. 10. Block diagram of external DC power feedback loop to enhance the
stability of TPRs operating in PLL. By setting a constant power that the loop
should aim to achieve, and by dividing the constant power by the DC current
measured by a Keithley 2000 Digital Multimeter (DMM), a new DC voltage
setpoint is obtained and fed to the PID controller to use in changing the voltage
delivered by the Keithley 2450 SMU to the TPR system (of resonators).

frequency tracking we observe σA ≈ 3.01ppb for τ ≈ 19s,
comparable to our best results in Fig. 8 and Fig. 9, but with
better long-term frequency stability (Fig. 11b). In the course
of experimental handling, TPR 1 incurred accidental damage,
rendering it unusable for further measurements. Therefore, all
DC power feedback outcomes presented are based on TPR 3.

After our initial test of the PLL with an external DC power
feedback loop implemented alongside it, we focus on tuning
the PI parameters of the DC feedback loop for optimized
stability in the DC power delivered to the resonator. We find
that P = 0.2, I = 0.02, and D = 0 are ideal values for our
PID controller and lead to the highest observed stability in
our delivered DC power. After tuning the PID parameters
of our DC power feedback, we again operate TPR 3 in a
PLL alongside the DC power feedback loop, while tracking
the resonance frequency and Rload. After running the PLL
and DC power feedback loop for ∼16 hours we observe a
total resonance frequency shift of - 3.5ppm over the entire
PLL operation time and a total Rload shift of only 1Rload ≈

±20m� (Fig. 12a). Calculating the Allan deviation of the
resonance frequency results we obtain our best σA ≈ 0.236ppb
for a τ ≈ 1.2s, over an order of magnitude better than results
shown in both Fig. 8 and Fig. 9, but with long-term stability
that appears to be slowly degrading according to the power

Fig. 11. Resonance frequency tracking results from a ∼23-hour PLL
operation using device TPR 3 and an external DC power feedback loop.
(a) Measurement results from a 23-hour PLL (purple) with an external
constant DC power feedback loop implemented while tracking the variations
in Rload, plotted as 1Rload = Rload−125.5� (maroon). (b) σA versus τ

computed from the 23-hour PLL data with τµ/2 power laws overlayed,
showing a minimum σA = 3.01ppb at τ = 19s, and long-term stability that
stays just below 100ppb and starts to decrease at longer τ values.

laws of resonator drift (τ 1) for τ ≈ 10−1000s and random
walk (τ 1/2) for averaging time beyond 1000s (Fig. 12b).

C. Comparison and Benchmarking of TPR Stability

The frequency stability results from implementing an exter-
nal DC power feedback loop show promise for MEMS
integration into frequency control and sensing applications.
We compare the stability results from our TPRs versus the
total motional area of the device’s body (excluding pads
or anchors or other non-motional parts), to frequency sta-
bility results from several state-of-the-art MEMS platforms
(Fig. 13). Table II shows a comparison of our work to other
reported MEMS/NEMS resonators with an emphasis on the
best-reported Allan deviation while comparing multiple other
parameters of the resonators. We observe enhanced short-term
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Fig. 12. Resonance frequency tracking results from a ∼16-hour PLL
operation using TPR 3 and an external DC power feedback loop with better
PID parameters tuning (only P & I in this case). (a) Measurement results
from a 16-hour PLL (orange) with an external constant DC power feedback
loop implemented while tracking the variations in Rload, plotted as 1Rload =

Rload−124.86� (maroon). (b) σA versus τ from the 16-hour PLL data with
τµ/2 power laws overlayed, showing a minimum σA = 0.236ppb at τ = 1.2s.

Fig. 13. Comparison plot of Allan deviation versus the total motional area
of each device for various MEMS resonators including the TPR results shown
in this work (star) and several state-of-the-art MEMS resonators (circles) and
TPRs (squares) for timing and stability.

stability of 170−370 times better than other TPRs in the
literature [3], [4], [11], [13], and 2.75−25 times better than
even several MEMS resonators [17], [18], [19], [20], [21],
[22] with external temperature control designed for long-
term stability, with σA reported for τ = 100−1000 seconds
(Table II), enabled with a much smaller total resonator area
(13.6 × 103 µm2) than other devices.

We then compare the results from our earlier work in [12],
where we have analytically subtracted a large linear back-
ground from a 40-hour PLL (Fig. 14a), to our PLL results with
DC power feedback (Fig. 14b). After initial implementation of
DC power feedback loop, stability is enhanced for longer τ but
slightly degraded at shorter τ . This response is expected for
our initial PID feedback control settings, as we have larger
variations in Rload of the device compared to the plot in
Fig. 12a and some instability present in the feedback loop.
After fine tuning of the PID parameters, we not only observe
enhanced stability at long averaging times, but also have
improved the short-term stability by an order of magnitude
(Fig. 14b).

Fig. 14. Comparison plots of σA for PLL runs with and without DC power
feedback loops for long-term linear background removal. (a) σA of TPR 1 with
original PLL data (blue) and long-term linear background subtracted data
(red). (b) σA of TPR 3 without external DC power feedback implemented
alongside the PLL (green), an initial DC power feedback loop implemented
alongside the PLL (purple), and a DC power feedback loop with optimally
tuned PID parameters implemented alongside the PLL (orange).

D. Future Improvements to Device Stability

There are a few potential enhancements to our current
measurement scheme that can be implemented to further
improve the frequency stability of our TPRs. As we have
shown above, using an external DC power supply feedback
loop decreases the instability by removing the linear long-term
background frequency drift. The resonance frequency and Qeff
of TPRs have been shown to exhibit temperature hysteresis
with reduced temperatures [23] and a steep reduction in
resonance frequency and flattening of Qeff at higher currents
and temperatures [24]. Thus, controlling the temperature fluc-
tuations of the environment could also lead to an increased
frequency stability and better σA for the TPRs. In addition, the
PLL feedback loop implemented is limited to only frequency
corrections due to phase differences in the AC input. Examin-
ing the inherent AC amplitude fluctuations and implementing
additional AC power feedback may be appropriate to further
improve frequency stability performance.

V. CONCLUSION

In conclusion, the results demonstrated herein represent a
significant advancement in the measured frequency stability of
Si TPRs, showcasing a substantial improvement exceeding an
order of magnitude when compared to our previous work [12].
This has been made possible through the integration of an
external constant DC power feedback loop in conjunction with
a PLL for precise operation of TPR frequency tracking. The
comprehensive experimentation has resulted in an exceptional
Allan deviation of 0.236ppb for an averaging time of 1.2s
during a 16-hour PLL measurement, all accomplished without
the aid of external temperature control measures. The sig-
nificance of our findings becomes even more apparent when
juxtaposed against existing literature. Our results demonstrate
a remarkable improvement, surpassing reported stability values
for Si TPRs by 170 to 370 times. Further, our stability metrics
also outperform those of MEMS resonators utilized in various
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motion-readout modalities with external temperature control
by a clear margin of 2.75 to 25 times. These outcomes
validate the potential of Si TPR MEMS resonant sensors and
timing devices, and underline their promises for applications
requiring high precision and stability. Importantly, this study
helps pave the way for further advancements in stability levels,
particularly by refining environmental control mechanisms.
Implementing strategies such as on-chip temperature regula-
tion or enhancing vacuum levels holds promise for additional
improvements in stability, thereby bolstering the credibility
and applicability of Si TPR MEMS-enabled technologies for
real-world scenarios.

APPENDIX
DETERMINATION OF THE ALLAN DEVIATION

To determine the frequency stability of a resonator or
oscillator, the Allan deviation σA is computed [16], [25], [26],
[27], [28], [29]. Allan deviation is defined as the deviation
of variations between every two adjacent measured average
fractional frequencies, as a function of the averaging time
τ interval, with the instantaneous fractional frequency shift
written as

y (t) =
δ f
f0

=
f (t) − f0

f0
, (1)

where f0 is the resonant frequency of the resonator and f (t)
is the measured frequency from the resonator at some time
t . For computations of the Allan deviation in this work, the
first resonance frequency point, f (t =0), is used as f0 and all
other f (t) are compared to that value. The measured value of
the averaged fractional frequency shift for the i th time interval
is defined as

ȳi =
1
m

im∑
j=1+(i−1)m

yi , (2)

where m is defined as the averaging factor, an integer value
related to τ as a multiple of the minimum time between
discreet measurements τ0. The rms fractional frequency shift
is defined as

⟨ y⟩ τ ≡

〈
δ f
f0

〉
τ

≡

〈
f − f0

f0

〉
τ

, (3)

where ⟨. . .⟩ denotes an ideal ensemble average with infinite
number of samples (each with time interval τ). For practical
measurements, the rms fractional frequency shift is dependent
on the final ensemble average as〈

δ f
f0

〉
τ

∼=

√√√√ 1
N − 1

N−1∑
i=1

(
f̄i+1 − f̄i

f0

)2

, (4)

where f̄i is the measured average frequency in the i th discrete
time interval of τ . The rms value is dependent on the sample
standard deviation over the finite time interval.

The Allan variance is defined as the sample variance of two
adjacent averages of the instantaneous fractional frequency
fluctuation, which is expressed as

σ 2
A (τ ) =

〈(
ȳi+1 − ȳi

√
2

)2
〉

. (5)

Thus, the Allan variance from a finite data ensemble for a real
measurement can be written as

σ 2
A (τ ) =

1
2 (N − 1)

N−1∑
i=1

(
f̄i+1 − f̄i

f0

)2

. (6)

Since Allan deviation is defined as the square root of the
Allan variance, it is written as

σA (τ ) =

√√√√ 1
2 (N − 1)

N−1∑
i=1

(
f̄i+1 − f̄i

f0

)2

, (7)

and is used to calculate the Allan deviation from the PLL
frequency tracking results in this work.
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