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ABSTRACT

The Gromov—Wasserstein (GW) problem, a variant of the classical opti-
mal transport (OT) problem, has attracted growing interest in the machine
learning and data science communities due to its ability to quantify similar-
ity between measures in different metric spaces. However, like the classical
OT problem, GW imposes an equal mass constraint between measures,
which restricts its application in many machine learning tasks. To address
this limitation, the partial Gromov-Wasserstein (PGW) problem has been
introduced. It relaxes the equal mass constraint, allowing the comparison of
general positive Radon measures. Despite this, both GW and PGW face sig-
nificant computational challenges due to their non-convex nature. To over-
come these challenges, we propose the linear partial Gromov-Wasserstein
(LPGW) embedding, a linearized embedding technique for the PGW prob-
lem. For K different metric measure spaces, the pairwise computation of
the PGW distance requires solving the PGW problem O(K?) times. In
contrast, the proposed linearization technique reduces this to O(K) times.
Similar to the linearization technique for the classical OT problem, we prove
that LPGW defines a valid metric for metric measure spaces. Finally, we
demonstrate the effectiveness of LPGW in practical applications such as
shape retrieval and learning with transport-based embeddings, showing that
LPGW preserves the advantages of PGW in partial matching while signifi-
cantly enhancing computational efficiency. The code is available at https:
//github.com/mint-vu/Linearized_Partial_Gromov_Wasserstein.

1 INTRODUCTION

Optimal transport (OT), unbalanced and partial OT, and linearized OT. The core
objective of this work, and a general challenge in machine learning, is to match objects and
devise practical, computationally efficient notions of similarity between shapes. One of the
most well-known techniques for this task arises from optimal transport (OT) theory, which
has found extensive applications in generative modehng ( ,

) ), domain adaptation ( ), representatlon
learning ( , ), and many other domams The classical OT problem, as detailed
by ( , ), involves matching two probability distributions to minimize the expected

transportation cost, giving rise to the so-called Wasserstein distances. Although the classi-
cal OT problem imposes a mass conservation requirement, recent advances have extended
the utility of OT beyond probability measures, allowing for comparisons of non-negative
measures with different total masses and partlal matchlng of sets through the unbalanced
and partial OT frameworks (

). Additionally, in large scale machme learnlng applications, Slnce the oT approach
is computationally expensive, it has motivated numerous approximations that lead to sig-
nificant speedups, such as those in ( , ; , ; ,
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), and the linearization technique, termed linear optimal transportation (LOT), pro-
posed by ( , ). There have also been advances in reducing the computational

complexity of comparing unbalanced measures ( , ; ,

The Gromov-Wasserstein (GW) distance, unbalanced and partial GW, and lin-

earized GW. Another line of research has focused on the comparison of probability mea-

sures across different metric spaces using Gromov-Wasserstein (GW) distances ( ,
). These innovations have applications in areas ranging from quantum chemistry (

, ) to natural language processing ( , ), enhancing
fundamental tasks such as clustering ( , ), dimensionality re-
duction ( , ), shape correspondence ( , ), shape analysis
( , ), and inference-based simulation ( , ). The GW

distance is a valuable tool across a variety of domains, as it allows for comparisons between
distributions while being independent of the ambient spaces. To extend GW to unbalanced
settings, GW-like comparisons have been developed for metric measure 5paces with differ-
ing total masses ( ,

). Furthermore to address the computatlonal expense of pairwise
GW dlbtance calculatlonb in large-scale applications, a linearized version of GW has been
proposed in ( , ). Similar to the LOT framework ( , ), this
approach is based on barycentric projection maps of transport plans.

Contributions.

e We propose the linear Partial Gromov-Wasserstein embedding (LPGW) technique,
which extends the classical LOT embedding technique to the partial GW setting.

e Based on the embedding, we propose the so-called LPGW distance, which we prove
to be a metric under certain assumptions. Given K different metric measure spaces,
computing their pairwise PGW distances requires solving the PGW problem O(K?)
times. However, computing the LPGW distance pairwise requires only O(K) dis-
tance computations.

e Numerically, we test our proposed LPGW embedding and LPGW distance in two
experiments: shape retrieval and learning with transform-based embeddings. In
both experiments, we observe that the LPGW-based approach can preserve the
partial matching property of PGW while significantly improving computational
efficiency.

2 BACKGROUND

2.1 THE WASSERSTEIN DISTANCE

Let P(R%) be the space of probability measures on the Borel o-algebra on R?, and let
P2(RY) :={p € P(RY) : [pa|z[*du(z) < co}. Given a (measurable) mapping T : R — R,
the pushforward measure Ty is defined as Ty pu(B) := u(T~1(B)) for all Borel sets B C R9,
where T7}(B) := {x : T(z) € B} is the preimage of B under T

Given p,v € P2(R?), the 2-Wasserstein distance is defined as

Win)i= min [ eyl o
YE (1,v) JRd xRd

where T'(u, /) is set of joint probability measures on R? x R? whose first and second marginals
are p and v, respectively. The classical OT theory ( ; ) guarantees that a
minimizer to (1) always exists, so such a formulation is Well deﬁned In fact, there might
exist multiple minimizers, and we denote by I'*(, v) the set of all optimal transportatlon
plans for problem (1).

When an optimal transportation plan v is induced by a mapping 7' : R? — R?, that is,
= (id x T)gp € T (p,v), with  Tup=v, (2)

we say that the Monge mapping assumption holds, and the function 7T is called a
Monge mapping. In particular, by Brenier’s theorem, when y is a continuous measure (i.e.,
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absolutely continuous with respect to the Lebesgue measure on R?), a Monge mapping 7T
always exists and it is unique.

We refer to Appendix A for a detailed introduction to the LOT formulation.
2.2 THE GROMOV-WASSERSTEIN DISTANCE

Consider two compact gauged measure spaces (gm-spaces) X = (X,gx,p) and Y =
(Y,gy,v), where X C R4 .Y C R% are non-empty (compact) convex sets (with d,,d, € N);
gx : X® — R is a gauge function in L2, (X®? u®?), ie., the space of symmet-
ric, real-valued functions on X®? := X x X that are square-integrable with respect to
p®? = p @ p (similarly for gy € L%, (Y®?,v%%); and p,v are probability measures de-
fined on X,Y respectively. In addition, assume that X and Y are metric measure spaces
(mm-spaces); that is, there exist distances dx and dy on X and Y, respectively. In gen-
eral, we will assume that gx is a continuous function on X®? with respect to the metric
dxe:((z1,7)), (z2,25)) = dx(z1,72) + dx (2}, 25) on X®?% (respectively, for gy). Thus,
since X is compact, gx (respectively, gy) is a Lipschitz continuous function, i.e., there
exists K € R+ such that

‘gX(th/l) - gX(mQaIIZN < K(dX(x17I2) + dX(zllazIQ))v vxhx/le?vaQ € X. (3)

For the reader’s convenience, unless stated otherwise, we default to gx (z1,z2) = d% (21, z2)
(which is the classical setting for the Gromov-Wasserstein problem (

, ; , ), or to the inner product gx(x1,22) = 2] 2 (which has been
studied in ( , : , )). The same applies to gy .

The Gromov-Wasserstein (GW) problem between X and Y is defined as

GW(X,Y):= min (lgx — gy [*.7™) (4)
vel(p,v)
where
lax — gv[?7®%) = / lgx (@, 2') — gy (0, ) dr(,y)dy (@' )
(X xY)®?

A minimizer for (4) always exists ( , ), and we use I'*(X,Y) to denote the set of
all optimal transportation plans v € T'(u, v) for the GW problem defined in (4). In addition,
when gy = d% and gy = d§ for s > 1, GW(:,-) defines a metric on the space of mm-spaces
up to isomorphism®.

Similar to classical OT theory, we say that the GW-Monge mapping assumption holds
if there exists a minimizer « for (4) of the form v = (id x T)xp, where id : X — X is the
identity map on X, and 7' : X — Y is a measurable function that pushes forward p to v.
In recent years, the existence of Monge mappings for the GW problem has been studied in
works such as ( , ; , : , ).

Note that the GW minimization problem defined in (4) is quadratic but non-convex. The
computational cost of GW (-, -) for discrete measures p,v of size n is O(n® - L) to obtain
a solution that is a local minimum, where n? is the computational cost of one iteration
and L is the required number of iterations®. Thus, when faced with the task of computing
the pairwise GW distances between discrete gm-spaces Y!,...,YX with n points each, the
resulting complexity is O(K? -n? - L). To reduce the complexity of computing the pairwise
distances in this setting, ( , ) introduces a linear embedding technique called
linear Gromov-Wasserstein (LGW), which we discuss in the following section.

2.3 THE LINEAR GROMOV-WASSERSTEIN EMBEDDING AND DISTANCE

Consider a fixed gm-space X = (X, gx, 1), which serves as a reference space. Given a
target gm-space Y = (Y, gy, v), suppose that the GW-Monge mapping assumption holds,
i.e., there exists an optimal transportation plan v = (id x T)xp for the GW problem

!Two mm-spaces X, Y are isomorphic is there exists an isometry ¢ : X — Y, ie., dx(z,z') =
dy (¢(x),(z")), which is surjective and such that v = xpu.
2We refer to Appendix D for details.
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(4) between X and Y. Then, the linear Gromov-Wasserstein (LGW) embedding is
defined as the following mapping

Y = ky = gx(1,02) — 9y (T(-1), T(-2)), (5)

which assigns each gm-space Y to a gauge function k, : X x X — R defined by (5). This
embedding can recover the GW distance GW (X, Y) by the following:

GW(X,Y) = /X . ko (0, 2") |Pd () d ().

Given two gm-spaces Y! = {Y1 gy1,01}, Y2 = {Y2, gy2,1?}, assume that there exist op-
timal transportation plans v1 = (id x T1)xp € T'*(X,Y1),7? = (id x T?) gp € T*(X, Y?).
Let ky1,k,2 denote the corresponding linear GW embeddings as defined by (5). Then, the
LGW distance conditioned on 7!,+2, is defined as

LGW(Y', Y% X, v',7%) o= [|kyr — k2| p2ue2)- (6)

When the GW-Monge mapping assumption does not hold, ( , ) extend the
above distance conditioned on a pair of arbitrary plans v € T'*(X, Y1),4? € I'*(X, Y?):

LGW(Y17Y2;X771372) = inf <‘gy1 79Y2|27’y®2> (7)

YEL (v v231)

= inf / lay1 (¥ y") = av2 (V% v ) Pdv(z, vt v ) (@ v ),
YET(vLy2im) J(x xy 1 xy2)®2

where
Ty 7% m) = {y € Mu(X x Y x Y?) i (mxy1)sy =7, (mxy2)wy =% (nx) 2y = 1},

for mx yi(z,y',y?) = (z,y") for i = 1,2, and 7x(z,y',y?) := z. Finally, the LGW
distance between Y' and Y? is defined as
LGW(Y', Y%X) =  inf  LGW(Y',Y%X, 9% 42). (8)
v er* (up?)
y2er* (u,v?)
We refer to Appendix B for further details.

To simplify the computation of the above formulation, ( , ) propose the
barycentric projection method, which we will briefly review here.

Let v € T'(u,v) be a transportation plan between p € P(X) and v € P(Y). By using
[Definition 5.4.2, ( )], the barycentric projection map 7, : X — Y
is defined as

To(a) = /Y ydvyix (yle). (9)

where {vy|x(:|z)}zcx is the corresponding disintegration of v with respect to its first
marginal p. That is, {yy|x(:|2)}zex is a family of measures satisfying

/ o) dy(z,y) = / / 6, ) dyix (Wlr)du(z), Yo € C(X x V),
XxXY X JY

If v* € I'*(X,Y), we define the measure v« := (7T;+)xpu € P(Y) and the gm-space i\.va* =
(Y, gy, vy+). We provide the following results as a complement to the work in ( ,

Proposition 2.1. Let v* € T*(X,Y) and 7° € I'*(X,X). Then, we have the following:
(1) The LGW embedding of Y can recover the GW distance, i.e.,
LGW(X,Y;X, 7%, 7") = GW(X,Y).
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(2) If T is a Monge mapping for GW(X,Y) such that v* = (id x T)uu, then T« =T,
p-a.e. As a consequence, Uy« = v, and thus Y- =Y.

(8) If gy (-1,-2) = al1,-2)y, where (-1,-2)y is an inner product restricted to Y and
a € R, then the barycentmc projection map T« defined by (9) is a Monge mapping

in the sense that ¥ = (id x Ty+)xp is optimal for the GW problem GW (X, §{7*)'

We refer the reader to Appendix E for the proof.

Based on the above proposition, given Y! = (Y1, gy1,v!) and Y2 = (Y2, gy2,1?), let v €
(X, Y!) and 4% € T*(X,Y2). The following approximated LGW (aLGW) distance
can be used as a proxy for the LGW and GW distances. Furthermore, in practice, we can
fix a single pair (v!,7?) to compute the distance rather than compute the infimum:
aLGW(Y', Y% X) = inf  LGW(Yl:,Y22;X,~',+%)
yler*(x,yh)
v er*(x,Y?)
. 2
= e o (T (), T () = gya(Ta(), Ta (o) oy (10)
y2er*(x,v?)

lgv1 (To (1), Toa (-2)) = gv2 (T2 (1), Toa (-2)) 22 02)- (11)

2.4 THE PARTIAL GROMOW-WASSERSTEIN DISTANCE

Q

Partial Gromov-Wasserstein (PGW), or more generally, unbalanced GW, relaxes the
assumption that p,v are normalized probability measures ( ;
, ; , ). In particular, the PGW distance is defined as

PGWHX.Y)i= _int ({lgx = gvP\0™) +A(u = 9@+ 105 —a8%),  (12)
< WV

where A > 0 is a parameter; vx := (7x)#7,7y := (7y)x7 are the corresponding marginals
of v on X and Y, respectively; and I'<(p,v) := {y € M4 (X xY) : yx < pu, vy < v}, where
M, (X xY) denotes the set of finite non-negative measures on X x Y, and vx < p denotes
that for any Borel set A, vx(A) < p(A) (similarly for vy < v).

In the discrete setting, the PGW problem can be solved by variants of the Frank-Wolfe
algorithm (see the algorithms in ( , ) for details). From a theoretical perspec-
tive, there always exists a minimizer for the optimization problem in (12) (see [Proposition
3.3, ( , )]). We use the notation I'L ,(X,Y) to denote the set of all optimal
transportation plans for PGW,(X,Y). For convenience, when A is fixed, we may omit the
subscript A and write ' (X, Y) instead.

We say that the PGW-Monge mapping assumption holds if there exists an optimal
transportation plan +y for the optimization problem in (12) of the form v = (id x T')#yx for
someT : X - Y.

3 LINEAR PARTIAL GROMOV-WASSERSTEIN EMBEDDING AND DISTANCE

Inspired by the work in ( , ), we extend the LGW distance to the unbalanced
setting. In particular, we present a linearization technique for the PGW problem proposed

in ( , ).

Given gm-spaces X = (X, gx,p) and Y = (Y, gy, v), let v € I'L ,(X,Y). We first suppose
that the PGW-Monge mapping assumption holds; that is, v = (id x T)xyx for some T :
X — Y. We subsequently define the linear partial Gromov-Wasserstein (LPGW)

embedding as
Y — (/}/Xak’W’YCL (13)

where vy = (mx)7, ky(1,2) == gx(1,2) — gy (T(-1), T(-2)), and 7. := v — (7y)®?
for vy = (my)xy. Here, the first component of the embedding, vy, encodes the mass
transportation from the source domain X. The second component, k-, describes the trans-
portation cost function. Finally, the third component, 7., encodes the mass creation in the
target domain Y.
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Similarly to the LGW embedding given by (5), we show in Proposition 3.1 that the above
embedding can recover PGW)(X,Y) in the sense that

1K 3 s yo2) + MBI = il + [21) = PGWAK, Y).

Given two gm-spaces Y', Y2, let v* € TX (X, Y') and 7* € T% (X, Y?). Suppose 7', are
induced by Monge mappings 7", T2 and compute the corresponding LPGW embeddings via
(13). We define the LPGW discrepancy conditioned on ~',~? by

LPGWA(Y', Y%X,7'7%) = inf ks = kpallz2guee) + A0 P+ 77 = 210%),  (14)

W<k Ak

where (v A y3)(E) = minpcp{7%(E) + v%(E \ F)}. Note that the above formulation
can be written entirely in terms of the LPGW embeddings since [!|* = |2| + [v%|?, and
similarly [2[2 = [y2] + & .

When the PGW-Monge mapping assumption does not hold, we extend the above LPGW dis-
crepancy conditioned on arbitrary transportation plans v!' € e (X, Y1),~% € re (X, Y?)
as follows:

LPGWA(Y', Y%X, 7' 7%) = inf - lgyr = gy2lZ2¢ez) + AV P+ V77 = 2y%),  (15)
Yer< (v!v25m)

where
Pc(v', 7% 0) = {7 e Mu(X x Y x Y?) : (mx,y1) sy <71 (mx yve)wy < ¥}

Finally, to gain independence from the transportation plans v',~2, we formally define the
LPGW discrepancy as

LPGW,\(Y!, Y?X) = inf LPGW,(Y', Y2 X, v, 42). (16)
ylery L (XY
verL L (X,Y?)
Proposition 3.1. Given compact gm-spaces X = (X, gx,u) and Y = (Y, gy,v), let 1° €
I \(XX) and v* € L \(X,Y). We have the following:
(1) Problem (15) admits a minimizer.

(2) Under the PGW-Monge mapping assumption, the problems (14) and (15) coincide.

(8) Under the PGW-Monge mapping assumption, when

22> max gy (y',y") — ov (', v (17)
y'yley?,
yZ,leey2
problem (14) achieves the value
LPGWA(Y17Y2;X,71772) = ||k — k72||2L((7}(M§()®2) + )\(‘V1|2 + |,,2|2 — 2|fy}( A 7§(|2).
(18)

(4) The LPGW embedding of Y can recover PGW(X,Y) in the sense that, under the
PGW-Monge mapping assumption, we have

e 133 o5 y00) + Al = 17 2 + 102 D) = PGWA(K, Y),

and in general, we have
LPGW(X,Y;7"7%) = PGWA(X, Y).
(5) The LPGW discrepancies defined in (15) and (16) are pseudo-metrics. Indeed,

under certain conditions, (16) is a rigorous metric. We refer to Appendiz F for
detailed discussion.
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The proof of the above proposition is included in Appendix F.

Similar to LGW, to accelerate the computation of the above formulation, we propose the
following barycentric projection method in the LPGW setting.

First, similar to Proposition 2.1, we present the following theorem, for which we provide the
proof in Appendix H.

Theorem 3.2. Given gm-spaces X = (X, gx,p) and Y = (Y, gy,v), let 7° € 'z \(X,X)
and v* € M4 (X xY). Further, let U := v, := (Ty=)»7 and ﬁi?v* = (Y,dy,V). Then,

(1) If v* is induced by a mapping T, then Ty~ =T,v% — a.s.
(2) If v* € TL(X,Y), and the conditions for gy (-1,-2) in statement (3) of Proposition
2.1 hold, then 5 := (id x Ty+) 7% is optimal for PGWA(X,§',Y*).

(3) If y* € s (X, YY) and 4% € F*S(X,YQ), and the PGW-Monge mapping assumption
holds, then

LPGW(YY, Y%, X, 41, ~2) = LPGWA (Y1, Y2 X,75,7%) + A2+ [A2). (19)

Based on part (3) in the above theorem, we define the approximated LPGW (aLPGW)
discrepancy by

aLPGW(Y',Y?X) := inf LPGW(Y1,Y 2 X,7%,7%) + A(ve] + A2)). (20)
ylers \(xyh),
VPEry L (X,¥?)

Proposition 3.3. If X, Y are compact sets, when X is sufficiently large, in particular, (17)
is satisfied, the above formulation becomes:

1 w2, _ . _ 2 12 212 1 2|2
LPGWAY' Y5 K) = | il W = kel soggon + A+ 1 = 2005 o3P, (2)
YZErL L (X,¥?)

In practice, similar to LGW, we only select one pair of optimal transportation plans ', v2
to compute the embedding and the above a LPGW discrepancy. In addition, we apply (21)
to approximate the original formula (20). That is, in our experiments, we directly compute

[k — k’ﬁ”%y}(/\vg()@z + >\(|V1|2 + |V2‘2 - 2|’7}( A 7§(|2)' (22)

3.1 NUMERICAL IMPLEMENTATION OF LPGW IN DISCRETE SETTING

In practice, we consider discrete distributions (or, more generally, discrete Radon measures).
Suppose X = {X, |||, # = .1 Pi6z, }, where X C R% is a convex compact set containing
{04y, 1, -2n}. We similarly let Y! = (Y1, || - ||a,,v = Z;n:ll qjl-éyj;) and Y2 = (Y2 || -

laz, 1% = 3252 4702)-

Suppose v € R’*™ is an optimal transportation plan for PGW (X, Y!). By convexity of
Y, the barycentric projection given by (9) becomes

Ui = ~ vyl if@ >0 ~
Ty (i) = vi =gyl 1 q~ B where § = v% = 7' 1,,,,. (23)
Od1 lfqz_o

Thus, the corresponding projected measure becomes v,1 = >, ¢;0y,. In addition, we have
el = (i1 pi)® = (Cie1 @)% Let
RV i ige = 15 = T2 = ll2s — 22 wreqin € R (24)

Suppose y? € R}™2 is an optimal transportation plan for PGW, (X, Y?). We define all
corresponding terms analogously.
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Let "2 ="' A% | — Plrv = X1 1@ — 2, 1q'| = Do, ¢i. The aLPGW distance given
by (20) and (21) becomes

aLPGW(Yl Y2 X)
~ Z (12— 412 172 = 21P) @232 + ' P + 12 — 203"?)

= @7 (B = K2)?] @) + At + 2]+ 13 = 32, (25)

where (K1 — K3)? denotes the element-wise squared matrix and 3% = q1q, (similarly for

@$?). The above quantity (25) can be used to approximate the original PGW distance
between Y! and Y2,

In addition, the original LPGW embedding (13) of Y! (in fact, of Y1) is (K, va1,78). We
reduce this embedding to (K!,q',|v}|) which is sufficient to compute the above aLPGW

discrepancy. Thus, (f( LG4, |vL|) can be regarded as numerical implementation of the LPGW
embedding (13).

4 EXPERIMENTS

4.1 ELLIPTICAL DISKS

In this experiment, we apply the LPGW distance and the PGW distance to the 2D dataset
presented in ( ), consisting of 100 elliptical disks. We first compute the
pairwise distances between the samples using the PGW distance and then compare them
against the LPGW distance using nine different reference spaces. We present the resulting
wall-clock time for each method and evaluate the quality of the approximation of PGW by
LPGW using the mean relative error (MRE) and the Pearson correlation coefficient (PCC).

Experiment setup. We represent each 2D shape as an mm-space X' = (R?,|| - ||, u*),
where p* = Z? 1 7115 We normalize each shape so that the largest pairwise distance in
each mm-space is 1. Based on [Lemma E.2, ( )], the largest possible choice of A

is given by 2A = 1. We hence test A € {0.05,0.08,0.1,0.3,0.5}, and for each reference space,
we compute the pairwise LPGW distances and compute the wall-clock time, MRE, and
PCC. We refer to Appendix K for full numerical details, MDS visualizations, and complete
results.

Performance analysis. We present the results when A = 0.1 in Table 1. First, we
observe that LPGW is significantly faster than PGW as it only requires N = 100 transport
plan computations, whereas the PGW methods require (g) transport plan computations.
Second, we observe that when the reference space is one of Sg,S7,Sg,Sg, LPGW admits
a relatively smaller MRE and higher PCC, demonstrating the importance of the chosen
reference space.

PGW S1 Sa S3 Sa Ss Se Sz Ss So
=

Q00N BB

points 441 676 625 52 289 545 882 882 317

time (min) 46.97 0.76 3.78 3.13 0.08 0.62 1.56 1.91 1.98 0.71

MRE | — 0.1941 | 0.1264 | 0.1431 | 0.2542 | 0.0538 | 0.0444 | 0.0205 | 0.0198 | 0.0245

PCC 1 — 0.5781 0.5738 0.5881 0.8581 0.9871 0.9930 0.9952 0.9954 0.9949

Table 1: Experimental results when A\ = 0.1. The first row shows the total wall-clock time
for PGW and LPGW. The second and third rows display the MRE (mean relative error)
and PCC (Pearson correlation coefficient), respectively.

4.2 SHAPE RETRIEVAL

Experiment setup. We now employ the PGW distance to distinguish between 2D and
3D shapes, similarly to as done in ( , ). We use GW, LGW, and PGW
as baselines for comparison against the results of our proposed LPGW. Given a series of

shapes, we represent the shapes as mm-spaces X = (RY, || - ||, u*), where pi = 327, 'y
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For the GW and LGW methods, we normalize the mass for the balanced mass constraint
setting (i.e., o' = ), and for the PGW and LPGW methods, we let o' = « for all the

shapes, where oo > 0 is a fixed constant. In this manner, we compute the pairwise distances
between the shapes.

Next, using the approach given by ( , ), we combine each distance matrix
with a support vector machine (SVM), applying stratified 10-fold cross-validation. In each
iteration of cross-validation, we train an SVM using exp(—o D) as the kernel, where D is the
matrix of pairwise distances (w.r.t. one of the considered distances) restricted to 9 folds,
and compute the accuracy of the model on the remaining fold. We report the accuracy
averaged over all 10 folds for each model.

Dataset setup. We test one 2D shape dataset and one 3D shape dataset. We use the 2D
dataset presented in ( , ), consisting of 8 classes, each containing 20 shapes.
The 3D dataset is given by ( , ), which provides 100-200 complete shapes
in each of 16 different classes, and for each complete shape, provides 26 corresponding
“incomplete shapes.“ We choose four classes of shapes from this dataset, and for each, we
sample 15 complete and 45 incomplete shapes, yielding a total of 240 shapes. The datasets
are visualized in Figure 4 in the Appendix.

Performance analysis. We refer to Ap-

pendix L for full numerical details, param- LPGW
. . N GW | PGW | LGW
eter settings, and the visualization of the (ours)
resulting confusion matrices. We visualize 2D Dataset
the resulting pairwise distance matrices in | Accuracy T 98.1% | 96.2% | 93.7% | 97.5%
. . . Time (s) | 43s 39s 0.4s 0.5s
Figure 7. For the SVM experiments, on the 3D Dataset
2D dataset, GW achieves the highest accu- Accuracy T | 92.5% | 93.8% | 92.5% | 93.7%
racy, 98.1%, while the second best method | Time (m)J) | 203.0m | 203.6m | 1.3m 1.8m

is LPGW, 97.5%. On the 3D dataset, PGW
achieves the highest accuracy of 93.8%, and
LPGW achieves the next highest accuracy
of 93.7%. We refer to Table 2 for details.

Table 2: Accuracy and wall-clock time com-
parison in shape retrieval experiment.

In addition, we report the wall-clock time required to compute all pairwise distances for
each distance in Table 2. In both datasets, we observe that LGW/LPGW admit similar
computational time and are much faster than GW/PGW. This difference is more obvious
in the 3D dataset. We note that when A is sufficiently large, the performance between the
LPGW method and the LGW method is the same (see Appendix L for details).

4.3 LEARNING WITH TRANSFORM-BASED EMBEDDINGS

Data Method LOT LGW LPGW (ours)
10 rotation Accuracy 1 89.0% 82.5% 82.5%
Time | 183s+16s | 405s+77s 309s+-84s
—0 Accuracy 1 51.2% 82.5% 82.5%
= Time | 183s+15s | 405s+77s 309s+-84s
n=01 Accuracy 1 13.4% 17.0% 81.8%
' Time | 183s+17s | 405s+88s 309s4-91s
n=03 Accuracy 1 12.5% 13.3% 75.8%
' Time | 183s+23s | 405s+145s 309s4-123s
n=05 Accuracy 1t 12.5% 12.5% 72.9%
' Time | 183s+27s | 405s+248s 309s+4-168s

Table 3: Accuracy and wall-clock time comparison for learning with transform-based em-
beddings experiments. We report each time as t; + to, where ¢; is the time required to
compute the training set embeddings and ¢, is the time required to compute the testing set
embeddings.

In this experiment, we perform machine learning tasks using transform-based embeddings.
Specifically, given training and testing datasets, we apply various transform-based embed-
ding methods to both. Additionally, we assume that the testing data is randomly rotated
and has been corrupted with random noise. The objective is to evaluate the robustness of
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machine learning models trained using the different embedding techniques. The full numer-
ical details for this experiment can be found in Appendix M.

Baseline methods. In this experiment, we con51der several classmal embedding methods,
namely the LOT embedding ( ,
LGW embedding ( , ), and our proposed LPGW embeddlng

)

Dataset setup. We adopt the MNIST 2D point
cloud dataset for this experiment. Specifically, for
each digit, we sample N; = 500 point clouds per
class from the training set and Ny = 100 point clouds
per class from the testing set. Each point cloud is
represented as a gm-space in R? with the measure
=1 pids,, where p; > 0,Vi € {1,...,n} are the
pixel intensities provided by the original dataset. We
normalize p; such that Y " p; = 1 for all sampled
point clouds.

train

test

test, corrupted

(a) MNIST point cloud dataset. For each shape in the training set, we randomly ro-
tate or flip the shape horizontally and add the trans-

i:i”:f géfe,‘\ g%\ formed shape to the training set. As a result, each

e g gt class contains 500 x 2 = 1000 shapes in the training

set. For each test shape, we first randomly rotate or
5 flip the shape, and we then “corrupt” the shape by
B adding unlformly distributed noise. The mass of each
- added point is =, where n is the number of points in
the original shape and the total mass of the added
(b) Reconstructed digits based on the points is n € {0,0.1,0.3,0.5}.

LOT/LGW/LPGW embeddings.

"~ Data TIoT  LGW [PGW

) o ) Performance analysis. For each method (LOT,
Figure 1: MNIST digits and its re- 1,GW, and LPGW), we first compute the embed-
construction. dings of the training data and optimize a classifica-
tion model (logistic regression) using these embeddings. Then, we compute the embeddings
for the test dataset and evaluate the accuracy of the model on the test embeddings. The
results are presented in Table 3. In this table, we observe that for the original test dataset,
LOT achieves the highest accuracy at 89.0%. However, on the corrupted dataset, LOT’s
performance drops significantly, classifying only 51% correctly when 7 = 0 (no noise but with
random rotation/flip) and falling dropping to 12.5% (i.e., random guessing) when 1 > 0.1.
LGW is more robust to the data with random rotations/flips, but its accuracy also reduces
to random guessing as 7 is increased. In contrast, LPGW embeddings exhibit substantially
greater performance, with its accuracy ranging from 70-85% when n > 0.1.

For an intuitive comparison of the performance of these embeddings, we present the data
reconstruction results in Figure 1b and the t-SNE visualization of the embeddings produced
by each method in Figure 9. Further details can be found in Appendix N.

5 SUMMARY

In this paper, we propose the linear partial Gromov-Wasserstein (LPGW) embedding, a
linearization technique for the PGW problem. Theoretically, we prove that LPGW admits a
metric with certain assumptions, and numerically, we demonstrate the utility of our proposed
LPGW method in shape retrieval and learning with transform-based embedding tasks. We
demonstrate that the LPGW-based method can preserve the partial matching property of
PGW while significantly improving computational efficiency.
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A  BACKGROUND: LINEAR OPTIMAL TRANSPORTATION DISTANCE

The space of measures Py (R?) can be endowed with the two-Wasserstein metric Wy, and the
resulting space defines a Riemannian manifold (see, e.g., ( , )), which is referred
to in the literature as the Wasserstein space. Under the Monge mapping assumption,
consider p € Po(RY) and let Tan,, (P2(RY)) denote the corresponding tangent space at .
Then, each tangent vector v € Tan,(P2(R?)) can be regarded as an L?(u)—function, that
is, v : R* — R? such that

o120 = [, @I duta) < .

Given v € Py(R?), suppose v = (id x T)4pu is an optimal transportation plan for Wa(u, v).
Then, the logarithm mapping is defined by

Po(RY) 3 v v, := (T —id) € Tan, (P2(RY)), (26)
and the resulting image v, is the so-called Linear Optimal Transportation (LOT)
embedding ( , .

The LOT embedding v, is a “representation” of the measure v and encodes the optimal
displacement from the fixed measure p to v. Indeed,

W3 (1, v) = [lvy = 0l

In general, given two probability measures v!,v2 € Py(R?), if v1,4? are optimal solutions
for Wa (i, v1), Wa (1, v2) of the form (2), one can use the following so-called LOT distance
to approximate the original OT distance Wa (vt v?) ( , ):

LOTS (V' v% vt 42) o= o — UWZHQLQ(M)' (27)

The above definition relies on the Monge mapping assumption. In (
, ), the authors generalize the LOT distance without the Monge
mapping assumption; however, in what follows, we will avoid such an assumption.

First, we discuss the notion of a geodesic in the classical OT setting. Suppose - is an optimal
transportation plan for the OT problem between u,v € Ps (Rd). Then, the geodesic from
u to v is defined by

t= = ((1—t)mx + tmy) gy (0<t<). (28)

Remark A.1. In the particular case where 7 is of the form v = (id X T") 4 i1, the above formula
reduces to

= (1 —8)id +tT)pp (0<t<1).
Remark A.2. In the discrete case, u = Y . pids; and v = Z;nzl q;0,,- By abuse of
notation, let v € I'*(u, ) be interpreted as a matrix. Then, the above geodesic becomes

te Z Zd(l—t)1i+tyj7ij (0 <t< ]_)

i=1 j=1

Given curves {7} }1e0,1] {77 }te[o,1) both originating from fx, we claim they are equivalent
if there exists € > 0 such that for all ¢ € [0,¢], 7/ = 77. Let G, denote the set of all the
equivalence classes. The generalized tangent space at u, denoted by Tanﬂ (Po(R?)), is
defined as the closure of G, (see ( ) ) for details).

Now, given v!, 12 € Py(R%), let 4!, 42 be some optimal transportation plan in I'*(u, v1),
I'* (i, v?), respectively. We define the following distance, defined on the space TanﬂPQ(Rd),

as the LOT distance conditioned on 7!, ~2:
LOT (', v* oyt y?) = inf / ly' =y |dy @,y y°). (29)
YET (¥ 7%51) JR3d

where T(y',72%; 1) := {y € P(R®*?) : (mo1)»y = 7", (mo2)#y = 7*}, where w1 (2, 4%, %) =
(‘rvyl)v WOQ(maylvyZ) = (xva)'
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Remark A.3. When ! = (id x T%)»pu,v? = (id x T?)4p for some mappings T, T2, there

exists only one element in I'(y!,7?; u), which is (id x T! x T%) 4 u. Thus, the right-hand side
of (29) becomes

IT* (@) = T (@) I2)- (30)
That is, (29) and (27) coincide.

Finally, to formulate a distance that is independent of the optimal transportation plans
7%, 72, we define the LOT distance between 1!, v? with respect to p by

LOTi(W' v u) = inf  LOT(W*,v%p, vt 92). (31)
yler* (pao?)
'YQEF* (/"VQ)

Barycentric projection. The above LOT distance is complicated to compute. To simplify
the computation, ( , ) introduces the “barycentric projection” method that
we will recall here.

First, we review some basic concepts in measure theory. Given vy € P(R??), with 7147 = u,

where 7 : R2? — R? is given by 7 (z,y) = x, by the disintegration theorem (see, for
e.g., ( , , Thm 5.3.1) and ( , Theorem 6)), there exists
a p—a.e. uniquely defined famlly of probability measures {’y( ‘.’I}')}TERd C P(Rd) such that

s = [ [ swpdodne),  voe @, @)
R2d Rd JRd

In this paper, we call v(-|z) the disintegration of v with respect to its first marginal
(u), given z (for each x € supp(u)).

The barycentric projection map 7, : R? — R? of v is defined by

T, (2) == argmin/ ly —o/|I? dy(y/|2") =/ y'dy(y'|z"). (33)
yeyY Jy Y

Note that the second equality holds since the distance between 7,3’ is simply the quadratic
Euclidean distance. In the third term, we have a vector integration.

Given an optimal transportation plan v € I'™* (i, v), we define vy := (7,)# L.

Proposition A.4 (Prop. I1.4 ( , ). If v € T*(p,v), then the transportation
plan induced by the barycentric projection map T, denoted as ¥ := (id x T,)xp is optimal
for the OT problem Wa(u,vy).

In addition, if v = (id x T') 4 satisfies the Monge mapping assumption, then T« =T p-a.e.
and is a Monge map.

Thus, if we replace v by v,, the OT problem Wj(u,7,) can be solved by the map 7.
Based on this property, given !, 12 € P(Rd), consider optimal transportation plans ' €
I*(u,v1),7? € T'(u, v?), then define the following approximated LOT distance (aLOT)
to estimate Wa (v, v?):

aLOT; (v, v2; 1) == inf LOT22(§71 U2 7,73
yrer* (uv')
y2er* (u,v?)

: 2
el ol g
72EF*(M7V2)
~ T = TallZa (35)

Note, in most of the literature, (35) is referred to as LOT,, and for simplicity, it is approx-
imated by any pair of optimal transportation plans (y!,~?).
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B BACKGROUND: LINEAR GROMOV-WASSERSTEIN DISTANCE

Let X C R% be a compact and convex subset, and consider a Borel measure p on X. A
symmetric function gx : X®? — R with [y 4, gx (2, 2/)du®? < oo is called a gauge function.
The space of all gauge functions is denoted as L?,,,(X®?, u®?). In this paper, without
specific description, we default set gx to be continuous (thus, Lipschitz continuous) on X.
For example gx (z,2") = ||x — 2'||? or gx(z,2’) = 27a’. The space X = (X, gx, p) is called
a gauged measure space (gm-space), which can be regarded as a generalized version of an
mm-space. The GW problem between two gm-spaces X, Y is:

GW*(X,Y):= inf / lgx (z,2") — gy (y,9)|*dy®>.
YED (V) J (X x X)®2

Lemma B.1. There exists a minimizer v of GW (X,Y) in T'(u,v).

The existence of minimizers of GW(X,Y) could be shown by a standard compact-SNEss

argument, see for instance, Lemma 10.3 in ( , ). Suppose 7 is one optimal solution
of the above generalized GW problem. The geodesic between X and Y is defined by
t = (X XY, (1-t)gx +tgy, 7).t €[0,1]. (36)

Note, even if gx, gy are metrics, v is a gm-space (rather than mm-space), and this is the
reason mme-space is generalized to gm-spaces in ( , ) and in this paper.

Two gm-spaces X,Y are “equivalent” if GW?2(X,Y) = 0. Let [X] denote the equivalence
class of X. The tangent space at [X] is defined by

Tany := U L2, (X < X' 0y | ) ~ (37)
(X,’gx’uu'/)e[x]

where, if Ty, = (X', gx1,u'), Te, = (X2, gx2, %) € [X] are representatives of k; €

L2 ((X1)®2, (uh)®%), ko € L2 ((X?)®2, (u?)®?), we say that k; ~ ko if there exists v €

sYs sYs

(X!, X2) such that GW (X!, X?) = 0. (We refer to ( ) ) for more details.)

Given spaces X! := (X x Y1 dx,7!),X? := (X x Y2,dx,~?) where y!,+4% are optimal
transportation plans for GW (X, Y1), GW (X, Y?), respectively, it is straightforward to verify

GW(X,X') = GW(X,X?) =0,
thus X!, X2 € [X].
In addition, choose ky € L2, (X1)®2, (v1)®?),ky € L2, ,((X?)®?, (7?)®?), then we have
k1, ko € Tanx,
where I'*(Ty,, Tk, ) is same to I'*(y},4?) in GW (X!, X?2).
Their inner product distance is defined by
D?(ky, ko) := inf [ky — Kal|? e

YET* (Txy ,Try)

Now, we set k1 = k,n = gy1 — gx, ko = ky2 = gy2 — gx. Thus, the linear GW distance
between Y' and Y2 given v',~? is defined by the above inner product distance. That is,

LGW(Y17Y2;X7717’72) = D(kla k2)

= inf ke — ka2
reredih 5, M el

inf / gy (' y") = gyv2 (42, ¥*) || dy™?
YEL(Y %m) J(X xy1xY?2)®2
(38)
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where I'(y!, 7% ) == {y € P(X x Y x Y?): (mx,y1)gy =", (mx,y2)y =7} The third
line follows from Proposition III.1 in ( , ) (or equivalently from the identity
(49) in the next section). Note, under Monge mapping assumptions, y' = (id x T)xpu, v =
(id x T?)pp, D(v, 425 1) = {(id x T* x T?),p} and the above distance (38) coincides with

The original Linear Gromov-Wasserstein distance between Y! and Y? with respect to X is
defined as
LOW(Y', Y% X):=  inf  LGW(Y', Y% X, 41 42). (39)
v ED(X,Y!)
~v2el(X,Y?)

C LOT/LGW/LPGW EMBEDDING WITHOUT MONGE MAPPING.

In this section, we briefly discuss the linear transportation embedding under linear optimal
transport, linear Gromov Wasserstein, and linear partial Gromov Wasserstein setting. In
summary, the formulations of these embeddings do not rely on the Monge mapping assump-
tion.

Linear OT embedding without Monge mapping. Given probability measures
vt v? € P(Q), and reference measure p € P(£2), where Q C R? is non-empty set. Choose
optimal transportation plans y! € T*(u,v!'),v? € I'*(u,v?), the linear OT embedding 26
can be generalized to

v T = {z = 4" (fx)}, (40)
where the conditional distribution «!(-|z) can be treated as a “random mapping”. When

A1 = (id X TY) 4p, it is straightforward to verify T! = T). That is, the embedding (40),(26)
coincide.

We define the “distance” between two such two random mappings T, T? via:
T — 122 ::/ inf L 2 1Pdy (vt v?)du(x 41
I %) v (M oy 1V Y Py ) du () (41)

From (29), we have

LOTZ (0 5= [ Iy~ e’ o)
~vET (v, v2p)
= inf yt — 2| Pdu(x
/Q“/Gl“(vl(-\wm“’(-lw) | Pdpz)
Bl 22
=1T" =T7I7 -
Linear GW embedding without Monge mapping. Similar to above formulation,
given two gm spaces Y! = (Y1 gy1,0%), Y% = (Y1, gy2,1%) and a reference gm—space
X = (X, gx,u), where pu, v, v? are probability measures. Suppose v!,~? are optimal trans-

portation plans for GW (X, Y!), GW (X, Y?) respectively. Then the embedding (5) can be
generalized to:

V' k= {(2,2) = (gvi(1,-2) (3 (Ha)y ' (Bl2')). (42)
Note, similar to LOT, when v* = (id x T") 4, we have 7" = T". That is (5),(42) coincide.

Similarly, we define the “distance” between two embeddings IAcl, k2 via:

&Y — 2| (o2

- / Jnf gyt yt) = gy (8 9 Pdy (' P l2)dy (Y y | ) (2.
X2 vel(y (|2)77(|x)
V€D ()7 ()
(43)

17
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From (8), we have
LGW (Y, Y% Y, Y2 X)
|2 ®2

= inf |gy1(y1,y1') — gy2 (yz,yz/) vy

1,2
9y
YEL (v ,v?%51) (= )

=/ Jnf o lgyi(yhyt) = v (PP Py (v v ) dy (v Yy ) AR (x
X2 YEL(y (=), (-|z)

v er(y! (-la") ¥ (|2"))
= k" = || L(uen)-

That is, the distance between two embeddings coincides with the LGW distance between
two gm spaces.

LPGW embedding without Monge mapping. Similar to above setting, given
gm-spaces X,Y'!,Y2, and suppose ~',¥? are optimal transportation plans for
PGW\(X, YY), PGW)(X,Y?), the LPGW embedding in general case is defined by

Yo BN = (B ke = ()2 = (130) ). (44)
Note, when the Monge mapping assumption holds, (13),(44) coincide.

The distance between two embeddings is defined as:

D(E"E?) = inf _ |lk' = k|2 + MK 1P+ VR =2 P+ 2+ 2D (45)
W< AR

We have

LPGW,\(Y!, Y% X)

= inf / gy (' y") = gv= (2 v Pdy(z, v y?)dy (2 y"  y™)

YEL<(Wh,v%m) J(X xY1xY2)2
AP+ PP = )
inf inf / gy (y', y") = gv2 (62, ¥*) 1A (W) 2% (z, 2")
X2

W SYIAY? yeD (v (@), 42 ()
v er(y'(-la"), ¥ (-|z'))

82 =k21l ()2,
AP = Ivx P+ 1212 = & P+ P+ AP =200 )
72 7% 12

= D(E', E?)

That is, the distance between two embeddings coincides with the LPGW distance between
the two gm-spaces.

D CompuTATIONAL COMPLEXITY OF LPGW

Computational Complexity of GW and PGW. The classical solvers for the GW and
PGW problems are variants of the Frank-Wolf algorithms ( , ; ,

).
Consider metric measure spaces X and Y, with measures given by u = > | p;d,, and
v = Z;ﬂ:l q;0y,, respectively. To achieve an e—accurate solution for the GW problem, the
number of required iterations of the FW algorithm is

max {2L1, 2 - n?m? max({2(C%)? + 2(CY)2})}

)
62

18
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and for PGW is

2
max {2L17 2min(|pl, |q]) - n?m? max({2(C¥)2 + 2(CY)2, 2)\})}

€2

Here, L; is a value determined by the initial guess 4% used in the FW algorithm and
CX,CY are the corresponding cost matrices for X,Y. Note, since the largest value for \ is
2\ = max(2(CX)%,2(CY)?), the above two quantities coincide.

In each iteration of FW, we are required to solve an OT/POT problem, whose complexity
is O(nm(n + m)) ( ) ). Thus, the theoretical time complexity to solve
GW/PGW is O(Znm(n + m)n*m?).

Given K mm-spaces, Xi,... Xk, then, computing their pairwise GW/PGW distances re-
quires (12() : O(E%nm(n + m)n?m?). Meanwhile, computing the pairwise LPGW distances
between them requires only

KO (;nm(n +m) + n2m2> + <[2(> O(n?), (46)

where the term O(n2) represents the time complexity of computing the distance between
two embeddings, and ng denotes the size of the reference space. In general, we would like to
set ng to be the mean/median/maximum of the sizes of K mm-spaces, and thus, this term
can be ignored as compared to the first term.

Remark D.1. We generally impose a fixed limit on the maximum number of iterations to
be used in the FW algorithm (e.g., in PythonOT ( , ), it is set to 1000 by
default). In practice, this maximum number of iterations is generally not achieved. Hence,
un-rigorously speaking, we can think of the complexity of GW/PGW as being O(nm(n+m)).

E PROOF OF PROPOSITION 2.1

E.1 CLARIFICATION

Although statements (1) and (2) in this proposition are not explicitly introduced in (

, ), they are implicitly mentioned, for example, in Proposition II1.1 of such article.
Thus, we do not claim the proofs of statements (1) and (2) as contributions of this paper.
Additionally, to the best of our knowledge, the statement (3) has not yet been studied. We
present the related proof as a complement to the work in ( , ).

E.2 CONJECTURE AND UNDERSTANDING

Regarding statement (3), we conjecture that this conclusion can be extended to the case
where gx and gy are squared Euclidean distances. However, this statement may not hold
for other gauge mappings. In our understanding, for general gauge mappings, achieving a
similar result to the statement (3) would require defining a generalized barycentric projection
mapping that is dependent on the specific gauge mapping.

The formulation of a new barycentric projection mapping based on the chosen gauge map-
ping, as well as a generalized version of statement (3), is left for future work.

E.3 PROOF OF PROPOSITION 2.1: PART (1)

Proof in a particular case. We first show the result in a simplified case. In particular,
suppose v* satisfies the Monge mapping, i.e. v* = (id x T)xu, where T : X — Y, and
7Y = (id x id)xp € I'*(X, X). Then k.o = 0 and thus

LGW (X, Y;X,7%,7%) = [lkys — kol 202 = keI

n®?
= [ 30 o (TG TG
X

= GW(X,Y).
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Proof in the general case. Consider 4° € I'*(X, X), and v € T'(7°,v%).
We claim the following lemma

Lemma E.1. Choose 7° € T*(X,X), v* € M, (X,Y), for each v € T'(y°,7*; 1), we have
the following identity:

/ lgx (2%, 2%) = gv (y,9)[Pd(7)** (!, 2V), (=%, 2%), (,4/))
(XXX XY)®2
:/ lgx (z,2") — gy (y,9")[Pd(v")**((z, 2'), (y,4/)) (47)
(X xY)®2
Proof of Lemma (E.1). Since

GW(X,X) = / lgx (z', 2") — gx (2®,2%)|Pdy" = 0,
(X x X)®2

we have

gx(zh,2') = gx(2®,2%) =0, 7" —a.s.

For convenience, let X' = X2 = X be independent copies of X. We have:

/ lgx (22, 2%") — gy (y, ¥ Pdy®? (', 2V), (2%, 2%), (y,9))
(XXX XY )®2

=/ lgx (2%, 2%) — gx (z,2") + gx (z", 2") — gv (v, ¥) Pdy®* (", zV) (2*, 2*'), (y,¥/))
(XxXO0xY)®2

:/(X1 X282 /(Y>®2 |9X(9527$2) gx(:cl x )—i—gx(a;l ! ) gy (v, y)|
X

Ay xo, Xz)((y,y/)l(wl,wl’%(x27x2’))] d(7")**((a',2"), (22, 2%)) (48)

= /(X1 x2)82 /Y®2 ‘gX(xl ! ) gy (v, y)l d’7y|X1 X2((y y)|(x1’xll)’($27x2/)
d(v")#((a*,2"), (2*,2%))

- / lgx (@, 2) — gy (9, ) Py (2 22, y). (22 o)
(X1xY)®2

= / lgx (z, ") — gy (y,4") P d(v*)** ((z,y), («',y")) (49)
(X xY)®2

where in (48) vy |x1 x2(-]a',2?) is the disintegration of v with respect to (wx1 x2)xy =
0
v O

Based on the identity (47) and the fact v! is optimal for problem GW (X, Y), we have:

YEL(v0,7*)

= inf GW(X,Y)
YET (YO, v*)

— GW(X,Y),

LOW(X,Y;X,A%7") = inf / ldx (2°,2%) — dy (4,4 )2dr®* (2, '), (2°,2), (3, 4'))
(XxXXY)®2

and we have completed the proof.

E.4 PROOF OF PROPOSITION 2.1: PART (2)

In this case, v* = (id x T)gp, for each x € Supp(u), we have that the disintegration of ~*
with respect to its first marginal (7x)gy* = 7%, given first component is z, is

Yy ix (2ly) = 0(-2 = T(x)),
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where ¢ is the Dirac measure. Thus, for all x € supp(u), we have:

T (2) = /Y ydv x () = /Y yds(y - T(z)) = T(x).

where the last equality holds from the fact T'(x) € supp(v) C Y. Therefore, T« =T p—a.s.
Since Typ = v, we have Uy 1= (To«)ppp = Tup =v.

E.5 PROOF OF PROPOSITION 2.1: PART (3)
E.5.1 PROOF IN THE DISCRETE CASE

We first demonstrate the proof in the following simplified discrete case: Suppose gx (z,z’) =
72" and gy (y,9') =y v/, and consider

n m n m
i=1 J=1 i=1 j=1

In addition, we suppose that X, Y are compact convex sets which contains 0 (besides
containing {z1,...,z,} and {y1,...,ym}, respectively).

Let v* € T*(X,Y) be an optimal transportation plan. Then, the corresponding barycentric
projected measure is given by

n 1 m
U=y = Zpi(;gi, where y; := — Z’yijj.
i=1 Di j=1

By convexity, §1,...,Jn €Y. Thus Y := ?(7* =(X,gy,V).

Then, it induces a transportation plan 7* := diag(p}, - -+ ,p5) € R}*™ with first and second
marginals ¢ and v, respectively. We will show that for any transportation plan ¥ € I'(u, v),
it holds that

CHE"X,Y) < C(H: X, Y),
where
COuX,Y) = Y > (&) mir =y yj0) vy,
ii'=174,5'=1

in other words, we will show that ¥* is optimal for GW(X,%).
First, we notice that (3*)~! = diag(1/p{,---,1/pY). Then, we set

vi=3F) Ty e RPN
Secondly, we check that v € T'(u, v). In fact, let p = (p1,...,pn), ¢ = (q1,--.,qm) be the
vectors of the weights of finite discrete measures p and v, respectively, then, since v*1,, = p
and ¥71,, = ¢, we have
M =3F) " L =7GF") P =la =g,
Y =()"E) T L= ()Y e = (") e = p.

Lastly, we compute the costs as follows:

ot ~x\—1
*

n m n m
C(vX,Y) = Z (] zir)*pipir + Z (v vir)qiq5 — 2 Z Z (2] @) (Y] v Vi
i,i'=1 7,3'=1 i,0'=17,5'=1
n m
=T =23 > (@] @)y v
iil=1j,j'=1

21



Published as a conference paper at ICLR 2025

where J; = >7 = Sl pipy + Z] 7 _1(y] y;/)%q;q; is independent of v*. By the multi-
linearity of the last term in the identity, we can show

CERXY) =D =2 Y @ w) @ 5 )FA5 e

il=10,0=1
n n m
VEY; VoY (50)
= J2 -2 Z Z .’t;l—l’i/ Z (” ) ) ’Yzl'Yz’E’
=1 0,0=1 j=1 \ Pe pe

== Ji+C(Ys 1),
where Jo = 370 (2] i )2 pipd + 320 0y (5 B )*pPpl. Similarly, we can compute
CHXY) =T~ i+ C(rX,Y) (51)

The optimality of v* together with identities (50) and (51) implies that C(?*;X,%) <
CH:X)Y).
E.5.2 PROOF IN THE GENERAL CASE

Similar to the discrete case, given v* € I'*(X,Y), the barycentric projection is given by

T () = /Y ydx ().

We have that ¥* = (id x 7T5+)xp is a joint measure with first and second marginals p and
U = Uy := (Ty=)pp, respectively. The goal is to show that 7* is optimal for GW (X, Y)
where Y := Yo« = (T5+) 5 p.

Let 7 € I'(p, 4+ ) be an arbitrary plan. Let 5(-2|z) := Jy|x (-2|z) denote the disintegration
of 7 with respect to u, given that the first component is z, for each « € Supp(u). Similarly,
we adopt the notation v*(-2|z) for each x € Supp(u).

We define the joint measure
Y=Yy x x|y Y (52)

on X xY. In particular, the above notation means that for each test function ¢ € Co(X xY'),
we have

/ oz, y)dr () = / o, y)dy* (y]2®) 7 (2|7 (. )
XXY XXYXXXY

= $w, y)dy* (yl2°) ) d7* (") | d7* (2, 9)
Joor UL o)
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For any test functions ¢x € Co(X), ¢y € Co(Y') we have
/ ox (2)dr(z, ) = / ox (2)dy* (y)2°) 5" (20 [§) &z, )
XxY XXYXxXXY
- /X x(@di (1)
- / bx (2)du(z)
X
/ by (W) (z,y) = / oy ()" (4]a°)d7 () (2, )
XxXY XXYXXXY
- / by (y)dy* (y]2°)d7 (2°[7)d5(7)
XXYxX
- / by (W)dy* (4]a®)dp(20)
XXY
- / oy W)y (2, y)
XxXY

- /Y by (y)dv(y)

Thus v € T'(u, v).

In addition, we observe that we have the following property that holds for the case of

considering inner products:

Lemma E.2. Suppose X C R% Y C R% are finite-dimensional, convex compact sets.
Let v € M (X xY) and define T, as in (9). In addition, let gy (y,y") = oly,y’), where

(y,v') = (y, ) :== Z?;l yiy; is an inner product (the standard one, for example). Then for

each z,2' € X, let y = T,(z),y = T,(z'), we have:

@) = [ v )l ).

Proof of Lemma, E.2. For each i € [1 : d,], we have:
7 = [ sllarle) [ o)
= [ ot | virtinire)

- / ylily'[ild (ylz)dy(y' ")
Y XY

where the third equality follows from Fubini’s theorem.

Thus,

= a/ y[l]yl[’L]d’y(ylx)d,y(y/|x/)
Y XY
dy
= /YXY a;y[z]y [i)dy (y|x)dy(y'|2")

_ / ax (v, ¥ )dy(yla)dy (|
Y XY

23
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Now, we continue with the proof of Proposition 2.1, part (3).

We have
C(v:X)Y) = / lgx (z, ") — gy (y, 4 ) dv* (=, y)dy* (', y)
(XxY)®2
= llgx (&, 2722y + llgy (v, 472 o2y — 2/ gx (z,2") gy (y, ) dy* (z, y)dv* (2", )
(X % X)®2
= J1 — 2{gxgy, (v")%?) (54)

where Ji = [|gx|7(,e2) + 9y 172 ( @2y is independent to v*. Similarly,

C(F:X,Y)

) /<x o [958 — g G PET ) )
X

= llgx [172(e2) + N9y [172ze2) — 2 / gx (2,2 gy (7, 7)d7* (z, 9)d7* (', 7)
(XxY)®2
= aa=2 [ ooy (T (@), T (@) (55)
=y —2/ gx (z,2") U gy (y, v )dy* (ylz)dy* (' [y') | dp(a)dp(z") (56)
X®2 Yy ®2

— -2 / ax (@2 )gy (99" ) Ay (2, y)dy* (', )
(X xY)®2

=J2 — 2(gxgv, (7*)®2> (57)

where in (55), J2 = |lgx (-1, 2)l|72(ue2) + 19y (1, 2) 7252y (which is independent of 7*);
and (56) follows from Lemma E.2. Combining (54) and (57), we have

CHSX,Y) = C(v5X,Y) — Jy + Jo. (58)

Similarly, we can show that

CHX,Y) = C(X,Y) = Ji + Jo. (59)

Also, similarly to (54) and (57), we have

C(v:X,Y) = 1 — 2(gxgv,7*?) (60)
CHX,Y) = Jo — 2{gxgy,7%%) (61)

It remains to show
<9X9Ya'7®2> = <9X9Yﬁ®2>~ (62)
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Indeed,

oxor 3% = [ ax(e oy G D)
X 2

- / 0x (2> gy (5, 7 )l (F1)d(F | dpa(r) dp(a')
(X xY)

[ e [ [ o (w0)7Tw*(wo’))dﬁ*(wolﬂ)dﬁ*(wo’lﬂ’)}
(X xY)®2 X®2
G (§10) @ |2 )dp () dp() (63)
g3 (2, 2y (Ty- (2°), T (22))
(X XY xX)®2
(@) 7 ) ) () ()

/ ! * 0 x¢ 1.0/
/(XxyxXXy)m gx (v, ") [/Ym 9y (¥, ¥ )dy*(y|z")dy* (y'|= )}
7 (1) d7" (' 7 )l () (T |« ) dps () dpa(”) (64)

9x (@, 2')gy (4. y') (" (yla) 7" (=" )T (G dpu())

(X XY XX xY)®2

ay* (y/ [ ) (@' [ a5 (7 o' ) dp(a)
(@, 2")gy (y,y)dv(z, z)dy(2',y')
(XxY)®

ngY77 2>

where (63) holds since given 7, theprobability measure 7*(+1|y) is only supported on {2° €
X : y =Ty (2°)}, similarly to measure v(-1]7’); (64) follows from Lemma E.2 (that is, from
equality (53)).

Combining (59), (58), (62) and the fact C(v*;X,Y) < C(1;X,Y), we obtain that
C(H*X,Y) < C(®;X,Y) which completes the proof

F  Proor or PROPOSITION 3.1

Consider gm-spaces X, Y', Y2, and select v* € Tt | (X,Y'),7? € T'% (X, YQ). Inspired by

the LGW distance (38), we propose the LPGW distance (condltloned on v1,4?) (15) in the
general case:

LPGW,\(Y', Y*X,4',7%) == inf / lgy1 (y' y") — gy (v2, v P dy®?
YEL<(V12im) J(X x Y1 xy2)®2
+ AP+ PP =219 ). (65)

where T<(v', 7% p) := {7 € M (X x YT X Y?) : (mx y1) gy <% (mxyv2) gy < 2071

Next, we discuss the proof of Proposition 3.1.

F.1 PROOF OF PROPOSITION 3.1: PART (1)

In this section, we discuss the proof of statement (1) of Proposition 3.1; namely, we prove
the existence of a minimizer to the LPGW problem.

First, we introduce a series of lemmas.

Lemma F.1. Given Radon measures pu,v,v?, and v* € T<(p,vt),v* € T<(p,v?), then

L<(v' 7% 1)

is sequentially compact set.
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Proof. The main idea is similar to the proof in, e.g., Lemma B.2 ( ). In
particular, consider a sequence (v") C I'<, X(’}/X7’)/y) It is stralghtforward to verify that
this sequence is bounded above in total variation (since v! and 42 are finite measures) and
that it is also a tight sequence. This verification is even simpler because X, Y, and Y2 are
compact. Thus, by Prokhorov’s theorem for signed measures, the closure of I'<(y!,74?) (in
the weak topology) is weakly sequentially compact in M(X x Y x Y?2).

It remains to show I'< (7!, 4% 1) is closed.

Suppose 7" X v € M(X x Y x Y?), for each nonnegative test function ¢ € C(X x Y'!),
we have

lim Pz, yd(mx y1) gy (z,y") = lim oz, y")dy" (z,y",y?)

n=0 JX xyl =0 JXxYlxy?2

=/ ¢z, y")dy(z,y", y?)
XxY1xYy?2
— [ oy oy
XxY!t
That is, (mxy1)x7" o (mxy1)#7. By Lemma B.1 in ( , ), we have
(mx.y1)xy <~'. Similarly we have (mx y2)gy <~
Thus, v € FS(’yl, 72; 1) and we have completed the proof. O]

Lemma F.2. Suppose gx, gy are continuous functions (see assumption (3)), we claim that
the mapping

(X xY)®? 5 ((z,9), (=", 9)) = |gx (@, 2") — gy (y,¥)]* € R

is a Lipschitz function with respect to metric

Dxxy ((z,y), (z',y)) = dx (x,2") + dy (y,9).

Proof of Lemma F.2. Let the mapping in the statement of the lemma be denoted by ®. For
.’11'173}/1,51}2, $/2 € X7 y17y11ay27y/2 €Y we have

12((z1,91), (27, 27)) — ©((22,92), (25, y3))|

= ||9X(-T17$/1> - QY(yhme - |9X(56‘2, /2) gy y2,y2)
<lgx (21, 21) = gv (1,91 = lgx (22, 25) — gv (11, 9})
+ llgx (z2,25) — gy (y1,y1)* = lgx (22, 25) — gv (y2, ¥5)

%l
%

%

< Ki(lgx (21, 21) — gx (w2, 25)| + gy (y1,41) — gy (42, %2)]) (66)
= K1 Koldx (x1,2) + dx (27, 25) + dy (y1,92) + dy (41, 95)] (67)
where (66) follows from the fact that the function ry +— |r; — ro|? is Lipschitz on a compact
set (see, e.g., Lemma C.1 in ( , )), and K3 > 0 is its Lipschitz constant. Then,
(67) follows from assumption (3) for gx and gy, with K5 > 0 being the maximum of their
Lipschitz constants. O

Consider (7*) C I'<(y!,7?; u), such that

(loyr = gy=> = 2X\, (v")¥?) — inf  (lgyr — gy=2|* — 2X,7%?).
YEL < (v 7251)

By compactness of T<(y',v% ) (see Lemma F.1), we have that there exists v* €
I'<(y%,7?; 1) which is sub-sequence limit of 4™ (in weak convergence).

By Lemma F.2 and Lemma C.2.(3) in ( ) ), we have

(loyr —gv=1? =20, (7)) = inf  (lgyr — gy=[> = 2A,7%%).
vET < (v 72%;1)

Thus, v* is a minimizer, and we have completed the proof.
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F.2 PROOF OF PROPOSITION 3.1: PART (2)
Proof. Under the Monge mapping assumptions, we have
Pe(y %) = {(d x TH x Ty = <y Ak}
Thus, (65) becomes
LPGW (Y, Y%, X, ~1, %)

= inf / lgy+ (T (2), T (a7)) = gy=(T?(2), T*(@))] + A(['* + |22 = 2|(id x T" x T?) ')
X®2

W <YEAYR

= inf / lgy 1 (T (x), T (2")) — gy=(T?(z), T*(")[* + M|V |* + 2> — 2|'?)
W<k Mk Jxe2

= (14).

and we have proven the statement. O

F.3 PROOF OF PROPOSITION 3.1: PART (3)

Since X, Y!, Y2 are compact, by continuity (see (3)), we have that gx, gy, gy> are bounded
functions.

By Lemma E.2 in ( , ), when 2X\ > max(|gy1 (v*, y'') — gy (v%, y?")|?), pick any
optimal

veT<(v 7% p) ={(d x T" x T?)up : i < vx Ak}

we have || = min(|y![,|7*[) = min(|yx [, [v%[). Thus v = (id x T* x T?) 7% A7%. Plug in
this optimal « into the LPGW problem (14) (or (15)), we obtain

LPGW (Y', Y% X, v, %)
= (lgy1 — gv2|?, (Vk AY)E) + AV P+ |2 = 2k Ak TP
= (Jkyr — ky2 |2, (vk AVR)D2) + AP+ 127 = 219k AR P)

and we complete the proof.

F.4 PROOF OF PROPOSITION 3.1: PART (4)

First, under the Monge mapping assumption, an optimal PGW plan is of the form ~v* =
(id x T) 7% for some v% < p, we have

||kv*

T2((yzye) + A = vk + )

= /X®2 |gX($,.Z‘/) _ gy(T(.T),T(l‘/))|2d(’Y*)®2 + /\(|M®2 _ (7})®2‘ + |V®2 _ (,yik/)®2|)

= PGW, (X, Y).

In the general case, we first introduce the following lemma.

Lemma F.3. IfyY € 't \(X,X), then (mx) 47" =, (my) 37" = p.

Proof of Lemma F.3. Pick any v € I'< (X, X), suppose || < |u|, we have

C(v;X,X,\) = / lgx (z,2") — gx (2°,2%)|dy®? + A2|ul* — 2|7v[?)

X®2
> A2lul? - 2[y[?)
> 0. (68)
However, PGW,(X,X) = 0. Thus,y is not optimal. O
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By the above lemma we have |y*| < |7°|. For each v € 1"<(7 Y ), from (
), there exists v/ € T'<(v%,7*) such that (rxy)sy =~* and ~ < 4. Thus we have

Y| = v
Let

CvX, X, Y, A) i= / lgx (@,2") = gy (y, 9 )Py (2, 2'), (2, 2), (4,1/))
(XXX xY)®2
+A(|ul? + vI? = 21?)
and similarly we define C'(7'; X, X, Y, \). Then
CH;X, X, Y, \) — C(y X, X, Y, \)
= / |:|gX($> :E/) - QY(% y/)|2 - 2)‘] d(’y/®2 - ’}/®2)(($, .’L'/), (LL', xl)7 (y> yl))
(XXX XY)®2

<0.

In addition,
C(; X, X, Y, A)

- /<x XxY)® l9x (@) = gy (y,y)Pdy' (2, 2'), (,2), (,9)) + Al + [v]* = 217']?)
X X X 2

= / l9x (z,2") = gy (4, y)Pd(v")** (2, 2"), (9,9)) + A(ul® + [v[* = 2]7**)
(X xY)®2
= PGW,(X,Y)
where the second equality holds by (49) and the fact || = |y*|. Thus, we have
LPGW(X,Y;X,7%,7") < C(v: X, X, Y, \) = PGW, (X, Y).

Another direction is trivial since for each v € T'<(7°,v*;p), (m23)27 = (Txy)gy €
I'<(u,v). Thus

and we have completed the proof.

F.5 PROOF OF PROPOSITION 3.1: PART (5)

This section discusses the proof of statement (5) of Proposition 3.1. That is, we discuss the
metric properties of the proposed LPGW distance.

F.5.1 FORMAL STATEMENT

In this section, we set gy = dj-. Let
G:={Y=(Y.gv,v)}

where Y C R? for some d € N such that Y is nonempty convex compact set; v € M (Y)
with v®2%(|gy|) < oo.

Then VY!, Y2 € G, we define Y! ~ Y2 iff GW (Y!, Y?) = 0. By ( , ), in this case,
optimal transportation plan GW (Y?!, Y?) is induced by the Monge mapping 7. Furthermore,
T is bijection v'-a.s. and is called “isomorphism” since

dy1(yh,y') = dy=(T(y"), T(y*)), V" — a.s.

Next, given G’ C G we introduce the following assumptions:
Assumption F.4. For each Y € G’; the problem PGW,(X,Y) admits a unique solution.
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Assumption F.5. For subset G’, define K, K5 by
Ky =sup{|v|,Y = (Y,gy,v) € G'},

Ky =sup{ max |gy(y,y)*: Y= (X,g9v,v)€g)}
y,y’ €supp(v)

We suppose K1, Ky < 0.

Assumption F.6. gx,gy1,gy> are induced by metrics. In particular, gx(-,-) = d%(-,),
gy1(5, ) =dia(-,0), gv2(,+) = dis (-, ), where dx is a metric defined in X, ¢ > 1, similar to
dy1, dyo.

Remark F.7. The uniqueness of optimal transportation plan assumption (F.4) is also intro-
duced by ( , ) to prove the triangle inequality of linear optimal transport.
The assumption (F.5) discusses the bounded total mass and transportation cost.

Proposition F.8 (Metric property of LPGW). Fiz X € G and for each Y!, we select
YL eTL (X, YY),4? € TL \(X,Y?). In addition, set gx = d%,gy = d} where s > 1. Then
we have: B

(1) The LPGW distances (15),(16) are nonnegative:
LPGW (Y, Y% X, 41, 4%, \), LPGW, (Y!, Y%, X) > 0 (69)

(2) The LPGW distances (15),(16) are symmetric:
LPGW (Y, Y* X, 4", 4%, A) = LPGW (Y2, Y'X,7*,7", A)
LPGW (Y%, YY, X, \) = LPGW,\(Y!, Y?; X). (70)

(8) The LPGW distances (15) satisfy triangle inequality.
In addition, under assumption (F.4), (16) satisfies the triangle inequality.

(4) Under assumption (F.6), if LPGW(Y!,Y?;X,~,+%) = 0, we have Y! ~ YZ2.
Similarly to LPGW,(Y!, Y?; X).

SUD, v e supp(u) 19 (€, 27)|%, and Y' ~ Y?, where K1, Ko are defined in (F.5).
Then there exists v, v? such that

LPGW (Y', Y%, X, !, 4% \) = LPGW,(Y!, Y2 X) = 0.

(5) Under assumption (F.5), suppose |u| > Ky, and 2\ > Ky +

Therefore, under the assumptions (F.4), (F.5), and (F.6), we have that (16) defines a metric
inG'/ ~.

Note, the above statement implies the metric property of LGW by setting A — co. We refer
to the next section for details.

F.5.2 PROOF OF PROPOSITION F.8: PaARTs (1), (2), (4), (5)
Proof. Choose Y!, Y2, Y3 €G.
(1), (2) Tt is straightforward to verify the nonnegativity (1) and symmetry (2).
(4) In this setting, we have:
0= LPGW,(Y', Y% X,~%, %)

—  inf / gy (y ") = gv2(v%, ¥ ) Pdy®? + AP + 1] = 217]?)
YEL< (v 7%m) J(Xx x Y1 xy2)®2

Pick one corresponding minimizer -, we obtain

/<x Yixy?)es loyv1 (', y™) — gv2 (v, ) Pdy®? = 0,
X X
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F.5.3

and
2+ 22 = 2]* = 0.
Thus v € T'(v!,1?) and therefore
GW (Y, Y?) = 0.
That is Y! ~ Y2
By a similar process, if LPGW,(Y!, Y%, X) = 0, we have Y! ~ Y?2.
Since Y! ~ Y2, from triangle inequality of PGW)(-, ), we have
PGW,(X,Yh) = PGW, (X, Y?).

In addition, there exists a bijection mapping T : supp(v*) — supp(v?) such that
gy1(z1,2)) = gx,(T(21), T(z})), v —a.s. such that Tt =12,

Pick 7! € I‘*S,/\(X,Yl). Let 4% := (id x T)xv?', that is, for each test function
¢ e Co(X X Y2),

P@)= [ o T ),
XxY!
We claim 2 is optimal for PGW, (X!, Y?).
() = (m)pr' < u,
(m2) 7 = Ty ((m2)47")) <v
Thus, 72 € I'<(u, v?). In addition,
C(v* X, Y?)

B /(X y1)8 l9x (2,2") = gv2(T(y"), T(y))Pd(y) 2 + Al + [V = 210* %)
<Y 1)®2

2 since (my)gyt < vt

= / ‘gx<$,l'/) — gy2 (T(yl)aT(yl)/)|2d<71>®2(x7x/|y1ayll))d(yl)®2<yl7yl/)
(XxY1)®2
F A+t =211
:/ l9x (z,2") = gy1 (y", y"")Pd(Y)*? (2, 2"y, y'))d(w ) 2 (y" ')
(X xY1)®2
+ Al = %) (71)
= PGW\(X,Y') = PGW,(X, Y?).
and thus 72 is optimal in PGW, (X, Y?).
Since 2 is sufficiently large, by lemma E.2 in ( , ), there exists optimal
~! such that:
v = min(|ul, [1]) = 1]
Thus we have |y2| = |yt = || = |v?|. Plug ~%,~? into (15), we have:
LPGW (Y, Y% X,7",7%)

- / v (0 5) — gy (T(), T A B (' )
-0 (72)

PrOOF OF PROPOSITION F.8: PART (3)

Notation Setup and Summary Choose v' € T% (X,Y'),7* € TL  \(X,¥?),4* €
e (X, Y?), the goal is to show triangle inequality in this section:

LPGW\(Y', Y?;X,v',7?) < LPGW,(Y', Y?; X, 7", 4%) + LPGW,(Y?, Y?; X, 72, 4%).

(73)
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Related Lemmas

Lemma F.9 (Varient Gluing lemma). Suppose v' € T'(u,vt), 72 € T'(p,v?), 7> € T'(u,v3)

are probability measures. Pick v*2 € T(v1, 42 p), 53 € D(y, 3 1), 7423 € T(v4, 7% ),
there exists v € P(X x Y x Y2 x Y3) such that

(ﬂ-X,Yl,Y?’)#’Y = 71737 (74)
(7TX,Y2,Y3)#’Y =73

Note, if we set X = {0} and pu = dp, the above lemma becomes the classical Gluing lemma
(see e.g. Lemma 5.5 ( , )). For this, we call it the variant gluing lemma.

Proof of Lemma F.9. For convenience, let X’, Y3’ be independent copy of X,Y?. By gluing
lemma, there exists v/ € P((X x Y x Y2) x X') such that

{(WX,YI,W)#’Y = b3, (75)
(mx,x7)#y = (id x id)gp.
Apply gluing lemma again between 7/ and v1'3, we can find 4" € P((X x Y x Y3) x (X' x
Y? x Y3')) such that
{(WX,Yl,W,X/)#V =7
(mxr vz, ye) gy =725
Applying v = (7x y1,y2 ys)#7" we complete the proof.

Alternatively, we can set

1,3 2,3
Y= 7y17y3‘X7y2’y3|Xﬂ($)
and it is straightforward to verify -y satisfies (74). O

Lemma F.10 (Triangle inequality for LGW). Suppose X, Y, Y2, Y3 are under the balanced
GW setting, choose v € T*(u,v),v* € T*(u,v?), > € T*(u, v3), we have

LGW (Y', Y% X, 4!, 7%) < LGW(Y', Y*; X, 7", ) + LGW(Y?, Y?; X, 7%, ~°) (76)

Proof of lemma F.10. Pick the v from lemma F.9, we have

(TFX,Yl)#’YX,Yl = (WX,Yl)#’Yl’B = ’Yla

(Tx,y2) g Yx,ye = (7TX,Y2)#72’3 =%
Thus (7x y1,y2)%y € D(v',7% ). Then we have
LGW(Y', Y% X, 7", 9%)
= (lov: — 9P, (7'*)*)""

1/2
< (lgyr = gv2I% (Txyrv2)w7)®2) (77)

1/2
_ < /X o |gy1<y1,y1’>gya(y%y2/>|2d7®2<<x,x/>,(yl,y1'>,<y2,y2'),<y3,y3'>))
X X X

IN

1/2
2
</ (lgvr (" y") = gvs (2 0 + lgv= (02, v%) — gv= (¥°,4°']) dv®2)
XxYxY2xYs
) 1/2
< </ (lgvr (y", ™) — gv=(¥*, %)) dv®2>
XXYxY2xY3

1/2
2
+ (/ (lgv2 (v, ¥*) — gv=(*,4%]) dv®2> (78)
XXYXY2xY3

= LGW (Y', Y% X, 7", 7%) + LGW (Y?, Y% X, 4%, 4%)
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where (77) follows from the fact v? is optimal in T'(y,v%; u); (78) holds by the Minkowski
inequality. In the uniqueness assumption (F.4), we have

LGW (Y, Y% X) < LGW (Y', Y3, X) + LGW (Y?, Y?; X).
0

Convert LPGW to LGW The main idea of this step is similar to the proof of Propo-
sition 3.3 in ( , ).

Notations Setup
We can redefine I'< (v, v?%; p) as
P<(vh7%im) = {7 € My (X x Y1 x X x Y?): (m2)gy <77 (m34) 7 < 77,
(m1,3)py = (id x id)gp', 1" < p}. (79)
We define auxiliary points cog, 501, 502, 303 and then define
X =XU {600}5
Yl = Yl U {Oblv OAOQ; Ob?)}v
YQ =Y? U {OAO1,OAOQ, Obg},

V3 = Y3 U {co, 09, 503}

and
’Ayl = ’yl + |72|5o”007§02 + ‘73‘65007503 € M+(X x Y/l)’
¥ =77 4 1 Bsger + 17 B 0 € M (X x V),
72 =97+ 7 000,501 + 172 10500,00, € My (X x Y7).
Define

1,1 .1 1 1
y1 , if 5 cyY 3
ng(yl,yll) _J9 'y Y,y
00 elsewhere

and gy, gys are defined similarly.

Finally, define

D (’I" r)_ |’/‘1—’/‘2| if’rl,’I"QER,
ATLT2) 7 V) elsewhere.

Let X' = X' U {c0p} to be a copy of set X. Then, we can set
DA% ) = {5 € My (X x T X X x V), (m2)ed =40 (ma)sd =32 (80)
(m1,3) 47 |xe2= (id x id)gp', p" < p}. (81)
Consider the mapping;:
F:T<(y 7% m) = TGE Y% )
Y A=+ (Y = (T1,2)87) ® O(s00,%01) T O(s00,502) @ (72— (M3,0) #7) + |710(S00,602), (000,601)
+ 172 18(S00,008) (500,503 (82)

By the following lemma, we show that F defines an equivalent relation between the two
sets.

Lemma F.11. The mapping F defined in (82) is well-defined. In addition, it is a bijection
if we set the identity cog = o1 = 0 = X03.
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Proof of Lemma F.11. By ( , , Proposition B.1) we have for each v €

L(vh 9% ),
(v %) o o
(m12)#Y =7, (m3.4) 47 = 5°.

In addition,
(m1,3)#5 = (71,3) 47 + (M) 7" — (71) #7) @ dsop + 0500 @ ((M1) 57 — (13)27) + (171 + 17° D) s0,500 -

Thus,
(m18)#7 [xe2= (m13)%7 = (id X id)% (1) 47,
where (m1)47 < (m1) 27" < p, and we have F is well-defined.

It remains to show F is a bijection. For each 4 € f‘g(’yl,’y2) and we define mapping
FHTEL A% ) = T(v 7% ) (83)
Y= A X xyixxxy?

It remains to show F ! is inverse of F.

First, we claim F~! is well-defined. Pick 4 € f‘(’yl, 42), by Lemma ( , , Lemma
B.1.), we have (mx y1)x9 <7, (73.4)%9 < ¥?. In addition,

(m1,3)7 = (T1,3) 27 |xee= (id x id) g,
where p/ < p. Thus, F~1(%) € T< (71, 4% ).
In addition, it is straightforward to verify F~1(F(v)) = v,Vy € I'<(y*,~% u),and then we
complete the proof. O

It is straightforward to verify:
(D951, 992, 7%2)) = {lgvr — gv2 [, 7%2%) + AP + 1221 = [71%)

Combine it with the above lemma, take the infimum over I'< (7!, v%; 1) (equivalently, over
(31, 4%; i), we obtain:

inf  (D3(g1,952,9%%)) = inf  (lgyr — gv2|, Y2 + AV P+ VPP - )
FeT(31,52;) YEL < (v ¥251)
= LPGW (Y', Y% X, 7', +?)

where the second equality holds from the fact || = [v?| = [v?] = |'y | = [y = || Similar
identity holds for LPGW (Y!, Y3; X, 41, 43), LPGW (Y?,Y3; X, ~v2,~3).

Verifying Inequality It remains to show

_inf  (DR(gg1,992,7F) P < inf (D399, 995, 977) P+ _inf  (D3(gy2r 935, 40N
YEL(YA%50) FET(31,43:m) 4eP(32,5%:0)

Pick v1? ¢ FS(*yl,fyZ;,u) that is optimal for (D2(gy1,gy2,4%2))/2.  Similalry, pick
optimal 13 £ I‘<(*y ), %% € T<(7v%,9%), we construct the corresponding optimal
13 € T3, 4% ), 7% € T(3%, 4% ).

Thus, by Gluing lemma, there exists v € M4 ((X x Y1) x (X x Y?) x (X x Y3))) such that
3
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for some radon measures ', < p. Thus, we have p' = p” < u. Therefore,
(m1,3)47 = (id x id)up’.

In addition,

So (m1,2,3.4) 47 € T, A% ).
Therefore, we have
. 1/2
D3 (s, =), (31322
< <D§(/€Y1,/€Y2)7’Y®2>1/2
1/2
< <D§(/€Y17ky3)a7®2> / + <D,2\(ky27ky3)a7®2>

~

1/2

where the second inequality holds from ( , , Eq.(57)).

G RELATION BETWEEN LPGW AND LGW

Theorem G.1. Suppose |u| = [v1| = [v?| = 1 and x,z is bounded, gy, gy> are continuous

function.

Choose sequence A\, — o0, if n is sufficiently large, we have A\, then
LPGW,, (Y', Y% X) — LGW,,, (Y, Y% X),
aLPGWy, (Y, Y2, X) — aLGW (Y!, Y?; X).

Proof of theorem G.1. By the lemma F.1 in ( , ), when n is sufficiently large,
in particular, when
M >M:= sup |gyi(y' ) = gv2(y' )],
yl,yl/eyl
yz y2/ey2

for each v' € TL(X,Y"), [y'| = min(|ul, [v']) = 1. That is

E,An (Xa Yl) = F*(Xv Yl)

Similarly, when n is sufficiently large, we have ,I'Z , (X, Y?) = I'*(X, Y?).

Pick 71 € TL(X,Y!) = [*(X,¥1),7? € TL(X,¥2) = I*(X, Y2, since |y!| = |u| = [v!] =
|v?| = 1, the mass penalty term vanishes in (65), thus we have

LPGW,, (Y', Y% X, 71, 4%) = LGW (Y', Y% X, 41, 7).
Take the infimum over all 4!,4? and the take a limit for n — oo, we prove
LPGW,, (Y', Y% X) — LGW (Y!, Y% X).
Similarly, in this case, v} =2 =0
LPGWy, (Yo, ¥y X, 70, 7%) 4+ A(li| 4+ h2)) = LOW (Y0, ¥, K71, 77).
Take the infimum on both sides over v!',~2 and take \,, — 0o, we obtain

aLPGW (Y, Y% X) = aLGW(Y!, Y?; X).
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H PROOF OF THEOREM 3.2

H.1 PROOF OF THEOREM 3.2: PARTS (1), (3)
(1) Similar to proof in Theorem 2.1, in this case, we have 7, =T, 7% — a.s.

(3) Based on statement (2) of Theorem 3.2 (see the proof in next section), we have
7*,7? are optimal solutions for PGW(X, Y1), PGW,(X,Y,2) respectively.
By (1), we have T' = T,1,T% = T,2 7% A~3—a.s. Thus, we have:

LPGW(Y', Y% X, 7, 4?)

=t (). T ) = s (T (). T2 P() 4 M0+ 022 = 2 )

W<y Ak

= inf / |dy1 (T (1), Ty (-2)) = dy2(To2 (1), Tz () Pd(1) 22 + M09 [P + [752] = 2|']?)
WS MYy J X ®2
FAQR = [ B 2R = [7e?)
inf |:/ |dy1(7;1(~1)’7;1(.2)) _de(,ryz('l);7;2('1)|2d(/i’)®2+>‘(|D’yl‘2+ \17,Y2|2 _2‘u/|2)
W<yx A% LS x®2
+ A([vel + 2D) (86)
= LPGWA(Y717Y72§X»71a72) + >‘(|'76|1 + I'YC‘Q)

where (86) holds since

V=Tam =Ty = (rv)gy <v
Thus |12 — |72 = |(v1)®? — ((my)27")®?| = |74]; and similarly we have [2|* —
72 = |72

H.2 PROOF OF THEOREM 3.2: PART (2)

H.2.1 PROOF IN THE DISCRETE CASE.

Notation setup

We first demonstrate a simplified proof in the discrete case. Next, we will provide the proof
of the statement in the general case.

Suppose

n m
N:Zpixu VZZ(ijp

i=1 j=1
gx(z,2) =22/, Vr,2' € X,

ax(y,y)=y'y, Vyy eV

Choose v* € I‘*S(X, Y), we obtain the corresponding barycentric projected measure:

Vi= Dy = >0 q;Y; with
G=> v, Vie[l:n], (87)
j=1

7= %'ﬁjxi if g; > 0,
’ 0 elsewhere. -

Then %V{'A/* = (Y,gvy,v), ¥° = diag(q1,...¢n). Our goal is to show ¥* = diag(q1,...,qn) is
optimal in PGW)(X,Y,-).
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Pick ¥ € I'<(p,q) := I'<(p, V), similar to section E.5, we set diagonal matrix (y*)~! € R}*"

as
(%)t = «% if g; > 0,
v 0 elsewhere.

Let v:=5(7*)"1y* € RT*™. Let vx := 71l,, and 7y 1= 1,,.

In addition, we set D = {i : ¢; > 0}, and 1p € R™ with 1p[i] = 1,Vi € D and 1p[i] =0
elsewhere. Then we have:

Y = 3G I = GG =71 = Tx < po, (39)
T L=0TE) T LS (0N)TE) T =01 b =% < ¢ (90)
Therefore, vx < ¥x <p, 7v <7y < ¢. Thus, v € T'<(p, q).
Relation between PGW,(X,Y) and PGW,(X,Y).
Similar to (54),(57), we obtain
CO™MX Y, N = (=’ ')2 (V%)) + "y (5) %) + Alpl* + la* = 21y7))

-2 Z Z x—rxly;ry;f}/z*]’yv i’

i,i'=14,j'=1

CH XY = ("2, (WX) 2+ "% G + Mlpl® + [a” — 2077)

23N aTalyTui

i,4'=14,7'=1

where (z72')? = [(2] @})?ivepnn) € RV, (VX)%? = 9% (%) ((@72')?, (1%)®?) =
S (2l 2l)? (v )i (v )i is the element-wise dot product. All other notations are defined
similarly.

Combined the above two equalities with the fact |v*| = |75| and v% = 7%, we obtain:

OG5 ) = OO Y )+ (79 G5)°) = (7P 03+ Mo = ),

Similarly, from the fact yx = Jx (see (89)) we obtain

CH; 7, A) = C(v X, Y, A) +{(@79)% () ®%) = {(y"y)%, () ®%) + Allal? = [a1%). (92)
Thus
CHEX YN - CHX YN

=COMX YN = COX Y, 0) +{@T5)% (35)% = ()™) = (" y)% (03)%% = (w)*?)
< (@R GV = ()% = (0790 (6% = (w)°2) (93)
= 3 @EPGNG — Gl = > 0w G300 = v (w)y)
i,i’eD §i'=1

< X B ) GG - i)

— S W ()85 — ()i () (94)
J,3'=1
- S [ S Va; (550 G — Gy i Gy i) — (33 ()37 — (i )5 )37)
3,g'=1 i,ilfep 1t H
= (95)
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where (93) holds since y! is optimal in PGW,(X,Y); (94) follows from the facts vy < 5
(see (90)), and the fact

m m
gzrg; Z Z Yi,iVi' g yj y] ii €D
=15=1 (Izq
and Jensen’s inequality:
m m T,/\2
~T~ Vi Vit g0 (Y5 Yi)
@ o) <) Y
. qlqz
The last equality (95) holds from the following:
For each (4,7’ € [1: m]), we have

D ARG~ G)i)e) - (7))~ (w)sw )

ViV g o
A=Y g - gy

ii'€D 4 Ty
_ . ~]~]
= E, Vi Virgr T 454950
i’ €D

(z) (z ) 27 -
1€D 'eED
_ 77,_],\/1]
B- Y S S - 3 s

i,i'€D Giqy k,k'=1 k,k/'=1
n -
ViV~ ViiVi Vit i Vs
E E iR Vi, i Yk it — § (E f)(E — )
N s/
i €D k,k'=1 4 9 k,k'=1 i€D di i€D i
’717]71,.] ~ ~ ’7]@ ﬂ’k' ,yl ‘7,)/1/ j’
Yy ek = ) 3o Tl ity
i,i'eD k,k'=1 4 9 i,i’eD k,k'=1 4
=0

and thus we complete the proof.

H.3 PROOF FOR THE GENERAL CASE
H.3.1 NOTATION SETUP AND RELATED LEMMA
Suppose
gx(z,2) = apz "2’ gy = az 'y \Vr, 2’ € X, Y,y € X.
Choose 7v* € F%,A(Xv Y). The barycentric projection mapping is
Ty (x) = /y’dv*(y’lw’)Nw € supp().

We obtain: 7 := 0y- = (To=)pt, 7° = (id X Toe ) pt and we Yoo := (X, gy, D).
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Our goal is to show v is optimal in PGW, (X §{') Equivalently, pick 7 € I'<(p,7), we
need to show
COH"XY,A) <O XY, ).

Set « from (52):
Y=Yy x Vx| Y-
We have ~y satisfies the following two lemma:

Lemma H.1. Choose v* € T'<(p,v),7 € T<(p, V). Set v = (Ty+) 4, then v defined in (52)
satisfies the following:

(a) v € T<((mx)x7, (my)x7*) C T<(u, V1), furthermore:

(mx)gy = (mx) 47 (96)
(my)wy < (Ty) g™ (97)

(b) If ¥ =7, then v = v*.

(c) Regarding the second marginal of v, we have for each test function ¢x € Co(X):

/ oy ()dry () = / by W)AF (W) F (@OID Y @) (98)
X YXXXYxX

Proof.

(a) Note, in a discrete setting, this statement has been proved in (89),(90). Pick test
functions ¢x € Co(X), py € Co(Y) with ¢y > 0, we have:

(6x,7) = /X ox(@r(ay)
- /X ) /X /Y ox (@)dy* (y]2°) 85" (2°[7) i (z, )
— / o (2)dF (2, )
XxXY
- / o (2)dx ()
X
<¢y,7y>:/X Yqﬁy(y)dv(x,y)

- / by (1) dy* (y]2®)d7 (2 [7)d (. 7)
XXYxXXY

/X N / / by (4)d* (412°)d7" (=2 1) iy ()

< / / / by (v)dy* (y]2°) 7" (=°|7) 457 ()
XxY JXJY

- / by (W)dy* (y)2°) g (2°)
XxXY

- / by @)dy* (y)2%)drg ()
X XY

/ oy (y)dvy (y

where the inequality holds from the fact 7y <75
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(b) If ¥ =75*, pick ¢ € Cp(X x X), we have:

m= /M /X /Y O, y)dy* (y]2°) 7" (2°[7) 45" () 7 ()

_ /X N / / o(z,y)dv* (y|e) Ay (=)

/ /aﬁwydv (y]2°)5(z — 2%)dn% ()
XxY
_ / $(z, y)dy* (y]2)dvy ()

XxY

- / o(z,y)dy" (2, y)
XxX

(c¢) It follows directly from the definition of ~.

H.3.2 RELATION BETWEEN PGW, (X,Y) AND PGW, (X, Y).
From (54),(57),(60),(61) and (62), we obtain:

COT,A) = COMENA) + g ()7 = (g3 6™ + MW = ) (99)
CHX,Y,A) = COi X, Y, N) + (g3, Gv)®%) = (93, () =) + A(Wl* = 7)) (100)
From (99)-(100), we obtain
CHFX,Y,\) - C(FX,Y, \)
= (C(VX Y, ) = (X, Y, ) + (77)%2 = 3%2)(97 (3, 7)) — ()% = 1#%) (g5 (2. 9))
< (9%, 33) % = () %) —(g¥. (15) % = 57 (101)
A

where (101) holds from the fact v* is optimal in PGW)(X,Y).

In addition, pick ¥,y € supp(73), then for each = € supp(¥*(-1|y)), 2’ € supp(F*(-1|y)), w
have:

y="Ty(2),y =Ty (2).
Thus,

A= [ T T TR TV (3)) (2,5, 3.7)
(XxY)®2 Jx®2

From Lemma E.2 and Jensen’s inequality

9y (Ty(2), T (2™))

2
= ([ ovtrrar wlaar 1))
Y ®2
< [ )y e 1)
Yy ®2

Combined it with the fact 745 < 7y (see Lemma H.1 (a)), we obtain

A< [ e Gl 0 ) ) (5 = 58) (@), ()

= (0. (V)2 (T Dy (G2 — Gir)®2). (102)
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Thus, we can continue bound (101):
(101) < (g%, (" )Fx )5y (33) %2 = () %) = (g3, (17)%% = w2

= (v, (1) )T (5972 — (03)%2)
By

— oy, (V)¥ i )R Gv)®2 = (1) ®?), (103)
By

where By = 0 from lemma H.1 (¢) and B; = Bs from lemma H.1(b). Therefore w, we
complete the proof.

H.4 PROOF OF PROPOSITION 3.3

The proposition is directly implied by definition (20) and Proposition 3.1 (3).

I SpecCIAL CASE: LINEAR MASS-CONSTRAINED PARTIAL
GROMOV-WASSERSTEIN DISTANCE

In this section, we introduce the linearization technique for the “mass-constraint” partial
Gromov-Wasserstein distance, which can be regarded as a special case of the proposed
LPGW distance.

Mass-constraint Partial Gromov-Wasserstein distance is defined as:
MpGW,LY) = int [ jgxes) vy PRS0
YETL (1) J(X xv)®2
where 1 € [0, min(|p|, [v!])] is a fixed number.
T2 (uv) ={y e M (X X Y): (mx)py < i, (my) gy < v, [y =},
We use I'2 (X, Y1) to denote the set of all optimal transportation plans.
Consider the following gm-spaces X = (X, gx,u), Y! = (Y1 gy1,01), Y2 = (Y2, gy2,1?),
given n € [0, min(|vt|, [v?|) and we suppose |u| = 1. Choose v' € T2 (X, Y!),~+? € T2 (X, Y?).

Suppose the Monge mapping assumption holds and let T, T2 be the corresponding trans-
portation plan. We define

ks (102) = dx (1, 02) = dya (Ta (1), Ta(-2))
as linear MPGW embedding of Y' given 4'. k.2 is defined similalry.

Thus, similar to (15) and (7), the linear M-PGW distance between Y!, Y2 given 4,42 is
defined as

LMPGW, (Y, Y* X, 41, 7%) 1= [k — k202 (105)

and similar to (7),(15), the general case without Monge mapping assumption is

LMPGW,(Y'Y;X, 7', 7%) := _ inf / lgx — gy |2dy®?, (106)
YETL(vI%m) J (X xy)®2
where T2 (7!,7% 1) == {7 € M4 (X x Y1 xV?) : (mxy1)p7 <91 (mxy2)gy <92 1y] =
n}. And similar to (10),(20), by applying barycentric projection 7T51,7,2, we define the
approximated linear-MPGW distance as follows:
aLMPGW,(Y', Y% X):=  inf LMPGW(Y', Y¥*X)
yrer? (X,Yh)
v2€TZ (X,¥2)

— inf / ldys (Top (2), Ton (&) — dy= (Ton (@), Ty (@) du®. (107
X®2

Y erL (x,yh)
y2elZ (X,Y?)

Similar to theorem 3.2, we have:
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Proposition I.1. Choose v* € T2"(X,Y), ' € T2%(X,Y"),4* € T2"(X,Y?), we have:

(1)

(2)
(3)
(4)

(5)

Proof.

linear MPGW embedding of Y' can recover MPGW discrepancy between X and Y?,
1.€.

Hkv*

o2 = MPGW, ().
In general, we have:

LMPGW,(X,Y;7°,7%) := MPGW,(X,Y),¥y" € I'*(X,X).

If Monge mapping assumption hold for y*,~%, then (106),(105) coincide.
4% = (id X Ty ) p is optimal for MPGW,(X,Y,.) = GW (X, Y,-).
When X is sufficiently large, we have:
LMPGW, (Y'Y X) = LPGW(Y', Y% X) — A([v' 2 + [2* — 21%).
aLMPGW,(Y', Y% X) = aLPGW, (Y, Y% X) — A(J1)? + |2 — 202).
If lu| = |v'| = |v?| = n =1, LMPGW,,LGW coincide and aLM PGW,,,aLGW

coincide.

If Monge mapping assumption holds for v*, i.e. v* = (id x T')xpu, we have:
MPGW,(EY) = [ oxla’) — gr(uy)Pdr)
(X xY)®?
= Hk/’v i®2'

Without Monge mapping assumption, pick v € T'2*(X,X), since [y°| = n = |ul,
we have 7% € T'(u, ). Thus

Ly 9308 — (G = MPGW, (£, = 0 = GIW (£, %)
X 2

Therefore 7Y € I'*(X, X).
Pick v € TZ(7°,7*) = (7% "), by (49), we have

/(X vy lgx (z,2) — gy (y,y)[2dy®?
X X

— [ lax(ed) - gy () Pd)
(XxY)®2

= MPGW,(X,Y";X,7°,7%)
It holds for all vy € Fg (7°,v*), thus

LMPGW,(X,Y;X,7°,7*) = MPGW, (X, Y*).

Under Monge mapping assumption, we have y! = (id x T p’, v% = (id x T?) zpu”
for some mappings T, T2, where p/, " < p. Since |p'| = |u”| = n = ||, then we
have u” = ' = p. Thus,

Py, 7?5 m) = {(d x T > T%) g 1’ < i, || = m}
— {(d X T x T2) 41}
and we have (106),(105) coincide.
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(3)

Since 7 = |u|, we have |Uy1| = [v*| = n = ||, thus
F’%(M,D,Yl) = F(M,IA/J,Yl).

Thus, MPGW,(X,Y,-) = GW (X, Y,-). Since ~* is optimal in MPGW,(X,Y)
GW(X,Y), from Proposition 2.1, we have 7,1 is optimal for GW (X, Y1)
MPGW,(X,Y,1) and we complete the proof.

Since X, Y, Y? are compact, by Lemma E.2 in ( , ) when A is suffi-
ciently large, for each y' € T% (X, Y"),4* € T'L (X, Y?), we have |[y'| = [v?| =

n = |u|. By Proposition M.1. , ), we have v, 4?2 are optimal for
MPGW, (X, YY), MPGW,(X,Y?). That is
E,A(Xayl) C F%’*(Xv Yl)a E,A(Xa YQ) C F%’*(X7 YQ)

For the other direction, pick ' € TZ*(X,Y'), 4" € T% (X, Y'). Thus |y/| =5, and
we have -

C(y: X, YN N

= /(X yiyes lgx (2, 2") = gy (y", y ) [2d(y) 22 + 4 (|ul? + [V'* = 21%)
X

< /<ny1>®2 lgx(z,2") = gvr (v y ) Pd(Y)Z? + 3 (Juf® + ' P = 20%)

=C(+;X, Y,

= PGW\(X,Y")
Thus, v' € T% (X, Y').
Therefore,

A YY) =TZ(X, YY), TL (X, Y?) = T2 (X, Y?).
Pick 7' € T (X, Y1) = TZ"(X, Y'), 7% € T% (X, Y?) = I'2"(X, Y?), we have
MLPGW, (Y, Y% X, 7', 9%) = LPGW\ (Y, Y%, X, 7', 92) — A(Jvt] + |2 — 21°)

Take the infimum over all 4!, 2, we obtain

MLPGW,(Y', Y2 X) = LPGW(Y', Y% X) — A(|vt ]2 + [13)? — 20%)
Similarly, we have

aMLPGW,(Y', Y% X) = aLPGW,(Y', Y%, X) — AW > + |22 — 2%)  (108)
In this case, we have 'L (u,v") = T'(u, "), T2 (1, * = T, v*). Thus
27X, YY) =T*(X, Y1), T2 (X, Y?) = T (X, Y?).
Thus LM PGW, LGW coincide, aLM PGW,aLGW coincide.

J NUMERICAL IMPLEMENTATION OF LOT, LGW, LPGW DISTANCE.

LOT distance In previous sections, we introduce LOT distance (31), aLOT distance (34)
and its approximation formulation (35). Their relationship can be described as follows:

LOT distance (31) is proposed to approximate OT distance.
aLLOT distance (34) is proposed to approxiamte LOT distance.
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a) Shapes in ellipse dataset.

DI:IIIIIE!D

) Reference spaces.

Figure 2: In the first figure, we visualize the ellipse dataset ( ). For each
ellipse shape X C R™*2, we normalize the scaling of the shape such that maxl ireim) 1 X4, :

] = X[#,:]|| = 1. The sizes of these shapes range from 90 to 650. In the second figure, we
visualize the reference spaces. In each shape, the color represents the value of the probability
mass at the corresponding location.
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e Formulation (35) is proposed to approximate aLOT distance.

However, in practice, it is not a multi-layer approximation. The distance LOT (31) and the
distance LOT (34) are only proposed for theoretical completeness and are not computation-
ally feasible. In practice, formulation (35),

1T = Tz ll Ly

is used to approximate OT distance between v' and v? and in most of the reference which
cite ( , ), (34) is refereed as LOT distance, the original formulation (31),(34)
are not mentioned.

A similar convention is adapted to LGW and LPGW.

LGW distance The relation between LGW distance (39), aLGW distance (10) and its
approximation formulation (11) can be described as follows:

e LGW distance (39) is proposed to approximate GW distance.
e alLLGW distance (10) is proposed to approximate LGW distance.

e Formulation (11) is proposed to approximate aLGW distance.

Similarly, it is not a multi-layer approximation. LGW distance (39) and aLGW distance
(?7) are only proposed for theoretical completeness and are not computationally feasible.
In practice, formulation (11),

9y 1 (T3 (1), T2 (-2) = gv2 (To2 (1), T2 (-2) |7 2y

is used to approximate GW distance.

LPGW distance The relation between LPGW distance (16), aLGW distance (20) and
its approximation formulation (22) can be described as follows:

e LPGW distance (16) is proposed to approximate PGW distance.
e aLGW distance (20) is proposed to approximate LPGW distance.
e Formulation (22) is proposed to approximate aLPGW distance.

Similarly, it is not a multi-layer approximation. LPGW distance (16) and aLGW distance
(20) are only proposed for theoretical completeness and are not computationally feasible.
In practice, formulation (22),

9y (T2 (1), Tz (2)) = gv2 (T (1), Tz (2)) oyt mnz oy + A"+ 102 = 21k A7)

is used to approximate PGW distance.

K DETAILS OF ELLIPTICAL DISKS EXPERIMENT
In this section, we present the details of the elliptical disks experiment.

Dataset and numerical setting details. The dataset we used is the cllipse dataset given
by ( , ), which consists of 100 distinct ellipses. Each ellipse is represented as
an n X 2 matrix, where n ranges from 90 to 600. For reference shapes, we selected 9 different
2D shapes, including disks, squares, triangles, and others. See Figure 2 for a visualization
of the dataset and the reference spaces. In this experiment, each shape is modeled with an

empirical measure Y1 | 15,
Performance analysis

We present the results in Table 4. As mentioned in the main text, LPGW is significantly
faster than PGW, as it requires only N = 100 PGW computations, while PGW requires

(1;, ) computations. Furthermore, we observe that for some reference spaces (e.g., S5, Sy,
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PGW Sy Sa S3 S4 Ss Se S7 Ss So
r
A Q00N | BB
points 441 676 625 52 289 545 882 882 317
time (mins) | 45.34 0.86 3.8 3.08 0.66 0.63 1.43 1.89 2.1 0.69
0.05 MRE — 0.1982 0.1263 0.1428 0.6315 0.4732 0.1454 0.0394 0.0793 0.0245
PCC — 0.5774 | 0.5741 | 0.5884 | 0.5584 | 0.6514 | 0.7698 | 0.9303 | 0.8711 | 0.9944
time (mins) | 43.86 1.02 3.33 3.55 0.34 0.99 1.25 1.29 1.55 1.22
0.08 MRE — 0.1941 0.1264 0.1431 0.2542 0.0705 0.0444 0.0205 0.0198 0.0245
PCC — 0.5781 | 0.5738 | 0.5881 | 0.8581 | 0.8741 | 0.993 0.9952 | 0.9954 | 0.9949
time (mins) | 46.97 0.76 3.78 3.13 0.08 0.62 1.56 1.91 1.98 0.71
0.1 MRE — 0.1941 | 0.1264 | 0.1431 | 0.2542 | 0.0538 | 0.0444 | 0.0205 | 0.0198 | 0.0245
PCC — 0.5781 | 0.5738 | 0.5881 | 0.8581 | 0.9871 | 0.993 | 0.9952 | 0.9954 | 0.9949
time (mins) | 44.77 0.74 3.68 3.02 0.08 0.61 1.51 1.89 1.98 0.69
0.5 MRE — 0.1932 | 0.1262 | 0.1428 | 0.2542 | 0.0538 | 0.0443 | 0.0205 | 0.0198 | 0.0246
PCC — 0.5779 | 0.5737 | 0.5879 | 0.8583 | 0.9871 | 0.993 | 0.9952 | 0.9953 | 0.9949

Table 4: In the first column, the values 0.05,0.08,0.1, 0.5, represent the selected A\ values.
For each A, the first row shows the wall-clock time for PGW and LPGW. The second and
third rows display the MRE (mean relative error) and PCC (Pearson correlation coefficient),
respectively.

Sg), the MRE is relatively lower. Moreover, for most reference spaces, including S;, Sg,
and Sg, LPGW admits a PCC greater than 0.85. Finally, when A is larger, the PCC tends
to be higher, and the MRE is lower across all reference spaces, as discussed further in the
next section. These results highlight the importance of the choice of reference space, as is

commonly the case for linear OT-based methods.
Relative error analysis Given v!',2,..., /X and reference measure p, the relative error
is defined as:

1 |PGW (v, v7) — LPGW (vi, 17 )|

MRE = —= 3 . : (109)
K %

() vy PGW (vt vd)

Remark K.1. For numerical stability, when A is small (i.e., A = 0.05,0.08), we remove the

PGW/LPGW distance whenever PGW < 1-10719 since 1- 107! is the tolerance in the

PGW algorithm. In this case, PGW ~1-1071° and LPGW =~ 1-10~"! which renders the

relative error uninformative.

We decompose this error into the following four aspects:

e The transportation plan induced by LPGW may not necessarily be the optimal
transportation plan for the PGW problem.

o In practice, we use the barycentric projected measure #° to approximate v* for each
1. These two measures can be distinct, especially when the optimal transportation
plan is not generated by the Monge mapping.

e The solvers for both PGW and LPGW rely on the Frank-Wolfe algorithm. Due to
the non-convexity of these problems, the Frank-Wolfe algorithm may yield a local
minimizer instead of a global one. Therefore, the computed PGW transportation
plan might not be optimal.

e In practice, we approximate the original LPGW distance (16) (or (10)) using the
approximation formulation (22). This introduces a gap between the real LPGW
distance and the approximation.

It is important to note that the first issue arises from a theoretical perspective, while the
remaining aspects are due to the numerical implementation. The first two errors are also
prebent in other linear OT-based methods (

). The third issue stems from the non- convex1ty of GW/ PGW
affectmg both LGW and LPGW similarly. The final error is specific to LPGW due to the
approximation formulation used.
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In practice, several methods can be employed to reduce these errors. For example, the
dataset can be represented as empirical measures with equal mass at each pomt This
approach is effective for unbalanced linear OT techniques (e.g., (

)), as these methods do not require mass normalization. With hlgh probablhty7 thls
will result in a Monge mapping, reducing the second error. Additionally, to minimize the
last error, as stated in Theorem 3.2, using a higher A leads to a lower error, and when A\ is
sufficiently large, this error becomes zero.

MDS visualization and analysis. We visualize the multi-dimensional scaling (MDS)
embeddings for both PGW and LPGW with respect to each reference space in Figure 3. We
observe that when A is large (i.e. A =0.1,0.5), LPGW with reference space S5, Sg, S7, Ss, Sg
admit similar patterns. When A = 0.05 or A = 0.08, we observe LPGW with reference
S7,Sg,Sg and PGW admit similar patterns. From this figure, we observe that S7,Sg,Sg
admit better performance than other reference spaces.

Summary. Although LPGW methods are subject to potential errors, the high PCC ob-

served between LPGW and PGW (when, e.g., the reference space is S7,Ss,Sg), suggests
that LPGW can serve as a good proxy for PGW, rather than simply as an approximation.
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Figure 3: MDS visualization for A = 0.05,0.08,0.10,0.50. Each subfigure shows the MDS
visualization for PGW and LPGW based on different reference spaces. In each figure, the
first subfigure in the first row is the MDS visualization of PGW.
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L DETAILS OF SHAPE RETRIEVAL EXPERIMENT

Dataset details. We test two
datasets in this experiment: a 2D bone goblet ; star . herseshoe
dataset and a 3D dataset. The vi- $4*
sualization of the two datasets is
presented in Figure 4.

In addition, for each shape X = ! : e .
{z1,...2n}, we normalize the scal- rectangle —trapezoid iR annulis
ing such that max;»; ||z;—z;|| = 1. 83
For the 3D dataset, we apply the

k-means clustering to reduce the

size of each shape to 500, from its

original size 2048.

(a) 2D Dataset

airplane cabinat guitar skateboard

Numerical details. We
represent the shapes in each
dataset as mm-spaces X' =
(Rl = 4 i)

We use o' = L to compute
the GW/LGW distances for the

balanced mass constraint setting.

For the PGW/LPGW distances,
we set o = where N is the

| & 1t

complete

incomplete
% Eg. .
"ol E

N>
median number of points across all
shapes in the dataset. (b) 3D Dataset
For the SVM experiments, we ) ) )
use exp(—oD) as the kernel for Figure 4: Datasets for shape retrieval experiment.
the SVM model. Here, we normalize the matrix D and choose the best o €

{0.001,0.01,0.1,1,5,8,10, 100} for each method used in order to facilitate a fair comparison
of the resulting performances. We note that the resulting kernel matrix is not necessarily
positive semidefinite.

Parameter selection for PGW and LPGW. The parameter A for PGW and LPGW is
chosen as follows. For the 2D dataset, we set A such that A < Ay = %maxi (|C¥?) = 0.5,
since all shapes are normalized to a scale of 1. We perform a line search for A\ over the set

{0.2,0.3,0.5} and select A = 0.2 for both PGW and LPGW.

For the 3D dataset, we randomly select 2-3 shapes and compute the PGW distance between
these shapes and the reference space. We find that A, =~ 0.15. Thus, we conduct a line
search for A over the range {0.02,0.03,0.05,0.06,0.070.08,0.080.1,0.15} and choose A = 0.06
for both PGW and LPGW.

Reference space setting for LGW and LPGW. Similar to the classical OT method
(Wang et al., 2013), the ideal reference space should represent the “center” of the tested
measures. In practice, we typically use the GW barycenter (Peyré et al., 2016) or the PGW
barycenter (Bai et al., 2024).

For each dataset, we randomly select one point cloud from each class. Specifically, for
the 2D dataset, we select 8 shapes, and for the 3D dataset, we select 4 shapes. We then
compute the GW/PGW barycenter between these selected shapes. The wall-clock time for
this computation on the 2D dataset is about 10 seconds, and for the 3D dataset, it is about
5 minutes. For fairness in comparison, we apply the same reference space for both the LGW
and LPGW methods in all experiments.

Nearest neighbor classification. Once the pairwise distance matrices have been com-
puted between the shapes using each method, we use the computed distances for a nearest-
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Figure 5: Confusion matrices computed from nearest neighbor classification experiments.

neighbor classification experiment. We choose a single representative at random from each
class in the dataset and classify each shape according to its nearest representative. This is
repeated over 10,000 iterations, and we generate a confusion matrix for each distance used.

Performance analysis. The pairwise distance matrices are visualized for each dataset in
Figure 7, and the confusion matrices from the nearest neighbor classification experiment
on each dataset are shown in Figure 5. Finally, the classification accuracy with the SVM
experiments is reported in Table 2. The results indicate that the LPGW distance is able to
obtain high performance across both data sets consistently.

From Figure 7, we observe that PGW and
LPGW qualitatively admit a more reasonable
similarity measure compared to the other consid- — Ipgw
ered methods. For example, on the 2D dataset, lgw
class “bone” and “rectangle” should have a rel- o
atively smaller distance than “bone” and *
nulus”. Ideally, a reasonable distance should
satisfy the following: 0 < d(bone, rectangle) <
d(bone, anulus). However, we do not observe this
relation in GW or LGW.

Accuracy

In the 3D dataset, the main challenge is the pres- i
ence of incomplete shapes, which represent only otz oo+ w6 oo e ol oia ol
a part of the corresponding complete shape and
can have a large dissimilarity to each other. In . . .
this experiment, we observe that PGW/LPGW Figure 6: We visualize the accuracy of
admits slightly better performance. We sus- LPGW for different A. For each A, we
pect due the the unbalanced setting of these two select the best o to compute the accuracy.

methods, these two methods are more robust to We (ib(s;ervehthat }x;vhen A > 0.08, LPGW
the incomplete shape classification. and LGW have the same accuracy.
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Figure 7: Visualization of pairwise distance matrices resulting from each of the considered
methods: GW, PGW, LGW, and LPGW (ours). In (b), the label “inc. airplane” denotes
the incomplete airplane shape class, and similarly for each of the other 3 such classes.

Note that in this dataset all shapes have the same size. Thus, when A is sufficiently large
(i.e. A = 0.5), LPGW can recover the performance of LGW. We refer to Figure 6 for
visualization.

M DETAILS OF LEARNING WITH TRANSFORM-BASED EMBEDDINGS
EXPERIMENT

Reference space. Similar to the shape retrieval experiment, for each class/digit, we select
one shape from the training set and compute the GW barycenter based on the selected
shapes. Note, in this step, the reference space we obtain is (My € R™*"0 p0)  where
no € N is the size of the reference space, My denotes the pairwise distance matrix, and p° is
the PMF of the reference measure. Here, ng, p° are inputs to the GW barycenter algorithm,
and in this experiment, we set ng to be the mean of the sizes of the selected shapes, and p°
is set to be p¥ = L1,

However, My cannot be applied as reference space for the LOT method. Thus, we apply the
MDS method for My and obtain the supported points X° = {29, ... x%o} of the reference
space, i.e.,

X = i My)i; — ||zi — z;]|||?, where z; = X[i, 1], Vi.
argm)gnzlll( 0)ig =z — a;]ll|7, where x [i,:],Vi

We use (Mo, p®, >, x;) as the reference space for LOT/LGW /LPGW. The wall-clock time
of barycenter computation is 26 seconds.

Numerical details. Note, since the goal of this experiment is to test the performance
of learning from embeddings under corruption by random rotation/flipping and noise, we
remove digits {5,9} from the data since the rotated and flipped digit “2” is highly similar
to “5”. Similarly, rotated “6” is nearly identical to “9”.

The classification model we selected is the logistic regression model as provided by the scikit-
learn package. For the LOT and LGW methods, due to the balanced mass requirement, we
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Figure 8: We visualize the interpolation between two shapes using GW, PGW, LGW, and
LPGW. In the first column, the three shapes shown are the source shape, the target shape,
and the reference space used in LGW and LPGW. The target shape, digit “4”, is corrupted
by the addition of noise points, with a total mass of n = 0.3.

normalize the PMF of all shapes in the testing dataset. For LPGW, this normalization is
not applied.

Parameter setting for LPGW. Note that in this case, the training data is not cor-
rupted. Thus, we can set A = Apae = %maxi sz where C; is the cost matrix for shape
i. In this experiment, we set A = 40. In addition, to improve the computational speed
of LGW/LPGW, the augmented training data obtained by rotation and flipping is NOT
contained in these two methods since the rotated shape is equivalent to the original shape

in the setting of GW/PGW.

Performance analysis. The LOT method achieves 51.3% accuracy when n = 0. This
indicates that even with the addition of rotated/flipped data to the training set, the LOT
embedding method struggles to classify the rotated digits with high accuracy. In contrast,
LGW/LPGW achieve 82.5% accuracy, indicating that these two embedding techniques are
more robust to corruption by rotation/flipping.

When 1 > 0.1, the accuracy of both LOT and LGW drops to 10-20%. However, we observe
that the LPGW embedding maintains a strong accuracy between 70% and 85%. This
demonstrates that the LPGW embedding is more robust to corrupted test data.

M.1 Toy EXAMPLE: POINT CLOUD INTERPOLATION

In this subsection, we select one shape from the training data and a noise-corrupted shape
from the testing data (with rotation and flipping removed). We demonstrate the inter-
polation between these two shapes using the GW barycenter (Peyré et al., 2016), PGW
barycenter (Bai et al., 2024), LGW geodesic (Beier et al., 2022), and our LPGW interpo-
lation. The goal is to intuitively visualize the LGW/LPGW embeddings for the reader’s
understanding.

Our method and baseline methods. Let X be the reference mm-space applied in the
classification experiment. Note, numerically, it can be described by (C°, X% p°), where
p® € R is the PMF; ng is the size of p®; X% € R™*? is the set of 2D supported points;
and C° = [|X? — X717 ;c}1.,,p] is the corresponding cost matrix.

That is, we can use (C°,p%) to represent X?. Similarly, we use (C,p') and (C?,p?) to
represent the source and target mm-spaces (shapes).

3X° is not required as C° contains all the information of X in the GW/PGW problem.
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Now we introduce the GW barycenter method. For each time ¢ € {0,1/6,...,6/6 = 1}, we
solve the barycenter problem

C* = argmin ((1-4) GW((C,p"), (CF,p") +tGW((C,p), (C%,p%))) .

When t = 0, (C*,p°) and (C',p') represent similar shapes. In fact, if p° = p!, the two

shapes are identical. Similarly, if t = 1, (C*,p') is similar to the target (C?,p?). For
€ (0,1), (C*,p°) represents an interpolation shape between the source shape (C*, p') and

the target shape (C?,p?).

The PGW barycenter method is defined similarly.

In the LGW geodesic method, let > | dg1 p? denote the barycentric projection obtained

by 7, where v is the optimal transportation plan for the GW problem between (C, p°) and
(C1,p'). The numerical implementation of the LGW embedding is given by

E'=C—g - ggl‘||2]i,j6[1:no] € Rroxmo

(we refer to (5) for the original formulation). Similarly, we can define the LGW embedding
for the target shape (C2,p?), denoted as Ey € R™0*"0,

Then for each ¢, the interpolation/geodesic of LGW is defined by

CO+ (1 —t)By +tE,. (110)

For the LPGW interpolation method, the numerical LPGW embeddings E1, Fo € R™0*"0
are defined similarly, and we refer to (24) for details. We use (110) for the interpolation.

To visualize these interpolations, for each Cy, we adapt the MDS method, and the solution
X, € R™*2 is a point cloud. We visualize these point clouds in Figure 8.

Performance comparison. In this experiment, the size of these shapes is in the range
of 200-250. GW/PGW requires 230-270 seconds, while LGW/LPGW requires 1-2 seconds.
In Figure 8, we observe that the shapes generated by GW/LGW contain more noise points.
Additionally, at times such as ¢ = 3/6 and t = 4/6, the generated shapes are difficult to
distinguish due to the noise points.

In contrast, the shapes generated by the PGW/LPGW methods contain significantly fewer
noise points.

Note that at ¢t = 0 and ¢ = 1, the shapes generated by the LGW/LPGW methods can be
treated as visualizations of the corresponding embeddings for the source shape (C*,p') and
target shape (C?,p?), respectively.

M.2 OTHER BASELINES OT/GW/PGW

Note that OT, GW, and PGW methods cannot be directly applied to this experiment since
we use a linear model (logistic regression) as the classifier. However, we can adapt the
kernel-SVM methods described in the shape retrieval experiment for this classification task
as well. The primary distinction between these three methods and LOT, LGW, and LPGW
lies in their computational complexity.

Suppose Nipain and Niesy represent the sizes of the training and testing datasets, respectively.
Let n and d denote the average size and dimension of all the point clouds or digits. Addi-
tionally, let NV represent the average number of iterations required by the FW algorithms
for GW and PGW.

The computational cost of these methods is summarized as follows:

In methods OT and LOT, the term (n® + n2d) refers to the complexity of computing one
OT distance, while nd represents the complexity of computing one LOT distance given two
embeddings.
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Method Training Process Testing Process
oT O(NZ.., - (n® +n?d)) O(Nirain Niest (n® + n?d))
LOT O(Ntrain : (Tl3 + nQd)) O(Ntest : (n3 + nzd) + Niest Nirain - (nd))
GW O(NZ...n - (N3N +n2d)) O(Niest Nirain - (RPN + n?d))
LGW O(Nipain(PPN +n2d)) | O(Niest (RPN + n2d) + N, ., train - (n?))
PGW O(NZ2... - (N3N +n2d)) O(Niest Nirain - (RPN + nd))
LPGW O(Nirain (nPN + n2d)) O(Niest (PN + n2d) + Niegt Nirain(n?))

Table 5: Computational complexity of different methods.

Similarly, in methods GW and LGW, the term (n3A + n?d) refers to the computational
complexity of computing one GW distance, and the term (n?) represents the complexity of
computing one LGW distance given two embeddings.

The complexities for PGW and LPGW follow a similar pattern.

In this experiment, Ni,ain = 8000 and Niesy = 1000. OT-based methods require approx-
imately 50 hours (2-3 days) to train the model, while GW and PGW require about 400
hours (over 15 days). In contrast, LOT, LGW, and LPGW take only 3-5 minutes.

N COMPLEMENTAL RESULTS MNIST CLASSIFICATION EXPERIMENT

Data reconstruction. We visualize the reconstructed digits using LOT, LGW, and
LPGW embeddings under two settings: n = 0 and n = 0.2 (See figure 1b). When the
data is not corrupted by noise points (n = 0), the reconstructed digits from all methods
closely resemble the original data. However, when 20% of noise points are added (n = 0.2),
LPGW’s reconstructed digits effectively exclude most of the noise points. In contrast,
the embeddings produced by OT and LGW retain information from the noisy data. This
demonstrates that the LPGW embedding leverages the partial matching property of PGW,
ensuring that most of the noise points are excluded during the embedding process. This
explains the robustness of LPGW embeddings to noise corruption.

t-SNE. From the figure 9, we can observe that when n > 0.1, LPGW embeddings show
greater separability than those of LOT or LGW.

O COMPUTE RESOURCES

All experiments presented in this paper are conducted on a computational machine with an
AMD EPYC 7713 64-Core Processor, 8 x 32GB DIMM DDRA4, 3200 MHz, and an NVIDIA
RTX A6000 GPU.
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n=0.0 n=0.1 n=0.3 n=05

orig

the experimental results for the original testing dataset without random rotations/flips or
noise. In the remaining columns, random rotations/flips are applied to the testing data,

Figure 9: t-SNE visualization of embeddings. In the first column, the label “orig” indicates
and n denotes the total mass of noise points.

54



	Introduction
	Background
	The Wasserstein Distance
	The Gromov-Wasserstein Distance
	The Linear Gromov-Wasserstein Embedding and Distance
	The Partial Gromow-Wasserstein Distance

	Linear Partial Gromov-Wasserstein Embedding and Distance
	Numerical implementation of LPGW in discrete setting

	Experiments
	Elliptical Disks
	Shape Retrieval
	Learning with Transform-Based Embeddings

	Summary
	Background: Linear Optimal Transportation Distance
	Background: Linear Gromov-Wasserstein Distance
	LOT/LGW/LPGW embedding without Monge mapping.
	Computational Complexity of LPGW
	Proof of Proposition 2.1
	Clarification
	Conjecture and Understanding
	Proof of Proposition 2.1: Part (1)
	Proof of Proposition 2.1: Part (2)
	Proof of Proposition 2.1: Part (3)
	Proof in the Discrete Case
	Proof in the General Case


	Proof of Proposition 3.1
	Proof of Proposition 3.1: Part (1)
	Proof of Proposition 3.1: Part (2)
	Proof of Proposition 3.1: Part (3)
	Proof of Proposition 3.1: Part (4)
	Proof of Proposition 3.1: Part (5)
	Formal Statement
	Proof of Proposition F.8: Parts (1), (2), (4), (5)
	Proof of Proposition F.8: Part (3)


	Relation Between LPGW and LGW
	Proof of Theorem 3.2
	Proof of Theorem 3.2: Parts (1), (3)
	Proof of Theorem 3.2: Part (2)
	Proof in the discrete case.

	Proof for the general case
	Notation setup and related lemma
	Relation between PGW(X,Y) and PGW(X,Y"0365Y).

	Proof of proposition 3.3

	Special Case: Linear Mass-Constrained Partial Gromov-Wasserstein Distance
	Numerical implementation of LOT, LGW, LPGW distance.
	Details of Elliptical Disks Experiment
	Details of Shape Retrieval Experiment
	Details of Learning with Transform-Based Embeddings Experiment
	Toy Example: Point Cloud Interpolation
	Other baselines OT/GW/PGW

	Complemental results MNIST classification experiment
	Compute Resources

