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We address path planning for a mobile agent to navigate in an unknown environment with minimum exposure to
a spatially and temporally varying threat field. The threat field is estimated using pointwise noisy measurements
from a mobile sensor network. For this problem, we present a new information gain measure for optimal sensor
placement that quantifies reduction in uncertainty in the path cost rather than the environment state. This measure,
which we call the context-relevant mutual information (CRMI), couples the sensor placement and path-planning
problem. We propose an iterative coupled sensor configuration and path-planning (CSCP) algorithm. At each
iteration, this algorithm places sensors to maximize CRMI, updates the threat estimate using new measurements,
and recalculates the path with minimum expected exposure to the threat. The iterations converge when the path cost
variance, which is an indicator of risk, reduces below a desired threshold. We show that CRMI is submodular, and
therefore greedy optimization provides near-optimal sensor placements while maintaining computational efficiency
of the CSCP algorithm. Distance-based sensor reconfiguration costs are introduced in a modified CRMI measure,
which we also show to be submodular. Through numerical simulations, we demonstrate that the principal
advantage of this algorithm is that near-optimal low-variance paths are achieved using far fewer sensor
measurements as compared to a standard sensor placement method.

Nomenclature
C = measurement model
c(x,1) = threat intensity
H = entropy
Imod(gq) = modified context-relevant mutual informa-
tion
1(J;z(q)) = context-relevant mutual information
1(©;z(q)) = standard mutual information

true and estimated path cost

J(©).J(v) =
K path-relevant set

Np = threat state dimension

Ng = number of sensors

Ng = number of grid points

Pge, Po;. P,;., = various estimation error covariances and

Py, Py, cross-covariances

q = sensor configuration

AP = region of significant support

v = path in grid topological graph

w = compact 2D workspace

X = Cartesian position coordinates

X, a, = constants used in spatial basis functions

z = measurement

é = grid spacing

€ = coupled sensor configuration and path-
planning termination threshold

1, R = measurement noise and error covariance

o), (:)(t) = true and estimated threat states

d(x) = spatial basis function

w,Q = process noise and error covariance
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I. Introduction

E CONSIDER scenarios where a mobile agent navigating in

an unknown environment can leverage measurements col-
lected by a network of spatially distributed sensors. The unknown
environment may include various adverse attributes, which we
abstractly represent by a spatiotemporally varying scalar field and
refer to as the threat field. The threat field represents unfavorable
areas such as those associated with various natural or artificial
phenomena, such as wildfires, harmful gases in the atmosphere,
or the perceived risk of adversarial attack.

Figure [ provides a motivating example of a time-varying flood
map based on data collected during Hurricane Harvey at spatially
distributed gauge stations over 15-min time intervals [[[]. Initially,
there is low water discharge with no signs of flooding in Fig. [[d.
Significant flooding is visible in Fig. [Lld at + = 1500 min, which
subsequently recedes. The changing flood levels may be considered
as a spatiotemporally varying “threat” to which exposure of, say, an
emergency first-response vehicle, should be minimized.

We address the problem of path planning with minimum threat
exposure in such an environment. Because the environment is
unknown, an important task is to place the sensors in appropriate
locations, which is called the sensor placement problem, or more
generally, the sensor configuration problem. If we had at our
disposal an abundance of sensors and computational resources
to process large amounts of sensor data, then the placement/
configuration problem would be trivial. We would simply place
Sensors to ensure maximum area coverage.

In practical applications, however, sensor networks may be con-
strained by size as well as energy usage. In the flood evolution
example, a sensor network of unmanned aerial vehicles (UAVs) may
be deployed for real-time surveillance of flooding. Due to cost and
battery limitations, it may not be possible to achieve full area
coverage quickly enough to inform the actions of a ground robot
to safely navigate the environment. This situation exemplifies the
broader problem of path planning with a minimal number of sensor
measurements and, in turn, highlights the need for optimal sensor
configuration in the context of path planning. This problem lies at
the intersection of several research areas, including estimation, path
planning, and sensor placement, which we briefly review next. We
note that the problem of interest here is quite different from the
simultaneous localization and mapping (SLAM) problem, where the
path planning and sensing are coupled due to the assumption of fully
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Fig. 1 Visualization of the flood map at different times (minutes).

onboard sensing. By contrast, we consider a distributed sensor
network separate from the mobile agent.

Of these areas, perhaps estimation is the most mature [J]]. The
literature on estimation involves different techniques, including the
Kalman filter, the maximum likelihood estimator [, and the Baye-
sian filter [B]]. Application of the extended Kalman filter (EKF), the
unscented Kalman filter (UKF) [H], or the particle filter [f]] is
common for nonlinear dynamic systems. Several data-driven esti-
mation techniques have been employed for spatiotemporal model-
ing of hazardous regions, particularly in robotics, environmental
monitoring, and surveillance. These include a supervised learning
approach using Gaussian process regression for threat field estima-
tion [[], a statistical generalized additive model for landslide hazard
estimation [[J], and a combined approach using Bayesian inference
and random forest for the spatial prediction of wildfires [B].

Path planning and motion planning are similarly mature areas of
research. Generally, path planning under uncertainty involves find-
ing paths that minimize the expected cost. Classical approaches to
path planning include cell decomposition, probabilistic roadmaps,
and artificial potential field techniques [PJIT]. Dijkstra’s algorithm,
A*, and its variants are branch-and-bound optimization algorithms
that leverage heuristics to effectively steer the path search toward the
goal. While classical path-planning methods are powerful, they are
inherently limited by the accuracy of the environment’s available
information. An accurate representation of the environment is diffi-
cult if the environment’s states or dynamics are unknown. Modern
approaches to path planning leverage advanced methodologies such
as adaptive informative path planning [[[T], coverage path planning
[[[J], and informed sampling-based path planning [[[3]. More
recently, learning-based techniques, particularly deep reinforcement
learning [[4HI7] and fuzzy logic [[[J], are reported for addressing
environmental uncertainty. In risk-aware path planning, the objec-
tive is not only to find a feasible or optimal path but also to minimize
exposure to uncertain or hazardous regions [[9]. Recent risk-aware
path-planning techniques integrate reinforcement learning with fail-
ure mode and effect analysis to ensure safe and complete coverage
in hazardous environments [20].

Different sensor placement approaches have been employed
depending on the type of application and parameters that need to
be measured. Greedy approaches based on information-based met-
rics are presented in [ET-23]. Machine-learning-based sensor place-
ment techniques are reported for efficient sensing with a minimal
number of sensors and measurements as possible [E4,23]. Informa-
tion-theory-based sensor placement techniques utilize performance
metrics such as the Fisher information matrix (FIM) [R]], entropy
[E71, Kullback-Leibler (KL) divergence [E§], mutual information
[EYl, and frame potential [E1]] to maximize the amount of valuable
information gathered from the surrounding environment. Similarly,
in [BQ], the authors utilize two information measures: one associated
with mutual information based on object detection and another with
mutual information based on classification of the detected objects.
With all these performance metrics, the intention is to maximally
reduce some quantification of the uncertainty. More recently, a
sensing and path-planning method based on reinforcement learning
has been reported, which evaluates performance using a technique
called proximal policy optimization (PPO) [B1]. In robotics and
aerospace applications, active sensing plays a crucial role in linking
perception and action, enabling systems to gather meaningful infor-
mation that supports intelligent decision-making. Some examples of
active sensing include information-driven or cooperative active
sensing [B2-B4)], uncertainty-aware active sensing [B3], and active
sensing using machine learning [Bg,B7].

The problem of minimizing sensor reconfiguration costs, such as
the distance traveled by mobile sensors, is commonly studied in the
mobile sensor network literature, but less so in the context of sensor
placement. Reconfiguration becomes an important issue when
multiple iterations of sensor configuration and estimation are con-
ducted, which in turn may be necessary when the number of sensors
is small. Some examples include consideration of the reconfigura-
tion cost of the sensor network topology [BY] or the total energy
consumption of the sensor network [B3,FQ].

In this paper we consider the problem of optimal sensor place-
ment coupled with path planning in an unknown dynamic environ-
ment. Specifically, we are interested in sensor placement to collect
information of most relevance to the path-planning problem. The
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objective is to find a near-optimal path with high confidence, i.e.,
low variance in the path cost, with a minimal number of sensor
measurements. We aim to compare such a coupled sensor configu-
ration and path-planning (CSCP) method against decoupled meth-
ods, where sensor configuration is achieved by optimizing a metric
that does not consider the path-planning problem in any way. This is
arelatively new research problem. Prior works by the second author
and coworkers address this problem for static (i.e., time-invariant)
environments. A heuristic task-driven sensor placement approach
called the interactive planning and sensing (IPAS) for static envi-
ronments is reported in [[]]]. The IPAS method outperforms several
decoupled sensor placement methods in terms of the total number of
measurements needed to achieve near-optimal paths. Sensor con-
figuration for location and field-of-view is reported in [f], also for
static fields. Sensor placement for multi-agent path planning based
on entropy reduction is presented in [f2].

The novelty of this work is that we consider a time-varying threat
field and provide a new sensor placement method. Specifically, we
develop the so-called context-relevant mutual information (CRMI),
which quantifies the amount of information in configuration-
dependent sensor measurements in the context of reducing uncer-
tainty in path cost, rather than the environment state estimation error
(as a decoupled method typically does). We develop an iterative
algorithm for CSCP. At each iteration, a threat estimate is first
computed using sensor measurements. Next, a path-planning algo-
rithm finds a path of minimum expected threat. Next, optimal sensor
placements are computed to maximize the path-dependent CRMI,
and the iterations repeat. We compare this CSCP-CRMI method to a
decoupled method that finds optimal sensor placement by maximiz-
ing the “standard” mutual information (SMI). The metric of com-
parison is based on the number of measurements needed to achieve a
path cost with variance no greater than a user-specified threshold.
The results of this comparison show that the CSCP-CRMI method
significantly outperforms the decoupled method. We further extend
the CSCP method to incorporate sensor reconfiguration costs into
the cost function. The objective is to collectively maximize the path-
dependent CRMI and minimize sensor movement. A comparison is
performed between the results of the CSCP methods, one ignoring
and the other incorporating the sensor reconfiguration cost.

Preliminary results from this work were recently discussed in
conference papers [E3,F4]. In this paper we further extend the
conference paper works by introducing an approximation algorithm
based on the greedy placement of sensors. Additionally, we show
the submodularity property of both the CRMI and the modified
CRMI and demonstrate that the greedy placement of sensors guar-
antees a near-optimal solution. A proof of convergence of the CSCP
algorithm is also discussed.

The rest of the paper is organized as follows: In Sec. [, we
introduce the elements of the problem. In Sec. [II, we present and
analyze the new CRMI measure and the CSCP-CRMI algorithm,
followed by a discussion on reconfiguration costs and greedy opti-
mization for near-optimal sensor placement. We present numerical
simulation results in Sec. [V]and conclude the paper in Sec.

II. Problem Formulation

Let R, N denote the sets of real and natural numbers, respectively.
We denote by {N} the set {1,2,..., N} and by I, the identity matrix
of size N, for any N € N.

Consider a closed square region denoted by WW C R? and referred
to as the workspace, within which the mobile agent (called the
actor) and a network of mobile sensors operate. In this workspace,
consider a grid consisting of Ns uniformly spaced points. The
coordinates of these points in a prespecified Cartesian coordinate
axis system are denoted by x; = (x;,y;), for each i € N;. The
distance between the adjacent grid points is denoted by 6. The
mobile agent traverses grid points according to the “4-way adja-
cency rule,” such that the adjacent points are top, down, left, and
right. Furthermore, we assume a constant speed such that the actor’s
transitions to adjacent grid points occur in a constant time step Af.

We formulate the path-planning problem for the actor as a graph
search problem on a graph, G = (V, E), with V = {Ns} such that
each vertex in V is uniquely associated with a grid point. The set of
edges E in this graph consists of pairs of grid points that are
geometrically adjacent to each other.

A threat field, denoted as c: W X Ry = R., is a time-varying
scalar field that takes strictly positive values, indicating regions with
higher intensity that are potentially hazardous and unfavorable. A
path between two prespecified initial and goal vertices, iy, i, € V, is
defined as a finite sequence v = {vy, vy,...,v.} of successively
adjacent vertices. This sequence starts at the initial vertex vy = i
and ends at the goal vertex v, = i,, where L € N represents the
number of vertices in the sequence. The edge transition costs, which
account for the expenses incurred when an actor moves between
vertices in a graph, are determined by a scalar function g: E — R_.
This function assigns a value to each edge in the graph, representing
the associated cost or effort required for traversal, and is defined as

g((.)).1) = c(x;.0), for i.je{Ng}, (i.j)eE (1)

The cost J(v) € R, indicates the total threat exposure for an actor
on its traversal along a path v and is defined as the sum of edge
transition costs, J(v) = 6 > %_, g((vs_1, vs), £At). The main prob-
lem of interest is to find a path v* with minimum cost. Because the
threat field is unknown and time-varying, its estimation is essential.
A network of N sensors, where Ny < N, can be used to measure
the intensity of threat. These sensor measurements are denoted
z(x.t:q) = {z;(x.1:q1). 22(X. ;¢2)..... 2y (X, t; gy, ) }. Sensors are
placed at distinct grid points, and the set of these grid points is
called the sensor configuration, ¢ = {qy,q,,....qy.} C{Ng}.

The threat field is considered to be a stochastic quantity with
a predictive model involving uncertainty. Specifically, we consider
a finite parameterization c(x,7) =1+ Zfﬁl 0,0, (x) =1+
CT(0)O(r), with @(x):=[h(x)...¢y, ()], and ¢,(x) =
exp(—(x —x,)" (x — x,,)/2a,) representing the basis functions for
each n € {Np}. Here, Np denotes the number of parameters (or bases),
representing the threat state, and a,, and x,, are constants. The locations
of the basis functions @ are fixed and remain unchanged throughout
the entire sensing and path-planning process. Although the actor has
prior knowledge of the functional forms of these functions, the threat
parameter O(7) = [0(7) ... 0y, (1)]" is unknown and must be esti-
mated. The values of the constants a, € R, and x,, € VW are pre-
specified and chosen in such a manner that the combined interiors of
the significant support regions cover V. The parameter a,, is chosen to
minimize the overlap between the basis functions, ensuring better
distinction and independence among them [f])]. In general, the basis
functions should be chosen to approximate threat field data, e.g.,
the flood map data in Fig. [[. )

The temporal evolution of the threat is modeled by O(¢r) =
A.O(1) + w(r), where w(r) ~N(0,Q,) is white process noise
with Q. =631 np- Such a model may be available either from
an underlying physical model of the threat, or it may be
derived from data, or a combination of both. As an illustrative
example, the solution to a heat diffusion equation, (dc/df) =
a[(6*c/0x?) + (0*c/dy?)] can be approximated by c(x,7) = 1 +
®7 (x)O(7) such that O(7) satisfies O(r) = a(®T/|®[>)V2DO(r),
where A, = a(®" /|®|?)V2D.

We restrict the scope of this paper to linear threat field dynamics
for the purpose of establishing a proof of convergence of the
proposed method. However, the method itself is not limited to linear
dynamics. We implement the unscented Kalman filter in our current
threat field estimator in anticipation of this future extension. Our
current CSCP implementation will work as-is for nonlinear threat
dynamics, but the CRMI calculations will be approximations. Other
works in the literature, e.g., [(3], have studied MI calculations for
nonlinear systems, which we can easily adapt to CRMI in the future.

Discretization in time of this model is easily accomplished by
the series expansion A:=Iy, + A Af+ [(A)%(AD? /21 + ...
and Q == Q.At+ [(A.Q. + Q. AT)(AN?/2!]+ ... terminated at
a desired order [J]]. The discretized system dynamics are
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®k = A@k—l + W 2)

where w;_; ~ N (0, Q) for each k € N.
The measurements obtained from each sensor are modeled as

Zp = (X, 1)+ = Cr(q) Oy + 1 €

where  Ci(q) =[®@(x, ) ®(x,,) ... P, N @)
and 7, ~N(0,R) is zero-mean measurement noise with covari-
ance R > 0.

We generate stochastic estimates of the threat state with mean
value @, and estimation error covariance P. For any path, v =
{vg, v1,..., v} in G, the cost of the path is

L L
J() =6 c(x,,.1) = 5(L + Zch(xvt,)@f) Q)
=1 =1

Here, ©, represent the threats at different iterations (or time steps)
equivalent to the iterations required for an actor to follow the path v.
The cost J becomes a random variable with distribution dependent
on Q. If @ is Gaussian, then J is also Gaussian because it is linearly
dependent on . Let VV C W be the set of grid point locations in the
workspace associated with each v, in the path v. Note that while
0, (1) and ¢, represent the total number of threat parameters and the
basis functions involved in the threat field generation, 6,,(f) and ¢,,
denote the subset of threat parameters and associated basis functions
that lie within the path and are relevant for computing the path cost
J(v). The set K:={m € {Np}:V N R’ # @} is defined as the
path-relevant set of threat states for any path v. In other words,
K consists of the set of indices m, representing the threat param-
eters 6,, or their corresponding basis functions ¢,,, such that
the path lies within the total region of significant support R;,"
defined by ¢,,.

An important characteristic associated with the convergence of
the path-planning algorithm is the risk of the path denoted by p(v).
For a Gaussian J, the risk of the path v is defined as p(v) = J(v) +
V/ Var[J(v)] [Eg]. Since Ny < Ng, it is not possible to obtain good
estimates with only one set of measurements, and it is required to
take measurements repeatedly over a finite number of iterations.

Problem 1: For a prespecified termination threshold & > 0 and
some finite iterations k =0, 1,..., M, find a sequence of sensor

configurations g; and a path v* with minimum expected cost J(v*)
and such that Var[J(v*)] < e.

Alternatively, one may consider a requirement that the path risk
p(v*) be lower than a prespecified threshold.

III. Coupled Sensing and Planning

Coupled sensor configuration and path planning (CSCP) is our
proposed iterative approach to solve Problem 1. At each iteration, a
sensor configuration is determined, and measurements of the threat
field are collected. The optimal sensor configuration is found by
maximizing an information measure that we call context-relevant
mutual information (CRMI). These sensor measurements are used
to update the threat field estimates in an estimator. For future
compatibility with nonlinear threat dynamics, an unscented Kalman
filter (UKF) is used for estimating the parameter ®. The interested
reader is referred to Appendix [B for a brief description of the UKF.
Next, the path plan is modified based on the new threat field
estimate, and this process continues until the path cost variance is
reduced below a prespecified threshold e.

In this paper, we assume that the actor is a planning agent that
does not move before the CSCP algorithm is complete. In other
words, we may think of this implementation of CSCP as occurring
in a virtual world for planning the future movements of the actor and
sensors. The reason for this restriction in scope is to be able to
provide a proof of convergence of the CSCP method as a baseline
for future applications. In our recent work [[7], we implement a

version of CSCP where the actor moves simultaneously with the
CSCEP iterations, and the sensors need a finite nonzero duration to
relocate. The simulations in [7] demonstrate a successful imple-
mentation and provide sensor resource benefits similar to those
described in the present manuscript, pending a formal proof of
convergence.

In what follows, we provide details of this iterative process,
analysis, and an illustrative example.

A. Context-Relevant Mutual Information (CRMI)

For any time step k, the mutual information (MI) between the
state ®; and measurement z; random variables is defined as [E3]

20) = POz
10320 = [ p(©1, 20 10e(FP50 ) a0 az,

where p(0;), p(z;), and p(O,,z;) represent the probability
density functions (PDFs) of state, measurement, and a joint PDF
of state and measurement, respectively. The joint PDF p(©y, z;) is

a multivariate normal distribution with mean (@y_;,Z2;) and
covariance
[PG)@HA—I Pezu/\q ]
T
P@Zk\;\_l PZZW(,I

Here, Pge,),_, is obtained from the UKF algorithm. The covariance
of the measurement random vector P,

between the state and measurement random vectors P, depend

and cross covariance

on the sensor configuration g. At each grid point, these covariances
are determined as

= Ci(9)Poey,, Ci (9) + Rk (6)

(
= E[(O) = Oy 1) (Ci(9) (Ok = Ouer) + (mi —1ix)) "]
= E[(0) — Oy41) (® — Oy41) "]CT ()

+ ]E[(@k - (:)k\k—l) ('Tk - ﬁk)T]
= Poo,, ., Ci () (7

The mutual information between the state @; and measurement
zx(q) is then written as [A5]:

[Poe,,_, |
|P - P p;l Pl | ®
00, Oz 221" Ozgppy

104 2:(9) = %log(

The MI 1(0;; z;(gq)) depends on the sensor configuration ¢, and
in that sense it quantifies “informativeness” of a configuration q.
A canonical method of finding the optimal sensor configuration is
to maximize the MI (/) over g. Note, however, that this MI
1(0Oy; z,(q)) is entirely decoupled from the path-planning prob-
lem, in that it is in no way contextualized by the optimal path to be
found. We introduce a new information measure called the
context-relevant mutual information (CRMI), which couples the
sensor configuration (placement) and path-planning problems.
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We define CRMI as the mutual information between the path
cost and the measurements. CRMI may be thought of as a formali-
zation of the vague notion “sensors ‘near’ the planned path are more
informative than those farther away.” To this end, cpnsider that,
for any path v, the expected (mean) cost is J(v):=d(L+

L @ (x, /,)(:)f). The joint PDF p(J, z;) between the path cost
and measurement variables is

Ji jk k—1 PJJUk—] szk\k—l
U zi) =N [ ]|: ! | o7
Zk Zk szk‘k,l Pzz“k_l
The variance of the path cost is

L 2
Py =E[J() - J@)’] = ]E|:<52 @' (x,,)(0, - (:)f)) }

=1

Using the formula for square of sums, (Ziai)z =Y+
22i<jaiaja

L
P./Jk‘kfl = 52 (]E|:Z (q)T(xvf)(@f - @/))2
=1

L
+2 ) (@ (x,)(O, - 0,)®(x,)(®, - ®m))D
iy

L
=& (E [Z (@ (x,,)(0, - 0,))°
=1

L
+2) (@ (x,) (O, -6,)(®, - ém)%(xv",))D

£<m
£.me{L}

The first term E[Y %, (@7 (x, f)(G)f—(:)f))z] can be further
expressed as

L
Py, = Y E[®T(x,) (0, - 0,)(0, - 0,) ®(x,,)]
=1
L
=) @"(x,)E[(©, - 0,)(0, - 0,)"]|®(x,,)
=1
L
= ®T(x,,)P, P(x,,)
=1
Therefore,

L
P, =Y (BT (x,,)Py, O(x,,))
=1

L
+28° ) (@7 (x,,)Py,, P(x,,)) ©)

F<m
¢.me(L}

The calculation of P, T TeQuires the determination of @ and the
error covariance P for every grid point v, lying on the path. P, and
Py, are determined by propagating the UKF prediction steps for
iterations equivalent to the path length. The covariance of the
measurement and the cross covariance between the path cost and
the measurement random vector are formulated as

Py, = El(J() = J (@) (2 — 2]

L
- E[(é > @7(x,)(O, - ef)) (C@)(©; — &)

=1

- fmf}

L
= &E[( T (x,,)(O, - 0,)(0, - 0,)TC] <q>)}
4

=1

L
=6 (@T(x,,)P,)Cl(9) (10)
=1

Py = El(zi =20 (2 — 2] = Ci(@)Poe,, ,Ci () + R, (11)

Finally, the CRMI is calculated as

|ijuk_] | ) 12)
|ijk\k—l - P-,zk\k—l P;zlk\k—l PT |

1
10z @) = glog(
J 2y
This definition of the CRMI is the critical step in the proposed
coupled sensor placement and path planning (CSCP) algorithm,
described next. Similar to MI, CRMI is the difference between
entropy and conditional entropy given sensor measurements, namely

1(J;z(9)) = HUJ) - H(J|z(q)) (13)

where H(J) and H(J|z(q)) denote the entropy of J and its entropy
conditional given sensor measurements z(q).

B. CSCP Algorithm
The CSCP algorithm described in Algorithm [[ initializes with

A

©, =0 and Py = yIy,, where y is a large arbitrary number. The
initial sensor placement ¢ is arbitrary. At the initial iteration, an
optimal path v of minimum expected cost E[J(v{)] is calculated.
This threat estimate initialization implies that until a measurement is
taken, the algorithm assumes all threat states to be zero. As a result,
the CSCP planner is “optimistic” in that it plans paths through
regions associated with threat states that were not previously mea-
sured or estimated. The CRMI-based sensor placement then ensures
sensors are placed close to this path, thereby ensuring that the
sensors explore the entire workspace.

The description in Algorithm [I] is quite general, and its various
steps can be implemented using different methods of the user’s
choice. At each iteration k, the algorithm calculates the variance
Var[J(v})] of the cost of the path v per Eq. (B). The algorithm
terminates whenever the variance of the path cost reduces below a
prespecified threshold & > 0. The method of computation of the
optimal path vj is the user’s choice: for most practical applications,
Dijkstra’s algorithm (our choice for implementation) or the A*
algorithm will suffice.

The optimal sensor configuration in line 6 can be calculated by
optimizing some measure of information gain. In a decoupled
approach, we may optimize the standard MI in Eq. (B). In the
proposed CSCP method, we optimize the CRMI in Eq. ([J). The
method of optimization is left to the user, and it is not the focus of
this paper. For a small number of grid points, we can determine g;
by mere enumeration. In prior works, e.g., [f], we have found
success in implementing evolutionary global optimization methods
for sensor configuration, albeit using a different reward function. It
is possible to apply such methods for CRMI maximization as well.

With an optimal sensor placement, a new set of measurements is
recorded, which is then used to update the state estimate for @. Yet
again, the specific method of estimation is the user’s choice. We
choose the linearization-free UKF method for future applications to
nonlinear threat dynamics, briefly described in the Appendix. This

iterative process continues until the termination criteria Var[(j )] <
€ is satisfied.
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Algorithm 1:  Coupled sensor configuration and planning
(CSCP)

: Setk = O,(:)O =0, and Py = yly,;

. Initialize sensor placement g, C {Ngs};

Find v§ = arg min(jo(v));

: while Var[J(v})] > ¢ do

Determine 1(J; z,(q)) per Eq. (T);

Find optimal sensor configuration g := argmax,/(J/;; zx(q));
Obtain new sensor measurements z;(q;);

Update (:)k, Py

Find v} = arg min(jk(v));

R I A ol S

—
e

Increment iteration counter k = k + 1.

C. CRMI Optimization

Finding the optimal sensor configuration by maximizing
CRMI is challenging because the number of feasible sensor
configurations suffers combinatorial explosion with an increas-
ing number of sensors Ng. To resolve this issue, we execute
greedy optimization of one sensor at a time, which enormously
reduces the computation time. When the objective function is
submodular, the suboptimality due to greedy optimization
remains bounded. Therefore, we consider submodularity of the
proposed CRMI.

A brief definition of submodularity is as follows: Consider a
finite set Q and a real-valued function f:2% — R. For any two
subsets X, ) C Q such that X C ), the function f is said to be
submodular if

JXU{x) = f(X) = fQYUx) = fQ) (14

for each x € Q\ Y. The inequality ([4) expresses the property of
diminishing returns, i.e., the increase in f due to the introduction of
a new element in a set diminishes with the size of that set. In the
context of sensor placement, this means that if an information gain
measure is submodular, then the information gain due to the place-
ment of a new sensor diminishes with the number of sensors already

placed.
Proposition 1: The CRMI 1(J; z(q)) is submodular.
Proof: Refer to Appendix [l O

Algorithm 2:  Greedy CRMI optimization

1: Set g, = @

2: for i = 1to Ny do

3: Setq:={Ng}\qg;

4 Calculate g} = argmax,e,1(J; 2(q));
50 gy =qx Vg

D. Greedy Sensor Placement

We implement a greedy sensor placement algorithm, as shown in
Algorithm P}, in which the sensor locations are chosen in sequence
such that the choice of the next sensor maximizes the CRMI. This
approach aims to select a set of sensors that collectively provides the
maximum information relevant to the path planning. As described in
Algorithm [, greedy optimization initializes the empty configura-
tion g, = @ and iterations are carried out until Ng sensors are
selected. At each iteration, the greedy optimal configuration is
the scalar ¢* € {Ng}\q,, that maximizes CRMI I(J;z(g)). The
configuration g, is then updated to include g*.

Theorem 1: [E9] The greedy placement algorithm for any mono-
tone submodular function provides a performance guarantee of
[1 = (1/e)] times the optimal value.

We denote the maximum I(J; z(¢*)) as an optimal value, and
1(J;z(qg)) as the approximate mutual information value. For any

k = Ny sensor elements chosen by the greedy algorithm, it follows
from Theorem 1 that

k
Kkzwy)z(l—(l—%))Kkz@ﬂ)z(l—é)ﬂkz@ﬂ)

E. Sensor Reconfiguration Cost

Sensor reconfiguration cost refers to the cost of moving sensors
from one location to another in the grid space. We consider a sensor
reconfiguration cost based on the Euclidean distance between
the new and previous sensor locations, as illustrated in Fig. . Here,
d! is the Euclidean distance between the ith grid point and the
location of the jth sensor.

Informally, at the kth iteration of the CSCP algorithm, the objec-
tive is to find new sensor locations ¢, that maximize the CRMI
while minimizing the cost of sensor reconfiguration from the current
configuration ¢} = {¢%", ..., q’fv*s}. To this end we define

™d(g) = [(J; 2 +a —a min
(@) (Vi z1(q) 1 2MG<N5}X{N5}

g =451 (15)
where a;, a, are constants. We choose a; to be a relatively large
value, e.g., proportional to the size of the overall workspace,
whereas a, is chosen based on the user’s preference for reducing
the reconfiguration cost.
Proposition 2: The modified CRMI I™*(g) is submodular.
Proof: Refer to Appendix [ O

F. Convergence of the Proposed CSCP Algorithm

In this section, we show that the proposed CSCP algorithm
converges in a finite number of iterations. To this end, first consider
the following result.

Proposition 3: If A is Schur, then the CSCP algorithm terminates
in a finite number of iterations.

Proof: If all modes of A are stable, then the pair (A, Ci(q)) is
uniformly detectable for any ¢. Furthermore, because Q = 631 Nps
the pair (A, Q) is controllable. By [F0], it follows that the estimation
error is exponentially stable. Consequently, for any € > O there is a
finite iteration number M € N such that tr(P;) < ¢, after which the
CSCP algorithm terminates. O

Remark 1: Whereas Proposition 3 is sufficient, it is not necessary
for the convergence of the CSCP algorithm. A less restrictive
criterion for convergence, which does not assume A to be Schur,
is discussed below.

At the kth iteration of the CSCP method, the predicted error
covariance is defined as Py = APk_l‘k_lAT + Qi_;- Here, the
term APk_”k_]AT grows the uncertainty from the previous step’s
posterior covariance based on the A, and Q;_; accounts for the
uncertainty introduced due to process noise. The measurement update
is defined as Py *= Pyjg—1 — Ly CyPpj—1. The uncertainty growth in
the system is {Py_ —Pr_1jm1 =AP_1 o1 AT = Proyject + Qi }-

21 22 2 24 25
o i

Senjor 1

Senkor 2

==

Fig. 2 Illustration of sensor reconfiguration cost.
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Similarly, the reduction in the uncertainty of the system after
the measurement update is {Pyy—; — Py = LiCyPyy-1}. The
convergence of the CSCP method is guaranteed if the following
criterion is satisfied for every time steps.

tr(Ly CrPyyp—t) = (AP 11 AT — Proyjpey + Qi—i)

Note that this criterion cannot be verified a priori, as it depends on
the estimation error covariances computed during the algorithm’s
execution.

IV. Results and Discussion

In this section, we first provide an illustrative example of the
proposed CSCP-CRMI method. Second, we compare the proposed
method against a decoupled method that finds optimal sensor
placement using the standard (path-independent) MI; for brevity
we call this decoupled method CSCP-SMI. Third, we study the
effects of varying numbers of sensors, threat parameters, and grid
points on the CSCP-CRMI method. Fourth, we perform a compar-
ative study between the CSCP-CRMI and greedy sensor placements
and observe the equivalency as well as differences between the two
approaches. Finally, we conduct a comparative study between the
CSCP method with and without the sensor reconfiguration cost. All

simulations are performed within a square workspace WW = [—1,1] X
[=1,1] using nondimensional units in a Cartesian coordinate axes
system.

A MATLAB®-based implementation of the CSCP method used
for producing these results is available at this repository:
github.com/prakashpoudel2014/CSCP_time_varying.

A. TIllustrative Example

The implementation of the CSCP-CRMI algorithm on an illus-
trative example is shown in Fig. B The number of threat parameters,
grid points, and sensors are Np =25, Ng =49, and Ny =2,

respectively. The threat parameters N p, indicated by the black dots
and numbered from 1 to 25, are uniformly spaced in the workspace.
The white dots represent the grid points. The initial and the goal
points are represented by the bottom left and the top right grid points
in the map. The evolution of the threat field estimate ¢ for different
time steps, namely k = 1,5, 11, and 15 is shown by a color map.
The path v} of minimum estimated cost is indicated by red circles,
and the sensor placement g, is shown by white circles, as illustrated
in Figs. Ba-Bd. For a specified threshold ¢ = 0.1, the algorithm
terminates at k = 15 iterations, and the optimal path v* is achieved.
Figures fld-fid show the absolute error between the true threat field ¢
and the estimated field ¢, computed as |¢ — ¢|, for the respective
iterations k = 1,5, 11,15. These plots illustrate how the estimation
accuracy improves as the algorithm progresses.

The comparison between the true and estimated path cost is
illustrated in Fig. pa. Upon termination, the true and estimated path
costs are nearly identical, with J(v}) = 16.46 and J(v}) = 16.77,
respectively. Figure shows the convergence of the proposed

CSCP-CRMI algorithm. The path cost variance Var[(j ()]
decreases with time, and the algorithm terminates in 15 iterations
as the path cost variance decreases below 0.1.

B. Comparison of CSCP-CRMI and CSCP-SMI

For comparison, now consider the execution of CSCP-SMI on the
same example as discussed above.

Figure f§ shows the estimation error covariance P at the final
iteration, mapped to the spatial regions of the environment using the
centers of spatial basis functions ®. In a slight departure from
convention, Fig. | shows the logarithms of the diagonal values of
P, which explains the negative values despite P being a symmetric
positive definite matrix. The reason for this choice of logarithmic
values is to clearly show the orders of magnitude difference in the
estimation error covariance in different regions of the environment.

The white regions in Fig. pa with high error covariance repre-
sent areas where few, if any, sensors are placed throughout the

= T
t=01 J')=13
| L i)
0.5 5
= 440
0
3
-0.5
2
-1
1
-1 05 0 0.5 1
€T
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: 7
t=11 J(v') = 15.9615
l d
0.5
=
0
-0.5
-1
1
-1 -0.5 0 0.5 1
xr
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= T
t=05 J(v')=13.8513 |
1| < E : {6

-1 -0.5 0 0.5 1

t=15 J(v*)=16.2183
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-1 -0.3

=
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Fig. 3 Visualization of CSCP-CRMI process for Np = 25 and Ng = 49.
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Fig. 4 Error between the mean estimate and ground truth during CSCP-CRMI, for Np = 25 and Ng; = 49.
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Fig. 5 Convergence of CSCP-CRMI algorithm.
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Fig. 6 Diagonal log values of error covariance at final iteration.

execution of CSCP-CRMI. The darker regions represent areas
where sensors were placed to reduce the estimation error covari-
ance values orders of magnitude below those of the white-colored
regions. Compare Fig. § to the optimal path found in Fig. Bd, and
we find that the CSCP-CRMI sensor placement is such that areas
around the optimal path generally have lower estimation error
covariance. Note that the path does not exclusively follow regions
of minimal covariance. The planning objective is to minimize

cumulative threat exposure; the optimal trajectory occasionally
favors areas with slightly higher estimation uncertainty if the
expected threat intensity in those areas is substantially lower. Note,
crucially, the novelty of this approach: the optimal path is at first
unknown, and the sensor placement and path planning are per-
formed iteratively to arrive at these results.

Figure pH shows the estimation error covariance P of the CSCP-
SMI method. By contrast to Fig. pd for CSCP-CRMI, we note here
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Fig. 7 Mutual information intensity map.

spatially uniform covariance values. This means that in CSCP-SMI,
the sensors are placed in such a way that the error covariances in all
regions of the environment are low compared to CSCP-CRMI.
Whereas this would be of benefit if we were merely trying to map
the threat in the environment, this uniformly low error covariance is
indicative of wasteful sensor placement in the context of path
planning. In the case of CSCP-CRMI, although there are some
regions that are not explored, the outcome of the path-planning
algorithm is still near-optimal.

An intensity map showing the mutual information values for each
grid point from an illustrative example is shown in Fig. []. Notably,
these values are derived with consideration for only a single sensor.
The brown regions represent the areas with higher CRMI values. It
can be observed in Fig. [d that the CRMI regions are more visible
around the vicinity of the path obtained in Fig. Bd. The optimal path,
indicated by blue circles, is overlaid on the CRMI intensity map for
clarity. The sensor is placed at the grid point, here number 49, with a

——CSCP-CRMI
\ ) —— CSCP-SMI
o'\ e

Time (s)

Fig. 8 Comparison of path cost variance between CSCP-CRMI and
CSCP-SMI with Ng = 2.

maximum CRMI value. Similarly, Fig. [ shows the SMI map
representing the mutual information values between the state and
measurement variables. The higher CRMI regions are observed
around the location of the threat parameter, and for this example,
the sensor is placed at the 7 numbered grid point.

Figure B shows a comparison between the path cost variance
Var[J(v})] of the two methods. Note that, for ¢ = 0.1, the CSCP-
SMI algorithm requires 39 iterations to converge, whereas the
CSCP-CRMI algorithm requires only 15 iterations. This indicates
that the number of iterations for the SMI-based method is /60%
larger than CSCP. Figure P shows similarly large differences in
convergence rate for different numbers of sensors.

Figure [[04 shows the variation of path cost variance with varying
the number of sensors. For a specified number of threat parameters,
Np =49 and the grid points N; = 49, better convergence is
achieved with more number of sensors. Using a single sensor will
require a relatively large number of iterations for convergence.

The convergence of the CSCP-CRMI algorithm for different
numbers of threat parameters Np is shown in Fig. [[0B. For
Ng = 2and N; = 81, CSCP converges faster for fewer threat states
(e.g., Np = 9 or 16) compared to, say, Np = 64 or 81.

We also performed comparative analysis for a specific number of
sensors and parameters with varying numbers of grid points. It is
observed that the path cost and the path cost variance remain
unchanged for different numbers of grid points. This result is a
consequence of proper scaling in the path cost formulation, namely,
the scaling of the cost by the grid spacing §.

C. Analysis of Greedy Optimization

A comparative example of sensor placements for Np = 25,
Ng = 25, and Ng = 4 using greedy and nongreedy (true optimal)
is shown in Fig. [[Td. Red circles in the figure indicate sensor
positions with greedy placement, whereas the black circles indicate
true optimal. Note that the two sensor locations in the grid space are

5 Np = 25, Ng =3 and N_f;- =49

107 : et
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o ——GSCP-CRMI |
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I
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Fig. 9 Additional comparison of path cost variance between CSCP-CRMI and CSCP-SMI.
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Fig. 10 Convergence of CSCP-CRMI algorithm for different number of sensors and parameters.

common for both criteria. This is a specific example where greedy
optimization results in the true optimal sensor configuration. For a
submodular function, greedy optimization results in near-optimal
configurations.

Figure [[TH compares the time required to compute the optimal
sensor configuration using the greedy and nongreedy approaches.
The relative computing time is plotted for different combinations of
grid points and number of sensors. As the number of sensors
increases, the relative computation time rapidly decreases, indicat-
ing the computational advantages of the greedy method. A sharp
decrease in the relative computation time is observed, especially as
the number of grid points increases.

A comparison between the CRMI values for greedy and nongreedy
methods is shown in Fig. [Td. The suboptimality bounds described in
Theorem 1 are also shown. As expected, Fig. [Td indicates that the
greedy optimization-based CRMI values lie within these bounds.
Finally, a comparison of the path cost variance is shown in Fig. [Td.
For this specific example and ¢ = 0.1, the nongreedy (true optimal)
method results in 12 CSCP iterations for convergence, whereas the
greedy method requires 16 CSCP iterations.

D. Analysis of Sensor Reconfiguration Cost

The number of threat parameters, sensors, and grid points used
for the analysis are Np = 49, Ny = 3, and Ng = 121, respectively.
Figure 29 shows the comparison between the true and estimated
mean path costs. Initially, both estimated mean path costs are much
lower than the true path cost. This is because there is not much
information about the environment, and the estimator relies heavily
on the “optimistic” prior, which results in threat estimates with small
values. The estimated path costs for both with and without sensor
reconfiguration costs are similar. The CSCP method with a sensor
reconfiguration cost converges in 21 iterations, whereas the method
without considering the sensor reconfiguration cost converges in 20
iterations. The convergence of both CSCP methods is shown by a
path cost variance plot in Fig. [[28. As the iterative process contin-
ues, the path cost variance Var[(j (v})] decreases, and the algorithm

terminates when Var{(J(v})] falls below & = 0.1. Figure [2d shows
the sensor reconfiguration cost values at different time steps. For the

computation of sensor reconfiguration cost, we choose a; = /8
(diagonal distance across the workspace) and a, = 0.01. For

O
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Fig. 11 Comparison between greedy and nongreedy CSCP-CRMI.
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Fig. 13 Comparison between the CSCP method with and without sensor reconfiguration cost.

Ng = 3, the sensor cost is the cumulative sum of the distance

traveled by the three sensors at each iteration.

A comparative example of sensor placements for Np = 49,
Ng = 121, and Ny = 4 using CSCP with and without consideration

of the sensor configuration cost is shown in Figs. [3d and [[3B. Red
circles in the figure indicate sensor positions based on maximizing
CRMI, whereas the black circles indicate sensor locations based on
maximizing the modified CRMI. At k = 19, it can be observed that
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Fig. 14 CSCP iterations for nonuniformly spaced basis functions, with Np = 49, N; = 121, and Ng = 2.

the two sensor locations in the grid space are common for methods.
As expected, when sensor reconfiguration cost is considered, the
new sensor locations (black circles) at k = 20 are relatively closer to
the previous locations at k = 19 as compared to sensor positions
denoted by the red circles across the two iterations. Figure [3d
shows the values of the CRMI and the modified CRMI for different
numbers of sensors.

Finally, although the basis functions used in the previous results
had uniformly spaced centers and nonsignificant intersections in
regions of support, the proposed CSCP method is not restricted by
these assumptions. For instance, Fig. [[4 shows different CSCP
iterations in a threat field constructed using overlapping basis
functions and nonuniformly spaced centers.

E. Computational Complexity

The computational complexity of Algorithm [[] depends on the
complexity of CRMI optimization in line 5 and the number of calls
performed in Dijkstra’s algorithm in line 9. CRMI calculation and
maximization involves determinant and inverse computations, thus
has a time complexity of O(N3). By comparison, the CRMI calcu-
lation for the greedy optimization method has a complexity of
O(Ny). The worst-case time complexity of Dijkstra’s algorithm
implemented with a Fibonacci heap is O(Ng + Nglog(Ng))
[ET]. The complexity of CRMI optimization depends on the specific
algorithm chosen. CSCP addresses scenarios where sensor resour-
ces are limited. Scaling up should then be considered in the context
of the grid size, which may be achieved by relaxation to a continu-
ous workspace and a suitable optimization method, e.g., evolu-
tionary global optimization methods, as previously mentioned.
Further computational efficiency may be achieved via decentralized
estimation, as we had reported earlier in [F]]], albeit with a naive
sensor placement method.

V. Conclusions

In this paper, we discussed a new measure of information gain for
optimal sensor placement to capture the coupling of the sensor

placement problem with a path-planning problem. This measure,
which we call the context-relevant mutual information (CRMI),
addresses the reduction in uncertainty in the path cost, rather than
the environment state. We presented a coupled sensor placement and
path-planning algorithm that iteratively places sensors based on
CRMI maximization, updates the environment threat estimate, and
then plans paths with minimum expected cost. Crucially, we showed
CRMI to be a submodular function, due to which we can apply
greedy optimization to arrive at near-optimal results while main-
taining computational efficiency. We performed a comparative study
between CSCP-CRMI and a decoupled CSCP-SMI method. The
CSCP-SMI method places sensors by maximizing the standard
(path-independent) mutual information of the measurements and
threat state. We showed via numerical simulation examples that
the CSCP-CRMI algorithm converges in less than half as many
iterations compared to the CSCP-SMI algorithm, which indicates a
significant reduction in the number of sensor observations needed to
find near-optimal paths. We also introduced and analyzed a modi-
fied cost function that addresses costs associated with distances
traveled by sensors (i.e., sensor reconfiguration cost) after each
iteration of placement. For future work, we will consider other
real-world sensor constraints such as communication limitations,
energy consumption, and sensor reliability issues.

Appendix A: Technical Proofs

Proof of Proposition 1: By the definition of path-relevant set /C,
for the path vy = {vy, vy,..., v}, the values of ¢, (x,,)~0 for
eachZ = (0,1,...,L) and m & K. Therefore, for all basis functions
m & K, ®(x,,) =0, and by Eq. ([U), P, ~0. By Eq. ([2),
I(J;; z;(q)) =0 at locations in the workspace where the basis
functions ¢,, do not overlap with the path v.

Per the proposed sensor reconfiguration policy, g3 = max,I(J;;
2(q)), sensors are necessarily placed at locations within the regions
of significant support R,;,* defined by ¢,,, for each m € K, i.e.,
within the basis support regions of the basis functions contained
within a path-relevant set. Given the path cost J(v) is known, the
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sensor measurements z(q) within the path-relevant set /C fully
capture the information about the J(v). This shows that the sensor
measurements are conditionally independent given the path cost.
ie, p(zi,z2,... 25 |J) = p(z1 ) p(z2]J) . .. p(zy,|J). Next, we
show that this conditional independence implies submodularity.

Consider two subsets of the sensor configurations, .A and 5, such
that A C B C ¢, where ¢ C {Ns}. By Eq. ([3), we write I(J;.A) =
H(A) — H(A|J) and I(J; B) = H(B) — H(B|J). For any x € ¢\ B,
the marginal CRMI gain due to a sensor placed at x to in addition to
those in sets A and B is

Ayx)=1(J; Aux)—I1(J; A)
=H(Aux)-H(Aux|J)-HA) + H(A|J)

Ag(x) =I1(J;BUx)—1(J;B)
=HBux)—HMBUx|J)-HB)+ HB|J)

By the chain rule of conditional entropy, H(A U x|J) =
H(A|J) + H(x|A,J), and H(BuUx|J) = H(B|J) + H(x|B,J).
Also, the conditional independence of z(gq) given J implies
H(x|A,J) = H(x|B,J) = H(x|J). It follows that

Ay (x) = H(AUXx)—H(x|J)— H(A),
Ap(x) = HBUx) — H(x|J) — H(B)

By the chain rule again, H(A U x) = H(A) + H(x|A) and H(B U
x) = H(B) + H(x|B) from the previous expressions, we obtain
Ay (x) = Hx|A) — H(x|J), and Ag(x) = H(x|B) — H(x|J).
Therefore, the difference in marginal gains is A 4(x) — Ag(x) =
H(x|A) — H(x|B), which must be nonnegative because A C B.
Consequently, I(J; Aux)—1(J;A) = 1(J;BUx) —1(J;B), which
satisfies the submodularity criterion. O

Proof of Proposition 2: The sensor reconfiguration cost function
can be represented as a set function:

S = —_ 1 —_ k*
f(8) =a “%-quSlf}»es{”q"’ q; I}

where S C {Ny} is a subset of sensor indices. Consider two subsets
A and B such that A C B C {Ng} and x € {Ng} \ B. In the rest of
this proof, the symbol j is an index over {Ny}, i.e., j € {Ng}, which
we avoid writing explicitly for notational convenience. Without loss
of generality, we assume a, = 1.

To calculate the marginal costs due to the inclusion of the index x
in either A or B, we note

AUx) =a; — min — g
A ) 1 feMUX}quf qj [

BUx)=a, — min — g
f( ) 1 KE{BUX}“W q; |l

= f(AUx) — f(A) = — min — ¢~ || 4+ min|| g, — ¢~
fAUX) = f(A) feg,iu.q”q" 4; I+ minflg, —gj |

> f(BUx) ~ f(B) =~ min llq, ~ gy | + minllg, - g |

Since A C B, mingesllgs — ¢4 || = mingegllg, — ¢4 | 1t fol-
lows that, for sufficiently large a;, f(A) < f(B). Then we consider
the following three cases:

. . . . . .
lax =g Il < minllg, — g5 || < rf}lelglqu—q, [ @)

. i » . . N
minlige — g; I < llgx — ¢ | < minlig, — 45 | (i)

. i . e e
minflg, - q; |l $I;g£||qf q; | < llgx—4q5 |l (iii)

For case (i) we note
FAUX) = f(A) = minlge = a5 | = llg: = g} Il

- = mi — M|l = |lg. — g&'
fBUx) = f(B) =minllg, —qj | = 4.~ g |

It follows that f(A U x) — f(A) > f(B U x) — f(B). For case (ii)

we note
FAUX) = f(A) = minllg, = g; | = lax =] |

— i k* : K —
fBUx) = f(B) = minlg, — gj || —minllg, —qj | =0

Again, it follows that f(AUx)—f(A) > f(BUx)—f(B).
Finally, for case (iii) we note

JAUX) = f(A) =f(BUx) - f(B) =0

Therefore, the inequality f(AUx)— f(A) = f(BUx)— f(B)
is always true and f is submodular. By Proposition 1 and
the additive property of submodular functions [[9], 1md(q) is
submodular. O

Appendix B: Unscented Kalman Filter for Threat
Estimation

The estimated state parameters and the error covariance of the
system are calculated by an unscented Kalman filter (UKF) [H].
Although the scope of this paper is limited to linear threat field
dynamics, we would like to ensure generality for nonlinear threat
models to be considered in the future. For the reader’s convenience
we provide a brief overview of the UKF here and refer to [H] for
further details.

An augmented state variable @¢_, € RNo+No+Ny jg defined as
0!, =[O0, oI, nl_,]" and 2N + 1 sigma vectors are ini-
tialized using augmented estimated states (:)Z_l and error covariance
P{_, as

ol =100 - 61+ [0 VINFAPL, - /N+DPL ]

The generated sigma vectors are propagated through the process
model as 6,3,{_1 = Aake_l +of{_,, where 6}?_1 and o%_, are the
components of ¢¢ that correspond to the state variables and process
noise, respectively. At time instants where measurements are not
available, the estimated state and error covariance are predicted as

2N
N~ — (m) _©
0, = Zwi O klk—1>
7
S 0 2 5T
— c — —
Py = Z w; (6?k|k—1 - G)k)("?k\k—l - 0y)
7

where W™ and W'? are weights associated with sigma vectors.
After the sensor measurements are taken, the measurement model is
propagated using yy;—; = Cy (q)agk_ | + 67_,. Next, the mean and
covariance of the measurement and the cross-covariance of the state
and measurement are calculated as

N
Z = Z W, ket
7

Y
Py, = Z W,('C)(Yi,k|k—l = 2 Wik — 207
7

2N
P@zk = Z W,(C)(o'?k‘k_l - G);)(yi‘ldk—l - 2;)1—

1
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and the
estimated states @; and covariance Pk are updated as G)k =0, +
Li(zy—2z7) and P, = Py — Ly P, L]

2

Finally, the filter gain is calculated as L; = P@zLPzzlA
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