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Abstract. In the theory of multi-agent systems, deception refers to the
strategic manipulation of information to influence the behavior of other
agents, ultimately altering the long-term dynamics of the entire system.
Recently, this concept has been examined in the context of model-free
Nash equilibrium seeking (NES) algorithms for noncooperative games
[16]. Specifically, it was demonstrated that players can exploit knowledge
of other players’ exploration signals to drive the system toward a “decep-
tive” Nash equilibrium, while maintaining the stability of the closed-
loop system. To extend this insight beyond the duopoly case, in this
paper we conduct a comprehensive study of deception mechanisms in N-
player oligopoly markets. By leveraging the structure of these games and
employing stability techniques for nonlinear dynamical systems, we pro-
vide game-theoretic insights into deception and derive specialized results,
including stability conditions. These results allow players to systemati-
cally adjust their NES dynamics by tuning gains and signal amplitudes,
all while ensuring closed-loop stability. Additionally, we introduce novel
sufficient conditions to demonstrate that the (practically) stable equilib-
rium point of the deceptive dynamics corresponds to a true Nash equi-
librium of a different game, which we term the “deceptive game.” Our
results show that, under the proposed adaptive dynamics with decep-
tion, a victim firm may develop a distorted perception of its competitors’
product appeal, which could lead to setting suboptimal prices.

Keywords: Nash equilibrium seeking - Deception - Oligopoly

1 Introduction

1.1 Motivation

The study of multi-agent systems (MAS) is gaining increasing significance, par-
ticularly in engineering fields such as smart grids, robotics, and machine learning.
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Game theory offers a robust framework for analyzing the strategic interactions
between rational decision-makers in such systems. However, traditional game-
theoretic concepts, such as Nash equilibrium [11], may need to be revisited in
scenarios where agents have access to privileged information. In the context
of learning in games [23], such asymmetry of information can be exploited to
manipulate the system’s long-term behavior, leading to outcomes that benefit
some agents while disadvantaging others. For instance, in the context of Nash
equilibrium seeking in non-cooperative games [1,5], privileged agents can exploit
knowledge of other agents’ exploration policies to interfere with their learning
processes, without altering their own learning capabilities. When this interfer-
ence maintains the overall system’s stability, it can cause the naive agents to
converge to incorrect steady-state models or beliefs . This phenomenon, known
as deception in games, has received significant attention during the last years due
to its potential implications in the context of cyber-security and resilient deci-
sion making in socio-technical systems. Algorithmic deception has been stud-
ied across various domains, including robotics and aerospace control [3,4,6].
Similarly, studies such as [17] propose algorithms for robots to decide when to
deceive, as illustrated in hide-and-seek experiments. While deception can aid
robots in achieving particular goals in non-competitive environments, it has
also been explored in competitive scenarios, such as signaling games [8]. These
concepts are further explored in works investigating deception in multi-agent
systems, offering strategies to counter deceptive signals and attacks [14]. Decep-
tion has also been studied in the context of biological systems [15] and societal
systems [10].

In this paper, we focus on studying deception in Nash equilibrium-seeking
(NES) problems within non-cooperative games. In these scenarios, a finite num-
ber of agents, or players, seek to maximize their individual profits, which depend
not only on their own actions but also on the actions of others. Given the
challenge associated with computation of Nash equilibria [11] in noncooper-
ative games, the study of NES algorithms has become a very hot research
topic. Various algorithms have been designed, including distributed [20-22],
semi-decentralized [2,24] and hybrid [18,19] algorithms. However, in some cases,
the agents do not have precise knowledge of their cost functions, and hence
they must rely on adaptive seeking dynamics that incorporate exploration and
exploitation strategies. To address this, extremum-seeking based NES dynamics
were introduced in [5] and have been extended to stochastic settings [9], systems
with delays [12], nonsmooth algorithms [13], etc. In this setting, agents with
privileged knowledge of the exploration policy used by others can manipulate
their own exploration policy to induce false beliefs in the other agents, making
them take actions that are detrimental for them. Such type of deception was
recently introduced and studied in [16] for a general class of games, establish-
ing conditions that preserve stability in the overall system. In particular, it was
shown that when players in a non-cooperative game implement the model-free
Nash equilibrium seeking (NES) scheme from [5], a player who gains insight
into another player’s exploration policy can manipulate the Nash equilibrium to
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their advantage. The proposed deception mechanism involves an additive and
dynamic modification to the deceiver’s action update, incorporating the victim’s
exploration frequency. This modification is adjusted using first or second-order
dynamics. In the context of duopoly games, deceptive players have been shown
to manipulate the victim’s perception of their sales function. Using an averag-
ing and singular perturbation approach, it was further shown that the proposed
deception mechanisms preserve stability in non-cooperative games with general
nonlinear payoffs, including strongly monotone games. While the results in [16]
were the first to establish dynamic deception through model-free NES dynamics,
their general applicability is constrained by certain assumptions. For example,
the “stability-preserving set” described in [16], a key element in the singular
perturbation analysis, is only guaranteed to cover a small neighborhood around
a specific point. Additionally, although the work in [16] relaxes the diagonal
dominance condition from [5], it does so at the cost of requiring all players to
use identical gains and amplitudes in their NES dynamics.

1.2 Owur Contributions

In this paper, we introduce several new results that relax some of the previous
assumptions considered in the literature [16], and, additionally, we introduce new
results and computations in the context of general N-player N-player oligopoly
markets, such as those studied in [5]. Furthermore, we exploit the structure of the
oligopoly market to derive sharper stability results and characterizations that
quantify the influence of deception in this context. We also provide a broader
estimate for the stability-preserving set in the nominal average dynamics and
offer results that determine when the new equilibrium point under deception
is truly a Nash equilibrium, rather than just an equilibrium, for the deceptive
game. This framework further allows us to consider a more general class of NES
dynamics, where players are permitted to use different gains and amplitudes
in their update laws. The effectiveness of these results are also demonstrated
through numerical simulations.

2 System Model and Oligopoly Formulation

In this section, we describe the types of games considered in this paper, as well
as the model-free deception dynamics.

2.1 NES for the Oligopoly

Consider an N-player noncooperative game, where player ¢ implements action
z; € R and aims to unilaterally minimize their cost function J; : RY — R. We
use [N]:= {1,2,..., N} to denote the set of players, and we let x = [z1,...,zn]"
denote the vector of players’ actions. Similarly we use 2_; € RV~! to denote the
vector of all players’ actions except for the action of player ¢. Given real-valued
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cost functions J;(z;, z_;) : RY — R, for all 4, a policy z* € RY is called a Nash
equiltbrium if it satisfies

vf = argmin Jy(wi, 2%,), Vi€ [N]. ()
T

We define the pseudogradient of the game to be G(x) := [V1J1 (), ..., VN Iy (2)] T
where V;J;(z) is the partial derivative of J;(x) with respect to z;. Given v € R
we use diag(v) € R¥*N to denote the diagonal matrix with i-th diagonal element
given by v;. Since we focus on oligopoly games where each player ¢ controls the
price z; of their own product, the cost functions of interest take the form [5]:

Ji(2(t)) = —si(z(t))(z:(t) —mai) (2)

where m; is the marginal cost of the product generated by the i" player, and s;
is their sales function, which is given by

N
sila) = (8- 2 4 5 B0 ) 5
' i A

Here, Sy is the total consumer demand and R; represents the resistance” that
consumers have towards buying the product offered by firm ¢. In other words,
the desirability of product i is inversely proportional to R;. The quantities R

and R; are given by
N N
1 1 1 1
— = E —, and = = E - (4)
RH — Ry, R; eyt Ry

As in [5], the sales function is motivated by an electrical circuit analogy, illus-
trated in Fig. 1.

S$1 S92 S3
Sd C’T) R1 R2 R3
U1+ 'U,2+ Uus

Fig. 1. Market-circuit analogy borrowed from [5], which models the sales s1, s2, s3 of
a three-player oligopoly as currents in a 3-resistor parallel circuit.

In Fig. 1, the total demand Sy can be thought of as a current generator, the
prices x; are voltage sources, and R; is the resistance towards product i. It is



Deception in Oligopoly Games via Adaptive Nash Seeking Systems 65

also important to note that s;(x)(x; — m;) represents the profit of firm i, but
we define J; as (2) since, without loss of generality, we see J; as a cost to be
minimized by the it* player.

To converge to a neighborhood of a “standard” Nash equilibrium by only
using measurements of their cost J;, players can implement the following model-
free NES dynamics introduced in [5]:

x;(t) = ui(t) + a; sin(w;t) (5a)
umnzgghﬁmﬁnﬁm%n, (5b)

%

where the gains a;, k; > 0 are positive tunable parameters, and the frequencies
w; € Ry are selected to satisfy the following assumption:

Assumption 1. The frequencies satisfy w; # w; for i # j, and w; = wiw;, where
w € Rsp and @; € Qs, Vi € [N].

It is easy to verify that the costs J; can be represented in the quadratic form
R”Sdmi

1
Ji(x) = 2" Qx + b x + o

: (6)

where Q; € RV*Y and b; € RY have entries given by

2A ifj=k=i
(Qiljr = *le‘%k, if j # k and either j =i or k=1 (7a)
0, else
el Sal o p =
[bilk = {%R " (7h)
RiRy’ else

Here, [Qi];r and [b;]x denote the (j, k) entry of Q; and k-th entry of b; respec-
tively. It follows immediately that the pseudogradient of the oligopoly can be
represented in the form G(z) = Qz + B, where @ € RV*N and B € RV satisfy
[Q)i: = [Qi]i: and [B]; = [b;]; for all 4. Here, [E];. denotes row i of matrix E.

2.2 Deception in the Oligopoly

To incorporate deception into the NES dynamics (5), in this paper we consider
the following modified model-free NES algorithm:

Definition 1. Player i € [N] is said to be deceptive towards a set of players
D; C [N]\ {i} if its actions are updated via the following rule:

i(t) = u;(t) + a;sin(wit) + 6;(t) > ax sin(wyt) (8a)
keD;
mmz—ﬁmW@nm%w (8b)

where §;(t) is a tuning deceptive gain that satisfies sup;~q [0;(t)| > 0.
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In addition to knowing the frequency w;, any player who wants to deceive
player ¢ must also know the amplitude a;. While this seem more restrictive than
the deception considered in [16], which only required knowledge of w;, it is in
fact less restrictive since the NES strategy in [16] assumed ay, = a for all k € [N].

In our setting, we assume there are n deceptive players, and the set of decep-
tive player is given by D = {z1, ..., 2z, }. We say player i € D is deceiving n; € [N]
players in D; := {d; 1, ..., di n, } if the parameter J; is updated according to:

(.Si = EEl(Jl(QT) — J;ef)7 e >0, 1€D, (9)

where erf is player i’s desired reference cost. For non-deceptive players, we have
that §; := 0. The full model-free NES dynamics can thus be stated as follows for
all players ¢ € [N]:

2 — u; + a; S%n(wit) +0i X jep, ajsin(w;t) ifi€D (10)
u; + a; sin(w;t) else
2k; .

U; = ——J;(z) sin(w;t), (10b)
a;

Now that the overall game dynamics have been established, we will present our
main results.

3 Main Results
3.1 Stability

Let K; represent the set of players who are deceptive to player j, i.e. K; = {i e
D : j € D;}. Moreover, let § = [6,,,...,d.,]". We define Q(§) € RV*N B(§) €
RY with entries given by

[Q(8)]i: = [Q)i: + Z 0k [Qik: (11a)
T
BO)s =B+ Y 5k;}f—§2. (1)
keK; v

These quantities essentially represent the “perturbed” pseudogradient that
results from deception, which will become more intuitive when we obtain the
averaged system in the stability proof. Before we proceed to the stability anal-
ysis, we define the stability-preserving set:

A={ eR": —KQ(J) is Hurwitz} (12)

where K = diag([k1, ..., kn]T). We can then present our first result, which pro-
vides a somewhat useful “lower bound” on A:

Lemma 1. If 0| < 1, then § € A.
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Proof. By (7a) we already know [Q;]x; = 0 for k € K; and j # ¢, thus for fixed
i we have

N N
5 R) R
ICOINEDS = - (13)
i i Rty Rl
and
fo) R By
0)ii = [Qlii 0kQilki > [Qlii — 16| == > —=. 14
[Q(0)]si = [<] +kz klQilki = [Qlis — | ‘RiRi RE (14)
ex;
The result then follows by the Gershgorin Circle Theorem. O

This estimate is a significant improvement compared to the results of [16],
which only guarantee that A contains a neighborhood of the origin. By exploiting
the structure of the duopoly, we are now able to say that this neighborhood at
least contains the unit ball. To characterize when the deceptive players are able
to properly achieve their desired payoffs via deception, we introduce the notion
of attainability as was presented in [16]:

Definition 2. A vector J" = [JI, ., JI" is said to be attainable if there
exists 0* € A such that:

1. T, (—Q(6%)7'B(6%)) = JI4, ¥V k€ [n].
2. The matriz A(0*) € R™™™ with [A(0%)]jx = V;&x(6%) s Hurwitz, where &

R™ — R is given by &x(0) == €., J., (—Q(6) "1 B(4)).
We let 2 C R™ denote the set of all attainable vectors J™ = [JI¢, .. Jr<]T.

With this definition at hand, we can now state the main result of this paper.
The following theorem characterizes the stability properties of the NES dynamics
with deception:

Theorem 1. Consider the NES seeking dynamics (9) and (10) with J™ € §2,
Ji of the form (2) and w; satisfying Assumption 1 for all i € [N]. Then there
exists €* > 0 such that for all € € (0,e*), there exists a* > 0 such that for
ai,...,an € (0,a*) there exists w* > 0 such that for all w > w* the state ((t) :=
[u(t) 8(t)]" converges exponentially to a O(L+max; a;)-neighborhood of a point
¢ i=[u* 0*]T, provided |C(0) — C*| is sufficiently small.

Proof. To analyze the system, let u(t) = x — u, where x,u are given in (10). In
other words, pu(t) is the vector of sinusoids. We apply the time scale transforma-
tion 7 = wt, and denote fi(7) = p(7/w) and T = 27 xlem{1/@1,1/ws, ..., 1 /0N }.
With standard averaging theory [7], we can compute the average dynamics of
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system (10), whose state we denote as @ € RY:

Oii; 1 [T 2k

5 = ; —?Ji(ﬂ—‘rﬂ(’r)) sin(w;T)dr
- /T Ji(@) + (r) V(@) + () Quilr) Jsin(@,r)dr (15)
= T J, (@) + (T i(@) + AT (7)) |sin(w,;T)dr
2k (T g
-2 [ @) @i+ bar
k;
:—<[Q +Z(5k ikt + [ ])). (16)
w keK;
By combining all u;’s, we obtain the average system
ou 1 — .
=== (—KQ((S)u - KB((S)) . (17)

We can apply the same technique on (10) for ¢ € D:

?’)i = z; & (Ji(a) — e a(r) TV I () + %;1(7)%2z (r ))dT (18)
- ggi (Ji(@) = T + Py([ar, .,an] ")), i€D, (19)

where P; : RV — R is a quadratic function satisfying P;(a) = 0, and can thus be
treated as an O(a) perturbation on compact sets, where a = [ay, ...7aN]T. We
recall that D = {z1, ..., 2, }. By setting 7* = e7 and J* (@) = [/, (@), ..., Jo, (@)] T,
the entire system can be represented as

- o1 o B
o | _ L ~KQ(d)a — KB(b)
o) w [diag(ezl, s €2,) (I (@) — JF) +0(a). (20)
ar*
If we disregard the perturbation in (20), the resulting system is a singularly
perturbed system with quasi steady state h(d) = —Q(6) 'B(d) and reduced
dynamics given by
85_1 *( AN\—1712(%5 ref
Ao = —diag(eay,es,) (17(-Q0) BE) - ). (21)

Since J™f € (2, it follows that (21) has an exponentially stable equilibrium point
0* € A. Moreover, by denoting y = @ — h(J), we obtain the boundary layer
system

oy — =

= =—-KQ(d 22
L~ KTy (22)
where the origin is exponentially stable uniformly in any compact set contained
in A. Hence the unperturbed system (20) has an exponentially stable equilib-

rium point ¢* = [u* §*]T where u* = —Q(6*)~1B(6*). By standard robustness
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results for systems with small additive perturbations, we can find a* > 0 such
that for max; a; € (0,a*), ¢ converges exponentially to a O(max; a;) neighbor-
hood of ¢* provided |¢(0) — ¢*| sufficiently small. Then, by standard averaging
results for ODEs [7, Thm 10.4] we prove the claim for w sufficiently large. O

Even though this proof is similar to that of the main result in [16], we include
it here to account for the generalization of allowing distinct k; and a;. While
this result is quite useful, one main concern is computing the set {2. A relatively
straightforward method for computing {2 when |D| = |D,,| = 1 is presented in
[16], but in general it is a challenging problem. One promising approach is to
use Lemma 1 to evaluate a “lower bound” for J;(—Q(8)~'B(5)) and then use
numerical methods to approximate A(4) for |§] < 1.

3.2 Intuition Behind Deception

In [16], it was shown that deception via (10) essentially transforms the duopoly
into a deceptive game with deceptive costs that manipulate the victim’s seeking
dynamics into misinterpreting their sales function s;(z), so it is of interest to
generalize this intuition to the N-player oligopoly. We first recall the definition
of a deceptive game from [16]:

Definition 3. Given a non-cooperative game {J;}ic|n), we say that {ji}ie[N] is
a deceptive game if there exists a nonempty subset D C [N] such that for each
i € D there exists a function o; : RN=! - R, a nonempty set K; C [N]\ {i} and
scalars 6, #0 Yk € K;, such that J; satisfies:

Ji(x) = Ji(x) + oi(z_;) Zék/ Vidi(y, z—;)dy, (23)

keK;
for all z € RN. If i & D, then J;(z) = Ji(z).

In other words, this definition captures the effect of deception by framing the
emerging behavior of the system as a standard Nash equilibrium-seeking problem
parameterized by costs {.J; }iein)- That is, the game with costs {J;}icn) under
the deceptive NES dynamics (10) will exhibit the same asymptotic behavior as
a standard non-cooperative game with costs {ji}ie[N] and players implement-
ing the deception-free NES dynamics (5). We can then use (23) to compute a
deceptive game for the oligopoly market scenario:

; "R
Ji(x) = Ji(z) + oi(x_i) = Y _ 6 /O RiRk(y—mi)dy (24)
keK;

6kR xX;
= —s;(x)(x; —my) + oi(x—y) — Z QRE% (x; — 2m;) . (25)

keK; ik

If we set Rim?
I UL Ok

oilri) === 7 o (26)

ke,
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we finally obtain

Ji(z)

I
|
VRS
>
&
N—

Ryz; O Rym; O
+ 2R, Z Rk) (i —mi) + (zi —my) 2R, Z R4(27)

" keK;
Doy b ) —m,). (25)

Y kek;

Il
|
VR
>
&
+

When comparing (28) with (2), we can observe that player ¢ now has a é-inflated
sales function, which is highly reminiscent of the duopoly analysis from [16]. If we
reasonably assume that x; > m;, then % Zkelci 1‘;—’; > 0 implies that player ¢’s
NES dynamics behave as if their sales are greater than they really are. This will
result in player ¢ increasing their price x; to increase their payoff, even though
in reality it might harm their profits. Similarly, if % Zkelci %‘; < 0, player i’s
strategy will behave as if their sales are lower than their true value. This will
result in player ¢ decreasing their price x;, which could potentially harm their
profits.

Remark 1. Another useful observation is the term g—", which indicates that a

firm with a more desirable product will wield more mﬂuence as a deceiver.

Although the “deceptive game” view adds some intuition behind how decep-
tion affects the players’ behavior, one of the main drawbacks is that the variabil-
ity of o; may lead to conflicting interpretations. Hence, we present an alternate
and somewhat consistent viewpoint that captures the effect of deception on
player i’s estimate of their gradient V;.J;. From (23) we have:

Vidi(z) = ViJi(z) + Z 0k Vi Ji(x)
keK;

= ([Qz}z + Z 5k[Qi]k:> x+ ([bz]z + Z 5k[bi]k>
keki kek;

However, note that [Q(d)];; = [Q:li; for i # j, and we also have

Q)]s = [Qilii + Y 6k[Q

kek;
R;R; kek; R; Ry,

R|<i Z ) (29)

keK;
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and

_ MR SdRH miR
([bl]z + Z (5k[bz]k> = *ﬁ R, Z RiRk

keK; v kekK;

M ( _ Z > SdR” (30)

Both cases seem to indicate that when player i is belng attacked, their NES
dynamics “learn that the total debirability of the other players’ products is
given by = & =D rek, }‘;—k instead of -

This means that whenever Zke K R > 0 holds, player i believes the other
player’s products to be less desirable than they really are, which would lead
to player i increasing their price x;. Similarly, when }, - K 1%- < 0, player ’s
NES dynamics will overestimate the desirability of the other players’ products,
leading to player i lowering their price. Alternatively, one can also make the
following observation:

E%_ oy f+zl‘5k (31)

R
keK; k JEKU{i} kelC;

which suggests something slightly more intricate. In particular, although (29)
and (30) provide some insight into how the players in IC; collectively alter the
beliefs of player i, equation (31) indicates the degree to which each deceptive
player affects player i’s estimate of the desirability of that deceptive player’s
product. Just as we have seen before, the term Rik implies that the desirability
of a firm’s product can amplify their ability to deceive.

So far, we have observed that when firms in an oligopoly implement the
deceptive NES strategy (10), the asymptotic behavior aligns with that of a
game parameterized by costs {ji}ie[N] with firms implementing the deception-
free NES dynamics (5), but it is also of interest to ask if the new “deceptive”
equilibrium point is actually a Nash equilibrium of the deceptive game {J;}ie[ N]-
The following result provides some sufficient conditions to answer this question.
We present the proof for completeness:

Theorem 2. Consider the N—player oligopoly with costs J; of the form (2).
Let 6 € {§ € R" : 0 < [§] < 2 and Q(9) is invertible} and let {ji}ie[N] be a
corresponding deceptive game. Then, the point u* = —Q(8)"'B(d) is a Nash
equilibrium of the deceptive game {j‘}ie[N]

Proof. Since the pseudogradient of the deceptive game satisfies G(z) = Q(6)z +
B(6), it is easy to verify that if Q(d) is invertible, the first order condition [1] for
u* to be a Nash equilibrium is satisfied. We also have

Q)]s = [Qlii + Y, 0r[Qilri > [Qlii — 9] R>o (32)
keK; Z 7

since 0] < 2. Thus, the second order condition [1] is satisfied, which implies u*
is a Nash equilibrium of the deceptive game {J; }ic[n- O
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Fig. 2. The price convergence for a three player oligopoly, where we use z* and xs to
denote the true Nash equilibrium and the deceptive Nash equilibrium, respectively.

4 Numerical Results

To further illustrate our theoretical results, we present a three-firm oligopoly
example with parameters Ry = 0.67, Ry, = 0.36, R3 = 0.8, m; = 20, mo =
29, m3 = 30 and Sy = 100. It is simple to check that this game has Nash equilib-
rium o = [49.55,57.13,47.9] " and steady state costs J;(xg) = —950.7, Jo(z0) =
—1092, and Js(zp) = —239.2. For the NES dynamics, the players use a; =
0.04,k1 = 0.02,w; = 6346,a2 = 0.03,k2 = 0.019,wy = 4089,a3 = 0.05,
ks = 0.22, and w3 = 6115. Now we let player 1 be deceptive to player 3, where
player 1 tunes §; according to (9) with ¢ = 1074, & = 1 and Ji*f = —1200
(recall that for our algorithm, we treat J; as a cost to be minimized). Moreover,
we have

[ 2.18 —0.75 —0.34 00 0

9(6) = |-0.75 2.76 —0.63| =4 [00 0 (33a)
| —0.34 —0.63 2.18 000.34
[—48.82 0

B(6)=[-9034 +6| 0 (33b)
| —51.65 10.14

By numerically solving J;(—Q(6*) 1B(6*)) = Ji*! we obtain §* = 2.486 € A.
Moreover, we have Z.J;(—Q(8)~1B(0))[s=s~ = —190 < 0, so Ji*f € Q2. For a
more intuitive illustration, we will only plot the profits P; = —J;. As we see in
the plots, player 1 is able to force the dynamics to converge to a neighborhood
of a point x5 that achieves Ji(xs5) = Ji*f. Moreover, we notice that the decep-
tion mechanism causes player 3 to increase their price x3 significantly, which is
consistent with our observations from (28), (29) and (30) since 6] > 0.
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Fig. 3. Left: The profit convergence for a three player oligopoly, where P; = —J; and
Pref = — it Right: The corresponding trajectories of §; when player 1 deceives player
3.

5 Conclusion

In this work, we performed a comprehensive study that applied the deception
mechanism from [16] to an N-player oligopoly market. By leveraging the struc-
ture of the basic two-market duopoly, we establish stability for our proposed
deception mechanism in which N players have different gains and exploration
amplitudes for their NES dynamics. Moreover, the diagonal dominance property
of the duopoly game allows us to derive an improved estimate on the “stability-
preserving set” and quantify when the deceptive Nash equilibrium is actually a
NE for the corresponding oligopoly class of deceptive games. It was also shown
that the deception mechanism can be economically interpreted as an artificial
inflation (or deflation) of the desirability of the deceivers’ product learned by the
victim. Future research directions will characterize how the structure of the inter-
action graph between players (encoded on how the cost function J; depends on
the actions of the other players) affects the emerging deceptive Nash equilibrium
and its stability properties. It is also of interest to study stochastic and hybrid
(involving continuous-time and discrete-time dynamics) deception mechanisms.

References

1. Bagar, T., Olsder, G.J.: Dynamic Noncooperative Game Theory. STAM (1998)

2. Belgioioso, G., Grammatico, S.: Semi-decentralized Nash equilibrium seeking in
aggregative games with separable coupling constraints and non-differentiable cost
functions. IEEE Control Syst. Lett. 1(2), 400-405 (2017)

3. Davis, A.: Deception in game theory: a survey and multiobjective model. Air Force
Institute of Technology Scholar, Theses and Dissertations (2016)

4. Dragan, A., Holladay, R., Srinivasa, S.: Deceptive robot motion: synthesis, analysis
and experiments. Auton. Rob. 39(3), 331-345 (2015). https://doi.org/10.1007/
s10514-015-9458-8


https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8
https://doi.org/10.1007/s10514-015-9458-8

74

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

M. Tang et al.

. Frihauf, P., Krstic, M., Basar, T.: Nash equilibrium seeking in noncooperative

games. IEEE Trans. Autom. Control 57(5), 1192-1207 (2012). https://doi.org/10.
1109/TAC.2011.2173412

. Ho, E., Rajagopalan, A., Skvortsov, A., Arulampalam, S., Piraveenan, M.: Game

theory in defence applications: a review. Sensors 22(3), 1032 (2022)

. Khalil, H.K.: Nonlinear System. Prentice Hall, Upper Saddle River, NJ (2002)
. Kouzehgar, M., Badamchizadeh, M.A.: Fuzzy signaling game of deception between

ant-inspired deceptive robots with interactive learning. Appl. Soft Comput. 75,
373-387 (2019)

. Liu, S.J., Krsti¢, M.: Stochastic Nash equilibrium seeking for games with general

nonlinear payoffs. STAM J. Control. Optim. 49(4), 1659-1679 (2011). https://doi.
org/10.1137/100811738. https://doi.org/10.1137/100811738

Mitchell, R.W., Thompson, N.S., et al.: Deception: Perspectives on Human and
Nonhuman Deceit. SUNY Press (1986)

Nash, J.: Non-cooperative games. Ann. Math.54(2), 286-295 (1951). http://www.
jstor.org/stable/1969529

Oliveira, T.R., Rodrigues, V.H.P., Krsti¢, M., Basar, T.: Nash equilibrium seeking
in quadratic noncooperative games under two delayed information-sharing schemes.
J. Optim. Theor. Appl. 191(2), 700-735 (2021)

Poveda, J.I., KrstiA7 M., BaAar, T.: Fixed-time Nash equilibrium seeking in time-
varying networks. IEEE Trans. Autom. Control 68(4), 1954-1969 (2023). https://
doi.org/10.1109/TAC.2022.3168527

Santos, E., Li, D.: On deception detection in multiagent systems. IEEE Trans.
Syst. Man Cybern. Part A Syst. Hum. 40(2), 224-235 (2010). https://doi.org/10.
1109/TSMCA.2009.2034862

Smith, E.O.: Deception and evolutionary biology. Cult. Anthropol. 2(1), 50-64
(1987)

Tang, M., Javed, U., Chen, X., Krstic, M., Poveda, J.I.: Deception in Nash equi-
librium seeking (2024). https://arxiv.org/abs/2407.05168

Wagner, A.R., Arkin, R.C.: Acting deceptively: providing robots with the capacity
for deception. Int. J. Soc. Robot. 3, 5-26 (2011)

Wang, X.F., Sun, X.M., Teel, A.R., Liu, K.Z.: Distributed robust Nash equilibrium
seeking for aggregative games under persistent attacks: a hybrid systems approach.
Automatica 122, 109255 (2020)

Xu, W., Wang, Z., Hu, G., Kurths, J.: Hybrid Nash equilibrium seeking under
partial-decision information: an adaptive dynamic event-triggered approach. IEEE
Trans. Autom. Control 68(10), 5862-5876 (2023). https://doi.org/10.1109/TAC.
2022.3226142

Ye, M., Han, Q.L., Ding, L., Xu, S.: Distributed Nash equilibrium seeking in games
with partial decision information: a survey. Proc. IEEE 111(2), 140-157 (2023)
Ye, M., Hu, G.: Distributed Nash equilibrium seeking by a consensus based app-
roach. IEEE Trans. Autom. Control 62(9), 4811-4818 (2017)

Yi, P., Pavel, L.: An operator splitting approach for distributed generalized Nash
equilibria computation. Automatica 102, 111-121 (2019). https://doi.org/10.
1016/j.automatica.2019.01.008.  https://www.sciencedirect.com/science/article/
pii/S0005109819300081

Young, H.P.: Strategic Learning and Its Limits. OUP Oxford (2004)

Zou, S., Lygeros, J.: Semidecentralized zeroth-order algorithms for stochastic gen-
eralized Nash equilibrium seeking. IEEE Trans. Autom. Control 68(2), 1237-1244
(2022)


https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1109/TAC.2011.2173412
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
https://doi.org/10.1137/100811738
http://www.jstor.org/stable/1969529
http://www.jstor.org/stable/1969529
http://www.jstor.org/stable/1969529
http://www.jstor.org/stable/1969529
http://www.jstor.org/stable/1969529
http://www.jstor.org/stable/1969529
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TAC.2022.3168527
https://doi.org/10.1109/TSMCA.2009.2034862
https://doi.org/10.1109/TSMCA.2009.2034862
https://doi.org/10.1109/TSMCA.2009.2034862
https://doi.org/10.1109/TSMCA.2009.2034862
https://doi.org/10.1109/TSMCA.2009.2034862
https://doi.org/10.1109/TSMCA.2009.2034862
https://doi.org/10.1109/TSMCA.2009.2034862
https://doi.org/10.1109/TSMCA.2009.2034862
https://arxiv.org/abs/2407.05168
https://arxiv.org/abs/2407.05168
https://arxiv.org/abs/2407.05168
https://arxiv.org/abs/2407.05168
https://arxiv.org/abs/2407.05168
https://arxiv.org/abs/2407.05168
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1109/TAC.2022.3226142
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://doi.org/10.1016/j.automatica.2019.01.008
https://www.sciencedirect.com/science/article/pii/S0005109819300081
https://www.sciencedirect.com/science/article/pii/S0005109819300081
https://www.sciencedirect.com/science/article/pii/S0005109819300081
https://www.sciencedirect.com/science/article/pii/S0005109819300081
https://www.sciencedirect.com/science/article/pii/S0005109819300081
https://www.sciencedirect.com/science/article/pii/S0005109819300081
https://www.sciencedirect.com/science/article/pii/S0005109819300081
https://www.sciencedirect.com/science/article/pii/S0005109819300081

	Deception in Oligopoly Games via Adaptive Nash Seeking Systems
	1 Introduction
	1.1 Motivation
	1.2 Our Contributions

	2 System Model and Oligopoly Formulation
	2.1 NES for the Oligopoly
	2.2 Deception in the Oligopoly

	3 Main Results
	3.1 Stability
	3.2 Intuition Behind Deception

	4 Numerical Results
	5 Conclusion
	References


