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Inspired by the hunt for new phases of matter in quantum mixed states, it has recently been
proposed that the equivalence of microcanonical and canonical ensembles in statistical mechanics
is a manifestation of strong-to-weak spontaneous symmetry breaking (SWSSB) in an underlying
many-body quantum description. Here, we build an effective field theory for SWSSB of a global U(1)
symmetry; the answer exactly reproduces the Schwinger-Keldysh effective field theory of diffusion
for the conserved charge. We conclude that hydrodynamics can be understood as a theory of
“superfluidity” for the broken strong symmetry: a non-vanishing susceptibility is a measurable
order parameter for SWSSB, the diffusion mode is the Goldstone boson of the spontaneously broken
continuous symmetry, and a generalization of Goldstone’s Theorem implies that the diffusion mode
is always long-lived. This perspective provides a transparent physical explanation for the unusual
“reparameterization” symmetries which are a necessary ingredient of Schwinger-Keldysh effective
field theories for “normal fluids”.

1. INTRODUCTION

Hydrodynamics describes the dynamics of generic in-
teracting many-body systems on long time and length
scales. The degrees of freedom in hydrodynamics are
conventionally said to be associated to all of the con-
served quantities in the system, such as charge, energy
or momentum, together with Goldstone bosons for any
spontaneously broken symmetries. The past decade has
seen a resurgence of work [1–5] on hydrodynamics as
a formal effective field theory (EFT), built systemati-
cally from a Lagrangian made out of symmetry-invariant
building blocks. For the simplest theories of hydrody-
namics, such as Fick’s Law for the diffusion of a sin-
gle conserved U(1) charge, this EFT reproduces well-
established physics. In more exotic theories [6–11], such
EFT principles have played a critical role in carefully
analyzing and understanding the possible hydrodynamic
phenomena consistent with nontrivial spacetime symme-
tries and their spontaneous breaking.
Let us review, at a high level, the way that the EFT of

hydrodynamics works, for the simplest theory of a con-
served U(1) charge; we follow the discussion of [1]. The
concrete goal of the EFT is to calculate correlation func-
tions of the conserved U(1) current Jµ = (n,J), which
obeys ωµJµ = 0. Our goal is to calculate a generating
function, which takes the schematic form

Z[A1, A2] = tr
[

ρei
∫
JµAµ1e−i

∫
JµAµ2

]

, (1)

where ρ represents the thermal density matrix, and we
have introduced two probe fields A1,2 because (1 ) hy-
drodynamic correlation functions are often probed using

∗ andrew.j.lucas@colorado.edu

retarded Green’s functions, which are defined in terms of
unequal time commutators which cannot be calculated
in a time-ordered path integral, and (2 ) mixed state ρ
involves both a bra and a ket, which each are sourced
separately. This is the standard Schwinger-Keldysh for-
malism. The key insight of the EFT is that the presence
of gapless hydrodynamic modes renders this generating
functional nonlocal in space and time. To obtain a local
EFT, one integrates in two scalar fields φ1,2:

Aµα → Aµα + ωµφα (α = 1, 2). (2)

The EFT asserts that

Z[A1, A2] =

∫

Dφα eiS[Aα+∂φα], (3)

where S is now a local functional that includes all allowed
terms subject to various symmetries and/or constraints.
Most of these constraints are relatively well-motivated;
here we will focus on the one which, in our view, is not.
The standard prescription in the literature has been to
demand that

S[φ1,φ2] = S[φ1 + c1 + f(x),φ2 + c2 + f(x)] (4)

where c1,2 are constants, but f(x) is an arbitrary time-
independent function. The f(x)-shift symmetry, which
we will refer to as a reparameterization symmetry, is to
be imposed so long as the U(1) symmetry is not sponta-
neously broken – i.e., in a normal fluid phase. In contrast,
if we study a U(1) superfluid phase, then we demand only
the constant c1,2 shift symmetries. It is clear from the
form of the EFT, which we will review later, that this
prescription is the right one, but its physical motivation
has appeared relatively ad hoc.
The purpose of this paper is to explain a clear physical

origin for the reparameterization symmetry. Our key in-
sight comes from recent literature [12–27] which uses in-
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sight from quantum information theory and (symmetry-
protected) topological phases of quantum matter to clas-
sify mixed states. A first crucial observation is that in a
mixed state ρ with symmetry G, there are two different
ways to implement that symmetry. Letting U represent
a unitary matrix representing one of the elements of G,
we say that ρ is strongly symmetric if

Uρ = eiθρ, ρU−1 = ρe−iθ, (5)

and any choice of U at most transforms the state ρ by a
phase. In contrast, we could also have a weak symmetry:

UρU−1 = ρ, (6)

but (5) does not hold. If we study quantum dynamics on
a pure state |ψ〉, generated by symmetric Hamiltonian H
obeying [H,U ] = 0, then the generator of time evolution
on the mixed state ρ is strongly symmetric.
The hydrodynamic EFT for the conserved U(1),

sketched above, describes the relaxation to a thermal
state, such as

ρµ = Z−1e−µQ, (7)

where Z is the partition function and Q represents a con-
served U(1) charge, i.e. the generator of the global U(1)
symmetry. It is easy to see that ρµ is weakly symmetric:
eiαQρµe−iαQ = ρµ; it is not, however, strongly symmet-
ric: eiαQρµ #= eiθρµ, since the grand canonical ensemble
averages over different charge sectors.
Statistical mechanics tells us that the hydrodynamic

EFT generically applies even if we start in an initial state
with known global charge: namely, the initial state does
have strong symmetry. This can be understood as the
statement that physics is insensitive to the microcanon-
ical vs. (grand) canonical ensemble in the thermody-
namic limit, which has a nice interpretation in quantum
many-body systems via the eigenstate thermalization hy-
pothesis [28, 29]. In any pure state where the diffusive
hydrodynamic EFT applies, we must have [H,U ] = 0
for any U ∈ U(1), so we conclude that: (1 ) the mixed
state dynamics must be strongly symmetric; (2 ) the state
to which we locally relax (i.e. which captures local cor-
relation functions) is not invariant under strong symme-
try. Taken together, these two facts imply that a symme-
try has spontaneously broken, and we will call this phe-
nomenon strong-to-weak spontaneous symmetry break-
ing (SWSSB) [26, 27].
This paper synthesizes the story of SWSSB with the

EFT of hydrodynamics, focusing on the simplest case of
diffusion for clarity, although our punchline should di-
rectly generalize to other hydrodynamic models. Our
key observation, which we will carefully and pedagog-
ically motivate, is that SWSSB quantitatively justifies
the reparameterization symmetry of the EFT, providing
a physical justification for the one “mysterious” aspect
of the prescription of [1]. Aspects of this idea, in partic-
ular an identification of broken strong symmetry in hy-
drodynamics, can be found in earlier work [30–32]. Our

paper will start by deducing the most general effective
field theory for “superfluidity” in a theory with SWSSB,
and derive the corresponding EFT, which exactly repro-
duces hydrodynamics [1]. Along the way, we will also
propose a physical interpretation for the integrated-in φ
fields as quantum channels, which may be of independent
interest.
Our work also provides a concrete answer to a puz-

zle raised in [26, 27]: if a continuous symmetry has
SWSSB, is there an analogue of Goldstone’s Theorem?
Our answer is affirmative: we will see that the hydrody-
namic diffusion mode of the EFT is precisely the Nambu-
Goldstone boson of SWSSB. The “gaplessness” of this
mode is mandated by an appropriate generalization of
Goldstone’s Theorem to SWSSB.
For the rest of the paper, we have aimed to present a

pedagogical understanding of these conclusions. In Sec-
tion 2, we first review the EFT of spontaneous symme-
try breaking (SSB) in pure states. Section 4 then uses
these reviewed methods to define and interpret SWSSB in
mixed states. Section 5 then builds an EFT for SWSSB,
which is easily seen to reproduce diffusion, along with the
hydrodynamic EFT of [1], while Section 6 briefly remarks
on the derivation of dissipative superfluid hydrodynam-
ics when both strong and weak symmetries spontaneously
break.

2. REVIEW: SSB IN PURE STATES

We first review the established theory of SSB in a pure
state of a quantum system in d spatial dimensions. For
simplicity we will assume rotational symmetry, although
it could be straightforwardly relaxed. Suppose that we
have a HamiltonianH which is invariant under symmetry
group G: the unitary U(g) obeys [H,U(g)] = 0 for all
g ∈ G. If |ψ〉 is an eigenstate of H , we say that |ψ〉
exhibits SSB if and only if

U(g)|ψ〉 #= eiθ|ψ〉 (8)

for some real θ. In words, the state |ψ〉 is not invariant
under the symmetry group of the dynamics (i.e. Hamil-
tonian).
Of interest to us will be SSB of a continuous symmetry.

The simplest choice is then to consider G = U(1), with

Q =

∫

ddx n(x) (9)

the generator of the symmetry group: U(α) = eiαQ rep-
resents G on the Hilbert space. Here Q denotes total
charge, while n denotes charge density. If

|ψ〉 #= |ψα〉 := U(α)|ψ〉, (10)

then there should be some physical observable A that
distinguishes the two states:

d

dα
〈ψ|e−iαQAeiαQ|ψ〉

∣

∣

∣

∣

α=0

= −i〈ψ|[Q,A]|ψ〉 #= 0. (11)
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We will take A = eiφ, where φ is a canonical conjugate
of the charge density,

[φ(x), n(y)] = iϕ(d)(x− y). (12)

Since U(1) is compact, φ ∼ φ + 2π, so only A is well-
defined – strictly speaking, (12) is not. From (9), (11)
and (12),

〈ψα|eiφ(x)|ψα〉 = Ce−i(α−α0). (13)

up to an integration constant α0. The constant here
C > 0 when there is SSB, while if C = 0 the state is
symmetric.
We can now deduce an EFT for these degrees of free-

dom. From (12), n and φ are canonical conjugates, so we
can write a “Hamiltonian” effective theory by choosing
Lagrangian

L = nωtφ−H(n,∇n,∇φ, . . .). (14)

Due to the freedom to shift integration constant in (13),
L must be invariant under the shift symmetry

φ→ φ+ α0, (15)

and this is why H cannot depend on φ. The shift symme-
try (15) is the nonlinear realization of U(1) in the EFT.
If C > 0 in (13), then (assuming translation symmetry

of the states |ψα〉) the integration constant α0 can only
be chosen once, and must be the same for all x. At lowest
order in derivatives, the effective Hamiltonian is

H = ε(n) +
K(n)

2
(∇φ)2 + · · · . (16)

and only depends on ∇φ. Alternatively, we note that H
must be invariant under the U(1) transformation (15) in
order for the charge density n to be the corresponding
Noether charge density. Having fixed H, it is conven-
tional to then integrate out n, which enforces

ωtφ = µ ≡
dε

dn
. (17)

Here µ is the chemical potential; (17) is the first law of
thermodynamics (at zero temperature). Presuming that
we can invert the thermodynamic relation to express n
in terms of µ, we then obtain an EFT for a superfluid
phase. Expanding around the background φ = µ0t+ φ̃,

L =
χ

2
(ωtφ̃)

2 −
K0

2
(∇φ̃)2 + · · · . (18)

where we defined the positive constants K0 = K(µ0),
and χ−1 = ε′′(µ0) is the charge susceptibility.
In contrast, when C = 0 and we do not have SSB,

then we must set K0 = 0. After all, if C = 0, then
α − α0 in (13) is ill-defined and can take on any value.
When we build an EFT around such a normal fluid state
with C = 0, which does not have SSB, we must impose

a stronger symmetry than (15): the reparameterization
symmetry

φ→ φ+ f(x) (19)

for any t-independent function f . This enforces that
H = H(n) does not depend at all on φ, which is in
turn a consequence of the fact that (outside of a “healing
length”) there is no energy penalty to phase fluctuations
in a normal fluid. The resulting Hamiltonian EFT is
therefore trivially integrable: ωtn = 0 and ωtφ is inde-
pendent of t. If the system is anomalous, there is an
additional term Lanom ∼ cωtφωxφ in d = 1 spatial di-
mension, that is allowed, as it shifts by a total derivative
under (19); see Appendix A. Since we are not interested
in the anomaly, we will set the coefficient c = 0 for the
remainder of the paper.
The Mermin-Wagner Theorem [33] tells us that this

EFT of superfluidity is, at zero temperature, only valid
in d > 2 spatial dimensions. Using the leading order
EFT, we calculate

∫

dt 〈φ̃(x, t)φ̃(0)〉 ∝
∫

ddk
eik·x

k2
∼ |x|−(d−2), (20)

with log |x| in d = 2, which implies that if d ≤ 2, cor-
relation functions of φ grow with distance and hence φ
cannot be long-range ordered at different points in space.
While this is commonly taken to demonstrate the absence
of SSB, we note that there do exist EFTs of SSB phases
without long-range order [10, 11], and so this “lore” is
incorrect in general.
It is not accidental that (18) describes a gapless degree

of freedom – the Nambu-Goldstone boson, with disper-
sion relation

ω ≈ ±

√

K0

χ
|k|. (21)

The existence of this mode is guaranteed by Goldstone’s
Theorem, which can be understood as follows. Using
(12),

∫

ddx GR
nA(x, t) = iΘ(t)

∫

ddx 〈[n(x, t), A(0, 0)]〉

= iΘ(t)〈[Q,A(0)]〉 = iΘ(t)〈A〉. (22)

Here A = eiφ, and expectation value is taken in the state
|ψα=0〉, for example, with real 〈A〉. This implies that

GR
nA(k = 0,ω) =

(

iπϕ(ω)−
1

ω

)

〈A〉. (23)

The singular structure in the spectral weight of this
Green’s function at ω = 0 necessitates the existence of
a gapless mode (21) in the spectrum independently of
microscopic details.
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3. SWSSB FROM MIXED STATES

We now turn to the problem of SWSSB in mixed states.
In this section, we first describe a short argument for
SWSSB from a single-copy Hilbert space.
Suppose our system undergoes dynamics (e.g. time-

evolution by a Lindbladian) which is invariant under a
strong continuous symmetry G. In the case of interest
where G = U(1), this corresponds to dynamics where
the particle number is separately conserved in both the
system and environment. We will restrict to G = U(1)
in the remainder of the paper. If ρ is a steady state of
the dynamics, we say that ρ exhibits SWSSB if and only
if the weak symmetry is preserved,

U(α)ρU(α)−1 = ρ, (24)

and the strong symmetry is broken,

U(α)ρ #= eiθρ, (25)

with U(α) = eiαQ and Q defined as in (9).
For any steady state density matrix ρ, the family of

states

ρα =
1

Tr(eαQρ)
eαQρ (26)

are also steady state density matrices. If ρα #= ρ, then
there should be a local operator A whose expectation
value distinguishes the two states:

d

dα
〈A〉α

∣

∣

∣

∣

α=0

=
d

dα

Tr(Aρα)

Trρα

∣

∣

∣

∣

α=0

= Tr(AQρ)− TrQρTrAρ

= 〈AQ〉 − 〈A〉〈Q〉

=
1

2
〈{A,Q}〉 − 〈A〉〈Q〉

(27)

where the last expression follows because [Q, ρ] = 0, i.e.
the weak symmetry is unbroken. If we take A = n to
be the local charge density, we see that this quantity
can be understood as the charge susceptibility χ. The
charge susceptibility can therefore be identified with the
order parameter of SWSSB: a nonvanishing charge sus-
ceptibility implies that ρα #= ρ, indicating that the strong
symmetry is spontaneously broken.
We now deduce the analogue of Goldstone’s Theorem

for SWSSB. Using (9) and the fact that Q = Q(t) is
conserved, let us rewrite the susceptibility as

χ =
1

2
〈{n(0), Q(t)}〉 − 〈n〉〈Q(t)〉

=

∫

ddx
1

2
〈{n(0), n(x, t)}〉 − 〈n〉2

=

∫

ddx
1

2
〈{n(0)− n̄, n(x, t) − n̄}〉

=

∫

ddx GS
nn(x, t)

(28)

where GS
nn is the symmetric Green’s function. Fourier

transforming in time, we obtain

2πχnnϕ(ω) = GS
nn(k = 0,ω). (29)

We see that a nonvanishing susceptibility implies a non-
trivial pole structure for the symmetric Green’s function
GS

nn. In Section 5, we will demonstrate how this struc-
ture is reflected in the effective field theory.

4. SWSSB IN A “DOUBLED” HILBERT SPACE

To make contact with the effective field theory and
identify the Goldstone mode, it will be useful to pass
from mixed state density matrices to pure states on the
“doubled Hilbert space”:

|a〉〈b| → |ab), (30)

where |ab) ≡ |a〉⊗ |b〉∗ with |b〉∗ being the complex conju-
gation of the state |b〉. The parentheses bra-ket notation
emphasizes that we are in the doubled Hilbert space. The
inner product on the doubled Hilbert space is

(ρ1|ρ2) = tr
(

ρ†1ρ2
)

. (31)

We will also define left (L) and right (R) operators that
act as follows:

AL|ab) := A|a〉〈b|, (32a)

BR|ab) := |a〉〈b|BT, (32b)

where we used the map |a〉 ⊗ B|b〉∗ → |a〉〈b|BT. Phys-
ical dynamics in the doubled Hilbert space, in continu-
ous time, is generated by Lindbladian H (this is not the
standard letter used, but will avoid clashes in Section 5),
which is a completely-positive trace-preserving (CPTP)
map. CP does not provide a linear constraint on H, but
TP does: letting |I) denote the identity operator,

H†|I) = 0. (33)

From the doubled Hilbert space perspective, we will need
to build H consistent with (33), which we will see gen-
erally leads to a non-Hermitian H. Physical correlation
functions are measured with (I| · · · |ρ), which has many
consequences that we will later unpack.
With this notation in mind, let us consider dynamics

that protects the mixed state of a system with a con-
served U(1) symmetry in the grand canonical ensemble
(7). For concreteness in the discussion that follows, it
helps to consider the explicit setting of a lattice model
with quantum rotor degrees of freedom ni, φi on lattice
sites, with [φi, nj ] = iϕij . As before, φi ∼ φi + 2π, so
ni ∈ Z. A useful basis for the Hilbert space on each site
is simply |n〉, and eipφ|n〉 = |n+p〉, with eipφ only defined
for integer p. The generator of the conserved U(1) on the
single-copy Hilbert space is

Q =
∑

i

ni. (34)
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Suppose that the dynamics drives the quantum system
to the steady-state

ρ =
1

Z
e−Φ =

1

Z
exp

[

−
∑

i

ϕ(ni)

]

(35)

with Z = tr(e−Φ) and ϕ a function which tends to +∞
as n → ±∞. In the doubled Hilbert space picture,

ρ =
1

Z
⊗

i

∑

n∈Z

e−ϕ(n)|nn)i. (36)

We will find it useful to define a “chemical potential”
operator:

µi = e−iφϕ(ni)e
iφ − ϕ(ni)

= ϕ(ni + 1)− ϕ(ni) ≈
ωΦ

ωni
. (37)

The last approximation holds if ϕ is slowly-varying and
ni is relatively large; this semiclassical limit will connect
very concretely to our EFT later.
We consider strongly-symmetric dynamics generated

by a Lindbladian H, which has a strong U(1) symmetry,
meaning that in the doubled Hilbert space,

[H, QL] = [H, QR] = 0. (38)

Notice that the steady state |ρ) is not invariant under
the strong symmetry:

eαQL |ρ) = eαQR |ρ) ∝ |ρα), (39)

where ρα has ϕ→ ϕ−αni. This equation is not an equal-
ity because the density matrix does not stay normalized.
On the other hand, |ρ) is invariant under the weak U(1)
symmetry generated by QL −QR:

(QL −QR)|ρ) = 0. (40)

Therefore, we have SWSSB of U(1)L ∝U(1)R being bro-
ken to the weak U(1)r symmetry, where we have defined
a convenient basis of r (weak) and a (strong) operators

Qa :=
QL +QR

2
, (41a)

Qr := QL −QR. (41b)

The labels a/r refer to strong/weak symmetries for later
comparison with the KMS-invariant EFT (79).
Strictly speaking, to justify the existence of SSB in

the thermodynamic limit, we should replace the grand
canonical ρ from (35) with

ρ̃ ∝ ϕ∑ni,Nρ. (42)

Notice that ρ and ϕ∑ni,N commute, and that eiαQL |ρ̃) =
eiαN |ρ̃), meaning that |ρ̃) is strongly symmetric as it
shifts only by a phase. We will later carefully explain

why |ρ̃) indeed exhibits SWSSB, but intuitively, we no-
tice that statistical mechanics suggests that there is no
physical way to tell |ρ) and |ρ̃) apart when studying local
observables. For this reason, it makes sense to work with
the original state |ρ) which is not strongly symmetric.
Ultimately our goal is to build a Hamiltonian EFT

of this SWSSB “phase”. Following Section 2, we will
build an EFT in terms of the local densities na and nr

along with their canonical conjugates φa and φr. More
precisely, since φa and φr are not well-defined, we will
work with the operators

eiφa :=
(

eiφ
)

L

(

eiφ
)

R
, (43a)

e−iφa :=
(

e−iφ
)

L

(

e−iφ
)

R
, (43b)

e2iφr :=
(

eiφ
)

L

(

e−iφ
)

R
, (43c)

e−2iφr :=
(

e−iφ
)

L

(

eiφ
)

R
. (43d)

Notice that e±iφa |nn) = |(n ± 1)(n ± 1)) and that these
definitions are for single site operators. Normalizations
are chosen so that a/r variables obey the same rotor al-
gebra as before. We also have the useful identity

(I|e±iφa = (I|, (44)

which is why we have chosen these definitions for φa,r
over others that would have obeyed the same algebra:

[na, e
iφa ] = eiφa , (45a)

[nr, e
2iφr ] = 2e2iφr , (45b)

[na, e
2iφr ] = [nr, e

iφa ] = 0. (45c)

Crucially, (44) implies that e±iφa is a quantum channel,
not an operator acting on the single-copy Hilbert space.
Lastly, explicit calculation confirms that (for a single site)

(I|na|ρ) = tr(nρ), (46a)

(I|eiφa |ρ) = (I|ρ) = 1, (46b)

(I|nir|ρ) = 0. (46c)

φr does not have a well-defined value in our steady state,
as discussed around (19).
It will be important to understand the time-reversal

transformation in our system. Following [34], notice that
given any physical observable, we may always write

(I|A|ρ)∗ = (ρ|A†|I) = (I|SA†S−1|ρ) (47)

where the first equality comes from the identity
tr(Aρ)∗ = tr(ρ†A†), and in the second equality we in-
troduced

S|A) := |
√
ρA

√
ρ). (48)

Note the transformation in (47) is sometimes called mod-
ular conjugation. Define the time-reversed superoperator

Ã := SA†S−1. (49)
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Notice that this generalized time-reversal squares to the
identity, so it is a sensible candidate for time-reversal. We
can explicitly calculate that (AL)† = (A†)L and (AR)† =
(A†)R, and S(e±iφ)L,RS−1 ≈ e∓µ/2(e±iφ)L,R, with the
latter approximation reasonable so long as µ is a slowly
varying function. Hence,

ñia = nia, (50a)

ñir = nir, (50b)

e±iφ̃ia = e±i(−φia−iµi), (50c)

e±iφ̃ir = e±i(−φir). (50d)

Now, let us explain why there is no Mermin-Wagner
Theorem [33] for SWSSB. Roughly speaking, from the
eigenstate thermalization hypothesis and statistical me-
chanics, insofar as local correlation functions are con-
cerned, the density matrix in our mixed steady state ρ
is well-approximated by a grand canonical ensemble (7),
which exhibits SWSSB. Since (7) is a tensor product,
there is no long-range order accessible in any local corre-
lators, without using multiple copies of the density ma-
trix. (This renders the probes of SSB unmeasurable in
current experiments.)
Let us now be a little more careful. To see the emer-

gence of a “long-range order” which can be associated
to SWSSB, we should start with a strongly symmetric
state, and a useful choice will be (42). In the thermo-
dynamic limit, if N = 〈n〉V (where V is the number of
lattice sites) is chosen such that 〈n〉 is the expectation
value in the grand canonical ensemble ρ, defined in (35).
To see the presence of long-range order, we must look at
more complicated correlation functions involving multi-
ple copies of a density matrix, such as the Wightman’s
or Rényi-1 correlator [35, 36]

Fxy := tr
(



ρ̃
(

eipφxe−ipφy
)


ρ̃
(

eipφxe−ipφy
)†
)

. (51)

for some integer p #= 0. Let us now argue that

Fxy = ϕxy + a(1 − ϕxy), (52)

where

a =









∑

n∈Z

e−[ϕ(n)+ϕ(n+p)]/2

∑

n∈Z

e−ϕ(n)









2

. (53)

From the form of Fxy, and because ϕ∑n,N commutes
with both

√
ρ and the product eiφxe−iφy , we may write

Fxy = tr
(

ϕ∑n,N
√
ρ
(

eipφxe−ipφy
)√

ρ
(

eipφxe−ipφy
)†
)

=

2π
∫

0

dθ

2π
tr
(

eiθ(
∑

n−N)√ρ
(

eipφxe−ipφy
)√

ρ
(

eipφxe−ipφy
)†
)

=

2π
∫

0

dθ

2π
Y(θ)V −2|Ỹ(θ)|2 (54)

where

Y(θ) =

∑

n∈Z

eiθ(n−〈n〉)−ϕ(n)

∑

n∈Z

e−ϕ(n)
, (55a)

Ỹ(θ) =

∑

n∈Z

eiθ(n−〈n〉)−[ϕ(n)+ϕ(n+p)]/2

∑

n∈Z

e−ϕ(n)
. (55b)

In the thermodynamic limit V → ∞, the integral in (54)
can be done asymptotically by saddle point which will
collapse onto θ ≈ 0. This leads to (52). In contrast, the
“disconnected” correlator

tr
(



ρ̃eipφx


ρ̃e−ipφx

)

= 0 (56)

since eipφx
√
ρ̃e−ipφx lies in the charge sectorN+1 which is

orthogonal to N . Hence we have long-range order in Fxy.
The result does not depend on spatial dimension. Since
ρ̃ is not the ground state of a spatially-local Hermitian
Hamiltonian, the conventional Mermin-Wagner Theorem
has no bearing on Fxy. Since ρ is a diagonal density ma-
trix from (35) and remains diagonal in the same basis if
we conjugate ρ by the operator eipφxe−ipφy , (51) is exactly
the fidelity correlator defined in [27] to be the universal
order parameter of SWSSB:

F
(

ρ,
(

eipφxe−ipφy
)

ρ
(

eipφxe−ipφy
)†
)

= tr

(
√√

ρ (eipφxe−ipφy) ρ (eipφxe−ipφy)
†√

ρ

)

. (57)

In general, a = 0 only when Φ is concentrated on a sin-
gle value of n, which describes an insulating state without
SWSSB; all other states have SWSSB. As this correlation
function is not measurable in an actual many-body sys-
tem, and the existence of long-range order is a property
of the state ρ, which is a physical steady state in any
spatial dimension, we again see that the Mermin-Wagner
Theorem is not related to SWSSB.
Although the fidelity correlator that detected SWSSB

is not measurable in experiment, the non-vanishing of Fxy

is detectable via a very simple thermodynamic quantity:
the compressibility χ = ω〈n〉/ωµ, where µ is the thermo-
dynamic chemical potential. Imagine shifting µ → µ+ϕµ,
which would adjust

ϕ(n) → ϕ(n) + n · ϕµ. (58)

Then

χ =
ω〈n〉
ωϕµ

=
ω

ωϕµ

∑

n∈Z

ne−ϕ(n)−δµn

∑

n∈Z

e−ϕ(n)−δµn
=

〈

n2
〉

− 〈n〉2, (59)
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with averages taken in the ensemble ρ. χ > 0 if and only
if ϕ(n) < ∞ on more than one value of n, which occurs
if and only if Fxy #= 0 for some p.
If we consider the toy model

ϕ(n) ≈
(n− 〈n〉)2

2χ
(60)

where χ ∞ 1, such that the discretization in n is not
important, then we notice that (on a single lattice site)

eiφa |ρ〈n〉) = |ρ〈n〉+1) ∝ ena/χ|ρ〈n〉). (61)

shifts the steady state to one with a higher value of 〈n〉,
which from (58) can be interpreted as adjusting the chem-
ical potential. This implies that in a state with SWSSB,
we can mirror (11) by studying

1 = (I|[na, e
iφa ]|ρ) = tr(nρ〈n〉+1)− tr(nρ〈n〉). (62)

The latter equality above only holds for states with
SWSSB, while the former equality holds in all states.
To return to the many-body problem, |ρ) in (62) should
be understood as the reduced density matrix on a single
site. Still, the former equality will underlie our general-
ization of Goldstone’s Theorem to SWSSB in Section 5,
whenever χ > 0.

5. EFFECTIVE FIELD THEORY

At long last, we are ready to put together the EFT
of SWSSB, following Section 2 while being careful about
the subtleties discussed in Section 4. The fields in the
Hamiltonian EFT are na, nr,φa,φr, with Lagrangian

L = naωtφa + nrωtφr −H(na,r,φa,r,∇na,r . . .). (63)

So far, this is not the standard Schwinger-Keldysh (SK)
formalism [1], although there is a transparent way to de-
rive the SK EFT which we will come back to compare to
soon. There are a number of constraints on H, which we
now enumerate.
(1 ) For simplicity, we assume that the EFT is time-

reversal symmetric. Time-reversal acts on the fields as
in (50): na,r are even, while φr → −φr and

φa → −φa − iµ(na). (64)

If L is invariant up to a total derivative, we must have

H(na, nr,φa,φr) = H(na, nr,−φa − iµ(na),−φr) (65)

where µ(n) is the chemical potential (37).
(2 ) Generalizing the discussion below (16), we must

have a shift symmetry associated to U(1)a and U(1)r;
after all, neither symmetry is explicitly broken. Thus,
H can only depend on ∇φa,r. But if we are studying
dynamics in the grand canonical ensemble |ρ), U(1)a is

SSB while U(1)r is not. Following (19), we then expect
to have a reparameterization symmetry for φr. Hence,

H(na, nr,φa,φr) = H(na, nr,φa + α,φr + f(x)) (66)

for constant α and function f .
(3 ) Suppose that

d

dt
|ρ) = −iH|ρ); (67)

as we explained in Section 4, H need not be Hermitian.
In the EFT, therefore, H will not be real-valued. Conver-
gence of a path integral over exp[i

∫

ddxdt L] evidently
requires

Im(H) ≤ 0. (68)

(4 ) Lastly, we must account for the constraint (33). To
see what this does, let us consider a special case where

H = H(nL)−H(nR), (69)

corresponding to purely unitary quantum dynamics gen-
erated by a density-dependent Hamiltonian H , appro-
priate to a normal fluid phase. Notice that H†|I) = 0,
which follows from H|ρ) = |[H, ρ]). If we had chosen H
to depend only on na, then H|ρ) would be a series of an-
ticommutators, which would not be guaranteed to have
vanishing trace. Meanwhile, no φr-only terms are allowed
since in (43), e±iφr changes the relative charge in the L/R
Hilbert spaces, meaning that there is a vanishing inner
product between |ρ) and (I| under dynamics. Therefore,
we demand

H(na, 0, 0,φr) = 0, (70)

such that every term in H needs at least one power of
either ∇φa or nr.
We have now enumerated the symmetries and con-

straints on the EFT of SWSSB. The most general expres-
sion at leading order in fields with vanishing expectation
value in equilibrium (∇φa, nr) is

H = µ̂(na)nr − iσ(na)∇φa ·∇(φa + iµ(na)) + · · · . (71)

where σ ∈ 0 due to (68). We emphasize that the coef-
ficient µ̂ above does not formally need to equal µ from
(37), at this point. Combining (63) and (71), we notice
that nr is a Lagrange multiplier that fixes

ωtφr = µ̂(na) + · · · , (72)

where · · · denote irrelevant corrections. Hence, we can
integrate out two of our four fields. One choice is to inte-
grate out the r-fields, which leads to the Martin-Siggia-
Rose (MSR) [37] Lagrangian: at leading order,

L = naωtφa + iσ(na)∇φa ·∇(φa + iµ(na)) (73)

Varying with respect to φa, we obtain the diffusion equa-
tion for the conserved charge:

ωtna = ∇ · (D∇na) + · · · . (74)
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with D = σ/χ the diffusion constant, and the ther-
modynamic stability constraint that susceptibility χ =
ωna/ωµ ∈ 0. The · · · include φa-dependent terms, which
are interpreted as stochastic fluctuations [38]. To trans-
late (73) to the formalism of [30, 38], one sets na → n
(the density of the U(1) charge), and φa → −π, where π
is the MSR noise field conjugate to n.
The more popular choice in the recent literature, how-

ever, has been to integrate out na and nr instead [1]. This
choice becomes particularly elegant when we assume that
µ̂ ∝ µ, with the former defined in (71) governing the
steady state to which the dynamics approaches, as is the
case for systems in a thermal steady state ρ ∝ e−βH ,
where the same (single-copy Hilbert space) Hamiltonian
H generates both time evolution and controls the steady
state. In this setting, we indeed would see from (69) and
Φ = βH that

µ = βµ̂. (75)

Strictly speaking, systems with conserved energy would
also have a diffusing energy density mode, which we are
neglecting in our EFT; still, this complication does not
change the essential physics we are focusing on here. In-
tegrating out na and nr, we could then write down an
EFT subject to the reparameterization symmetries

L(φa,φr) = L(φa + α,φr + f(x)) (76)

positivity (68), the modification of (70)

L(φa = 0,φr) = 0, (77)

and lastly the Kubo-Martin-Schwinger (KMS) symmetry

L(−φa − iβωtφr,−φr,−t) = L(φa,φr, t) + ω(· · · ) (78)

which generalizes (64), and ensures that up to total
derivatives the EFT is time-reversal symmetric. Notice
that the KMS transformation is particularly simple due
to (75). These are precisely the postulates of [1] which
have led to a modern renaissance in our understanding
of the EFT of hydrodynamics. Their methods led to the
following Lagrangian describing diffusion:

L = nωtφa + iσ∇φa ·∇(φa + iβωtφr) + · · · . (79)

where · · · denote irrelevant corrections, and the coeffi-
cients n and σ are functions of µ = βωtφr subject to the
positivity constraint σ ∈ 0. The main result of our paper
is an intuitive understanding of the postulates which led
to (79) – chiefly the unusual reparameterization symme-
try (76) – which is a clear manifestation of SWSSB, as
explained around (66). It is easy to see that assuming
(75), integrating out the n-fields from the EFT (63) and
(71) leads to (79); in particular, the quantum/classical
field φa/φr introduced in the SK formalism arose natu-
rally as canonical conjugates to the strong/weak charge
densities na/nr.

We already discussed various probes and consistency
checks for SWSSB coming entirely from equilibrium con-
siderations in Section 4. The last crucial property of SSB
in pure states was the presence of Goldstone’s Theorem.
Generalizing the discussion around (22), we now define
Aa = eiφa and consider

∫

ddx GR
naAa

(x, t) := iΘ(t)

∫

ddx(I|[na(x, t), Aa(0)]|ρ)

= iΘ(t)(I|ρ) = iΘ(t), (80)

where the commutator is evaluated analytically as in
(12), and we are neglecting the compactness of φ in the
hydrodynamic (long-wavelength) limit. We remind the
reader that na and φa are genuine linear operators in the
doubled Hilbert space, and that (as stated before) φa is
not defined on a single-copy Hilbert space. Similar to the
discussion around (23), the imaginary part of the Green’s
function GR

naAa
(k = 0,ω) defined in (80) necessarily has

a ϕ(ω) singularity, which signals the presence of gapless
modes in the EFT. These gapless modes are the Nambu-
Goldstone bosons of SWSSB, and we now argue that they
are precisely the diffusion quasinormal mode (74) in hy-
drodynamics. Taylor expanding Aa ≈ 1 + iφa + · · · , and
calculating the Green’s function

GR
naAa

(k,ω) ≈ iGR
naφa

(k,ω) =
−1

ω + iDk2
, (81)

we see that the spectral weight

ImGR
naAa

(k,ω) =
1

2χ
GS

nn(k,ω) =
Dk2

ω2 + (Dk2)2
. (82)

where GS
nn(x, t) = 〈{n(x, t), n(0)}〉 is the symmetric

Green’s function in the single-copy Hilbert space, whose
value in the hydrodynamic limit is provided in e.g. [1].
The singularity in (82),

GS
nn(k = 0,ω) = 2πχ∝ ϕ(ω), (83)

precisely matches the singularity in the Fourier transform
of (80), as described in (23). A physical understanding
of this result follows from (61), which implies that

(I|[na(x, t), e
iφa(0)]|ρ) ≈

1

2χ
GS

nn(x, t). (84)

Therefore, so long as χ > 0 and we have SWSSB, the
Goldstone boson is simply the diffusion mode, which can
(and has, routinely) been detected in experiment. The
spectral weight in (80) as ω → 0 ensures that the diffusion
mode has arbitrarily long lifetimes in the thermodynamic
limit (on sufficiently long length scales).
Lastly, we note that (82) is a direct consequence of

time-reversal (KMS) symmetry, which further implies a
fluctuation-dissipation theorem [1, 38].
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6. BREAKING THE WEAK SYMMETRY

We can also use our formalism to transparently under-
stand how to build the EFT for a dissipative superfluid.
Such a prescription is well-known in the literature [1], so
we will be brief; our point here is just to stress that we
can now transparently understand the prescription we
summarize below. To go from a normal fluid to a su-
perfluid, we should clearly relax the reparameterization
symmetry (66) down to

H(na, nr,φa,φr) = H(na, nr,φa + α,φr + α′) (85)

where α,α′ are constants, since now both the strong
U(1)a and weak U(1)r undergo SSB. We still require (70),
such that each term in H requires either a copy of ∇φa
or nr.
The most relevant terms in H are

H = µ̂(na)nr +K(na)∇φr ·∇φa
− iσ(na)∇φa ·∇(φa + iµ(na)) + · · · . (86)

After integrating out nr with the constraint (72), we ar-
rive at the Lagrangian

L = naωtφa −K(na)∇φr ·∇φa
+ iσ(na)∇φa ·∇(φa + iµ(na)). (87)

Varying with respect to φa, we obtain the dissipative
equation for the superfluid:

ω2t φr − v2s∇2φr = ∇ · (D∇ωtφr) + · · · , (88)

where we used (72) to write na = χ̂ωtφr with χ̂ ≡
ωna/ωµ̂, and vs =



K/χ̂ is the superfluid velocity. The
normal modes corresponding to (88) are given by

ω = ±vsk − i
D

2
k2 + · · · , (89)

which features a pair of superfluid “second sound” modes
– the Nambu-Goldstone bosons for the SSB U(1) in the
single-copy Hilbert space – damped by diffusion.

7. OUTLOOK

In this paper, we studied a minimal model of SWSSB
for a continuous symmetry – the emergence of hydrody-
namic diffusion in a mixed state. We showed that the
hydrodynamic EFT of diffusion can be derived as a kind
of “superfluid” EFT for SWSSB, which provides a trans-
parent understanding of the origins of all symmetries of
hydrodynamic EFTs [1]. Moreover, the gapless hydro-
dynamic quasinormal modes were the Nambu-Goldstone
bosons of SWSSB, which provides a profound new un-
derstanding of why hydrodynamic modes must always
be long-lived. Our work also therefore demonstrates the
physical insight gained from using new frameworks, such

as SWSSB, to understand old problems in many-body
physics. Although we have focused on a minimal model,
we do not see any reason why our conclusions do not
generalize to more complicated hydrodynamic theories.
One interesting thing that arose in our analysis is that

it appeared possible to write down a hydrodynamic EFT
for a quantum system which was not in thermal equilib-
rium. To do this, one simply does not require (75). One
can still integrate out na and nr to obtain a hydrody-
namic EFT, but the KMS transformation (78) will be, in
general, more complicated:

φa → −φa − iµ
(

µ̂−1 (ωtφr)
)

+ · · · . (90)

This suggests that following [38], one can systematically
build field theories for nonthermal quantum many-body
systems, such as random unitary circuits [31, 39, 40]
where hydrodynamic phenomena have been extensively
studied. It is an interesting open question whether such
field theories can capture any of the nonclassical phenom-
ena, such as dynamics with measurement and feedback
[41–47], described in the systematic framework of [34].
Note added.— As we were completing this manuscript,

another manuscript [48], which also includes discussions
of diffusion and SWSSB, appeared.
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Appendix A: 1+1d gapless Dirac fermion

A symmetric quantum system can have nontrivial ex-
citations if the symmetry is anomalous. For example,
the Dirac fermion in 1+1 dimensions could be gapless
without breaking any symmetry. This example does not
appear to fall into our categories as it has neither SSB
nor reparametrization symmetry. However, we show here
that the EFT can be written in a way with manifest
reparametrization symmetry. The key insight is that the
Dirac fermion has two U(1) symmetries with a mixed
anomaly; treating the two U(1) symmetries on equal
footing leads to an action with manifest reparametriza-
tion symmetry. In the following, we will work with the
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1+1d compact boson, which is related to the 1+1d Dirac
fermion by bosonization, and is completely equivalent at
the level of hydrodynamics.
We begin with the action for the compact boson with

the identification ϕ ∼ ϕ+ 2π

S[ϕ] =
R2

4π

∫

dxdt (ωtϕ)
2 − (ωxϕ)

2. (A1)

The radius R =
√
2 corresponds to the bosonized free

Dirac fermion. This action is manifestly invariant under
the symmetry ϕ → ϕ + c. It will be helpful to review
how T-duality rewrites the action in terms of a dual field
θ which is manifestly invariant under the symmetry θ →
θ + c. Introduce fields jt = ωtϕ and jx = ωxϕ. As
the dependence of S[ϕ] on ϕ only enters through j, we
would like to replace the path integral over ϕ with a path
integral over j; however, in doing so we need to restrict
to field configurations satisfying ωtjx = ωxjt. This is
accomplished with a Lagrange multiplier θ, leading to
the action

S[j, θ] =

∫

dxdt
R2

4π
(j2t − j2x) +

θ

2π
(ωtjx − ωxjt). (A2)

Compactness of θ ∼ θ + 2π ensures that vortex configu-
rations of j are included in the path integral. Integrating
out j gives the action in terms of the dual θ

S[θ] =
1

4πR2

∫

dxdt (ωtθ)
2 − (ωxθ)

2 (A3)

where the symmetry θ → θ + c is manifest. This action,
like (A1), does not have a reparametrization invariance.
Let us return to (A2) and consider the modified action

S[ϕ, jx, θ] =

∫

dxdt
R2

4π
((ωtϕ)

2− j2x)+
θ

2π
(ωtjx−ωxωtϕ)

(A4)
where we have replaced jt with ωtθ but kept jx in antici-
pation of integrating it out. Interestingly, this action has
two reparametrization symmetries

ϕ→ ϕ+ f(x), θ → θ + g(x) (A5)

for time-independent functions f(x) and g(x). Integrat-

ing out jx, we obtain

S[ϕ, θ] =

∫

dxdt
1

2π
ωtϕωxθ +

R2

4π
(ωtϕ)

2 +
1

4πR2
(ωtθ)

2.

(A6)
This can be thought of implementing “half” of T-duality
to rewrite the action in terms of both ϕ and θ variables
in such a way that both ϕ and θ have a shift symme-
try. This action is in standard “hydrodynamic form”:
the first term characterizes the mixed anomaly between
the two U(1) symmetries, and the remaining terms de-
pend only on time derivatives of the phase fields, which
is standard when the symmetries are unbroken. This oc-
curred naturally when both U(1) symmetries were made
manifest in the action. Note that the reparametrization
symmetry is not accidental: relaxing the symmetry and
allowing terms such as (ωxθ)2 changes the action and
makes the theory different from the compact boson and
Dirac fermion.
Some care is required in going between this action and

the original compact boson action that we started with.
Varying with respect to θ of (A6) gives

ωt

(

ωxϕ+
1

R2
ωtθ

)

= 0 (A7)

which is solved by setting ωxϕ + 1
R2 ωtθ = F (x). Using

the equations of motion to integrate out θ and shifting
S → S −

∫

dxdt 1
2πF (x)ωtθ by a total derivative term

gives

S[ϕ] =
R2

4π

∫

dxdt (ωtϕ)
2 − (ωxϕ− F )2 (A8)

which reduces to the compact boson action when F = 0.
Now, S[ϕ] can be invariant under the reparameterization
symmetry ϕ→ ϕ+f(x) if we also shift F → F −ωxf(x).
This suggests that different initial spatial profiles of ϕ do
not change the physics of Dirac fermions; indeed, one can
add a constant phase to the textbook bosonization dictio-
nary [49] without causing any change to the correlation
function and the commutation relation. By contrast, this
initial condition will cost energy in superfluids where the
reparameterization symmetry is absent.
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