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We model the motion of a small compact object on a nearly circular orbit around a spinning
supermassive black hole, which is also interacting with a thin equatorial accretion disk surrounding the
latter, through tools from self-force and Hamiltonian perturbation theory. We provide an analytical and
relativistically accurate formalism to calculate the rate of energy and angular momentum exchanged at
Lindblad resonances. We show that strong relativistic effects can potentially cause a reversal in the
direction of the torque on the small compact object if the surface density gradient is not too large. We
analytically explore the dependence of the torque reversal location on the spin of the supermassive black
hole and demonstrate that the ratio of the reversal location to the innermost stable circular orbit is
approximately insensitive to the spin of the supermassive black hole. Our results show that relativistic
torques can be one to two orders of magnitude larger than the Newtonian torque routinely used in the
literature to model disk/small-compact-object interactions close to the supermassive black hole. Our results
highlight the importance of including relativistic effects when modeling environmental effects in extreme
mass-ratio inspirals.
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I. INTRODUCTION

Extreme mass-ratio inspirals (EMRIs), where a small
compact object (SCO) (of mass in the range
10M⊙–100M⊙) spirals into a supermassive black hole
(SMBH) (of mass 105M⊙–10

7M⊙), emit gravitational
waves in the sensitivity band of the Laser Interferometer
Space Antenna (LISA). EMRIs can accumulate ≳Oð105Þ
wave-cycles in the LISA band, and thus, they provide
detailed information about the spacetime in the close
vicinity of the SMBH. The relativistic nature of EMRI
orbits and the proximity of the SCO to the SMBH should
allow one to probe the mass and spin of the SMBH, conduct
tests of general relativity, and potentially probe the envi-
ronment around the SMBH [1–7].
Accurate inference of the EMRI system parameters from

a future gravitational-wave signal requires waveform mod-
els that are highly accurate because of the large number of
cycles that accumulate in the LISA band [2]. These high-
accuracy requirements are being tackled successfully in
vacuum (i.e., in the absence of any external matter source
around the SMBH) thanks to advances in self-force and
black hole perturbation theory [8,9]. With the modeling of

EMRIs in vacuum reaching a mature stage, it is now time to
assess the impact of environmental effects on the EMRI
motion.
Environmental effects have long been expected to be a

small perturbation on EMRIs. This is because EMRIs are
expected to exist at Gpc distances from Earth, and thus,
their gravitational waves are naturally weak. In order to
make them detectable, the SCOmust be close enough to the
SMBH, so that the SCO’s velocity is a good fraction of the
speed of light and the gravitational-wave amplitude is not
suppressed. The matter-energy density in the vicinity of
SMBHs is expected to be small relative to the matter-
energy of the SMBH, and thus, any (nonvacuum) envi-
ronmental effects may be thought to be negligible.
However, the large number of gravitational-wave cycles
EMRIs will deposit in the LISA band will allow us to
measure small perturbations from the environment, if the
dephasings caused are on the order of a few radians or
higher [4,5].
A large body of work has now qualitatively assessed how

different environmental effects could be potentially studied
with EMRI signals. A nonexhaustive list of astrophysical
environmental effects include the interaction between the
SCO and the accretion disk of an SMBH [4–7,10–13], mass
accretion on to the SMBH and the SCO [4,5], viscous drag
on the SCO due to gas surrounding the SCO [14], disk-
SCO collisions [15], and perturbations due to the presence
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of a third body [16–20]. In addition, there could be sce-
narios where the SCOs interact with bosonic clouds and
dark matter particles surrounding a SMBH [21–26], or
where EMRIs are part of a three-body system [16,27–30].
If the SMBH is actively accreting, then the dominant

source of environmental effect close to the SMBH is the
energy and angular momentum exchanged due to the inter-
action of the SCO with the accretion disk of the SMBH.
Such disk-SCO interactions are reminiscent of the classical
disk-satellite interactions studied extensively in the proto-
planetary literature [31–37]. While the interactions are
superficially similar, it is essential to recognize that the
SCO is moving in the strong-relativistic potential of the
SMBH at an appreciable fraction of the speed of light.
Moreover, the properties of an accretion disk close to a
SMBH are significantly different from those of a proto-
planetary disk. Although a precise understanding of proper-
ties of accretion disks close to a SMBH is lacking, some
important properties, such as magnetization, turbulence,
and radiation from the plasma, are expected to play an
important role (see [38–40] for recent discussion and
progress). Hence, any realistic model of a disk-SCO inter-
action close to a SMBH should include relativistic effects
and model the microphysics of the accretion disk.
Several studies have assessed the potential for EMRIs to

probe disk-SCO interactions [4–7,12,13,41,42]; however,
except for [43,44], all of these studies have used the disk-
satellite formula derived in the protoplanetary literature to
model the disk-SCO interaction. In addition, the relativistic
model introduced in [43,44] (and studied more recently
in [45]) is a purely numerical approach that relies on the
integration of the Teukolsky equation. In an effort to build
simple relativistic models of disk-SCO interaction close
to a SMBH, we introduced an analytical model in [46]
(Paper I, hereafter), using tools from self-force and
Hamiltonian perturbation theory. The methods introduced
in Paper I model the interaction between the disk and the
SCO as a three-body problem, where a disk particle close
to the orbit of the SCO exchanges energy and angular
momentum with the SCO at Lindblad resonances.1 Such
simplified methods were used to study Newtonian proto-
planetary disks in the past [31,32,36,48,49], and our
approach extended these methods to a Schwarzschild
(nonrotating black hole) background setting.
Although our analytical model ignores the microscopic

properties of the disk, it can capture the properties of the
gravitational interaction between the disk and the SCO.
Indeed, we identified two important relativistic effects in
disk-SCO interactions around nonspinning SMBHs that are
not present in Newtonian gravity:

(i) A change in the distribution of the inner and outer
Lindblad resonances close to the orbit of the SCO
due to strong relativistic effects.

(ii) A potential reversal in the direction of the torque on
the SCO due to the disk if the density gradients are
not too large.

These effects have been confirmed by an independent
work [45] that follows the approach of [43,44].
In this paper, we employ the methods introduced in

Paper I to investigate the impact of the SMBH spin on the
disk-SCO interaction. We provide analytic formula for the
torque and power exchanged due to disk-SCO interactions
and explore the impact of the spin of the SBMH on disk-
SCO interactions. We show that, for retrograde disk and
SCO orbits, the torque reversal can occur at distances as
large as 7.5 Schwarzschild radii from the SMBH. This
effect arises because the ISCO for retrograde orbits pro-
gressively moves outward, as the spin of the SMBH
increases. We also show that the ratio of the torque reversal
location to the location of the innermost stable circular
orbit (ISCO) is approximately insensitive to the spin of the
SMBH. However, the torque reversal location can be
affected by strong density gradients in the disk.
The rest of the paper explains our results in detail and is

organized as follows: In Sec. II, we extrapolate results from
Newtonian theory by substituting the relativistic epicyclic
frequencies to qualitatively show how torque reversal
arises. In Sec. III, we extend the analysis of Paper I to
include the spin of the SMBH and provide an analytic
formula for the rate of energy exchanged at Lindblad
resonances. In Sec. IV, we use a simple analytical model
for the disk surface density to explore how the torque
reversal location depends on the spin of the SMBH and
compare the disk torque to torques from Newtonian theory
and gravitational-wave emission. Our conclusions are
presented in Sec. V. A review of orbital mechanics in a
Kerr background spacetime using action-angle variables is
presented in Appendix A. Henceforth, we use geometric
units, with G ¼ 1 ¼ c.

II. QUALITATIVE DISCUSSION OF THE IMPACT

OF SPIN ON TORQUE REVERSAL

As in Sec. II of Paper I, we here qualitatively describe
the impact of spin on the torque imparted by the disk on the
SCO by extrapolating the Newtonian formula derived in the
protoplanetary literature [36]. Our relativistically accurate
results are presented in Sec. III, but the Newtonian
presentation here provides some of the key insights.
Consider a SCO of mass m on an equatorial, circular

orbit around a SMBH of mass M at radius r ¼ p0M2 in
Boyer-Lindquist coordinates that interacts with a thin,
equatorial disk of surface density ΣðrÞ. We assume that

1Lindblad resonances occur when the epicylic frequency of the
SCO orbit is an integer multiple of the forcing frequency of the
density waves raised in the accretion disk. Such resonances are
the dominant source of angular and momentum exchange in disk-
SCO interactions, see [31,47] for a detailed discussion.

2A prime denotes the orbital elements of the SCO, unless
otherwise stated.
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the angular momentum of the disk and the SCO point in
the same direction, but we let the angular momentum of the
SMBH be arbitrary. The dominant source of torque for
the disk-SCO configuration described above arises from the
exchange of energy and angular momentum at Lindblad
resonances [31]. The location of Lindblad resonances
rLr ¼ pLrM in Newtonian gravity are given by the roots
of [31,36]

ΩðpLrÞ − Ωðp0Þ ¼ −
k

j
κðpLrÞ ð1Þ

where Ω is the angular velocity of the SCO, κ is the
epicyclic frequency of the orbit, k ¼ �1 denotes whether
the resonance is inside ðk ¼ −1Þ or outside (k ¼ 1) the
orbit of the SCO, and j is the mode-number of the reso-
nances, which is approximately equal to the inverse of the
aspect ratio of the disk.
The orbital frequency and the epicyclic frequencies in a

Kerr spacetime as measured by an observer at infinity are
given by [50–52]

ΩðpÞ ¼ 1

Mðp3=2 þ χÞ ; ð2aÞ

κðpÞ ¼ ΩðpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
6

p
−
3χ2

p2
þ 8χ

p3=2

s

: ð2bÞ

where χ ¼ a=M is the dimensionless spin of the SMBH. If
χ > 0, the SCO and the disk are in a prograde orbit, and
when χ < 0, the orbits are retrograde.
We can use the values of the orbital frequency and the

epicyclic frequency from Eq. (1) to obtain the approximate
locations of the resonances close to the orbit of the SCO
(i.e., those with j ≫ 1), which dominate the interactions.
Solving Eq. (1) in the large j limit, one finds

pLr ¼ p0

"

1þ 2kððp0Þ3=2 þ χÞ
3ðp0Þ3=2j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
6

p
−
3χ2

p2
þ 8χ

p3=2

s

−
ððp0Þ3=2 þ χÞ2ð32χ

ffiffiffiffiffi

p0p

þ ðp0Þ2 − 18p0
− 15χ2Þ

9ðp0Þ5j2

#

þOðj−3Þ: ð3Þ

Observe that the magnitude of the coefficient of theOðj−1Þ
term is the same for the inner and the outer resonances. This
tells us that the inner (k ¼ −1) and outer (k ¼ 1) Lindblad
resonances are symmetrically distributed around the loca-
tion of the SCO to Oðj−1Þ.
The asymmetry in the location of resonances arises

from the Oðj−2Þ term. The sign of this term depends on
the sign of

Iðp0; χÞ≡ −
32χ

ffiffiffiffiffi

p0p

þ ðp0Þ2 − 18p0
− 15χ2

ðp0Þ2 : ð4Þ

If I < 0 then the outer Lindblad resonances are closer to
the orbit of the SCO than the inner Lindblad resonances,
and this is precisely what happens in the Newtonian limit,
where INewt ¼ −1. Closer to the SMBH, one could
potentially have I > 0, implying that the inner Lindblad
resonances are closer to the SCO. In Paper I, we showed
that for a Schwarzschild SMBH (χ ¼ 0), the inner Lindblad
resonances are closer than the outer Lindblad resonance
if p0 < 18. The dependence of the transition location
[Iðp0

trans; χÞ ¼ 0] on the spin of the SMBH is shown in
Fig. 1. Observe that the location depends sensitively on the
spin of the SMBH, and if the orbit is retrograde and the
SMBH is maximally spinning, then the location can be as
large as p0 ¼ 25.
The total differential torque on the SCO can be obtained

by using the expressions from [36]. To qualitatively under-
stand the change in the sign of the torque due to relativistic
effects, we proceed as in Paper I and assume that the inner
and outer torque cutoff parameters are the same; then, the
torque is given by [36]

hL̇0
ziapprox ∝

4q2M2
Σðp0ÞGðp0Þ

F0Ωðp0Þ2Ω4
1ðp0Þ2

�

2K0

�

F0

Ω1

�

þF0K1

�

F0

Ω1

��

−
dΣ

dp0
4q2M2

F0Ωðp0Þ6Ω4
1p

0

×

�

2K0

�

F0

Ω1

�

þF0K1

�

F0

Ω1

��

2

; ð5Þ

FIG. 1. Location where the inner Lindblad resonances begin to
get closer to the orbit of the SCO as a function of the spin of the
SMBH. Observe that the transition occurs in the inner regions of
the SMBH where EMRI are expected to be detected in the
LISA band.
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where q ¼ m=M ≪ 1 is the mass ratio, we have ignored
a positive proportionality constant related to the torque
cutoff parameters, L̇0

z is the rate of change of the angular
momentum of the SCO in the z direction, the angular
brackets denote an average over the orbital period of the
SCO, F0 ≡ κðp0Þ=Ωðp0Þ, and K0;1 are modified Bessel
functions. The subscript approx highlights the fact that the
above equation is an approximation that extrapolates the
values of the epicyclic frequencies from Newtonian gravity
to general relativity. The fully relativistic expressions
for the differential Lindblad torque will be derived in
Sec. III B. The function Gðp0Þ is discussed below and we
have defined

Ω1 ≡ −
d logðΩðp0ÞÞ
d logðp0Þ ; Ω2 ≡ −

d2 logðΩðp0ÞÞ
d2 logðp0Þ : ð6Þ

By inspecting Eq. (5), we see that the arguments of the
Bessel functions depend on F0 ∝ κ. The epicyclic fre-
quency is zero at the ISCO, implying that the modified
Bessel functions diverge there. This divergence qualita-
tively explains why the magnitude of the torque should
increase as the SCO approaches the ISCO. The torque
reversal phenomena can also be qualitatively understood by
examining Eq. (5). The term proportional to dΣ=dp0 is
always negative and one can show that, unless the density
gradients are large, this term is subdominant to the term
proportional to Σðp0Þ in Eq. (5). The term proportional to
Σðp0Þ can be positive or negative depending on the sign of

Gðp0Þ≡K0

�

F0

Ω1

��

Ω1ð−4ð−1þ κ1ÞΩ1 þΩ
2
1 − 2Ω2Þ

F0

þF0

�

−ðð1þ 2κ1ÞΩ1Þ þΩ
2
1 þΩ2

�

�

þK1

�

F0

Ω1

�

½−2ð1þ 2κ1ÞΩ1 þ ð3− 2κ1ÞΩ2
1 þ 2Ω2�;

ð7Þ

where κ1 ≡ −d logðκðp0ÞÞ=d logðp0Þ. In Paper I, we
showed that for SCOs around nonrotating black holes
(i.e., in a Schwarzschild background spacetime), Gðp0Þ is
negative only if p0 > 9.94, signaling a change in the sign
of the torque at this separation. Figure 2 shows how the
location of the torque reversal p0

rev fromNewt depends on
the spin of the SMBH. The solid blue curve indicates the
approximate location derived in this section, while the
relativistically accurate location is depicted as a dash-dotted
orange curve, as obtained in Sec. IVA. The green dashed
curve represents the location of the ISCO. The extrapola-
tion used here slightly overestimates the torque reversal
location, but it provides a reasonable order-of-magnitude

estimate. We also see that the ratio of the reversal location
to the ISCO location is approximately constant with SMBH
spin, a fact we will discuss in more detail in the next
Sections.

III. ENERGY AND ANGULAR MOMENTUM

EXCHANGED DUE TO DISK-SCO INTERACTIONS

The formalism for computing the power and torque
imparted on the SCO due to disk-SCO interaction was
described in detail in Sec. III of Paper I. In Sec. III A below,
we briefly review the key elements of our formalism for
completeness and refer the reader to Paper I for further
details. Next, we concentrate on Lindblad resonances and
provide an analytic formula for the rate of energy and
angular momentum exchange in Sec. III B.

A. Review of formalism to compute energy and angular

momentum exchange

In Sec. III of Paper I, we studied the disk-SCO
interaction by first modeling the local gravitational inter-
action between the SCO and a small particle element of
mass dμ in the disk. We then integrated over the entire disk
to obtain the total contribution to the disc-SCO interaction.
The formalism can be split into the following three steps:

(i) Step 1: Modeling the interaction between the disk
element and the SCO using the singular potentials of
the worldline.

FIG. 2. Torque reversal location as a function of the spin of the
SMBH. The solid blue curve shows the approximate location
where torque changes sign as a function of the spin of the SMBH
obtained by solving Gðp0Þ ¼ 0 [Eq. (7)]. The orange dash-dotted
curve is the relativistically accurate location obtained by solving
G1ðp0Þ [Eq. (25)]. The green dashed curve shows the location of
the ISCO.
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(ii) Step 2: Obtaining the Hamiltonian for the disk-SCO
system in action-angle variables.

(iii) Step 3: Using Hamiltonian perturbation theory to
obtain the power and torque on the SCO and the disk.

We now briefly review each of these steps and refer the
reader to Sec. III of Paper I for further technical details.

1. Step 1: SCO-disk interaction

Let us assume that the disk mass element moves on a
worldline zμ and the SCO moves on worldline zμ

0
. The

motion of the disk element can be obtained by varying the
point-particle action

S ¼ −

Z

dt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−gμνż
μżν

p

; ð8Þ

where the metric is given by

gμν ¼ gKerrμν þ δgμν ð9Þ

and gKerr is the Kerr metric of the SMBH, while δg is the
contribution due to the SCO. As we described in Eq. (7) of
Paper I, δgμν can be separated into a sum of three different
terms,

δgμνðxÞ ¼ h
S;dμ
μν ðx; zÞ þ h

R;dμ
μν ðx; zÞ þ hintμνðx; z0Þ; ð10Þ

where hS;dμμν ðx; zÞ is the singular field of the mass element of
the disk, hR;dμμν ðx; zÞ is the regular field of the mass element
of the disk, and hintμνðx; z0Þ is an interaction term that is
generated by the SCO. The singular and the regular fields
of the disk’s mass element are its self-field and its radiative
field. The self-field does not contribute to the motion of
the disk element, while the radiative field only induces a
radiative force on it. These contributions can be ignored
when studying disk-SCO interactions.
Therefore, when evaluated in a close neighborhood of

the worldline of the disk element, the perturbation to the
metric can be approximated as

δgμνðzÞ ≈ hintμνðz; z0Þ ¼ hS;SCOμν ðz; z0Þ þ hR;SCOμν ðz; z0Þ
≈ hS;SCOμν ðz; z0Þ; ð11Þ

where hS;SCOμν ðz; z0Þ and hR;SCOμν ðz; z0Þ are the singular and
the regular field contributions from the SCO. In the second
line of the above equation, we have assumed that the
Newtonian-like singular potential of the SCO hS;SCOμν ðz; z0Þ
is the dominant contribution to the interaction, and we
ignored the regular field of the SCO by assuming that the

resonant interaction is quasiadiabatic. Moreover, the regu-
lar field of the SCO will be a very high post-Newtonian
contribution to the dynamics, which can be incorporated in
our analysis by using numerical self-force calculations [9].
With this assumption, we can use analytic expressions for
the singular field [53,54] to evaluate the above equation
(see Paper I for further details).

2. Step 2: Disk-SCO Hamiltonian

With the perturbed metric in hand [Eq. (11)], we can use
the Lagrangian of Eq. (8) to obtain the Hamiltonian H for
the disk mass element. Hamilton’s equations for the disk-
SCO system can be written in the following form [see, e.g.,
Eq. (21) of Paper I]:

Ṗi ¼ ϵintm
∂R

∂Qi
; ð12aÞ

Q̇i ¼ ∂H

∂Pi

− ϵintm
∂R

∂Pi
; ð12bÞ

Ṗ0
i ¼ ϵint

Z

dμ
∂R0

∂Q0i ; ð12cÞ

Q̇0i ¼ ∂H0

∂Pi0
− ϵint

Z

dμ
∂R0

∂P0
i

; ð12dÞ

where the over dots denote time derivatives, ðPi;Q
iÞ are

any set of action-angle variables for the disk mass element,
ðP0

i;Q
0iÞ are a set of general action-angle variables for the

SCO, ðR;R0Þ are the disturbing functions, and ϵint is an
order counting parameter that is used to perturb the geo-
desic orbit. The disturbing function R quantifies the
perturbation caused on the disk element due to the SCO,
whileR0 quantifies the perturbation on the orbit of the SCO
due to the disk element. In the Newtonian limit, the
disturbing functions are the Newtonian field of the disk
and the SCO, and they have exactly the same form since the
mass has been scaled out in Eq. (12), namely

RNewt ¼ R0
Newt ∝

1

jz − z0j ; ð13Þ

while relativistic expressions can be found in Eq. (19) of
Paper I. Equation (12) is valid for any set of action-angle
variables, but we here use ðfΛ; λg; fP;−ϖgÞ, as defined in
Eq. (A19). We also expand the disturbing function in a
Fourier series using the angle variables ðλ;−ϖÞ. For small
eccentricities, the Fourier series can be written down
schematically as [see Eqs. (49) and (50) of Paper I]
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R ¼ 1

2

X

∞

j¼−∞

	

Rð−j;0;0Þ;ðj;0;0Þ cosðjλ0 − jλÞ þ Rð−j−1;−1;0Þ;ðj;0;0Þ cosðjλ0 − ðjþ 1ÞλþϖÞ

þ Rð−jþ1;1;0Þ;ðj;0;0Þ cosðjλ0 − ðj − 1Þλ −ϖÞ þ Rð−j−1;0;0Þ;ðj;−1;0Þ cosðjλ0 − ðjþ 1Þλþϖ0Þ
þ Rð−jþ1;0;0Þ;ðj;1;0Þ cosðjλ0 − ðj − 1Þλ −ϖ0Þ




þOðe2; ðe0Þ2; ee0Þ; ð14aÞ

R0 ¼ 1

2

X

∞

j¼−∞

	

R0
ð−j;0;0Þ;ðj;0;0Þ cosðjλ0 − jλÞ þ R0

ð−j−1;−1;0Þ;ðj;0;0Þ cosðjλ0 − ðjþ 1ÞλþϖÞ

þ R0
ð−jþ1;1;0Þ;ðj;0;0Þ cosðjλ0 − ðj − 1Þλ −ϖÞ þ R0

ð−j−1;0;0Þ;ðj;−1;0Þ cosðjλ0 − ðjþ 1Þλþϖ0Þ
þ R0

ð−jþ1;0;0Þ;ðj;1;0Þ cosðjλ0 − ðj − 1Þλ −ϖ0Þ



þOðe2; ðe0Þ2; ee0Þ; ð14bÞ

where e and e0 are the eccentricities of the orbit of the disk
element and of the SCO (both around the SMBH), while
the coefficients of the series satisfy

Rð−j;0;0Þ;ðj;0;0Þ; R
0
ð−j;0;0Þ;ðj;0;0Þ ¼ Oð1Þ; ð15aÞ

Rð−j;0;0Þ;ðj;0;0Þ; R
0
ð−j;0;0Þ;ðj;0;0Þ ¼ Oð1Þ; ð15bÞ

Rð−j−1;−1;0Þ;ðj;0;0Þ; R
0
ð−j−1;−1;0Þ;ðj;0;0Þ ¼ OðeÞ; ð15cÞ

Rð−jþ1;1;0Þ;ðj;0;0Þ; R
0
ð−jþ1;1;0Þ;ðj;0;0Þ ¼ OðeÞ; ð15dÞ

Rð−j−1;0;0Þ;ðj;−1;0Þ; R
0
ð−j−1;0;0Þ;ðj;−1;0Þ ¼ Oðe0Þ; ð15eÞ

Rð−jþ1;0;0Þ;ðj;1;0Þ; R
0
ð−jþ1;0;0Þ;ðj;1;0Þ ¼ Oðe0Þ: ð15fÞ

The explicit expressions for the Fourier coefficients of
Eq. (14), such as Rð−j;0;0Þ;ðj;0;0Þ, were derived for a Schwarzs-
child background spacetime in Paper I [see Eq. (58) and
Supplementary Material for Paper I]. We have extended this
calculation to a Kerr background spacetime, and these
expressions are provided in the supplementaryMathematica

notebook.

3. Step 3: Power and torque from Hamiltonian

perturbation theory

In this step, we solve the Hamilton equations [see
Eq. (12)] perturbatively in ϵint. At first order in perturbation
theory, the actions (energy and angular momentum) evolve
periodically, and when averaged over the orbit of the SCO
and the disk, these perturbations vanish. At second order in
perturbation theory, the actions evolve on a secular time-
scale, leading to a nonzero torque and energy flux. The
technique used to obtain the perturbative results is a
standard tool in Hamiltonian mechanics [32,55]. We
describe the procedure in detail in Sec. III of Paper I
and the final result for the secular evolution of the action
variables is given in Eqs. (36) and (37) of Paper I.

B. Lindblad resonances

Corotation and Lindblad resonances occur when the
arguments of the disturbing function are in resonance. In
particular, Lindblad resonances arise when

Φ̇Lr ¼ jλ̇0 − ðjþ kÞλ̇þ kϖ̇ ¼ 0; k ¼ �1: ð16Þ

Using the expression for the frequencies of the system from
Appendix B, one can show that the locations of the
Lindblad resonances are exactly as presented in Eq. (3).
The energy and angular momentum exchanged due to

Lindblad resonances can be obtained using the secular
evolution equation derived in Paper I and the expressions
for the disturbing function in a Kerr background spacetime
derived in this paper. The final expressions for the k ¼ �1

resonance can be written schematically as

hĖ0iLr;k ¼ j2hĖ0ið0ÞLr;k þ jhĖ0ið1ÞLr;k þOð1Þ; ð17aÞ

hL̇0
ziLr ¼ j2hL̇0

zið0ÞLr;k þ jhL̇0
zið1ÞLr;k þOð1Þ; ð17bÞ

where j is the mode number. The expressions for hĖ0ið0;1ÞLr;k

and hL̇0
zið0;1ÞLr;k in the Newtonian limit and in a Schwarzschild

background spacetime were provided in Eqs. (80)–(82) of
Paper I. The expressions in a Kerr background spacetime
are given by

hĖ0ið0ÞLr;k ¼ −
16Mq2kx26Σ½p0�ð2χþ x6 − 3x2Þ4

3ðχþ x6Þ4ð−3χ2 þ x8 − 6x4 þ 8χx2Þ3=2

× ½K0ðXÞ þ b0K1ðXÞ�2ðχ2 þ x8 − 2x4Þ−2; ð18aÞ

hĖ0ið1ÞLr;k ¼ −
32Mq2x20ð2χ þ x6 − 3x2Þ4dΣ½p0�=dp0

9ðχ þ x6Þ3ð−3χ2 þ x8 − 6x4 þ 8χx2Þ
× ½K0ðXÞ þ b0K1ðXÞ�2ðχ2 þ x8 − 2x4Þ−2

−
8Mb1q

2

27
Σðp0Þ½K0ðXÞ þ b0K1ðXÞ�

× ½K0ðXÞ þ b2K1ðXÞ�; ð18bÞ
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where

x≡ ðp0Þ1=4; ð19aÞ

X ≡
2x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2χ þ x6 − 3x2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−3χ2 þ x8 − 6x4 þ 8χx2
p

3ðχ2 þ x8 − 2x4Þ ;

ð19bÞ

b0 ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−3χ2 þ x8 − 6x4 þ 8χx2
p

2x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2χ þ x6 − 3x2
p ; ð19cÞ

and the coefficients b1 and b2 are listed in Appendix C.
Note that X ¼ κ=2jAjwhere jAj, is the local shear rate is the
Fermi frame [52]. The expressions for hL̇0

zið0;1ÞLr;k can be
derived from Eq. (18) using that

hL̇0
zið0;1ÞLr;k ¼ 1

Ωðp0Þ hĖ
0ið0;1ÞLr;k ð20Þ

for a circular orbit. We note that the value of hĖ0ið0ÞLr;k can
also be obtained by a calculation in the local Fermi frame,
see Sec. IV C of Paper I and this is a consistency check on
our calculation.
The total secular rate of change of orbital elements is

obtained by summing over all the inner (k ¼ −1) and outer
(k ¼ 1) Lindblad resonances

hĖ0iLr;tot ¼
X

j≫1

hĖ0iLr;þ þ hĖ0iLr;−

¼
�

j3max;Lr;þ
3

−
j3max;Lr;−

3

�

hĖ0ið0ÞLr;þ

þ
j2max;Lr;þ

2
hĖ0ið1ÞLr;þ þ

j2max;Lr;−

2
hĖ0ið1ÞLr;−; ð21Þ

where we used the asymptotic approximation
P

j j
n
≈

jnþ1
max;Lr;�=ðnþ 1Þ, where jmax;Lr;�, are cutoff parameters
that regulate the location of the inner and outer Lindblad
resonances. Analogous expressions hold for the angular
momentum flux hL̇0

zi. Equation (18) is one of the main
results of the paper. To the best of our knowledge, this is the
first time the expressions for the power exchanged due to
disk-SCO interactions have been calculated for motion in a
Kerr background spacetime. These equations generalize
results obtained in a Schwarzschild background spacetime
in Paper I, and they are valid for EMRIs around a Kerr
background of any spin.

IV. TORQUE REVERSAL, COMPARISON TO

NEWTONIAN THEORY AND GRAVITATIONAL

WAVE EMISSION

In this section, we study the consequences of the
relativistic torque formula for EMRIs in an accretion disk

around a spinning SMBH. To analyze the relativistic torque
formula, we need a model for the disk surface density Σ and
the torque cutoff parameter j. As in Paper I, we assume that
the disk surface density and the aspect ratio hðrÞ can be
parametrized by a simple power law,

Σ¼ Σ0

�

r

10M

�

−Σp

gcm−2; h¼ h0

�

r

10M

�

−Σh

; ð22aÞ

where Σ0; h0;Σp and Σh are constants. We also assume that
the inner and outer cutoff parameters are equal to the ratio
of the orbital velocity of the SCO to the local speed of
sound

jmax ¼ jmax;Lr;� ¼ rΩ

cs

�

�

�

�

r¼p0M

≈
1

h

�

�

�

�

r¼p0M

¼ 1

h0

�

p0

10

�

Σh

: ð23Þ

From here on, we consider Σ0 ∈ ½103; 107� and h0 ∈
½0.015; 0.15�, and we set Σh ¼ 1 for simplicity. These
ranges are approximately consistent with α and β disklike
profiles of accretion disks (see discussion in Paper I).
The rest of this section is organized as follows: In

Sec. IVA we discuss the impact of spin on the torque
reversal phenomena. We then discuss how the relativistic
torque formula compares to the Newtonian torque formula
in the inner regions of the black hole in Sec. IV B. Finally,
we compare the torque due to disk-SCO interaction with
the gravitational wave flux in Sec. IV C.

A. Torque reversal

Our assumption that the inner and the outer cutoff
parameters are the same allows us to simplify Eqs. (20)
and (21) to

hL̇0
ziLr;tot ¼

j2max

Ωðp0Þ hĖ
0ið1ÞLr;þ: ð24Þ

From Eq. (18b), we see that hĖ0ið1ÞLr;þ is the sum of two
different terms. The first term is proportional to dΣ½p0�=dp0

and the second term is proportional to Σ½p0�. The coefficient
of dΣ½p0�=dp0 can be shown to be negative definite if one is
outside the ISCO. Unless dΣ½p0�=dp0 is large, this term is
subdominant compared to the term proportional to Σðp0Þ.
The sign of the term proportional to Σðp0Þ is controlled by

G1ðp0Þ≡ −b1½K0ðXÞ þ b0K1ðXÞ�½K0ðXÞ þ b2K1ðXÞ�:
ð25Þ

In the Newtonian limit, G1ðp0Þ < 0 leading to a net negative
torque on the SCO. In a Schwarzschild background
spacetime, G1ðp0Þ < 0 only if p0 > 8.92, signaling that
there is a torque reversal around p0

≈ 8.92 if the contribu-
tion from the term proportional to dΣ½p0�=dp0 is not
too large.
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The location of the torque reversal, determined by
G1ðp0Þ ¼ 0, was displayed as an orange dash-dotted curve
in Fig. 2 as a function of the SMBH spin. In Fig. 3, we show
how the reversal location depends on the gradient of Σ by
varying the parameter Σp. The orange dash-dotted curve
ðΣp ¼ −3=2Þ and the green dashed curves ðΣp ¼ −3=5Þ
show the torque reversal location for α and β disks,
respectively. Observe that the reversal location gradually
approaches the ISCO as we decrease Σp, and once we reach
Σp ¼ −14 (red dashed curve), the reversal location is very
close to the ISCO. Hence, unless Σp is large and negative,
the torque reversal always occurs outside the ISCO. From
the plot, we also see that the location is approximately
insensitive to the spin of the SMBH, unless χ is very close
to 1, as already hinted at when we discussed Fig. 2.

B. Comparison to Newtonian theory

We now compare the relativistically accurate expression
obtained in Eq. (24) to the Newtonian torque used in the
literature [36],

hL̇0
ziLr;tot;Newt ¼

j2max

Ωðp0Þ hĖ
0ið1ÞLr;þ;Newt

¼ −
4Mq2j2maxΣ

9x2Ωðp0Þ

�

2
d logðΣÞ
d logðp0Þ

�

2K0

�

2

3

�

þ K1

�

2

3

��

2

þ
�

7K0

�

2

3

�

þ 8K1

�

2

3

��

×

�

2K0

�

2

3

�

þ K1

�

2

3

��


: ð26Þ

In Fig. 4, we plot the percentage relative fractional differ-
ence between the Newtonian and the relativistic expres-
sions as a function of the distance of the SCO orbit from
the ISCO for a few different values of the SMBH spin with
Σp ¼ −3=2 (i.e., an α-disk-like value). Notice that the
difference can be as high as 10%–1000%, which indicates
that one should definitely include the relativistic corrections
to reliably model the torque induced on a SCO in an EMRI
in regions close to the SMBH, which is precisely the regime
of interest to gravitational-wave observations. In general,
we see that spin tends to make the relativistic corrections to
the torque stronger.

C. Comparison to gravitational wave emission

The ratio of the rate of energy exchanged through the
disk-SCO interaction to gravitational-wave emission has
the characteristic scaling

�

�

�

�

hĖ0iLr;tot
hĖ0iGW

�

�

�

�

∝
MΣ0

h20
: ð27Þ

In Fig. 5, we plot this ratio for a SMBH with mass
M ¼ 106M⊙ surrounded by an accretion disk with Σh ¼ 1

and Σ0 ¼ 103, Σp ¼ −3=2 (α disklike values) on the left
panel and Σ0 ¼ 105, Σp ¼ −3=5 (β disklike values) on the
right panel. In both panels, we choose a few different values
of SMBH spin and accretion disk aspect ratio. For the
gravitational wave flux, we use the analytical expressions
from [56], as coded in Black Hole Perturbation Toolkit [9]. As we
see from the figure, the value of the energy flux due to the
disk-SCO interaction is always smaller than the loss of
energy to gravitational-wave emission. Therefore, the
torque reversal cannot cause a floating orbit, unless Σ0

is extremely large. We also see that, for the χ ¼ 0.9 case,

FIG. 3. Dependence of the torque reversal location on the
surface density gradient. Observe that the location approaches the
ISCO for large and negative values of Σp and the location roughly
remains constant with respect to the ISCO as a function of the
spin of the SMBH.

FIG. 4. Percentage difference between the Newtonian and the
relativistic torque formula for different values of the spin of the
SMBH as a function of the location of the SCO from the ISCO.
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the torque is smaller than the χ ¼ 0 and χ ¼ −0.9 values;
this is because the ISCO is very close to the horizon,
and therefore, the energy loss due to gravitational wave
emission is always significantly larger. For a retrograde
SCO orbit and a retrograde disk (χ ¼ −0.9), we see that the
torque is only one to three orders of magnitude smaller
than the gravitational-wave contribution, because the ISCO
approaches 9M as χ → −1. This suggests that for retro-
grade orbits, the disk-SCO interaction will have a signifi-
cantly larger impact on the waveform. Finally, although
the ratio is very small, the large amount of cycles spent by
an EMRI in the LISA band could help us disentangle
the disk-SCO effect from the vacuum EMRI signal. We
refer the reader to Paper I for a heuristic dephasing estimate
in a Schwarzschild background spacetime. For Bayesian
and Fisher estimates using the Newtonian torque formula,
see [4–6].

V. CONCLUSIONS

In this paper, we extended the results of Paper I by
analyzing the relativistic treatment of disk-SCO inter-
actions to a Kerr background spacetime. For nearly circular
and equatorial orbits in a Kerr spacetime, we provided a
detailed analytic exploration of the effects of the spin on the
torque due to Lindblad resonances. Our two key results are
the following. First, we provided analytical expressions
for the power and torque induced on the SCO from the
disk-SCO interaction in an EMRI [Eqs. (18) and (20)].
Second, we investigated the impact of the SMBH spin
and the accretion disk surface density gradient on the
torque reversal location [Figs. 2 and 3]. We have found that

the spin of the Kerr background tends to enhance the
relativistic disk-SCO interaction, and this must be taken
into account in future EMRI modeling of environmental
effects. Some of these results have been confirmed by an
independent work [45], albeit numerically.
Given that we now have a qualitative understanding of

how strong relativistic gravity impacts disk-SCO inter-
actions in the close vicinity of a SMBH for nearly circular
and equatorial orbits, future work must concentrate on
modeling disk-SCO interactions in more generic eccentric
and inclined orbits. The techniques introduced in Paper I
will readily generalize to such orbits. An interesting ques-
tion for generic orbits in a Kerr spacetime is whether
transient resonances on inclined orbits can interact and
saturate due to accretion disk interactions.
A more significant issue is how sensitive the analysis

of relativistic disk-SCO interactions is to the highly
simplified disk model that we have used. In particular
the disk is likely to contain density fluctuations that can
exert torques on the SCO, as well as exciting its eccentricity
and inclination [57]. The response and structure of the disk
will be mediated by magnetized turbulence in the presence
of radiative cooling. And finally, accretion onto the SCO
will produce feedback in the disk that may also modify the
torques. To explore these future directions one can broadly
use two different methods to perform this task, drawing
motivation from Newtonian theory. First, one could use
linear perturbation theory to model the interaction between
the SCO and the disk [58–62]. This approach should be
sufficient to understand the impact of Lindblad resonances.
However, understanding the corotation resonances may
require a more direct numerical approach to the problem.

FIG. 5. Ratio of the rate of energy exchange due to disk-CO interactions to gravitational wave loss to infinity for a few different values
of the aspect ratio and spin of the SMBH. The left panel shows the ratio for Σ0 ¼ 103 and Σp ¼ −3=2, which are α disklike values.
The right panel uses Σ0 ¼ 105 and Σp ¼ −3=5, which are consistent with β disklike values. Observe that for both panels, the ratio
decreases with the spin of the SMBH because the ISCO is closer to the horizon of the SMBH, and gravitational wave energy loss
increases drastically as we approach the horizon.
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Another interesting avenue in fluid modeling is how
magnetic fields and stochastic torques could impact the
disk-SCO interactions. Understanding this problem requires
modeling the relativistic magnetohydrodynamical nature of
the fluid disk, which could have a rich dynamical structure.
Finally, it would be straightforward to extend the

approach introduced in Paper I to model intermediate mass
ratio inspirals. However, depending on the mass ratio, the
SCO in such inspirals could open a gap in the disk, leading
to complicated gap-opening dynamics that can only be
modeled numerically [34].
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APPENDIX A: GEODESICS IN THE

EQUATORIAL PLANE

In this appendix, we review the motion of geodesics in
the Kerr spacetime confined to the equatorial plane. The
material presented here is standard material reviewed in
many references, see, e.g., [63,64]. We include this dis-
cussion for completeness and to set up our notation.
The line element of the Kerr spacetime in Boyer-

Lindquist coordinate system ðt; r; θ;ϕÞ is given by

ds2 ¼ −

�

1 −
2Mr

Σ

�

dt2 −
4aMrsin2ðθÞ

Σ
dtdϕþ Σ

Δ
dr2

þ Σdθ2 þ
�

Δþ 2Mrðr2 þ a2Þ
Σ

�

sin2ðθÞdϕ2; ðA1Þ

where M is the mass of the black hole, χ ≔ a=M is
the dimensionless spin, Σ ¼ r2 þ a2 cosðθÞ2 and Δ ¼
r2 − 2Mrþ a2. Geodesic motion of a particle of mass m
moving on a worldline zμðtÞ in the Kerr spacetime is
generated by the specific Hamiltonian

H ¼ −pt ðA2Þ

where pμ ¼ dzμ=dτ is the specific four momentum and
pμ ¼ gμνp

μ. We can obtain an explicit expression for

the specific Hamiltonian from the normalization condition

ptptg
tt þ 2gtiptpi þ pipjg

ij ¼ −1; ðA3Þ

which yields

pt ¼
−gtipi þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðgtipiÞ2 − gttðgijpipj þ 1Þ
q

gtt
: ðA4Þ

One can simplify this equation using the line element
[Eq. (A1)] to obtain an explicit expression for the
Hamiltonian in terms of coordinates [Eq. (A2)].
We now restrict our attention to equatorial orbits

ðθ ¼ π=2; pθ ¼ 0Þ and obtain the action angle variables
of the system using the Hamilton-Jacobi equation

H

�

xν;
∂S

∂xν

�

þ ∂S

∂t
¼ 0; ðA5Þ

where S is Hamilton’s principal function. To solve
Eq. (A5), we use the ansatz

S ¼ −EtþWðxÞ; ðA6Þ

where WðxÞ is called Hamilton’s characteristic function
and E is the specific energy of the system. Standard
techniques in Hamiltonian mechanics [63,65,66] guide
us to use the following ansatz for W:

W ¼ LzϕþWRðrÞ; ðA7Þ

where Lz is the angular momentum in the z direction. The
function WR is determined by solving the Hamilton-Jacobi
equation

�

dWR

dr

�

2

¼ VrðrÞ2
Δ

2
; ðA8Þ

where VrðrÞ is defined as [66]

Vr ≡ ½Eða2 þ r2Þ − aLz�2 − ΔðrÞ½ðLz − aEÞ2 þ r2�: ðA9Þ

Given a solution to the Hamilton-Jacobi equation, we can
obtain the canonical momentum of the system using

pa ¼
∂S

∂za
: ðA10Þ

Substituting this in Eqs. (A7) and (A9), we see that

pr ¼
∂WR

∂r
¼

ffiffiffiffiffiffi

Vr

p

Δ
; pϕ ¼ Lz: ðA11aÞ

We are now in a position to compute the action variables
ðJr; JϕÞ of the system
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Jr ¼
1

2π

I

dWR

dr
dr ¼ 1

π

Z

rmax

rmin

ffiffiffiffiffiffi

Vr

p

Δ
dr; ðA12aÞ

Jϕ ¼ Lz; ðA12bÞ

where rmin and rmax are the two largest roots of Vr. The
angle variables qα and the frequencies να of the system are
obtained from S and HðJaÞ using

qa ¼
∂W

∂Ja
; ðA13aÞ

νa ¼
∂HðJÞ
∂Ja

¼ ∂E½Jr; Jϕ�
∂Ja

: ðA13bÞ

One can obtain general expressions for the frequencies and
the orbital elements of the system using the techniques
described in [67,68]. For the analysis presented in this
paper, it is sufficient to use a small-eccentricity expansion.
For bound orbits, we adopt the quasi-Keplerian para-

metrization

r ¼ pM

1þ e cosðχorbÞ
; ðA14Þ

where e is the orbital eccentricity and χorb is the relativistic
anomaly, which should not be confused with the dimen-
sionless spin χ. Using this parametrization, we can factor
Vr as

Vr ¼ ð1 − E2Þðra − rÞðr − rpÞðr − r3Þr ðA15Þ

where

ra ¼
pM

1− e
; rp ¼ pM

1þ e
; r3 ¼

2M

1− E2
− ðra þ rpÞ:

ðA16Þ

The quasi-Keplerian parameteization can be used to obtain
expressions for the orbital elements and the action-angle
variables. A detailed account of this procedure is provided
in [67,68]. Here, we are only interested in obtaining
expressions in a small eccentricity expansion. We now
schematically describe how this is achieved, and we present
the analytical expressions for the orbital elements in
Appendix B.
Using the fact that Vr ¼ 0 at ra and rp, we can obtain

expressions for E and Lz (see Appendix B of [67]). Finally,
we use the quasi-Keplerian parametrization to integrate
Eq. (A12a) and obtain expression for Jr in a small eccen-
tricity expansion. To obtain expressions for qr and qϕ, we
need the evolution of the coordinates of the worldline. This
can be obtained using the quasi-Keplerian parametrization
with the definition pμ ¼ gμνdz

ν=dτ

dt

dχorb
¼ rð−2aLzM þ Er3 þ a2Eð2M þ rÞÞr0

prΔ
2

; ðA17aÞ

dτ

dχorb
¼ r2r0

prΔ
; ðA17bÞ

dϕ

dχorb
¼ rð2aEM þ Lzð−2M þ rÞÞr0

prΔ
2

; ðA17cÞ

where r0 ¼ dr=dχorb. From Eqs. (A7) and (A13a), we
see that

qr ¼
∂WR

∂E

∂E

∂Jr
; ðA18aÞ

qϕ ¼ ϕþ ∂WR

∂E

∂E

∂Lz

þ ∂WR

∂Lz

: ðA18bÞ

We can obtain explicit expressions for the quantities
appearing above by differentiating under the integral sign.
Finally, we can use Eq. (A17) to obtain explicit expressions
for qr and qϕ. One can follow the same approach and obtain
expressions for the frequencies of the system from the
above equations.
Using a contact transformation, we define a new set of

action angle coordinates ðfΛ; λg; fP;pgÞ via

Λ≡ Jr þ Jϕ; λ≡ qϕ; νλ ≡ νϕ; ðA19aÞ

P≡ Jr; p¼−ϖ≡qr−qϕ; νp≡ νr− νϕ: ðA19bÞ

One can convert χ and ω≡ ϕðχ ¼ 0Þ to λ and ϖ by
inverting Eq. (A18) and using Eq. (A19).

APPENDIX B: SMALL ECCENTRICITY

EXPANSIONS

The small eccentricity expansions of r and ϕ are given by

r ¼ Mp − eMp cosðλ −ϖÞ þOðe2Þ; ðB1aÞ

ϕ ¼ λþ 2ex120 ð2χ þ x60 − 3x20Þ sinðλ −ϖÞ
ðχ þ x60Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8χx20 − 3χ2 þ x80 − 6x40

q

ðχ2 þ x80 − 2x40Þ

þOðe2Þ; ðB1bÞ

where x0 ¼ p1=4. Expanding the action variables, one finds

Λ ¼ Mð−2χx20 þ χ2 þ x80Þ
x30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2χ þ x60 − 3x20

q þOðe2Þ; ðB2aÞ

P ¼
e2Mx90

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−3χ2 þ 8χx20 þ x80 − 6x40

q

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2χ þ x60 − 3x20

q

ðχ2 þ x80 − 2x40Þ
þOðe3Þ: ðB2bÞ
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Expansions of the frequencies of the system are given by

νλ ¼
1

Mχ þMx60
þOðe2Þ; ðB3aÞ

νϖ ¼
x40 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−3χ2 þ 8χx20 þ x80 − 6x40

q

Mχx40 þMx100
þOðe2Þ: ðB3bÞ

APPENDIX C: COEFFICIENTS b1 AND b2

The coefficients b1 and b2 are given by

b1 ¼
b1;n

b1;d
; ðC1aÞ

b2 ¼
b2;n

b2;d

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2χ þ x6 − 3x2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−3χ2 þ x8 − 6x4 þ 8χx2
p : ðC1bÞ

where

b1;n ¼ −x16
�

72χ7 − 21x30 þ 331x26 − 360χx24 þ ð113χ2 − 1626Þx22 þ 2880χx20 − 27ð55χ2 − 124Þx18

− 24χð3χ2 þ 340Þx16 þ 3ð59χ4 þ 2312χ2 − 792Þx14 − 192χð11χ2 − 36Þx12 þ ð309χ4 − 6900χ2Þx10

− 8χ3ð51χ2 − 220Þx8 þ 9χ4ð19χ2 þ 130Þx6 − 512χ5x4 − 147χ6x2
�

ð2χ þ x6 − 3x2Þ3; ðC2aÞ

b1;d ¼ ðχ þ x6Þ3ð−3χ2 þ x8 − 6x4 þ 8χx2Þ2ðχ2 þ x8 − 2x4Þ4; ðC2bÞ

b2;n ¼ 2
	

63χ7 þ χ5ð63x4 − 236Þx4 − χ3ð15x8 þ 96x4 þ 244Þx8 þ 45χ6ðx4 − 4Þx2

þ 3χð−69x12 þ 548x8 − 1380x4 þ 1056Þx12 þ 15χ4ð6x8 − 38x4 þ 75Þx6

þ χ2ð65x12 − 864x8 þ 2946x4 − 2520Þx10

þ ð−12x16 þ 190x12 − 927x8 þ 1800x4 − 1188Þx14



; ðC2cÞ

b2;d ¼ 72χ7 − 8χ5ð51x4 þ 64Þx4 þ 24χð288 − 5x4ð3ðx4 − 8Þx4 þ 68ÞÞx12 − 8χ3ð9x8 þ 264x4 − 220Þx8

þ 3χ6ð57x4 − 49Þx2 þ 3χ4ð59x8 þ 103x4 þ 390Þx6 þ χ2ð113x12 − 1485x8 þ 6936x4 − 6900Þx10

þ ð−21x16 þ 331x12 − 1626x8 þ 3348x4 − 2376Þx14: ðC2dÞ

These coefficients, as well as the ones that appear in Eq. (17), are provided in the supplementary Mathematica file.
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van de Meent, Gravitational waves from b-EMRIs: Doppler
shift and beaming, resonant excitation, helicity oscillations
and self-lensing, Phys. Rev. Lett. 135, 211402 (2025).

[28] Yucheng Yin, Josh Mathews, Alvin J. K. Chua, and Xian
Chen, Relativistic model of binary extreme-mass-ratio
inspiral systems and their gravitational radiation, Phys.
Rev. D 111, 103007 (2025).

[29] Marta Cocco, Gianluca Grignani, Troels Harmark, Marta
Orselli, and Daniele Pica, Strong-gravity precession reso-
nances for binary systems orbiting a Schwarzschild black
hole, Phys. Rev. D 112, 044010 (2025).

[30] Filippo Camilloni, Troels Harmark, Gianluca Grignani,
Marta Orselli, and Daniele Pica, Binary mergers in strong
gravity background of Kerr black hole, Mon. Not. R.
Astron. Soc. 531, 1884 (2024).

[31] P. Goldreich and S. Tremaine, Disk-satellite interactions,
Astrophys. J. 241, 425 (1980).

[32] P. Goldreich and S. Tremaine, The origin of the eccen-
tricities of the rings of Uranus, Astrophys. J. 243, 1062
(1981).

[33] C. Baruteau, A. Crida, S.-J. Paardekooper, F. Masset, J.
Guilet, B. Bitsch, R. Nelson, W. Kley, and J. Papaloizou,
Planet-disk interactions and early evolution of planetary
systems, in Protostars and Planets VI (University of
Arizona Press, 2014).

[34] S. Paardekooper, R. Dong, P. Duffell, J. Fung, F. S. Masset,
G. Ogilvie, and H. Tanaka, Planet-disk interactions and
orbital evolution, in Protostars and Planets VII, Astronomi-
cal Society of the Pacific Conference Series Vol. 534, edited
by S. Inutsuka, Y. Aikawa, T. Muto, K. Tomida, and M.
Tamura (2023), p. 685; arXiv:2203.09595.

[35] Carl D. Murray and Stanley F. Dermott, Solar System

Dynamics (Cambridge University Press, Cambridge,
England, 1999).

[36] W. R. Ward, Density waves in the solar nebula: Diffential
Lindblad torque, Icarus 67, 164 (1986).

[37] Hidekazu Tanaka, Taku Takeuchi, and William R. Ward,
Three-dimensional interaction between a planet and an
isothermal gaseous disk. I. Corotation and Lindblad torques
and planet migration, Astrophys. J. 565, 1257 (2002).

[38] Omer Blaes, General overview of black hole accretion
theory, Space Sci. Rev. 183, 21 (2014).

[39] Shane W. Davis and Alexander Tchekhovskoy, Magneto-
hydrodynamics simulations of active galactic nucleus disks
and jets, Annu. Rev. Astron. Astrophys. 58, 407 (2020).

[40] Christopher J. White, Patrick D. Mullen, Yan-Fei Jiang,
Shane W. Davis, James M. Stone, Viktoriya Morozova, and
Lizhong Zhang, An extension of the athena++ code frame-
work for radiation-magnetohydrodynamics in general rela-
tivity using a finite-solid-angle discretization, Astrophys. J.
949, 103 (2023).

RELATIVISTIC TREATMENT OF ACCRETION DISK TORQUES … PHYS. REV. D 112, 124068 (2025)

124068-13



[41] Laura Sberna et al., Observing GW190521-like binary
black holes and their environment with LISA, Phys. Rev.
D 106, 064056 (2022).

[42] Lorenzo Copparoni, Enrico Barausse, Lorenzo Speri, Laura
Sberna, and Andrea Derdzinski, Implications of stochastic
gas torques for asymmetric binaries in the lisa band, Phys.
Rev. D 111, 104079 (2025).

[43] Christopher M. Hirata, Lindblad resonance torques in relati-
vistic discs—I. Basic equations: Lindblad resonances—I,
Mon. Not. R. Astron. Soc. 414, 3198 (2011).

[44] Christopher M. Hirata, Lindblad resonance torques in
relativistic discs—II. Computation of resonance strengths:
Lindblad resonances—II, Mon. Not. R. Astron. Soc. 414,
3212 (2011).

[45] Francisco Duque, Laura Sberna, Andrew Spiers, and
Rodrigo Vicente, Extreme-mass-ratio inspirals in relativistic
accretion discs, arXiv:2510.02433.

[46] Abhishek Hegade K. R., Charles F. Gammie, and Nicolás
Yunes, A relativistic treatment of accretion disk torques on
extreme mass-ratio inspirals around non-spinning black
holes, Phys. Rev. D 112, 124012 (2025).

[47] James Binney and Scott Tremaine,Galactic Dynamics:

Second Edition (2008).
[48] Gordon I. Ogilvie, Mean-motion resonances in satellite-disc

interactions, Mon. Not. R. Astron. Soc. 374, 131 (2007).
[49] William R. Ward, Protoplanet migration by nebula tides,

Icarus 126, 261 (1997).
[50] I. D. Novikov and K. S. Thorne, Astrophysics of black

holes, in Black Holes (Les Astres Occlus), edited by C.
Dewitt and B. S. Dewitt (1973), pp. 343–450.

[51] Marek A. Abramowicz and P. Chris Fragile, Foundations of
black hole accretion disk theory, Living Rev. Relativity 16

(2013).
[52] Charles F. Gammie, The magnetorotational instability in the

Kerr metric, Astrophys. J. 614, 309 (2004).
[53] Adam Pound and Jeremy Miller, Practical, covariant punc-

ture for second-order self-force calculations, Phys. Rev. D
89, 104020 (2014).

[54] Anna Heffernan, Adrian Ottewill, and Barry Wardell,
High-order expansions of the Detweiler-Whiting singular
field in Schwarzschild spacetime, Phys. Rev. D 86, 104023
(2012).

[55] J. Kevorkian and J. D. Cole, Multiple Scale and Singular

Perturbation Methods (Springer, New York, 1996).
[56] R. Fujita, Gravitational waves from a particle in circular

orbits around a rotating black hole to the 11th post-
Newtonian order, Prog. Theor. Exp. Phys. 2015, 33E01
(2015).

[57] Houyi Sun, Ya-Ping Li, Zhen Pan, and Huan Yang, Probing
formation channels of extreme mass-ratio inspirals,
arXiv:2509.00469.

[58] P. Goldreich and S. Tremaine, The excitation and evolution
of density waves. Astrophys. J. 222, 850 (1978).

[59] P. Goldreich and S. Tremaine, The excitation of density
waves at the Lindblad and corotation resonances by an
external potential, Astrophys. J. 233, 857 (1979).

[60] Pawel Artymowicz, On the wave excitation and a general-
ized torque formula for Lindblad resonances excited by
external potential, Astrophys. J. 419, 155 (1993).

[61] D. G. Korycansky and J. B. Pollack, Numerical calculations
of the linear response of a gaseous disk to a protoplanet,
Icarus 102, 150 (1993).

[62] Callum W. Fairbairn and Alexander J. Dittmann, Pushing
the limits of eccentricity in planet-disc interactions, Mon.
Not. R. Astron. Soc. 543, 565 (2025).

[63] S. Chandrasekhar, The Mathematical Theory of Black Holes

(1983).
[64] Adam Pound and Barry Wardell, Black hole perturbation

theory and gravitational self-force, in Handbook of

Gravitational Wave Astronomy (Springer, Singapore,
2021), pp. 1–119.

[65] H. Goldstein, C. Poole, and J. Safko, Classical Mechanics

(2002).
[66] Tanja Hinderer and Éanna É. Flanagan, Two-timescale

analysis of extreme mass ratio inspirals in Kerr spacetime:
Orbital motion, Phys. Rev. D 78, 064028 (2008).

[67] W Schmidt, Celestial mechanics in Kerr spacetime,
Classical Quantum Gravity 19, 2743 (2002).

[68] Ryuichi Fujita and Wataru Hikida, Analytical solutions of
bound timelike geodesic orbits in Kerr spacetime, Classical
Quantum Gravity 26, 135002 (2009).

[69] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/g83s-jdld for the torque expressions
derived in the paper as Mathematica files.

HEGADE K. R., GAMMIE, and YUNES PHYS. REV. D 112, 124068 (2025)

124068-14


