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When Should a Leader Act Suboptimally?
The Role of Inferability in Repeated Stackelberg Games

Mustafa O. Karabag', Sophia Smith!, Negar Mehr?, David Fridovich-Keil', and Ufuk Topcu!

Abstract— When interacting with other decision-making
agents in non-adversarial scenarios, it is critical for an
autonomous agent to have inferable behavior: The agent’s
actions must convey its intention and strategy. We model
the inferability problem using Stackelberg games with ob-
servations where a leader and a follower repeatedly inter-
act. During the interactions, the leader uses a fixed mixed
strategy. The follower does not know the leader’s strategy
and dynamically reacts to the statistically inferred strategy
based on the leader’s previous actions. In the inference
setting, the leader may have lower performance compared
to the setting where the follower has full information on the
leader’s strategy. We refer to the performance gap between
these settings as the inferability gap. For a variety of game
settings, we show that the inferability gap is upper-bounded
by a function of the number of interactions and the stochas-
ticity level of the leader’s strategy, which encourages the
use of inferable strategies with lower stochasticity levels.
We also analyze bimatrix Stackelberg games and identify
a set of games in which the leader’s near-optimal strategy
may potentially suffer from a large inferability gap.

|. INTRODUCTION

Autonomous agents repeatedly interact with other agents,
e.g., humans and other autonomous systems, in their envi-
ronments during their operations. Often, the intentions and
strategies of an autonomous agent are not fully known by the
other agents, and the other agents rely on statistical inference
from past interactions when they react to the actions of the
autonomous agent. For example, an autonomous car interacts
with pedestrians who intend to cross the road, and pedestrians
do not have full knowledge of the car’s strategy. Consequently,
acting in an inferable way is essential for autonomous agents.

We model the interaction between the autonomous agent
and the other agent with a Stackelberg game. In this game, the
autonomous agent is the leader that commits to a strategy (e.g.,
a software), and the other agent is the follower that reacts to
the leader’s strategy. The game is repeated between the agents.
While the leader follows the same strategy at every interaction,
the follower’s strategy can change between interactions. For
the autonomous car example, a version of the car’s software
defines a fixed strategy over actions: stopping and proceeding.

In a conventional Stackelberg game with mixed strategies,
the follower does not know the leader’s action but knows the
leader’s strategy from which the leader’s actions are drawn [1].
We, on the other hand, consider that the follower does not
have full information of the leader’s strategy and relies on the
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observations from the previous interactions. More specifically,
at every interaction, the follower reacts to the empirical action
distribution from the previous interactions. For example, in the
car-pedestrian scenario, the pedestrian would act based on the
frequency that the car stopped in the previous interactions.

The leader’s optimal strategy may be mixed for a conven-
tional Stackelberg game [1]. However, in the inference setting
that we consider, this strategy may not be optimal because
the follower reacts to the empirically observed strategy of the
leader, not the actual strategy. As a result, the leader might be
better off using a less stochastic strategy since such strategies
would be more inferable. As such, the leader’s expected return
in the inference setting might be lower than its expected return
in the full information setting. We call the return gap between
these settings the leader’s inferability gap.

We show that, for a repeated static Stackelberg game with
parametric action spaces, the leader’s cumulative inferability
gap is bounded under some Lipschitz continuity assumptions.
As a corollary of this result, we show that for a repeated
static bimatrix Stackelberg game, if the follower has bounded
rationality (modeled by the maximum entropy response), the
leader’s cumulative inferability gap is bounded. We also show
that the inferability gap is bounded for repeated static bi-
matrix Stackelberg games with fully rational followers and
dynamic bimatrix Stackelberg games with myopic, boundedly
rational followers. These upper bounds are functions of both
the stochasticity level of the leader’s strategy (i.e., the total
variance of the leader’s strategy assuming that the follower’s
estimator is efficient) and the number of interactions. As the
stochasticity level of the leader’s strategy decreases, the infer-
ability gap vanishes. In the extreme case where the leader’s
strategy is deterministic, the leader does not suffer from any
inferability gap after a single interaction; the expected return in
the inference setting is the same as the expected return in the
full information setting. The inferability gap at interaction k is
at most O(1/vk) (ignoring other terms), implying that O(1/e?)
interactions are sufficient to achieve e-inferability gap.

Motivated by this bound, we use the stochasticity level
as a regularization term in the leader’s objective function to
find optimal strategies for the inference setting. Numerical
experiments show that the leader indeed suffers from an
inferability gap, and the strategies generated by the regularized
objective function lead to improved transient returns compared
to the strategies optimal for the full information setting.

Additionally, as a converse result, we provide an example
bimatrix Stackelberg game where the inferability gap at inter-
action k is at least € if k is not at the order of O(1/c2) under
the full rationality assumption for the follower.
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We also analyze a spectrum of bimatrix Stackelberg games
and identify a set of games where the (near)-optimal strategy
of the leader may suffer from a large inferability gap in
the inference setting. More precisely, we show that there are
strategies for the leader that limit the inferability gap if the
game is almost cooperative or competitive, i.e., respectively,
the difference or the sum of the leader’s and follower’s returns
are bounded.

Related work: The closest work is the preliminary confer-
ence version [2] of this paper. Building on the results of the
conference version, we provide analyses of the inferability
gap in repeated static Stackelberg games with parametric
policies, repeated static bimatrix Stackelberg games with fully
rational followers, repeated static bimatrix Stackelberg games
with classifying followers, and repeated dynamic discrete
Stackelberg games with myopic boundedly rational followers.
We show that for almost cooperative or competitive bima-
trix Stackelberg games, in the inference setting, there exist
strategies that are nearly as good as the optimal strategies
in the full information setting. We also provide an additional
example to emphasize the importance of inferable strategies
in a semi-cooperative setting modeled as a Stackelberg game
with parametric strategies.

Bimatrix Stackelberg games with a commitment to mixed
strategies have been extensively studied in the literature under
the assumption that the follower has full knowledge of the
leader’s strategy [1], [3], [4]. For these games, an optimal
strategy for the leader can be computed in polynomial time
via linear programming (assuming that the follower breaks
ties in favor of the leader) [3]. The paper [5] considers Stack-
elberg games with partial observability where the follower
observes the leader’s strategy with some probability and does
not otherwise. We consider a different observability setting
where the follower gets observations from the leader’s strategy.
Papers [6], [7], [8] also consider this observation setting. To
account for the follower’s partial information, [6], [7], [9]
consider a robust set that represents the possible realizations
of the leader’s actions and maximizes the leader’s worst-
case return by solving a robust optimization problem. We
follow a different approach and try to maximize the leader’s
expected return under observations by relating it to the return
under the full information assumption. The work [8] considers
bimatrix Stackelberg games with fully rational followers that
infer the leader’s strategy from interactions and give a method
to find a performant strategy in the inference setting with
comparable return to the Stackelberg return. Different from
[8], we consider the stochasticity of strategies, additional
follower models such as bounded rationality, and additional
game settings such as parametric games, and we provide a
lower bound on the number of interactions to guarantee a small
inferability gap.

We provide a lower bound on the leader’s return that
involves the stochasticity level (inferability) of the leader’s
strategy. To our knowledge, a bound in this spirit does not
exist for Stackelberg games with observations. Works [10],
[11], [12] increase the stochasticity level of the control policy
(the leader’s strategy in our context) to improve the non-
inferability in different contexts. We consider a stochasticity

metric that coincides with the Fisher information metric con-
sidered in [10], [11], [12]. However, unlike these works, which
focus on minimizing information and providing unachievabil-
ity results, we provide an achievability result.

Human-robot interactions are more efficient if the human
knows the robot’s intent. Conveying intent information via
movement is explored to create legible behavior [13], [14].
These works are often concerned with creating a single tra-
jectory that is distant from the trajectories under other intents.
Different from the legible behavior literature that considers
inferability during a single interaction, we consider statistical
inferability over repeated interactions.

The leader’s problem in our setting is a bilevel optimization
problem under data uncertainty [15]. Works [16], [17], [18]
consider stochastic bilevel optimization problems where first
the leader commits to a strategy before the data uncertainty is
resolved, then the data uncertainty is resolved, and finally, the
follower makes a decision with known data. In our problem,
the data distribution depends on the leader’s decision!, whereas
[16], [17], [18] consider a fixed distribution.

We represent the boundedly rational follower using the
maximum entropy model (also known as Boltzmann rationality
model or quantal response) [20], [21]. Alternatively, [6], [22]
consider boundedly rational followers using the anchoring
theory [23] or e-optimal follower models.

[I. NOTATION AND PRELIMINARIES ON STACKELBERG
GAMES

We use upper-case letters for matrices and bold-face letters
for random variables. || - || denotes the L2 norm. AY denotes
the N-dimensional probability simplex. A/ (u, s?) denotes the
normal distribution with mean p and variance s?. A function
f:RY — RM is L-Lipschitz continuous if it satisfies || f(z)—
f(@)| < L||z — ql| for any z and ¢. The matrix of ones with
appropriate dimensions is denoted by J.

For z,q € A", the entropy of z is H(z) =
Zﬁil z;log(1/z;) where z; is the i-th element of z. The
softmax function oy : RN — AN is defined as oy(2); :=
% where o (z); is the i-th element of o) (z). The
softmax function o is A-Lipschitz continuous, i.e., it satisfies
lo(z) — o(a)]| < Allz - gl| for all z,q € RN [24],

We define the stochasticity level of a discrete probability

distribution z € AN as v(z) := Zj\; z;(1 — z;) that is the

square root of the trace of the covariance matrix.

We also define a term ¢(z) from [25] to measure how
concentrated z is. Let C C {1,...,N}, and p(C) be the
probability that a sampled element belongs to set C' under dis-
tribution z. Define p, = maxccyy,... vy min(z(C),1-2(C)).
Note that the maximum value of p, is less than 1/2. Also,
note that the maximum value of p, is less than one minus the
maximum element of p,. Define p(p,) = 1_12p2 log (%
Note that the minimum value ¢(z) can take is 2, and ¢(z)
is a decreasing function of p,. As the strategy becomes more

deterministic, ¢(z) increases.

For single-level stochastic optimization problems, this setting is referred
to as non-oblivious stochastic optimization [19].
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Remark 1. In the following sections, we present various
bilevel optimization problems. For notational and analytical
simplicity, we assume that there exists a unique solution to
the inner optimization problem, i.e., the follower’s problem,
and the leader knows this unique response given its strategy.

We define a general dynamic Stackelberg game model and
focus on special cases of this model in the later sections.

A. Dynamic Stackelberg Games with Parametric Mixed
Strategies

A dynamic Stackelberg game is a two-player game between
a leader and a follower. The game has the state space S, the
leader has action space .4, and the follower has action space
B. f': S x Ax B — R is the leader’s utility function and
ff: 8 x Ax B — R is the follower’s utility function. At time
t, when the leader takes action a; and the follower takes action
b; at state s;, the leader and follower returns are fl(st, a, by)
and f%(s,as,b;) respectively. At time ¢ + 1, the game’s state
follows distribution P(s¢, at, b:). With an abuse of notation,
we use P(sq, a, by, q) to denote Pr(s;11 = q|s¢, at, bt).

In a dynamic Stackelberg game with parametric mixed
strategies, at state s, the leader and follower have (stationary)
mixed strategies T'(s;x) and 7'(s;y) parametrized by z €
X and y € Y, respectively. Here, 7'(s;z) and 7f(s;y)
are probability distributions over A and B, respectively. For
example, in a parametric game with the same Gaussian action
distribution for every state s, one may have 7' (s;z) = N(x, 1)
where X = R and 7'(s;y) = N(0,y) where Y = R>(. When
the follower’s strategy is fixed, the game is a Markov decision
process (MDP) for the leader, and vice versa.

Let s;, a;, and b; denote the random versions of s;, a;, and
by, respectively. At time ¢, the leader’s expected utility is

Eatr\dﬂ"(st;x),btwﬂf(st;y) [fl<5ta Qag, bt)] )

and the follower’s expected utility is

anwl(sf,;x),bwﬂf(suy) [ff(st’a“btﬂ :

Let 7 be the random, first hitting time to a return-free, invariant
set Seng Of states. The players reach S.,q after 7 steps and
cannot leave this set under any sequence of actions. We
consider that the interaction between the players ends upon
reaching S.,q. For example, in a navigation scenario, S¢pq
could be the target locations. In a cyber system, S.,q could
represent the state where users are disconnected. The time 7
(potentially) depends on the players’ strategies. For example,
in the navigation scenario, the time it takes for an agent to
reach its target may depend on its strategy and the other
player’s strategy. The leader’s expected cumulative utility is

E Zfl(sta Qy, bt) )
t=0

and the follower’s expected cumulative utility is

E Z ff(st7 ag, bt) )
t=0

where the expectations are over the randomness of states
So...S, and actions ag...a,, by...b .

In the full information setting, when deciding on its strategy
parameter y, the follower knows the leader’s parameter z.
This means the follower knows the probability distribution
of the leader’s action for every state but does not know the
leader’s realized actions. The follower’s goal is to maximize
its expected return given the leader’s strategy x, by solving:

max E
yey

fo(smaubt)
t=0

where the expectation is over the randomness of states
So...S, and actions ag...a,, by...b;

The leader’s goal is to maximize its expected return, i.e.,
solve the bilevel optimization problem:

sup E
reX

Zfl(sta Qag, bt)
t=0

* f
st. gy fargrynea)z(E ;]E[f (st,at,bt)]

We define

-
SR(x):=E Zfl(st,at,bt)
t=0
.
* f
st oyt = argrglea;dE ;]E [ (¢, a1, by)]
We refer to SR(z) as the Stackelberg return of strategy (pa-
rameter) x under full information and full follower rationality.

If the random hitting time 7 is deterministically 0, i.e., the
game has a single state, the game is static with parametric
mixed strategies. In this case, we drop s from our notation
and use the notation 7'(x), 7f(y), f'(a,b), and fi(a,b).

If the game has finite state and action spaces, the strategies
are distributions over actions. In this case, we drop 7 and use
notation z(s) and y(s) to denote the action distributions of
the leader and the follower at state s, respectively.

B. Special Case: Static Bimatrix Stackelberg Games

In a static bimatrix Stackelberg game, the leader has m
(enumerated) actions, and the follower has n (enumerated)
actions. We call matrix A € R™*"™ the leader’s utility matrix
and B € R™*" the follower’s utility matrix. When the leader
and the follower take actions ¢ and j, the leader and follower
returns are f1(i,7) = A;; and fi(i,j) = B;; respectively.

In bimatrix Stackelberg games with mixed strategies, the
leader has a mixed strategy x € A™, and the follower has
mixed strategy y € A™. We drop the notation 7' and 7' when
considering bimatrix Stackelberg games as the parameters
directly correspond to the action probabilities. Let ¢z and j
denote the random versions of ¢ and j, respectively. The
leader’s expected utility is 7 Ay = iz joy [Ai ], and the
follower’s expected utility is @ " By = E;y joy [Bi ] - When
deciding on strategy y, the follower knows the leader’s strategy
x. The follower knows the leader’s action probabilities but
does not know the leader’s realized action.
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1) Fully Rational Followers: The follower’s goal is to maxi-
mize its expected return given x by solving:
max z ' By.
yEA™
The leader’s goal is to maximize its expected return, i.e.,
solve the bilevel optimization problem:
sup ' Ay*
rEA™
st.  y* =argmax x' By.
yeEA™
Note that an optimal solution may not exist for this problem.
We define

SR(z) =z Ay
st.  y* =arg max z' By.
yEAN
We refer to SR as the Stackelberg return under full infor-
mation and full follower rationality. Note that SR(z) is a
piecewise linear function of z.

2) Boundedly Rational Followers with Maximum Entropy Re-
sponse: Bounded rationality models represent the decision-
making process of an agent with limited information or in-
formation processing capabilities and are often used to model
the decision-making process of humans [26]. We consider the
maximum entropy model (Boltzmann rationality) to represent
boundedly rational followers [27].

Given the leader’s strategy z, the boundedly rational fol-
lower solves the following optimization problem

T 1
max z By + TH®©)

where A denotes the follower’s rationality level. Note that for
A € (0,00), the optimal solution to the above problem is
unique since the objective function is strictly concave and is
given by o (B x) [24]. As A\ — 0, the follower does not take
its expected utility 2" By into account and takes all available
actions uniformly randomly. As A — oo, the follower becomes
fully rational. Given that the follower is boundedly rational
with level A € (0,00), the leader’s goal is to maximize its
expected utility, i.e., solve

max x' Ay*
zeA™

such that * = (B " z). In this setting, we define
SR(z) := x ' Ay* where y* = o(B'z).

as the Stackelberg return under full information and bounded
follower rationality with maximum entropy response.

3) Boundedly Rational Followers with Maximum Likelihood
Classification: A classification function ¢ : A™ — T maps the
leader’s strategy to a discrete set 7 = {z',...,z/71} c A™
of predefined strategies. For example, a pedestrian considers
drivers to be either aggressive or defensive. In detail, ¢(z)
is the maximum likelihood estimate given data x and the
parameter space 7, i.e., c(x) = argmax,icy Pr(z|z?). A
boundedly rational follower that classifies solves the following
optimization problem

-
max c(x) B
yeg() y

TABLE I: Overview of the problem settings and results

Achievability Results (Upper bounds on SR(z) — I Ry (x))
Prol?lem Resglt Horizon Strategy Follower type
section section class
II-A IV-A Static Parametric Rational
1II-B.1 IV-C Static Discrete Rational
1II-B.2 1V-B Static Discrete Max. Ent.
1I1-B.3 IV-D Static Discrete Classifying
11-C IV-E Dynamic Discrete lg/il};oplc Max.

Converse Result (Lower bound on SR(z) — I Ry (x))
Prot?lem Resglt Horizon Strategy Follower type
section section class
III-B.1 IV-F Static Discrete Rational
Achievability Result (Upper bound on max,; SR(x) — max; IRy (x))
Sett}ng Res‘.ﬂt Horizon Strategy Follower type
section section class
1I-B.1 IV-G Static Discrete Rational

where c(x) denotes the follower’s classification of the leader’s
type. Given the follower’s classification function c, the leader’s
goal is to maximize its expected utility, i.e., solve
sup z ' Ay*
IGA""
st.  y* = arg max c(z)' By.
ye An

In this setting, we define
SR(z) := z' Ay*

Loy = B
s.t. y" = arg ;g%C(w) Y,

as the Stackelberg return under full information and bounded
follower rationality with maximum likelihood classification.

[1l. PROBLEM FORMULATION: REPEATED STACKELBERG
GAMES WITH INFERENCE

In this section, we formulate decision-making problems for
the leader where the follower statistically infers the strategy
of the leader through repeated interactions. Let I Ry (z) be the
expected return of the leader at interaction k in the inference
setting. SR(x) is the expected return of the leader in the full
information setting. Since IRy (z) depends on the statistical
inference of x by the follower, it is not necessarily the same
as SR(z). We refer to the difference SR(z) — IRj(x) as the
inferability gap of the leader at interaction k. We are interested
in analyzing the inferability gap to find strategies that remain
performant in the inference setting.

In detail, the leader’s strategy affects the follower’s optimal
strategy in two ways in Stackelberg games with inference.
First, as in the conventional Stackelberg game formulation, the
leader’s strategy determines the expected return for different
follower actions, i.e., # ' B in the bimatrix Stackelberg games.
This affects the optimal strategies for the follower. Second,
unlike in the full information Stackelberg game, the leader’s
strategy x modifies the distribution of its empirical action
distribution & and, consequently, the follower’s strategy .

A strategy with a high Stackelberg return under full in-
formation may be highly suboptimal in a Stackelberg game
with inference. Different realizations of &, lead to different
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solutions for yi. If = is poorly inferred by the follower,
the follower’s strategy vy, may yield poor returns when
simultaneously played with x. In the inference setting, an
optimal strategy z* will strike a balance between having a
high Stackelberg return under full information and efficiently
conveying information about itself to the follower.

We analyze the inferability gap for different problem set-
tings. We first consider a static game with parametric action
spaces. Then, we consider a static bimatrix game over dis-
crete action spaces with fully rational and boundedly rational
followers. Finally, we consider a dynamic game over discrete
state and action spaces. Table I summarizes the settings and
results.

Remark 2. In some settings, the leader’s strategy could be
deterministic in a higher-dimensional state space. However,
the follower may perceive the strategy as mixed in a lower-
dimensional state space. For example, the car’s decision may
be a deterministic function of the car’s exact distance to the
pedestrian. However, a pedestrian with imperfect information
about the car’s state, i.e., the exact distance, may think the
car has a mixed strategy. While we do not explicitly consider
games with imperfect information, the problems and results
can easily be extended to these settings.

As mentioned in Remark 1, for notational and analytical
convenience, in the remaining sections, we assume that the
follower’s optimal response exists and is unique. We note that
if the follower’s response is not unique, one can formulate
the leader’s problem by considering the worst-case outcome
as given in Definitions 3.26 and 3.27 of [28], i.e., among the
strategies that maximize its objective function, the follower
chooses a strategy that minimizes the leader’s return (under
full information or inference). The problem formulations and
the results derived in the remaining sections easily extend
to the worst-case formulation. We also note that for the
followers with strongly convex utility functions, the optimal
response is unique even without the assumption. For example,
the follower’s response is unique for the boundedly rational
followers with maximum entropy response.

A. Repeated Static Parametric Stackelberg Games with
Inference Against Fully Rational Followers

Consider a Stackelberg game with mixed strategies that is
repeated K times. The follower knows the leader’s parametric
strategy space but does not know the leader’s fixed mixed
strategy (and its associated parameter) 7'(x). Instead, the
follower infers the leader’s parameter x from observations
of the previous interactions. At interaction k, let & be the
estimator of the leader’s parameter by the follower based on
the leader’s previous actions aj,...,a,—1-

Under these assumptions, the follower’s strategy 7' (i) at
interaction k£ depends on the leader’s actions in the previous
k — 1 interactions. For this reason, 7' (y;) changes with k. For
a fully rational follower based on the estimate Zj, we denote
the follower’s optimal parameter with y; such that 7f(y}) =
arg maxy ey f1(m (@), 7(1)).

The leader’s decision-making problem is to a priori select a
strategy 7' (x*) that maximizes its expected cumulative return

under inference, i.e., assuming that the follower rationally
responds to the estimator 7'(#,) of 7'(2*) at each interaction
k. Let aj, @, and y; be random variables denoting the
unrealized versions of ay, 25 and yy, respectively. If it exists,
the leader’s optimal strategy = € X maximizes

K
Z f] (ak7 bk)
k=1
* f
s.t. y; = arg E}Ilea;(]EaNﬂ](ﬁkLwaf(y) [f (a,b)] )

Here, aj, ~ 7'(z), b, ~ 7'(y}), and the randomness of y; is
over the leader’s actions aq,...,ai_1. The leader solves this
decision problem prior to taking any action, meaning their
future actions ai,...,ax are random variables that are all
independently sampled from x*. Since the follower’s estimate
), is a function of these future actions and the follower’s
strategy ¥y, is a function of &y, they are both random variables
as well and therefore are bolded.

B. Repeated Static Bimatrix Stackelberg Games with
Inference Against Fully or Boundedly Rational Followers

Consider a bimatrix Stackelberg game with mixed strategies
that is repeated K times. The follower infers the leader’s
strategy from observations of the previous interactions. For
example, at interaction k, let &; be the plug-in sample mean
estimation of the leader’s strategy. Specifically, if the leader
takes actions 41, ...,%,—; at the previous k — 1 interactions,

5;11 (it = l)

(xk)l = E—1 )

where (Zy), is the ™ element of vector #), and #(-) counts
the number of times the input is true.

The follower’s optimal strategy ¥;; at interaction k depends
on the leader’s actions in the previous k — 1 interactions. For
this reason, y;, changes over interactions. For example, for a
fully rational follower, y;, = arg max,can isz.

Next, we consider the following formulations of the leader’s
problem for different levels of follower rationality.

1) Fully rational follower: The leader’s decision-making
problem is to a priori select a strategy =* that maximizes its
expected cumulative return under inference, i.e., assuming that
the follower rationally responds to the plug-in of x* at each
interaction k. Let iy, 1, and y}; be random variables denoting
the unrealized versions of ij, £} and yj, respectively. The
leader’s decision problem is to maximize

K
STy
k=1

The expectation is over the randomness in the leader’s
(random) actions 21, ...,%x.

2) Boundedly rational follower with maximum entropy re-
sponse: The leader’s decision problem is to maximize

K
ST Ay
k=1

s.t. y; = arg ;rel%g &, By.

S.t. 'y: = O’)\(BTik).
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3) Boundedly rational follower with maximum likelihood clas-
sification: The leader’s decision problem is to maximize

K
E 2" Ayt s.t. y© = arg max c(%;) " By.
; Yk Yx gyEA" (Zr) By

C. Repeated Discrete Dynamic Parametric Stackelberg
Games with Inference Against Boundedly Rational,
Myopic Followers

Assume that the state space S, the leader’s action space
A, and the follower’s action space B are finite. After every
interaction spagbg . .. sra-b,, the follower updates its estima-
tion of the leader’s strategy using the plug-in sample mean
estimator for every state using all previous sample actions.
At interaction k, we denote the follower’s estimation of the
leader’s strategy for state s with Zx(s). At interaction k, a
boundedly rational, myopic follower approximately maximizes
its one-step return. For every state s, we define utility matrices
A(s)ij == fUs,i,7) and B(s)i; = f'(s,i,;). The leader’s
decision problem is to maximize

K T
E Z Z 2(s1) " A(s)yi(se)

k=1 t=0
st yi(se) = oa(Bs) T@u(s0)).

We note that different from the static case, the leader aims
to optimize its expected return for the whole interaction.

D. An Example Where Inferable Behavior is Necessary:
Autonomous Car and Pedestrian Interaction

This section describes a motivating example of the in-
teraction between an autonomous car and a fully-rational
pedestrian. The interaction is modeled as a bimatrix game.
Similar scenarios have been considered in [29], [30].

Consider an autonomous car moving in its lane. A pedes-
trian is dangerously close to the road and aims to cross. The car
has the right of way and wants to proceed, as an unnecessary
stop is inefficient. However, if the pedestrian decides to cross
the car may need to make a dangerous emergency stop. In the
event the pedestrian crosses, they may get fined for jaywalking.
The pedestrian and the car must make simultaneous decisions
that will determine the outcome. Since the autonomous car’s
software is fixed prior to deployment, the car’s decision is
drawn from a fixed strategy that does not change over time.

TABLE lI: Utilities for the car and pedestrian interaction

Pedestrian’s actions

Wait Cross

Car’s Stop 0,2) 0,1)

actions | Proceed | (2,0) (-8,1)
For the pedestrian, crossing has a value rl, = 2, and
potentially getting fined for jaywalking has a rjfw = —1. For
the car, proceeding without a stop has a value ri)r = 2, and

making an emergency stop has a value 7 = —8.
Scenario 1: The car stops, and the pedestrian waits for the

car. The pedestrian’s return is L = 2 since the car’s stop

Ccr

allows them to cross. The car’s return is 0 since it does not
proceed and stops unnecessarily.

Scenario 2: The car stops, but the pedestrian crosses before
the car yields the right of way. In this case, the pedestrian’s
return is r{, +rf,, = 1 since they cross the road but risk being
fined for jaywalking. Once again, the car receives a return of
0 since it does not proceed.

Scenario 3: The car proceeds, and the pedestrian waits. The
car’s return is ri,r = 2 since it makes no unnecessary stops.
The pedestrian gets a return of 0 since it can not cross.

Scenario 4: The car proceeds, and the pedestrian crosses.
The pedestrian’s return is 71 + rjfw = 1. While the car
proceeds, it makes an emergency stop due to the crossing
pedestrian, resulting in a return of 7, = —8.

Assume that the car stops with probability p and proceeds
with probability 1 — p. If the pedestrian knows the probability
p, the pedestrian would wait if 2p+0(1—p) > 1p+ 1(1 —p),
ie., p > 0.5. Knowing that the pedestrian would wait when
p > 0.5, the car gets a return of Op + 2(1 — p). Knowing that
the pedestrian would cross when p < 0.5, the car gets a return
of Op — 8(1 — p). Hence, it is optimal for the car to choose
a p such that p > 0.5 and p ~ 0.5. While such a strategy is
optimal and has a return of ~ 1 for the car, it relies on the fact
that the pedestrian has full information of the car’s strategy.
Such a strategy may not be optimal if the pedestrian does not
know p and relies on observations.

Consider a scenario where the pedestrian and car will
interact a certain number of times. The pedestrian estimates
the car’s fixed strategy using observations from previous
interactions. If, in most of the previous interactions, the car
stopped, the pedestrian would expect the car to stop in the next
interaction. Knowing that the pedestrian relies on observations,
the car should choose an easily inferable strategy.

If the pedestrian has a good estimate p of the car’s strategy,
the pedestrian will act optimally with respect to the car’s actual
strategy. On the flip side, the car will get a return that is close
to the full information case. For example, consider that p = 1.
In this case, the pedestrian has the correct estimate p = 1
after a single interaction, and the car gets a return of O in the
subsequent interactions.

If the car’s strategy is not easily inferable, then the car may
suffer from an inferability gap. For example, if p is such that
p > 0.5 and p = 0.5, the car has an expected return of ~ —1.5
in the second interaction. This is significantly lower compared
to the expected return of 1 in the full information case. The
difference is because the pedestrian’s estimate will be p = 0
with probability 1 — p =~ 0.5. In those events, the pedestrian
will cross, and the car will get —8 return if it proceeds. Overall,
a strategy that maximizes the car’s expected return over a finite
number of interactions should take the pedestrian’s estimation
errors into account.

A similar inferability gap occurs for the followers that
classify. Consider a pedestrian who classifies cars into two
types: cars that stop with probability 0.99 and cars that proceed
with probability 0.99. For these classes, the optimal action for
the pedestrian is to cross and wait, respectively. For such a
classification, in the full information setting, it is still optimal
for the car to choose a p such that p > 0.5 and p =~ 0.5.
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However, under such a strategy, the follower’s classification of
the leader’s strategy alternates frequently. Similar to the fully
rational setting, the leader’s expected return under inference
is &~ —1.5 in the second interaction.

[V. PERFORMANCE BOUNDS UNDER INFERENCE

In this section, we compare the leader’s expected utility
under repeated interactions with inference and the leader’s
expected utility under repeated interactions with full infor-
mation in different settings. With an abuse of notation, for
different settings, we use [Rjy(z) to denote the leader’s
expected return at interaction k under inference and SR(z)
to denote the leader’s expected return under full information
under strategy (parameter) z. The leader’s expected return at
the first interaction is arbitrary since the follower does not
have any action samples. Hence, we are interested in analyzing
the expected cumulative return for interactions k = 2,..., K.
Let v5%% () be the leader’s expected cumulative return in the
full information setting and v™ () be the leader’s expected
cumulative return in the inference setting for interactions
k =2,..., K. Due to the linearity of expectation, the expected
cumulative return can be represented as a sum of expected
returns of every interaction, i.e., v5**(z) = (K—1)SR(z) and
oI (7) = Zszz IRy (z). Consequently, we are interested in
analyzing the cumulative gap (K —1)SR(x)— 2522 IRy (z).

For the bimatrix games, without loss of generality,
we assume that the utility matrices are normalized, i.e.,
max; ; BL]' — HliIle B@j = max; j; A@j — minm A@j =1.
Summary of the technical results: In Secs. IV-A-IV-E, we
provide lower bounds on the leader’s return under inference,
ITRy(x), for various settings depending on the action spaces,
the horizon length, and the follower type. The bounds share
two elements other than the follower’s return under full
information SR(z): (i) the interaction number® and (ii) the
stochasticity (concentrability) of the leader’s strategy.

Dependency on the interaction number: At interaction k41,
the inferability gap scales with 1/v/& meaning that it decreases
with each interaction, and the cumulative inferability gap
grows as O(VK).

Dependency on the stochasticity (or concentrability) of the
leader’s strategy: As the leader’s action distribution becomes
less stochastic, the upper bound on the inferability loss de-
creases, implying that the return under inference gets closer
to the return under full information. The bounds are asymptoti-
cally vanishing: as the leader’s strategy becomes deterministic,
the inferability gap approaches zero. We remark that while
the inferability gap approaches zero, deterministic strategies
do not necessarily maximize the return under inference.

For repeated games where the leader’s return may depend
on the inferability of its strategy, the strategy maximizing the
return under full information is not necessarily optimal if the

>Theorem 1 does not directly depend on the interaction number. However,
the MSE of the follower’s estimate inherently depends on the interaction
number. Consider that the follower has an efficient estimator of the leader’s
parameter. In this case, the MSE of the follower’s estimate is inversely
proportional to the number of interactions since the leader’s actions are i.i.d..
Consequently, one can obtain a bound that grows as O(\/? ) and depends
on the stochasticity level of the leader’s action distribution.

number of interactions is limited. In these scenarios, one can
regulate the stochasticity level of the strategy to improve the
return under inference. While such regulated strategies are,
in general, suboptimal in the limit (when the follower has
full information of the leader’s strategy), they may maximize
the cumulative return under inference in a limited number of
interactions. We demonstrate the effects of regulating the total
variance through a numerical example in Sec. V-C.

A. Achievability Bound for Repeated Parametric Static
Stackelberg Games Against Fully Rational Followers

Let @; be the random variable denoting the follower’s
estimate of the leader’s parameter x after k — 1 interactions
based on the leader’s previous actions a,...,Qr_1.

In this setting, at interaction k£, we have

IRk (‘T) = Eakwﬂl($)7bkwﬂf(y;) [fl(aka bk)}
* f
s.t. yp, = arg glea}i(EaNWl(ﬁ:k),b~7rf(y) [f (a, b)} )
and

SR(I) = Eakwﬂ'l(r),bkwﬂ'f(y*) [fl(a'kv bk)]

* f
s.t. y* = arg rynea%( Eqri(2), bl (y) [f (a,b)] .

If &, converges to x and the follower’s optimal response
is a continuous mapping, then the follower’s response under
inference converges to the follower’s response under full
information. Furthermore, if the leader’s objective function
is a continuous mapping, then the leader’s expected return
under inference I Ry (x) converges to the leader’s return under
full information SR(z). However, with a finite number of
interactions, these returns are not necessarily the same, and
the leader may suffer from an inferability gap.

The following result shows that the inferability gap is upper
bounded if the follower’s estimate of the leader’s parameter
has a bounded mean squared error (MSE), the follower’s
response is Lipschitz continuous, and the leader’s objective
function is Lipschitz continuous.

Theorem 1. Let M SE}, > 0 be constants fork =2,3,..., K.
For a repeated parametric static Stackelberg game, if
) E[l|&, — (%] < MSEy,
2) Eamr(z),b~nf(y) [f'(a,b)] is an L'-Lipschitz function of
y, and
3) argmaxyey Eqoni(o) buni(y) [f(a,b)] is  an
Lipschitz function of x’ for all 2’ € X,
then (K —1)SR(x) — Y r_, IRy (z) < Y0, L'L/\/MSEy.

Proof of Theorem 1. Condition 3 implies

Lf-

ly* = yicll < Lilz — &)
Combining this inequality with condition 2, we get
1 1
EaNﬂ'](Cb),bNﬂ‘l(y) [f (aa b)] - anﬂ"(a:),brww](y;) [f (avb)]‘
< L'Lf|lz — x|
which implies
anw'(az)7b~ﬂ"(y;) [f](a7 b)] 2
anﬂ"(m),bwﬂ'l(y) [fl(a’v b)] - LlLfo - "ikH
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Let h(t) be the p.d.f. of || — z||. We have
IRk(.’E) =E [EaNﬂ.](z),bNﬂ-l(y’:) [f'(a, b)”

:/0 E [Barnitey i) [£(@,0)] [l — 2] = ] By

(1a)

(Ib)

> A (EaNﬂl(z)’bNﬂl(y) [fl(a, b)] - LlLf”.’E - :i:k”) h(t)dt

(Ic)

= SR(z) — L'Lf / h th(t)dt (1d)
0

where (1b) follows from definition of expectation, (1c) from
the above bound, and (1d) from the definition of SR and
Ji=, h(t)dt = 1. Note that

E[||2r — z||?] = /Oootzh(t)dt > </Oooth(t)dt)2 Q)

due to Jensen’s inequality. Condition 1 in (1d) and (2) imply

T ) — Irf *
IRy (x) > SR(z) — L'L (/0 t%(t)dt)
= SR(z) — L'L'\/MSE,

Summation from k = 2 to K yields the desired result. O

B. Achievability Bound for Repeated Bimatrix
Stackelberg Games Against Boundedly Rational
Followers with Maximum Entropy Response

In this setting, we define

IRk(x) =E [JL‘TAyk] S.t. Yy = UA(BTIIAJ‘]C),

and
SR(zx) =z Ay* s.t. y* = ox(B ' x).

The inferability gap in this setting can be bounded directly
using Theorem 1 due to three facts: (i) Since the leader’s
actions 1%1,...,%¢,—1 are i.i.d., the plug-in estimator satisfies
E [ & — z[?] = v(®)°/k-1. (ii) The leader’s expected return
is a vn/2-Lipschitz continuous function of the follower’s strat-
egy. (iii) The follower’s maximum entropy optimal response
is a Avnm/a-Lipschitz continuous function of the leader’s
empirical action distribution.

Corollary 1. For a repeated bimatrix Stackelberg games with
a boundedly rational follower with maximum entropy response,

- X any/mv(z)
K —1)SR(z) =Y IRp(z) <y N —2L
( P PP VN =

We use the following lemmas to prove the corollary. We
give the proofs of the lemmas in the appendix.

Lemma 1.
v(z)?

k-1

Lemma 2. Let y, = o\(B"#},) and y = ox(B ).

Efl &, — ]*] =

R
2T Ay — 2" Ayy| < THy — il

Lemma 3.

>\\/2% (3)
Proof of Corollary 1. The result directly follows from Theo-
rem 1 since Lemmas 1, 2, and 3, satisfy conditions 1, 2, and
3 in Theorem 1, respectively. O

loa(BT ) — ox(BTd)| < |2r — ||

Remark 3. There are % ~ (k—1)™"" (assuming

k > m) different values of &y. Computing the exact value
of IR may require evaluating the expected return under all
possible realizations of T.

The cumulative inferability gap grows sublinearly, i.e,
K

Z Any/my(x) =0 (\/E/\V(l‘)) .
= 4/(k=1)

We note that the MSE of the follower’s estimator depends on
the stochasticity level of the leader’s strategy. As the leader’s
strategy becomes deterministic, i.e., v(x) — 0, the inferability
gap vanishes to 0. In the extreme case where the leader’s
strategy is deterministic v(z) = 0, the leader does not suffer
from an inferability gap. As the follower becomes irrational,
ie., A — 0, the inferability gap vanishes to 0, and when
the follower is fully irrational, A = 0, the leader does not
suffer from an inferability gap since the follower’s strategy is
uniformly random and does not depend on observations.

The leader’s optimal strategy under inference depends on
various factors. Such a strategy should have a balance between
having a high Stackelberg return under full information and
having a minimal inferability gap, i.e., efficiently conveying
information about itself to the follower.

C. Achievability Bound for Repeated Bimatrix
Stackelberg Games against Fully Rational Followers

In this setting, we define
IRy(z) :=E [z " Ay;| st yj =arg max &, By,
yeAnr
and

SR(z) =z Ay* st.  y* =arg max z' By.

yeAn

Unlike the boundedly rational followers, a fully rational
follower’s optimal strategy is not a continuous function of the
leader’s strategy. For example, the pedestrian’s optimal strat-
egy as a function of the leader’s strategy has a discontinuity
in the motivating example. Hence, Theorem 1 is not directly
applicable to this setting.

While the follower’s optimal strategy is not a continuous
function of the leader’s strategy, it is a piecewise constant
function of it. In words, the follower’s optimal strategy is the
same within subdomains of the leader’s strategy simplex. Let
e; denote a probability vector such that the i-th entry is 1
and the others are 0. Strategy profile e; is optimal if and only
if 27 Ae; > a7 Ae; for all j € [n]. Let C; = {z | Vj €
[n],x" Ae; > x T Ae;}, ie., the set of leader strategies such
that strategy profile e; is optimal for the follower.

In the inference setting, if the leader has a strategy profile
x such that e; is uniquely optimal, i.e., z € C; and = &€ C;
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for every j € [n]\ {¢}, then y} almost surely converges to e;
as &y falls in only C; with probability 1.

Inspired by the piecewise constant property and the con-
vergence of & to x, we show that the inferability gap
is bounded for a finite number of actions. We first note
that the boundary between C; and C; is a hyperplane for
every i # j € [n]. Let e; be uniquely optimal for x and
d(x) denote the L2 distance to the closest boundary, i.e.,
min;ec )\ {5} Mingec; |z — 2’||. We note that d(x) has an
analytical expression. We have E [||& — «||?] = v(@)?/k—1,
which implies Pr(||Zx — z|| < d(x)) = v(@)/v&=Td(z) due to
the Markov bound. Using this, we get the following bound on
the inferability gap.

Theorem 2. For a repeated bimatrix Stackelberg game with
a fully rational follower, we have

)

2 d(x)\/(k —

= (k—1)

Proof of Theorem 2. Let ¢ be the optimal action for the fol-
lower given the leader’s strategy x. We have

IRy (z) = (1 — Pr(2 € Cy))E [27 Ayj|@, € G
+Pr(&), ¢ C)E [z Ay;|2r € Ci]

K
(K —1)SR(x) = Y IRi(x) <
k=2

We note that &, € C; implies that y;; = e; = y and hence
E [z Ay}|@), € Ci] = 2T Ay = SR(x). We have

=Pr(¢, ¢ C;)(E [2" Ay}|2r, € C;] —E [z Ay} |&x & Ci])
Note that

max E (2T Ayj|2, € Ci] —E [27 Ayj |2k & Ci]

<maxA;; —minA;; = 1.
3 1,7
Therefore, SR(z) — IRy(x) < Pr(&y & C;). The event &y, &
C; happens only if ||&g — x| > d(x) which happens with

prob. at most 7]%'23(’}_)3’”] due to the Markov bound. We have
E [|&x — (]
SR(x) — IR < .
()~ Thi(e) < =S

Due to Jensen’s inequality we get
&% — ] E [[l#x — (%]
d(x) d(z) '

Using Lemma 1 and summation from k£ = 2 to K yields the
desired result. O

SR(x) — IRk(x) < E[

We note that we can derive an asymptotically tighter bound
using the Chernoff bound for the convergence of Zj to x
instead of the Markov bound. Using ||Z, — z|| < ||Zx — 1
and Theorem 2.1 of [25], we can get the result

<_ (k — Dp(x)d(x)?

4
which implies the cumulative inferability gap is bounded by
a constant depending on m, ¢(x), and d(z) regardless of K.

K K

> (SR(z) — IRk(z)) <> 2™exp

k=2 k=2

D. Achievability Bound for Repeated Bimatrix
Stackelberg Games Against Classifying Boundedly
Rational Followers

In this setting, we define
IRy (x) :=E [xTAyZ] s.t. yi = arg max c(@x) " By,
yeAnr
and

SR(z) :

=z Ay* s.t.

* T

= y" = arg max c(z) By
where c is the maximum likelihood classifier of the follower.

The classification function ¢ assigns data x to x* € T if
Pr(z|z®) > Pr(x|a’) for all j € [I] \ {i}, i.e., the likelihood
of data z is maximized under z’ among strategies in 7 =
{z',...,2'}. We note that log Pr(z|2’) = (x,log(z?)), and
Pr(z|x?) > Pr(z|z7) implies log Pr(z|z?) — log Pr(z|z?) >
0, i.e., (z,log(z") — log(z?)) > 0. In words, similar to
the fully rational setting, the classification boundaries are
hyperplanes, and the optimal response of the follower is a
piecewise linear function of the leader’s strategy. Let C; =
{z | Vj € [n],z" log(z") > 2 log(x7)}, ie., the set of
leader’s strategies that is classified into z°.

In the inference setting, if the leader has a strategy profile
x such that arg max,:c7 Pr(x|z?) is unique, then y; almost
surely converges to y* = argmax,ean ¢(x) ' By as &, falls
in only C; with probability 1. Let d(x) denote the L2 distance
to the closest boundary, i.e., min;cp)\ (53 mingec; ||z — 2’
Theorem 2 applies to this case with the new definition of d(x).

E. Achievability Bound for a Repeated Discrete Dynamic
Stackelberg Games Against Myopic Boundedly Rational
Followers with Maximum Entropy Response

In this setting, we define

Z f1(8t7 ag, bt)

=0
st yi(se) = ox(B(sy) " @x(s1))

IR,(z) = E

by ~ yZ(st)]

and

SR(z) = E lz f'(s¢, as,by)

SLy*(s1) = or(Bsy) Tx(s).

To show the closeness of IRy(x) and SR(x), we follow
a similar approach to model-based off-policy evaluation for
MDPs [31]. We note that for a myopic follower, the dynamic
game is an MDP from the leader’s perspective. With the
increasing number of sample actions from a state s, the
follower’s estimate & (s) converges to the leader’s strategy
x(s). Since the follower has the maximum entropy response
and is myopic, the follower’s response under inference y;:(s)
converges to the follower’s response under full information
y*(s). Using the closeness of y;(s) and y*(s), we can show
the closeness of IRj(x) and SR(x) if the game has the
contraction property. We use a series of lemmas to prove this
result and give the proof sketches in the appendix.

by ~ y*(3t>‘|
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To ensure the boundedness of I R(x) and SR(z), we make
the following contraction assumption.

Assumption 1. For all y, qusend P(s,a,b,q) > 1 — 7,
where Senq is a return-free, invariant set of states.

This contraction assumption means that at every time step,
the interaction ends with probability at least 1 —v and is similar
to having a discount factor of v. For example, in a navigation
scenario, it can mean that the target is reached or the battery
runs out with a certain probability at every time step. Under the
contraction property, the well-known simulation lemma [32],
[31] shows that if two strategies are close for every state, then
the returns of these strategies are close.

Lemma 4 (Lemma 1 from [32]). Under Assumption 1, if
llyi(s) —y*(s)|li < eforall s €S, then

Ye
(=2

To invoke Lemma 4, we need to show the closeness of
y;(s) and y*(s). We note that Lemma 3 immediately applies
to bound the closeness between y; (s) and y*(s) as a function
of ||&k(s) — z(s)|. However, different from Sec. IV-B, the
sample actions of the leader are not independently sampled
(since they come from interactions of a dynamic game), and
Lemma 1 does not apply. To bound ||Zx(s) — z(s)||, we use
a result from [31] that can handle random stopping times.

Lemma 5 (Lemma 3 of [31], Theorem 2.1 of [25]). Let w be
the number of sample leader actions from state s in the first
k — 1 interactions. With probability at least 1 — 9,

lx(s) = () < ev/2/(a(s))
i log () log (55) -

To ensure that each state s has enough samples, we have
the following assumption.

ISR(z) — IR(z)| <

ifw=>

Assumption 2. Let p > 0 and 11 > 0 be constants. Under any
y, for all s € 8\ Sends,

Pr(sp=sVsi=s...)>p

and
Pr(si41 =8V St =58...]8t = 8) > p.

Assumption 2 ensures that every non-terminal state is
reached and resampled with high probability, and the occu-
pancy measure of each state is at least #/(1—u). The following
result is due to the concentration of Bernoulli and geometric
random variables and shows that the number of samples from
each state is lower bounded under Assumption 2.

Lemma 6 (Unification of Lemmas 4 and 5 from [31]). Under
Assumption 2, if

k = 6 max(8w (1 — p),log(%/s))/p

the number of sample leader actions from state s in the first
k — 1 interactions is at least w with probability at least 1 — .

Combining the above results, we get the following result on
the gap between SRy (z) and [ R(x).

Theorem 3. Under Assumptions 1 and 2, if

. 6 max( 294 1og(1/e) log(9151/55) (1 — 1), log(3\3\/5))’
p

then with probability 1 — 6,

ABlV|A
SR(z) — IRy(z) < 1Bl vIAlre .
V2(1 — 7)? min, \/p(z(s))
Proof of Theorem 3. Setting the failure probability to 9/3|s| in
Lemma 5 and the failure probability to 24/3|s| in Lemma 6,
and using the union bound, we get ||zx(st) — Tx(st)]1 <

e/2/p(x(s)) for all s € S\ Seng With probability at least
1—0. Using ||z]|2 < ||z|li < V/d||z||> and Lemma 3, we have

N A Bl Ale

ly*(st) — Gx(st) |1 £ —F——=

2p(x(s))
for all s € S\ Senq with probability at least 1 — 4. Using this
result in Lemma 4 gives the desired result. O

The inferability gap has the term +/¢(x(s)) that measures
the concentration of the leader’s strategy for state s. The
term 1/ming v/¢(x(s)) in the bound is analogous to the
stochasticity level v: As the strategies for every state get
more deterministic, 1/ mins \/@(z(s)) decreases making the
inferability gap diminish. In the extreme case where the
leader’s strategy is deterministic for every state, we have
1/ ming y/¢(x(s)) = 0, which implies that the gap becomes
0 with high probability after a certain number of interactions.

Similar to the static setting O(1/?) interactions are suffi-
cient to achieve an inferability gap of € with high probability.

We also note that the result for the fully rational followers
can also be extended to this setting by using the closeness
between y;(s) and y*(s) as described in Sec. IV-C.

F. Converse Bound for Repeated Static Bimatrix
Stackelberg Games with Fully Rational Followers

Theorem 2 shows that with a fully rational follower, the gap
between the leader’s expected return in the full information
setting and in the inference setting, SR(z) — IRy(x), is at
most at the order of O(1/v%) at interaction k. In other words,
after O(1/*) interactions, we have SR(z) — IR;(z) < e. In
this section, we give an example for the fully rational follower
setting that matches the upper bound: O(/c?) interactions are
required to achieve SR(z) — IRy (x) < e. We consider

N

For these choices of A and B, we have

“

1
< sup ' Ay* st y* = arg max xTBy> =
TEA™ yEAT 2

Proposition 1. Let A and B be as defined in (4). For every
€€ (0,1/2) and x € A? such that SR(x) > (1/2) — ¢, if
I < 1 — 20€ + 1282 + 80e® — 400¢*

- 32¢2 ’

then SR(z) — IRy (x) > e.
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Proof of Proposition 1. We follow a proof similar to the
proofs for bandit lower bounds. For a strategy with high return
under full information, we choose an alternative, close strategy.
We show that the alternative strategy has a low return in
the inference setting, and these strategies have similar returns
in the inference setting since they are not distinguishable.
Therefore, the return of the strategy with high return under
full information is low in the inference setting.

We first define some notation. Let E' = {z]z €
A2 z7[1,1] > 0} and E? = A2\ E'. Note that E* is the
set of leader strategies for which action 1 is optimal for the
follower, and E? is the set of leader strategies for which action
2 is optimal for the follower. We consider two strategies:

=[Y2+¢ Y2—¢| and z =[Y2—¢, Y2+ ¢].
These strategies are both € away from the follower’s decision

boundary at [1/2,1/2]. We prove the statement in four steps:

1) Show that the expected return of 2 under full information
SR(x) is lower bounded.
Show that the expected return of z under inference
IRy(%) is upper bounded.

3) Show that the expected returns of z and z under infer-

ence, IRy (z) and IR (x) are close.

4) Combine the above results.

Step 1: Note that € E2. Consequently, SR(x) =
which trivially implies SR(z) > /2 — €.

Step 2: Next, we bound IRy (z). We have

ZZPr

i=1 j=1
= (Y24 €) Pr(jr = 1[2)
since A171 = ALQ = A272 = 0, A271 = 1, and Pr(zk = 2|Z) =
(1/2) + €. We note that j, = 1 if and only if 2, € E1, i.e.,
the empirical distribution of the leader’s actions belongs to
E'. It implies that Pr(2;, € E'|z) = Pr(jix = 1|2). Pr(2; €
E'|z) < 1/2 since 2 has more bias towards action 2. We have
TRy(2) < (Y2 +€) /2= Ya + 2. )

Step 3: Finally, we bound |/ Ry(z) — IRy(z)|. Note that
IRy(x) — IRy(z)

= Pr(ix = 2|z) Pr(Jr = 2|x) — Pr(ix = 2|2) Pr(gx = 2|2)

— (12— € Pr(jix = 2fx) — (12 + ) Pr(ji = 2]-)

< (Pr(ge = 1) — Pr(gr = 12))/2.

Let Dz, and D, be the distributions of 2; and &y,
respectively. Also, let K L(D!||D?) denote the KL divergence

between distributions D' and D?, and Be(p) denote the
Bernoulli random variable with parameter p. We have

KL(Ds,||Ps,) = (k= 1)KL (Be (Y2 — €) [[Be (Y2 + €))

2)

2 —e

]Rk PI‘( k—]|

(6a)

since the leader’s actions are drawn from z (and from x)

at every interaction independently. Using the bound given in
Theorem 1 of [33], we get KL(D;, ||Ds,) < %.
Since jy, is a function of the empirical distribution 2y (&),

using the data processing inequality [34], we get

KL(Be(Pr(jr = 1|2))[|Be(Pr(jik = 1]x))) < KL(Ds,|/Ds;)

By Pinsker’s inequality and the above inequalities,

. . 8e2(k —1)
P =1|z)-P =1 <y —
| Pr(ji = 12) = Pr(jx = Lz)| <[
Combining this with (6), we get
2e2(k — 1)
IR —IR <y = 7
k() () S\ e 0]
Step 4: Combining SR(x) > 1/2 — ¢, (5), and (7) yields
1 _ 3e 2e2(k — 1)
-1 - — = = .
The bound is a monotone function of k. Setting the right-hand
side to € and solving for & yields the desired result. O

For small enough e, the term 1/32¢2 dominates the other
terms. If there are o(l/¢?) interactions, then the leader’s ex-
pected return under inference is at least € worse than its return
under full information.

The strategies with near-optimal Stackelberg returns, i.e.,

R(z) > (1/2)—e, will have poor returns under inference since
they are close to the decision boundary where the follower
abruptly changes its strategy. The returns for the strategies
close to the boundary will be poor since the empirical distri-
bution may be on the other side of the decision boundary.

The alternative bound in Sec. IV-C implies that for an
. i1 m log 2+log(1/€) - . .
inferability gap of e, — <725/ interactions are sufficient.

()75 (z)
Using ¢(z) > 2, we get that if k > %ﬂ‘g%“/e) + 1, then
SR(z) — IRg(z) < e. For the game in Proposition 1, we have
d(z) = €, which implies if k > %&g(l/e) +1=0(1/€%)

then SR(z) — IRk(z) < e. On the other hand, Proposition
1 shows that if k < 1=20c+128¢ *8063*4005 = O(1/€%),
SR(x) — IRy(x) > e. Hence, the bound with the concen-
trability metric ¢(x) is optimal up to logarithmic factors.

G. Static Bimatrix Games with Limited Inferability Gaps

The inferability of mixed strategies is particularly important
in general-sum games where the objectives of the players are
weakly positively correlated. Consider the static bimatrix game
setting. Due to the positive correlation between the utility
matrices A and B, it is useful for the leader to be correctly
inferred by the follower. On the other hand, since there is only
a weak correlation between A and B, i.e., A # B, the leader’s
optimal strategy may still be mixed.

Proposition 2 shows that for bimatrix Stackelberg games,
there exist strategies with a limited inferability gap (regardless
of the interaction number) if the game is almost cooperative
or competitive. In detail, we have

(m;lx IRy, (9:)) =

and

(max ' Ay} st y; = arg max :&ZBy) ,
z ’ yeAn "

x

(max SR(x)) = <Inax T Ay* st oy* = arg max :cTBy> .
T yEA™

For an almost cooperative or competitive game, there exists
a strategy for the leader such that the expected return of this
strategy in the inference setting is approximately at the level
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of the expected return max, SR(x) of optimal strategies in
the full information setting. Consequently, max, IRy (z) is
greater than max, SR(x) minus a constant depending on the
cooperativeness or competitiveness of the game. To formally
define the cooperativeness and competitiveness level of the
game, we decompose A and B. Let U¢ = A/2 + B/2 (the
cooperative objective) and U? = A/2 — B/2 (the zero-sum
objective). The leader’s utility matrix is U¢ 4+ U7, and the
follower’s utility matrix is U — U=. Let U¢ = (U¢ — ¢°) /a®
and U* = (U?* — ¢*)/a® be the shifted and normalized
versions of U¢ and U*#, respectively, such that max; ; U =1,
min; ; U i = 0, max; ] UZ = 1, and min, ; U O The
game is zero-sum if o = =0 and fully cooperatwe if o =0.

Proposition 2. For a repeated static bimatrix Stackelberg
game and k > 2:
)
(maXIRk(:L‘)) > (maxSR(x)) —2a°.
x x

2) If the maximum element of B;; is unique and the
follower’s estimate of the leader’s strategy is unbiased,

(mgxIRk(x)) > (mﬁxSR(x)) —2a”.

Proof of Proposition 2. We prove the statements separately.
Statement 1: Consider that the leader optimizes for the
negative of the follower’s objective, i.e., —B = —U°+ U*. In
this case, the leader’s optimal strategy =* is a Nash equilibrium
strategy for the zero-sum objective function —U¢ + U~?. z* is
also a Nash equilibrium strategy for the zero-sum objective
function —U°¢ + U* 4 2¢J since 2c°J is constant. Define

y* = arg max "By =arg max z' (U® —

UZ
max )Y,

*k By = T Uec —yU* ,
Y™ = arg max (x )" By = arg max (z%) " ( )y

yi = arg max &, By = arg max &, (U — U?)y.
yeEA™ yeA™ "

Since y** is a Nash equilibrium strategy, for all k£ > 2,

E [(z*) " (=U° +¢“J + U* + ¢ J)y**]
<E[(@*)" (U + T + U* + cJ)y;]

Since all entries of U¢ — c“J are positive, we have

E [(z*) " (=U° + ¢J + U* + ¢“J)y;)]
) (U° = T +U* + ¢ J)y;]
=E [(«") " (U° + U%)y;]

which is the expected return of the strategy «* under inference
at interaction k. Since x* is a feasible strategy, we have

(m;a,x IRk(:v)) >E [(2%) T (<=U° + U + 2¢°0)y™"]

:E [(x*)T(_Uc_i_Uz)y**:l +2CC

For all k > 2, we have
maxE [z Ay*] = maxE [z (-U® + 2U° + U*)y*]
(=U°+U?)y* +2a° + 2¢°]

=E [(2*) " (-U°+ U?)y™* + 2a° + 2¢°] .

< max[E [mT
x

The inequality is because for every z there exists a unique y*,
and max,, - 22 U°y* = 2a° + 2¢°. Hence, we have

(mgx SR(x)) <E [(z*)T (U +U?)y*™ + 2a° + 2c°] .

Combining the bounds on max, SR(z) and max, I Ry (z)
yields the desired result.

Statement 2: Note that if B has a unique maximum element
then U¢ — U? + 2¢*J and a°U° — o*U? + (c© + ¢*)J also
have unique maximum elements at the same locations since
they are shifted versions of B by 2¢*J. Let (i, j) be the index
of the maximum element.

Consider that the leader optimizes for the follower’s objec-
tive function (with a constant offset of 2¢?), i.e., U¢ — U~
2c¢?J, and its strategy x* plays action ¢ determ1n1st1cally In
this case, the leader’s return is aCUCJ — ozZUZj +c¢ 4 c*
the full information setting since the follower will play action
J. Similarly, in the inference setting, the leader’s return is
acUfy — a*Uf; + ¢© + ¢* in every interaction after the first
interaction since the follower will infer the leader’s strategy
with no error and play action j. Note that a°US; — o*Uj; +
c“+c* > a — a® 4+ ¢ + ¢ since

nllgagxacl_],gl —*UG > IrllcalxacU,gl - Irllcalxazﬁ,fl >af —a”.

Consequently, we have E [(z*) T Ay;] > (o — a® 4 ¢ 4 ¢)
which implies that (max, [Ry(z)) > (a° — o + ¢© + ¢*).
We have A = a°U°+a*U?+(c°+c*)J and maxy; a°US,+
zUkl < maxy o Ukl+maxk ! azUkl = a’+a® which imply
that (maXISR( ) < af+af + 4
Combining the inequalities for (max, IRy(z)) and
(max, SRy (z)) yields the results for statement 2. O

If o® is small (i.e., the competitive aspect of the game is in-
significant), the leader can optimize for the follower’s objective
function instead of its own objective function. By considering
a joint objective function, we can observe that in the full
information setting, there exists a deterministic strategy for
the leader that is near-optimal for the leader’s own objective
(assuming that the follower has a unique optimal response to
the leader’s strategy.) Since the strategy is deterministic, the
leader does not suffer from an inferability gap in the inference
setting compared to the full information setting. Since the
ignored part of the objective function is insignificant, the
expected return of this strategy in the inference setting is near
the optimal return in the full information setting. If ¢ is small
(i.e., the cooperative aspect of the game is insignificant), the
leader can optimize for the opposite of the follower’s objective
function instead of its own objective function. By considering
the zero-sum equilibrium, we can observe that in the full
information setting, there exists a mixed strategy for the leader
that is near-optimal in the absolute sense for the leader’s own
objective. In the inference setting, the follower may not be able
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Fig. 1: The car’s average return (averaged over 10 simula-
tions) in the pedestrian-car example. Solid lines represent the
average return for different strategies where p is the probability
of the car stopping. Dashed lines represent the average return
per interaction under full information, i.e., " Ao\ (B x) for
x = [p,1— pl|. (Top) A =5. (Bottom) A = 100.

to infer the leader’s strategy fully. However, since any error
in inferring the leader’s strategy leads to a different strategy
for the follower, it can only decrease the follower’s returns
as the leader’s strategy is a zero-sum equilibrium strategy.
Consequently, it can only increase the leader’s returns, and
the leader does not suffer from an inferability gap compared
to the full information setting. Since the ignored part of the
objective function is insignificant, the expected return of this
strategy in the inference setting is near the optimal return in
the full information setting.

V. NUMERICAL EXAMPLES

In this section, we evaluate the effect of inference on re-
peated bimatrix Stackelberg games and a repeated Stackelberg
game with parametric action spaces. For the bimatrix games,
we consider the aforementioned car-pedestrian interaction and
randomly generated bimatrix games. For clarity of presenta-
tion, we plot the average return - Zszz IRy (z), which is
the expected cumulative return up to interaction K divided by
K. We approximate the expectation with repeated simulations.
We give additional experiments in the extended report [35].

A. Car-Pedestrian Interactions

We consider the bimatrix game presented in Table II with a
boundedly rational follower with maximum entropy response.
We simulate the gameplay under inference for 100 interactions
with rationality constants A = 5 and A = 100. The car’s
strategy is determined by p, i.e., the probability that the car
stops. For A = 5 and A = 100, the optimal p are 0.77 and

0.53 in the full information setting, respectively. We show the
results in Fig. 1 for different values of p.

For A = 100, all strategies receive higher average returns
as the number of interactions increases as the pedestrian’s
estimation improves. In the long run, p = 0.53, the optimal
strategy for the car in the full information setting, would
achieve the highest return. However, after 100 interactions,
this strategy is still underperforming compared to more de-
terministic strategies. This is because a small error in the
pedestrian’s estimation Pj results in large changes in the
pedestrian’s strategy, demonstrating the impact inference has
on the leader’s return. On the other hand, as we expected,
the strategies with higher stopping probabilities achieve higher
transient returns: More deterministic strategies are easier for
the pedestrian to infer at a small number of interactions K, and
any error in py, results in only small changes to the pedestrian’s
strategy. For A\ = 5, we also observe that more deterministic
strategies, such as p = 0.8 or p = 0.9, achieve higher returns in
the transient period than p = 0.77, which is optimal for the full
information case. In this case, the pedestrian is less rational,
caring less about the leader’s strategy, and takes actions more
uniformly randomly. Consequently, the inferability gaps are
smaller, aligned with the bound given in Corollary 1.

B. General-sum Tug of War

We consider a static Stackelberg game with parametric
mixed strategies to demonstrate the importance of inferability.
The leader’s strategies are normal distributions A (y!, (s")?)
parametrized by (u!,s') € R2. Similarly, the follower’s are
normal distributions N (pf, (s')?) parametrized by (uf,s") €
R2. The leader’s action is a ~ N (u!, (s')?), and the follower’s
action is b ~ N (uf, (s1)?). Let 0 < ¢jou < Chign be constants.
The return of the leader is 1 if @ + b € [¢jow, Chign], and O
otherwise. Symmetrically around 0, the return of the follower
is 1if a 4+ b € [—chigh, —Ciow], and 0 otherwise.

We note that the leader and follower try to pull the sum of
their actions in different directions. This aspect of the game
resembles a competitive “tug of war”. On the other hand, for
inconclusive outcomes, i.e., a +b € (—¢jow, Clow ), OF €Xtreme
outcomes, i.e., a+b € (—00, —chign)U(Chigh, 00), both parties
receive the same low return of 0. This aspect of the game is
cooperative in that both parties aim to avoid these regions.

Due to the independent sampling of a and b, we have
a+b ~ N+ pf ()% + (s')?). One can observe that
given the leader’s strategy A (!, (s')?), the follower’s optimal
strategy is N'((—Chigh —Ciow)/2— ', 0) since it maximizes the
probability of a +b € [—chigh, —Ciow] Which is the follower’s
expected return. Given the follower’s optimal strategy, we have
a+b~ N((=chigh — Clow)/2, (s")?). The leader’s expected
return is the probability that @ + b € [Ciow, Chign] and the
leader’s mean parameter ;' has no effect on the leader’s
expected return. As shown in Fig. 2, SR(y!,s') = Pr(a+b €
[Clow, Chigr)) 18 a unimodal function of s' between [0, c0)
and attains its maximum for a finite positive value of s
Consequently, the leader’s optimal strategy is mixed.

Consider a scenario where the leader and the follower will
interact a certain number of times. The follower estimates
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Fig. 2: The leader’s expected return in the tug of war game for
different mean and standard deviation values (c;,,, = 0.01 and
Chigh = 9). Lower values of standard deviation lead to higher
returns for the lower number of interactions. The leader’s mean
parameter has no effect on the expected return.
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Fig. 3: The leader’s average return for the randomly generated
bimatrix games. Solid lines represent the average return for the
bound’s local maxima for different values of the regularization
constant c. Dashed lines represent the average return per inter-
action under full information, i.e., (z*(c)))" Aox(BTz*(c)).

the leader’s mean from the previous interactions using the
plug-in estimator. After k interactions, the follower’s estimate
of the leader’s mean parameter is fi! that is distributed as
N (!, (s")2/k). The follower’s action b1 is distributed as
N((=Chigh = Clow)/2 — [1,0) = N((—Chigh — Clow)/2 —
ph, (s1)2)/k). Since the leader’s action aj.; is distributed as
N (!, (s")?), and ar,1 and by are independently sampled,
we have apt1 + b1 ~ N((=Chigh — Clow)/2, (s")? +
(s")2)/k), and the leader’s expected return at (k + 1)-th inter-
action is the probability that ax+1 + bk41 € [Clow, Chigh]- We
note that the leader’s mean parameter 4' has no effect on the
expected return since the follower’s unbiased estimate cancels
any changes to p!. On the other hand, the expected return
depends on the leader’s variance parameter. If the leader’s
strategy has high variance, i.e., it is not easily inferable, then
the follower’s estimation will be inaccurate. In return, the
leader will suffer from an inferability gap. Fig. 2 shows that
strategies with lower variance achieve a higher return for a
lower number of interactions.

C. Randomly Generated Bimatrix Games

We evaluate the performance under inference for randomly
generated bimatrix games when the follower is boundedly ra-

tional with maximum entropy response. From the achievability
bound given in Corollary 1,

K
(K —1)SR(x) — cv(z) <> IRk(x)
k=2

for some constant ¢ depending on K. We use v as a regularizer
and optimize the bound for fixed values of c:
r*(c) = arg max SR(z) — ¢ (v(z))%
TEA™

and compare the performance of leader strategies for different
values of c. We replace v with v/ in the optimization problem
since the gradients of v/ are Lipschitz continuous. We note that
even when ¢ = 0, this is a nonconvex optimization problem.
On the other hand, the objective is Lipschitz continuous thanks
to the softmax response. To find a local optimum, we use
gradient descent with decaying stepsize. We use the leader’s
optimal strategy from the Stackelberg game with a fully
rational follower as the starting point for the gradient descent.
We note that for the bimatrix game under consideration,
by exploiting that the pure strategies are optimal for the
follower, such a strategy can be obtained by solving n linear
programs [3]. Each of the linear programs fixes the follower’s
action and constrains the leader’s strategies to a polytope to
ensure that the considered follower action is optimal.

In this example, we randomly generate bimatrix games.
For each bimatrix game, the entries of the leader’s utility
matrix A are uniformly randomly distributed between 0 and
1. The follower’s utility matrix B = 4/2 4+ C/2, where C' is
a uniformly randomly distributed matrix between 0 and 1.
This construction makes A and B weakly positively correlated
highlighting the importance of mixed strategies and inferability
as explained in Sec. IV-G.

We randomly generate 10,000 4 x 4 bimatrix games. For
each random bimatrix game, we find the leader’s strategy
x*(c) for ¢ = 0,1,10, and 100. For each bimatrix game,
we simulate play for 100 interactions with rationality constant
A = 100. We repeat the simulations 100 times, and the leader’s
return is averaged at each interaction over these simulations.
Then, the leader’s average return until interaction k& for each
bimatrix is averaged at each interaction k£ over all bimatrix
games. Results are shown in Fig. 3.

In these simulations, higher regularization constants corre-
spond to more inferable (less stochastic) strategies, as more
weight is given to the stochasticity level of a strategy. The
optimal strategies for the full information setting z*(¢c =
0) (the optimal strategy with no stochasticity regularization)
achieve a higher average expected return in the long run
(after 45 interactions) since the follower’s estimation accuracy
improves with more interactions. However, these strategies still
suffer an inferability gap after 100 interactions. For the first 45
interactions, the regularization constant ¢ = 100 yields higher
average returns, and the average return reaches its final value
even after the first interaction since the generated strategies
are deterministic and estimated by the follower perfectly.

VI. CONCLUSIONS

When interacting with other non-competitive agents, an
agent should have an inferable behavior to inform others
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about intentions effectively. We model the inferability problem
using repeated Stackelberg games where the follower infers the
leader’s strategy via observation from previous interactions.
For a variety of repeated Stackelberg game settings, we show
that in the inference setting, the leader may suffer from an
inferability gap compared to the setting where the follower has
full information of the leader’s strategy. However, this gap is
upper bounded by a function that depends on the stochasticity
level of the leader’s strategy. The bound and experimental
results show that to maximize the transient returns, the leader
may be better off using a less stochastic strategy compared to
the strategy that is optimal in the full information setting.

APPENDIX: PROOFS OF TECHNICAL RESULTS

Proof of Lemma 1. Due to the linearity of expectation, we
have E[|z), — z|?] = >, E[((@x); — (z):)?]. Note that
41,...,%,—1 is sampled independently from x, and Pr(i, =
alr) = (z);. Consequently, (k — 1)(&); is a binomial
distribution with parameters k — 1 and (z);, and satisfies

E[((k = 1)(&)i — (k — 1)(2):)%] = (k — 1)(2)i(1 = (x)y).

2
Therefore, we have E[||&, — %] = Vk(%l O
Proof of Lemma 3. We first define
¢ = max A;; + min A;;, ¢ = max B;; + min B;;.
4,J (2%} 4,J 4,J

Let J be a matrix of ones. We note that
oA(B i) = ax (B = 7d12) i)
ox(B'z) =0y ((B — Jqf/z)T J})

since subtracting the same constant from all elements does
not change the result of the softmax function. Let z; be the
i column of B — Jd'/2. ||ox(BTz) —ox(BT )] is equal to

o —J—qf Tx -0 —J—qf Ti:
A 5 A 9 k

Jg\ Ji\ "
<A ( _2(1) x—( _2q> Ti (8a)
=ONDIN EEA A (8b)
i=1
<z — &| vVmn/2 (8¢)

where (8a) follows from the A-Lipschitzness of o, (8b) from
the Cauchy-Schwarz ineq., (8¢c) from max; ; |z; ;| = /2. O

Proof of Lemma 2. Let J be a matrix of ones, and z; be the
i™ column of A — Jd'/2. |[xT Ay — 2" Ay| is equal to

1
" Ayp —a " Ay — xT%(Jyk —Jy) (9a)
ql
<7 (A— 2J>H - (9b)
" 1/2

< T \2 _
< max ;(az 2;) lye — vl

n\ 1/2 n
< () -l =Sl ol 00

where (9a) is due to Jy = Jyi, (9b) is due the Cauchy-
Schwarz ineq., and (9¢) is due to max; |z;;| < 1/2. O

Proof sketch for Lemma 4. The proof follows from consider-
ing the dynamic game as a discounted MDP (since the leader’s
strategy is fixed and Assumption 1), where the follower’s
strategies in different settings in the dynamic game are dif-
ferent policies for the MDP. O

Proof sketch for Lemma 5. Lemma 3 of [31] uses Theorem
2.1 of [25], an upper bound of 2 on ¢(ps), and the union
bound to derive a similar looser bound that does not depend
on the concentration of z(s). The proof of Lemma 5 follows
from not invoking the upper bound on ¢(ps) and following
the same steps as in Lemma 3 of [31]. O

Proof sketch for Lemma 6. The proof directly follows from
combining Lemmas 4 and 5 from [31]. O
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