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Abstract

We introduce and study the problem of balanced districting, where given an undirected
graph with vertices carrying two types of weights (different population, resource types, etc) the
goal is to maximize the total weights covered in vertex disjoint districts such that each district is
a star or (in general) a connected induced subgraph with the two weights to be balanced. This
problem is strongly motivated by political redistricting, where contiguity, population balance,
and compactness are essential. We provide hardness and approximation algorithms for this
problem. In particular, we show NP-hardness for an approximation better than n'/2=% for any
constant § > 0 in general graphs even when the districts are star graphs, as well as NP-hardness
on complete graphs, tree graphs, planar graphs and other restricted settings. On the other hand,
we develop an algorithm for balanced star districting that gives an O(y/n)-approximation on
any graph (which is basically tight considering matching hardness of approximation results), an
O(logn) approximation on planar graphs with extensions to minor-free graphs. Our algorithm
uses a modified Whack-a-Mole algorithm [Bhattacharya, Kiss, and Saranurak, SODA 2023]
to find a sparse solution of a fractional packing linear program (despite exponentially many
variables) which requires a new design of a separation oracle specific for our balanced districting
problem. To turn the fractional solution to a feasible integer solution, we adopt the randomized
rounding algorithm by [Chan and Har-Peled, SoCG 2009]. To get a good approximation ratio
of the rounding procedure, a crucial element in the analysis is the balanced scattering separators
for planar graphs and minor-free graphs — separators that can be partitioned into a small
number of k-hop independent sets for some constant k¥ — which may find independent interest
in solving other packing style problems. Further, our algorithm is versatile — the very same
algorithm can be analyzed in different ways on various graph classes, which leads to class-
dependent approximation ratios. We also provide a FPTAS algorithm for complete graphs and
tree graphs, as well as greedy algorithms and approximation ratios when the district cardinality
is bounded, the graph has bounded degree or the weights are binary.
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1 Introduction

In this paper we study the problem of balanced districting, where we are given an undirected graph
where vertices carry two types of weights (population, resource types, etc) and the goal is to find
vertex disjoint districts such that each district is a connected induced subgraph with the total
weights to be c-balanced — each type of weight is at least 1/c of total weight of the district. We
aim to maximize the total weights of the vertex disjoint balanced districts.

This problem is an abstraction of many real world scenarios of districting where contigu-
ity /connectivity, population/resource type balance and compactness are desirable properties. For
example, in political redistricting, several towns are grouped into a state legislative district or a
congressional district. Balancedness requires that each district maintains a sufficient fraction of
each (political or demographic) group, which is essential for several reasons. First, voter turnout
rates sharply increase if the anticipated election outcome is expected to be a close tie. [16] Thus a
balanced district would motivate and raise voter turnout rates. Additionally, balancedness ensures
that each political group has the opportunity to elect a candidate of their choice, in compliance
with the Voting Rights Act of 1965 [48] and other amendments [29]. This principle also helps to
prevent the tipping point in racial segregation, where residents of one demographic group start
to leave a district once their population falls below a certain threshold. [65, 61] Connectivity or
contiguity, on the other hand, demands that each district be geographically contiguous, — in the
language of graph theory that the vertices corresponding to the towns form an induced connected
subgraph. This requirement is enforced by most state laws and is a standard practice in general.
Many states also have a compactness rule [3], which refers to the principle that the constituents
residing within an electoral district should live as near to one another as possible. It often manifests
into a preference for regular geometric shapes or high roundness (small ratio of circumference and
total area).

The problem of redistricting also appears in many other scenarios such as districting for pub-
lic schools, sales and services, healthcare, police and emergency services [15], and logistics op-
erations [53]. In addition, the balanced districting problem is of interest in a broader range of
applications for resource allocation. For example modern computing infrastructure such as cloud
computing provides services to a dynamic set of customers with diverse demands. Customer appli-
cations may have a variety of requirements on the combination of different resources (such as CPU
cycles, memory, storage, or access of special hardware) that can be summarized by the balanced
requirement.

Due to the importance of the problem, redistricting has been studied in a computational sense
for schools and elections, that dates back to the 1960s. [49] Since then, an extensive line of work
(see [9] for a survey) has formulated the redistricting task as an optimization problem with a
certain set of objectives. A lot of existing work considers the geographical map as input and
comes up with practical methods and software implementations that generate feasible districting
plans. We will survey such work in Section 1.2. However, most previous works focus on optimizing
a single desirable property alone (e.g., connectivity [1], or balance [45]), or optimizing average
aggregated scores combining multiple objectives of the districts [35]. In contrast, our problem
formulation takes these objectives as hard constraints and optimizes the total population that
satisfies them. There are several merits of this formulation. First, it offers interpretable, fair,
worst-case guarantees for the identified districts. Districting problem is a multi-faceted one. With
multiple criteria taken into consideration, it feels ill-fit if only one criterion is singled out as the
optimization objective. Furthermore, an average quality guarantee does not provide meaningful
utility at the individual district level, and aggregated scores offer limited insight into each objective.
Second, a districting solution has a consequential nature and should be taken with a dynamic and



time-evolving perspective. Once a new districting plan is in place, residents naturally respond to
the algorithm output, resulting in changes in the population distributions. One prominent example
is the tipping point theory in racial segregation mentioned above. Optimizing a single balancedness
score can still lead to many districts falling below such a tipping point, exacerbating segregation.
With this in consideration it is important to keep balancedness as a hard constraint, which hopefully
facilitates district stability and integration. With c-balanced property as a requirement, a graph
partitioning into vertex disjoint c-balanced districts is not always possible. For example, if the
total weight is not c-balanced, some districts have to be unbalanced no matter how the districts
are defined. Therefore, we aim to maximize the total weights in balanced districts.

In this paper we focus on the graph theoretic perspective of the redistricting problem. We
abstract the input as a graph where vertices represent natural geographical entities/blocks (e.g.,
townships) and edges of two vertices represent geographical adjacency /contiguity. We focus on two
important quality considerations namely connectivity and balanceness, and we maximize coverage,
i.e., the total weight (population) covered by balanced districts. In addition, we also consider
compactness, which in our setting leads to preference of districts as low-diameter subgraphs. An
important case studied in this paper is to consider a balanced star district, which consists of a
center vertex v as well as a set of neighboring blocks all adjacent to v. We also consider districts
of bounded rank & for a constant k — where a district has at most k vertices.

1.1 Our Results and Technical Overview

We report a systematic study of the balanced districting problem on both hardness results and
approximation algorithms. Our goal is to dissect the problem along different types of input graph
topologies (general graphs, planar graphs, bounded degree graphs, complete graphs, tree graphs,
etc), district types (e.g., arbitrarily connected districts, star districts, or bounded rank-k), and
weight assumptions (arbitrary weights, binary weights). A brief summary of our results can be
found in Table 1.

Complexity and Challenges. There are three elements in the balanced districting problem that
make it challenging and interesting, from a technical perspective: 1) connectivity — the induced
subgraph of a district is connected 2) packing and coverage maximization — no vertex belongs to two
districts and we maximize the total weights of included vertices; 3) balancedness — the two types
of weights in a district need to be roughly balanced. These elements are shared with a number
of well known hard problems, suggesting that our problem is also computationally challenging.
For example, the exact set cover problem asks if there is a perfect coverage and packing in a set
cover instance. The packing element is shared with maximum independent set problem — a vertex
included will forbid its neighbors to be included. And the balancedness is shared with subset sum
problem. Therefore by using the hardness of these problems we can show hardness and hardness of
approximation of the balanced districting problem for a variety of graph classes. The hardness of
the balanced districting problem is immediately shown by a reduction from exact set cover problem.
By a reduction from maximum independent set problem, we can show that the balanced districting
problem does not have an approximation of n'/2=% for any constant § > 0 in a general graph of n
vertices unless P = NP and is APX-hard for bounded degree graphs. From a reduction from the
planar 1-in-3SAT problem, the balanced districting problem is NP-hard for a planar graph, and
even if each district has at most three vertices — a crucial condition since the problem can be solved
exactly by maximum weighted matching if each district is only allowed to have two vertices. If the
input graph is a tree or a complete graph — extremely simple topologies for which many NP-hard
problems can be solved in polynomial time, the balanced districting problem is still NP-hard due



Table 1: A summary of hardness and approximation results on the balanced districting problem.
Note that 0, > 0 are constants. Tight results are highlighted in bold.

Graph Type District Type Result Note
General arbitrary /star NP-hard for n'/?~%-approx Theorem 4
Section 3 APX-hard for A = O(1)
Max degree A arbitrary/star NP-hard for A /QO(ﬂ)_apprOX Theorem 4
UGC-hard for O(A/log® A)-approx
Planar with A =3 star with rank-3 NP-hard Theorem 2
Complete or Tree arbitrary/star NP-hard Theorem 3
Planar star O(log n)-approx
Section 4 H-Minor-Free star O(h?logn)-approx, h = |H| Theorem 5
Outerplanar star O(1)-approx
General star ©(y/n)-approx
Section & Complete graph arbitrary/star FPTAS (1 + ¢)-approx Theorem 7
Tree arbitrary/star FPTAS (1 + ¢)-approx Theorem 8
General rank-2 polynomially solvable Theorem 9
. General rank-k, k > 2 k-approx Theorem 10
Section 6 T
Bounded degree A star (A + X )-approx Theorem 11
Ge&f:jygzlﬁghgth star Cc-approx Theorem 12

to the balancedness requirement by a reduction from subset sum. All of the hardness proofs hold
even if we limit the output districts to be only of a star topology. This set of hardness results can
be seen from the Top section of Table 1.

Greedy Methods on Special Cases. On the positive side, it is natural to ask if existing
techniques for solving or approximating these related problems can be borrowed for the balanced
districting problem. The answer turns out to be often “not really”, even if we only look for
balanced star districts. The additional requirements in our problem often break some crucial steps.
For example, the problem of maximum independent set has an easy Q(n) lower bound if the input
graph is sparse (or planar) — thus a simple random greedy algorithm with conflict checking gives
an easy constant approximation algorithm. But such lower bound no longer holds true for our
problem if the weights are not balanced. Even for star districts, when the maximum degree is not
bounded by a constant, the number of potential balanced districts can be exponential in n, the size
of the network.

We show in Section 6 that ideas using a greedy approach and local search method give us
approximation algorithms, but only for very special cases. Namely, if the districts have rank-k,
we can try the greedy maximum hypergraph matching to have a k-approximation to the optimal
solution. When all weights are binary (1 or 0), we can use a greedy algorithm with local search to
get a ¢ approximation to the optimal c-balanced star districting solution. Similarly, if the graph
has maximum degree A, we can get a (A + %)—approximation for c-balanced star districting.

LP Framework and Rounding. To really tackle the problem with arbitrary weights, for dis-
tricts that are not limited by rank and graphs beyond constant bounded degree, we first examine
what we can do with complete graphs or tree graphs — here the topology is made some of the sim-
plest possible, and we would like to address the challenge from packing and balancedness. In this



setting we can obtain FPTAS for both complete graphs and tree graphs (Section 5)— although the
algorithm is much more involved due to the additional requirements of packing and connectivity
(for tree graphs, as connectivity is trivial for complete graphs). Our FPTAS uses a dynamic pro-
gramming technique that maintains one district’s possible weights and introduces a new prioritized
trimming method to approximate weights while ensuring that the resulting district satisfies the
c-balanced constraint and approximates the optimal weight. The FPTAS for the complete graph
is later used as a subroutine for solving the relaxed LP formulation for other graph settings.

Beyond complete graphs and tree graphs, we develop a general framework (Section 4) that
produce approximation algorithms for star districts on different types of graphs. All these algo-
rithms start from a relaxed linear program where we formulate a variable xg for each potential
balanced star district S, which can take non-integer values and for all districts that share the same
vertex, the sum of their variables is at most 1. Despite potentially exponentially many variables
(and constraints in the dual program) that preclude standard solutions, we adapt the whack-a-mole
framework [11], which can be seen as a lazy multiplicative weight update algorithm, on dual vari-
ables, and we design a ‘separation oracle’ that selects a violating constraint in the dual program
in time polynomial in n and 1/e that can significantly improve the solution. Consequentially, the
linear program can be solved in time polynomial in n and 1/e up to any precision 1 — ¢ and the
number of non-zero primal variables (i.e., the candidate balanced star districts) is also polyno-
mial. Intriguingly, our separation oracle is based on our FPTAS on compute graphs for balanced
districting.

Now we will round the fractional solution to an integer solution and in the process we may
lose an approximation factor. We use a simple randomized rounding method where we sort the
districts with non-zero values in decreasing order of total weight, and flip a coin with probability
proportional to xg to include a potential district S, if S does not overlap with any districts already
included. In order to bound the loss of quality in the rounding process, we need to upper bound the
correlation of the variables, namely, sum of x4 - g for all pairs of overlapping districts A, B. These
are the (fractional) districts that have to be dropped due to conflict. To establish the approximation
factor, we wish to bound the total sum of correlation by a factor multiplied with the total sum
over all possible districts > ¢xg — exactly the optimal LP solution. We show that this ratio is
O(y/n), which immediately gives an O(y/n)-approximate solution for star districts on a general
graph. Notice that this is tight due to the hardness of approximation results.

Due to the strong motivation from political redistricting and resource allocation considering
geographical proximity /constraints, the planar graph is of particular interest to us. One of the main
technical contributions is a polylogarithmic-approximation algorithm for balanced star districting
on planar graphs and related algorithms for minor-free graphs and outer planar graphs. For a
planar graph we now adopt a balanced planar separator and use a divide-and-conquer analysis.
Namely, we only need to analyze the overlapping districts with at least one of them including
vertices in the separator. Now a crucial observation is, if we can partition the planar separator into
k 5-hop independent sets, then we can decompose the total sum of correlation by the independent
sets — fix an 5-hop independent set X, two star districts that touch different vertices in X are
disjoint and star districts that share the same vertex in X have their total district value bounded
by 1 due to the primal constraint. This allows us to upper bound the correlation term for the star
districts touching the separator by a factor of k of the sum of g with districts S on the separator.
Recursively, this gives an O(logn) factor loss in the final approximation.

We remark that the above analysis asks for a new property of a balanced separator — one that
can be decomposed into a small number of 5-hop independent sets (called a “scattering” separator)
— and we do not care about the size of the separator. This is possible for a planar graph if we
use the fundamental cycle separator, which is composed of two shortest paths, and thus at most



10 5-hop independent sets. For a H-minor-free graph with H as a graph of h vertices, we show
the existence of a similar separator, which can be decomposed into O(h?) 5-hop independent sets.
Thus the final approximation ratio for H-minor-free graphs is O(h?logn). For outer planar graphs,
we can skip the recursive step and work with graph partitions with 5-hop independent sets and
get O(1)-approximation. We believe that this technique of using balanced scattering separators is
interesting in its own and may find additional applications in other problems with some packing
(non-overlapping) requirement on the solution.

On general graphs, the formulated linear program could have an integrality gap as large as
Q(y/n). Since our rounding algorithm turns an fractional solution into an integral one, this barrier
unavoidably blends into our analysis to the proposed rounding algorithm, producing an provable
O(y/n) bound. However, by thinking about this argument contrapositively, an upper bound to our
rounding algorithm leads to the integrality gap of the formulated LP, which could be an interesting
takeaway. On the other hand, we also show that there are planar graphs (specifically grid graphs)
such that our rounding algorithm produces a > 1 constant approximation ratio. This observation
suggests that we cannot hope for a PTAS using this approach, even on planar graphs.

1.2 Related work

To the best of our knowledge, this paper is the first to study the balanced districting problem.
Below, we briefly survey related problems and explore their potential connections to ours.

Districting. Our problem is connected to computational (re)districting for schools and elections,
which dates back to the 1960s. [19] Since then, an extensive line of work (see [9] for a survey)
has formulated the redistricting task as an optimization problem with a certain objective and
constraints, e.g,. balancedness, contingency, or compactness. Our redistricting problem focuses
on optimizing the population in balanced and contiguous districts. One concept related to our
notion of balance is competitiveness. Recent work introduces vote-band metrics [34], which require
a certain fraction of votes to fall within a specified range (e.g., 45-55%) for competitive elections.
Subsequently, [25] also adopt similar notions called §-Vote-Band Competitive which is equivalent
to our c-balancedness by setting ¢ = 2/(1 — 26). While related, our work diverges technically,
offering both hardness and algorithmic results for several common graphs. [34] empirically evaluates
ensemble methods for district distributions. [25] explored the hardness and heuristic algorithms for
maximizing the number of districts meeting the target competitiveness constraints, with additional
requirements that all districts have roughly the same population limited compactness consideration.

One approach treats contiguity as a transportation cost and designs linear programming models
to minimize this total cost [1, 40, 28]. Interestingly, the fair clustering problem can also be viewed as
optimizing contingency [14, 22, 51, 21]. Other research focuses on optimizing compactness scores [7,
52, 55, 50] or using Voronoi or power diagrams with some variant of k-means [67, 30, 31, 41]. Finally,
another line of work optimizes balance scores [45]. These approaches differ from ours in that they
treat specific aspects of districting (contiguity, compactness, balance, etc.) as objectives, rather
than maximizing the population that meets these criteria.

Besides the optimization approach, another popular approach uses sampling to generate a dis-
tribution over districts and create a collection of district plans for selection. [4, 27] One widely
used method is ReCom [35], an MCMC algorithm. However, these approaches may suffer from
slow mixing times and lack formal guarantees. [60] Finally, several papers take a fair division ap-
proach [56, 62, 33]. The problem is quite different, however, as fairness is defined concerning parties
(types) and the number of seats they would win (i.e., the number of districts where they would
have a majority) compared to other districts.



Algorithms. Beyond districting problems, as outlined in the technical overview, our problem
connects to several classical algorithm problems. If we only want to maximize the population of
a single connected and balanced district, the problem becomes a balanced connected subgraph
problem [12, 13, 58]. However, the previous work in this area typically considers unit weights
for either type, which does not adequately represent the districting problem that operates in an
aggregated block-level setting. Our problem can be seen as packing subgraphs on graph [32], e.g.,
edges (maximum matching), triangles [54], circles [37]. Finally, we note a line of work on a balanced,
connected graph partition [20, 24], and balanced bin-packing problem [39], which, however, aim to
generate a partition where each component has similar weights.

1.3 Open Problems

As the first work to formally study the balanced districting problem in this formulation, our work
leaves a number of interesting open problems for future work. Obviously it is good to close the gap
of approximation and hardness for different families of graphs. Our results are tight for general
connected districts on complete graphs and tree graphs, as well as star districts on general graphs,
but leave gaps for other settings. We conjecture that there exists an algorithm with a constant
approximation factor for c-balanced star districting on planar graphs. It would also be interesting
to develop algorithms to go beyond star districts, i.e., k-hop graphs for a constant k£ or the more
general setting of connected districts. We remark that the scattering separator can be modified
to handle k-hop graphs but we need an efficient separation oracle. We consider two types of
weights/populations and generalizing the problem and solutions to three or more colors would be
interesting and is currently widely open. We remark that the PTAS algorithm for complete graphs
is specific for two weights/colors. Finally, an interesting future direction would be to develop
algorithms that also demand approximate population equality among districts.

2 Preliminaries

Let G = (V, E) be an undirected graph where we call the vertices blocks. A district T C V is a
subset of blocks where the induced subgraph G[T] is connected. If there exists a block x € T that
is a neighbor of every other block in 7'\ {x}, then we say T is a star district and z is a center of
T. The rank of a district T' is the number of blocks in T'. A (partial) districting T is a collection
of disjoint districts. That is, 7 = {T1,T5,..., Ty} where T; N T; = () whenever ¢ # j. Notice that
a districting is not necessarily a partitioning of the graph, i.e., not all blocks are included in the
districts.

c-Balanced Districting Problems. There are two communities or commodities of interest.
Let the functions pi,p2 : V. — Z>o represent the population of each community or weight of
each commodity on each vertex. The weight of a block w(x) is defined to be pi(x) + pa(z). Let
T C V be a district. By a natural extension we define p;(T) := > rpi(z) for i € {1,2} and
w(T) := p1(T) + p2(T) accordingly as the weight of the district 7. Finally, given a districting T,
we define w(7T) := > e w(T) to be the total weight.

Given a constant ¢ > 2, we say that a district 1" is c-balanced if

w(T)

min{p1(T),p2(T)} > P

(1)

T is a c-balanced districting if all districts T' € T are c-balanced. Notice that if the total weights in
the graph are not c-balanced, we cannot hope to include all blocks in c-balanced districts. Given



¢ > 2, a graph G, and functions p; and p2, the problem c-BALANCED-DISTRICTING is subjected to
find any c-balanced districting 7 that mazimizes w(7). That is, we wish to maximize population
covered in the c-balanced districts.

We will investigate several variants to the problem. A lot of our results concern restricting the
output districting to be star shaped, respecting the need for compactness of the districts. We also
consider districts of bounded rank k if every district has at most k vertices with k£ assumed to be
a constant. In general we consider the weights of the vertices to be arbitrary integer values. A
special case is when all weights are uniform (binary) — each vertex has only one non-zero weight
type, either p1(z) =0, pa(z) =1 or pi(z) =1, pa(z) = 0.

Let X be any variant to the c-balanced districting problem. A districting 7 is said to be
feasible on X if T satisfies all districting type constraints, but not necessarily to have its weight
maximized. Any districting with the maximum possible total weight is said to be optimal. We say
that a feasible districting 7 is an f-approximated solution if f - w(T) > w(Topt), where TopT is
any optimal districting.

Graph Types. A graph G = (V,E) is said to be planar if there exists an embedding of all
vertices to the Euclidean plane such that all edges can be drawn without intersections other than
the endpoints. A face of an planar embedding is a connected region separated by the embedded
edges. G is said to be outerplanar if there exists an embedding of G such that there is a face
containing all vertices. Often this face is assumed to be the outer face. A graph H is said to be
a minor of G if H is isomorphic to the graph obtained by a sequence of vertex deletions, edge
contractions, and edge deletions from G. We say that G is H-minor-free if G does not have H as
its minor.

3 Hardness Results

We first present hardness results for a variety of c-balanced districting problems with increasing
restrictions on the parameters. The proofs are deferred to Appendix A.

Theorem 1. The c-balanced districting problem is NP-hard, for both the case when the the districts
are connected subgraphs and when the districts are required to be stars.

Theorem 1 uses a reduction from the EXACTSETCOVER problem. The EXACTSETCOVER prob-
lem remains NP-hard even when each set has ezxactly three elements and no element appears in
more than three sets [44], or when each element appears in exactly three sets [46]. Therefore, if we
limit that each district has at most four blocks, the problem remains NP-hard. In the following
we show that the problem remains hard if each district has at most three blocks and the graph is
planar. Notice that if each district has at most two blocks, the problem can be solved by maximum
matching in polynomial time.

Theorem 2. The c-balanced districting problem is NP-hard, when G is a planar graph with maz-
imum degree 3, each district has rank-3 (i.e., with at most three blocks), and the districts must be
stars.

The proof of the above claim uses reduction from planar 1-in-3SAT. We show next that the
problem on a complete graph or a tree remains hard. This reduction uses the problem of subset
sum.



Theorem 3. The c-balanced districting problem is NP-hard for any ¢ > 2, when G is a complete
graph or a tree. This holds for both the case when the the districts are connected subgraphs and
when the districts are required to be stars.

Last, we show hardness of approximation by a reduction from the maximum independent set
problem.

Theorem 4. The c-balanced districting problem does not have an n'/?~%-approzimation (for any

constant § > 0) in a general graph unless P = NP. On a graph with mazimum degree A, one cannot
approximate the c-balanced districting problem within a factor of A/2O(‘/Z) assuming P £ NP, and
O(A/log? A) assuming the Unique Games Conjecture (UGC). Even if A is a constant, the problem
18 APX-hard. These statements hold when the districts must be stars and when the centers of the
stars are limited to a subset of vertices.

4 An Algorithm for c-Balanced Star Districting

In this section, we give an approximation algorithm to the c-balanced star districting problem.
The algorithm is based on a multiplicative weights update approach of solving packing-covering
linear programs [63, 5, 11] and then apply a randomized rounding procedure [17]. Interestingly,
the same algorithm achieves different approximation guarantees on different classes of the graphs,
summarized in the following theorem.

Theorem 5. Let G be a graph with function of weights p1 and pa. There exists a polynomial time
algorithm that computes a c-balanced star districting T, with the following guarantee:

(1) For any general graph G, T is an O(y/n)-approzimate solution.
(2) If G is planar, then T is an O(logn)-approximate solution.
(3) If G is an H-minor-free graph with |H| = h, then T is an O(h?logn)-approximate solution.

(4) If G is a tree or an outerplanar graph, then T is an O(1)-approximate solution.

In Section 4.1, we formulate the problem as a linear program. In Section 4.2, we describe how
to apply the Whack-a-Mole algorithm [11] (with our own separation oracle) that obtains an (1+ ¢)-
approximate solution to the linear program in polynomial time. In Section 4.3, we apply Chan
and Har-Peled’s randomized rounding technique [17], showing that bounding the pairwise product
terms leads to the desired approximation factors. We show that there is a bound of O(y/n) on any
graph in Section 4.4, To bound the pairwise product terms, we introduce the scattering separators
in Section 4.5. These scattering separators are useful for analyzing the approximation ratios for
planar graphs in Section 4.6 and for minor-free graphs in Section 4.7. For the graph classes that is
a subclass to the planar graphs, we provide tailored-but-better analysis for outerplanar graphs in
Section 4.8 and for trees in Appendix B.8, which conclude the proof of Theorem 5.

4.1 LP Formulation

We formulate the c-balanced districting problem as a linear program. For each c-balanced star
district S, we define a variable xg indicating whether or not this district is chosen. Thus, the



integer linear program for can be defined as:
maximize Zw(S):L‘S
S

subject to Yv € V, sz <1 (2)
Sov

VS, zg € {0,1}

To give an approximate solution to the above integer linear program, we follow the standard
recipe that solves the relaxed linear program first and then apply a randomized rounding algorithm.

Equivalent Relaxed Linear Program. In order to solve the relaxed linear program of Equa-
tion (2), we use weighted variables: for each district S, we define variable z'y := w(S)zg. Hence,
the equivalent linear program (and its dual linear program) we will be solving can be described as
follows.

(PRIMAL) (DuaL)
maximize Z T'g minimize Z v,
S v
1 1
bject to Vv €V, —2'c <1 | subject to V.S, —y >1
subject to Vv Zw(S)xS_ J Zw(S)y”_
S3v veSs
T4 >0 Y >0

We note that the total number of primal variables (i.e., the number of potential c-balanced
star districts) could be exponentially many in terms of the graph size. However, due to the special
structure of this problem, seeking for an approximate solution does not require the participation
of every variable. We summarize the result of solving the relaxed linear program as Theorem 6
below with details in Section 4.2 and Appendix B. A conclusive proof to Theorem 6 is carried out
in Appendix B.5.

Theorem 6. Given a graph G and a precision parameter € € (O,min{%,% ), there exists an

algorithm that returns an (1 — e)-approzimate solution {z's,y,} to the above linear program in
poly(n,1/e,log(w(G))) time. Moreover, there are at most poly(n,1/e) non-zero terms among the
returned primal variables {x's}.

4.2 Solving Relaxed Linear Program

We run a modified version of Whack-a-Mole Algorithm by Bhattacharya, Kiss, and Saranurak [11,
Figure 3] to solve the dual linear program. In this section we only highlight the challenges and
describe the modifications that resolve the challenges. For the sake of completeness, we provide a
full walkthrough and the analysis of the algorithm in Appendix B.

At a high level glance, the Whack-a-Mole framework first reduces (via binary search on the
objective value p and re-scaling of the linear program) to the problem of reporting either a feasible
primal solution of value > 1 or a feasible dual solution of value < 14 ¢. To solve this reduced task,
a multiplicative weights update (MWU) approach is applied: the algorithm initializes y, = 1/n,
and iteratively finds any strongly violating dual constraint. A strongly violating dual constraint
refers to a c-balanced district S such that ) ¢y, < (1—¢)-w(S). Upon discovering any strongly
violating constraint, the algorithm multiplicatively increases the weight of the vertices that are
involved in the constraint. To guarantee an efficient runtime, the Whack-a-Mole algorithm uses a



lazy and approximated MWU approach where it normalizes the dual variables {y,} only when the
sum exceeds 1 + ¢. In the end, if all constraints are satisfied, then a feasible dual solution of value
< 1+ ¢ is found. Otherwise, the MWU framework guarantees a feasible primal solution after a
sufficient number (namely, at least ue~2Inn) of iterations.

The Challenges and the Solutions. The main obstacle from directly applying the BKS Whack-
a-Mole algorithm is that their algorithm runs in near-linear time in terms of the number of non-zero
entries. In particular, in their algorithm, every constraint is examined at least once. If a violating
constraint is detected, a “whack” step is performed which corresponds to a MWU step and perhaps
fixing that violation. In our case, the number of constraints of a dual linear program may be
exponential in n. Thus, a straightforward analysis to a direct implementation of BKS algorithm
leads to a running time exponential in n.

Fortunately, in our case it is not necessary to explicitly check every constraint. We develop
a polynomial time separation oracle which either locates a good enough violating constraint or
reports that all constraints are not strongly violating. With a tweaked potential method, we are
able to show that, if in each iteration, we carefully pick a good enough violating constraint, the
number of violating constraints being considered during the entire Whack-a-Mole process will be at
most poly(n, 1/¢€). Therefore, by plugging in our separation oracle to the Whack-a-Mole algorithm,
we are able to claim a polynomial runtime.

The Requirements to the Separation Oracle. Assume p = 1 (or we may assume that for all
vertex v, the weights w(v) are already replaced with w(v)/u) for simplicity. To obtain a polynomial
upper bound on the number of iterations, our algorithm chooses some violating constraint that
approximately maximizes its weight. Let us define the set of all strongly violating cosntraints as
follows.

Sviolate 1= {S

Zy;<<1—a>'w<s>}. (3)

vES

Our separation oracle does the following: it either returns any (possibly weaker) violating S’ such
that
ves and Z Yo < (1—¢/2) - w(S) and w(S") >
veS’

1
Z. T
2 ng\ijl(ate w( )7 (4)

or certifies that Syiglate = 0.

Bounding the Number of Calls to the Separation Oracle. We show that the above mod-
ification leads to a polynomial upper bound on the number of iterations. It suffices to bound the
number of iterations within a single phase — within a phase, the dual variables are not normalized
and are non-decreasing. At the beginning of a phase, the dual variables are normalized such that

their sum becomes 1. Let us define a potential function ¢ for each vertex v. For brevity we denote
SU = {S € Sviolate | RS S}

v, .
1-—2 _ ifS, #0,
o):={  mau(s) (5)

0 otherwise.
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Notice that, whenever there is a violating constraint S that contains v, it is guaranteed that
¢(v) > e. This can be proved by contradiction: If ¢(v) < e, then for any S € S, we have

P>l >(1—=¢)- > (1 —¢).
2%%—”“—“ e) - maxw(T) = (1 —¢) - w(S),

which implies that S ¢ Syiolate by Equation (3), a contradiction.

Suppose now a violating constraint S’ is returned from the separation oracle and v € S’. By
Equation (4), we know that > oy, < (1 —¢/2) - w(S’). After “whacking” the constraint, all
vertices in S” have their dual value increased such that > o 4, > w(S’) (or the total sum )
becomes too large and a new phase is considered.) Let Ay! denote the net increase of the value y,,
after “whacking” the constraint S’. Thus,

> Ay, > w(S) - (e/2), (6)

vesS’

which implies that, there exists at least one v € S’ such that

A > e w(S)) - (e/2) >

5] ~w(S) - (e/2) > % -max w(S). (7)

SeS,

S|

We remark that the last inequality is due to the property of the violating constraint returned by
the separation oracle (see Equation (4)). Now, we claim that the new potential at this particular
vertex v must decrease by at least £/(4n) (or drop to 0). Indeed, we notice that after each whack,
. is non-decreasing and maxges, w(S) is non-increasing (since the set of violating constraints S,
might shrink). When there are still strongly violating constraint after the update, the new potential
function for v becomes:

Yot Ay, o Yt Ay

= B ! - 1 ] 3 new
Pnew (V) =1 max w(S) = max w(S) ({y.,} non-decreasing implies S}V C S,,)
SES{})QW Sesv
Yy Ay, €
—11= _ < _ &
max w(S) max w(S) ~ ¢(v) an (by (5) and (7))
SeS, SES,

Therefore, we conclude that there can only be at most O(n?/e) whacks during a phase, since there
are n vertices and each can be whacked at most O(n/e) times. Finally, a bound of O(logn/e?) to
the number of phases (see Lemma B.3) implies a desired polynomial upper bound.

Implementing the Separation Oracle. The last piece of the entire polynomial time algorithm
would be to implement a desired separation oracle efficiently. The following lemma (Lemma 4.1)
reduces the task of finding a violating district to solving the c-balanced star districting problem in
a complete graph.

Lemma 4.1. Given an input instance G = (V, E, (p1,p2)), re-weighted values w' : V. — {0} U

[ﬁ,w(G)], and dual variables 3!, € [n~UHYe) 1 4 €] for each vertex v € V, there exists an

algorithm that either reports that Syiolate = 0, or returns a c-balanced district S such that ZUES Y <
(1 —¢g/2)w'(S) and w'(S) > 2w/ (Smax), where Spax = argMaxses,.,... w'(S) is a violating c-

balanced district with the mazimum value. The algorithm runs in O(~%n%(logn)(logw(G))*) time.

11



Since the proof of Lemma 4.1 uses an FPTAS for the complete graph case (a more general
version which looks for connected c-balanced districting is described in Section 5.1), we defer the
proof to Appendix B.4. We remark that the proof of Lemma 4.1 is dedicated in the two-color and
star districting setting. That said, if one would like to extend the framework to a more general
setting (e.g., bounded diameter districting, general connected subgraph districting, or three-or-more
colors setting), the implementation of the separation oracle has to be re-designed.

4.3 The Randomized Rounding Algorithm

We use a randomized rounding technique modified from [17, Section 4.3]. Intuitively, the algorithm
maintains a set I of non-overlapping districts, which is initially empty, and keeps adding districts
into I.

The rounding algorithm is described as follows. Let {zg} be the output of an approximate
solution to LP. Let Spp = {S | g # 0} be the support of the solution. The algorithm first sorts
all non-zero valued districts according to their weights w(.S), from the largest to the smallest. Let
7 > 1 be a parameter to be decided later. For each district S, with probability xg/7, the algorithm
adds S into I as long as there is no district in I overlapping with S. ! The algorithm outputs I
after all districts in Spp are considered. The necessity of scaling the non-zero variables by 7 comes
from the analysis of expected total weight in I. In an actual implementation of the algorithm, one
can make the algorithm oblivious of 7, by iteratively testing on different values of 7 = (1 + ¢)* for
k=0,1,2,...,0(c ' logn) and then picking the largest weighted districting among the returned
ones.

Analysis. The output I of the algorithm can be seen as a random variable. Let w(I) be the total
weight of the districts within I. A straightforward analysis (see Lemma B.4) shows that

Ew(] > Y wEs)Z— 3 min(w(A),w(B) 252 .

2
T T
SGSLP A,BESLP: AﬂB#@

The right hand side of the above expression contains a weighted correlation term. The technique
by Chan and Har-Peled [17] transforms the above weighted correlation terms into unweighted ones.
They mentioned that, a desired O(7)-approximate solution can be achieved, as long as for any
d-thresholded subset Ss5:={S € Spp | w(S) > J}, the total unweighted correlation terms between
overlapped districts can be upper bounded by the sum over all primal variables within the subset:

Z xAxggg-sz Vo >0 (8)

A,BESZ(;:AQB#@ 56325

The above condition implies the following (see Lemma B.5):

1
E[w(I)] > QTSEZSEP w(S) - xg > 271 +e)

OPTyp,

where OPTpp is the optimal value of the LP problem. Thus, I is an O(7)-approximate solution in
expectation. We remark that due to the factor 2 appearing in the denominator, this linear program
with randomized rounding approach (although not contradicting) is unlikely to achieve a PTAS.

The above analysis to the rounding algorithm enables the approach of seeking a suitable 7 value,
such that Equation (8) holds. The rest of the section focuses on providing upper bounds of 7 on
various classes of input graphs.

!The randomization step appears to be necessary since there is an example where deterministic rounding incurs
a large approximation factor, see Appendix B.10.3.
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4.4 An O(y/n)-Approximation Analysis for General Graphs

In this section, we show that the algorithm achieves an O(y/n)-approximate ratio on any graph,
by giving an upper bound 7 = O(y/n) for the randomized rounding algorithm (with proof in
Appendix B.9).

Lemma 4.2. Let G be any graph. Let {xg} be any feasible solution to the linear program. Then,

> warp<Vn- ) ws.
S

A,B: ANB#£0

Remarks: Integrality Gap. We remark that this algorithm is achieving nearly the best ap-
proximation factor since it is NP-hard to have approximation factor of n'/279 for any constant
6 > 0. Related to this, we would like to examine the potential loss in different steps of our al-
gorithm. In the first step, we relax the integer linear program to a linear program with variables
taking real numbers, the integrality gap refers to the ratio of the optimal fractional solution to the
optimal integer solution (since we consider maximization problem the optimal fractional solution
is no smaller than the optimal integer solution). In the second step of our algorithm, we use ran-
domized rounding to turn the fractional solution back to a feasible integer solution. We call the
ratio between the sum of products between overlapping districts’ primal variables and the sum of
all variables to be the rounding gap, i.e., 3°4 p.anpspTATB/ D gxs. The rounding gap can be
used to upper bound the loss of solution quality when we turn the fractional solution to a feasible
integer solution using the randomized rounding algorithm.

Necessarily, a large integrality gap implies a large rounding gap for sure. Specifically, let 7 be
the rounding gap. The analysis to our rounding algorithm guarantees the existence of an integral
solution within a factor of 4(14-¢)7 from the optimal fractional solution, which implies an integrality
gap of at most 47 when setting € — 0. Thus if the integrality gap is large, we cannot have a small
rounding gap. Interestingly, the above discussion, combined with Lemma 4.2 implies that the
integrality gap of the natural LP formulation for the star districting problem is at most O(y/n).

Next we show that our LP relaxation could have a large integrality gap of Q(y/n) for a general
graph. We use a reduction from k-uniform hypergraph matching problem to our c-balanced star
districting problem. Let H = (Vg, Ey) be the given k-uniform hypergraph — a hypergraph such
that all its hyperedges have size k. We construct a graph G = (Vg U Eg, E¢) by creating additional
vertices for each hyperedge. These vertices have heavy weights, say ps(e) := (¢ — 1)k and vertices
from Vy have weights p;(v) := 1. For each hypergraph e € Ey (which is a subset of vertices), we
connect all vertices v € e to the corresponding vertex e in GG. It ensures that there is an one-to-one
correspondence between hyperedges of H to c-balanced star districts on G. Now, the relaxed linear
program for (G, p1,p2) will be equivalent (with an extra ck-factor in the objective function) to a
fractional hypergraph matching. Thus, the (k + 1 — 1/k) integrality gap of k-uniform hypergraph
matching [42, 18] can be transferred to our LP formulation — specifically, the construction in [18§]
via projective planes leads to an 2(y/n) integrality gap.

On the other hand, we do observe planar graph instances with a constant > 1 rounding gap
with an at most 14 o(1) integrality gap (please see Appendix B.10). Again, this does not eliminate
the possibility of achieving PTAS, but it suggests a conjecture that we are unlikely to obtain a
PTAS for planar graphs using the current analysis.

4.5 Scattering Separators

Let us now introduce the scattering separators, which is useful for the divide and conquer framework
for upper bounding the approximation ratio of the randomized rounding procedure.
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Definition 4.3. Let G = (V| F) be a graph and let X C V be any subset. We say that X is:

o (k,t)-scattered, if X can be partitioned into at most k subsets X = X; U Xo U -+ U X} with
each X; being a t-hop independent set?;

o (k,t)-orderly-scattered, if there exists a way to partition X into a sequence of at most k subsets
X = X1 UXoU---UX}j, where each X; is a t-hop independent set after the removal of all
previous subsets G — U;<; X;.

Definition 4.4. Let G be a graph, k,t € N, and § € (0,1). A (k,t,0)-scattering separator is
a subset of vertices X C V such that (1) X is (k,t)-orderly-scattered, and (2) X is a balanced
separator of GG, that is, the largest connected component of G — X has at most dn vertices.

We remark that a (k,t)-scattered set is also (k,t)-orderly-scattered. This orderly-scattered
definition are useful when we remove subsets of vertices sequentially — they are used in the analysis
of, for example, planar graphs and minor-free graphs. On the other hand, for some graph class
such as outerplanar graphs it suffices to use (k, t)-scattered sets within the analysis.

The scattering separators are useful in the c-balanced districting problem for ¢t > 5. To justify
this, suppose that we have a 5-hop independent set Y. Any star district contains at most one
vertex in Y. If two star districts contain different vertices of Y, the two districts must be disjoint.
Thus we partition the pairs of overlapping districts by whether they overlap with Y or not, and if
so, which vertex of Y. The following fact can be easily verified.

Fact 4.5. Let Y be a 5-hop independent set. Consider a fixed district A € S. Assume there is a
district B € S that overlaps with A and AU B touches Y, i.e., ANB # 0 and (AUB)NY # 0.
Since the diameter of GIAU B] is at most 4, we know that |(AUB)NY| = 1. Further, if A overlaps
with two other star districts B, C with both centers of B,C in'Y, then B, C have the same center.

Fix a district A € S. Since all other districts that overlap with A contains (at most) the same
vertex in Y, these primal variable values add up to at most 1. This implies that, removing Y
from G charges at most one copy of Y xzg. If we are able to show that the entire vertex set is a
(k, 5)-orderly-scattered, then we obtain a desired 7 = O(k) value for Equation (8). However, we
do not know if such a constant k can be achieved for planar graphs. Fortunately, using the idea of
balanced separators, we are able to achieve a polylogarithmic approximate solution.

Lemma 4.6. If G and all its subgraphs have a (k,5,0)-scattering separator, then the districting
obtained from executing the algorithm on G is a (2k10g1/5 n)-approximated solution.

Proof. Let X = X1 UXoU---U Xy, be a (k, 5, d)-scattering separator of G. Let S be the set of all
districts. Then, all summands of the form x zp where A, B € S and AN B # () can be also split
into three parts:

(1) X N{ca,cp} # 0: one of the centers cy or cp is in X.
(2) Xn{ca,ep} =0but X N AN B # (): one of their common vertices is in X.
(3) None of the above.
For j € {1,2,3}, we denote cost; the sum of products of those overlapping districts of case (j).

For case (1), using the given constraint that X is (k,5)-orderly-scattered, we consider removing
each set X; one at a time from the graph in the increasing order of ¢. For each X;, without loss

2We say that X is a t-hop independent set (with respect to the graph G) if for all pairs of distinct vertices u,v € X
and u # v, the shortest distance between u and v is at least ¢ on G.
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of generality, we may swap the role of A and B such that for each summand we have cg € X. By
applying Fact 4.5 (with Y = X;), we know that for each district A € S, all districts B that overlap
with A with c¢g € X; are actually centered at the same vertex. This implies that the sum of all
such =g values will be at most 1 by the primal constraint. Hence, the contribution of any district
A € § under case (1) for X; in the graph G — U;j-; X is at most

g AT < TA.
B:ANB#(D and cgeX;

By summing over all A € S and over all the k sets X1,..., X}, we have cost; < k- (D gxg).
For case (2), the terms can be partitioned according to the common vertex c:

costggzk:z > xA:pBgzk:Z (Zm)QSZk:ZZxASk-(ZS:ws)-

j=1ceX; ccANB j=1ceX; \ccA j=lceX;ccA

Again here we use the property that for any fixed vertex ¢, the sum of the primal variables for
star districts containing ¢ sum up to be at most 1, i.e., > 4, x4 < 1. Further, fix an Xj, any star
district includes at most one vertex from X;.

For case (3) we can delegate the cost to the recursion. Notice that, all districts whose centers
are in X will not participate in case (3). Hence, when considering each of the connected component
in G — X, all the districts (after chopping off vertices in X) are still connected and are star-shaped.

Since X is a balanced separator, the divide and conquer analysis has at most log; 5 n layers.
Thus, the sum over all products of overlapping districts is bounded by at most 2klog; /51 times
the sum ) g xg. O

4.6 Planar Graphs

We are now able to derive an O(log n)-approximation bound for planar graphs, immediately followed
by the lemma below and Lemma 4.6.

Lemma 4.7. Every planar graph has a (10,5,2/3)-scattering separator.

The above separator lemma can be derived from the fundamental cycle separators, which is
composed of two shortest paths on a BFS tree:

Fact 4.8 ([57]). Let G = (V, E) be a planar graph. Then, there exists a partition of V.= LUXUR,
such that (1) both |L|,|R| < 2|V, (2) no edges connect between L and R, and (3) the separator X
is formed by the union of two root-to-node paths from some BFS tree on G.

Proof of Lemma 4.7. With Fact 4.8, we know that there exists a separator X that is a union of
two shortest paths X = P; U P». Since each P; is a shortest path, we can partition each path into
at most 5 sets and each set is a 5-hop independent set. Specifically, along a shortest path P;, we
color the vertices sequentially by color 1 to 5 in a round-robin manner. Each set of vertices of the
same color is a 5-hop independent set. With two shortest paths, we have a total of 10 such 5-hop
independent sets. Thus, each planar graph has a (10, 5,2/3)-scattering separator. O

4.7 Minor-Free Graphs

A natural generalization of planar graph would be minor-free graphs. Let H be a graph with
h vertices. Since planar graphs are {Kj, K33}-free which implies Kg-free, one may expect the
rounding algorithm achieves a similar approximation ratio bound for H-minor-free graphs as well.
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Indeed, in this section, we show that our randomized rounding algorithm achieves an O(h? log n)-
approximation ratio for H-minor free graphs. Our proof is inspired by the seminal separator theo-
rem of Alon, Seymour, and Thomas [2] for H-minor free graphs. But, our algorithm is substantially
simpler since we do not require the separator to be small in size. Instead, all we need is to obtain
a balanced separator X which is a union of at most O(h?) 5-hop independent sets. By removing
these independent sets one after another, we are able to bound the correlation terms that involve
any vertex in X by O(h?) - Y. zg. Finally, an additional logn factor will then be added to the
approximation ratio by the divide and conquer framework, achieving an O(h?logn) approximation
ratio.

Since Kp-minor-free implies H-minor-free for any graph H of h vertices, the following separator
theorem on Kj-minor-free graphs implies for all H-minor-free graphs.

Lemma 4.9. Let h € N be a constant. Let G be a Kp-minor-free graph. Then, G admits a
(5h%,5,1/2)-scattering separator.

Proof. Consider an algorithm that seeks for an Kp-minor. The algorithm maintains two objects
on the graph: a collection C := {C1,Cy,...,C} of disjoint vertex subsets, and an active subgraph
B, such that:

1. For all 7, the induced subgraph G[C}] is connected.

2. For all i # j, C; and Cj are neighboring, that is, there exists an edge in G' connecting some
vertex from C; and some vertex from C;. If we contract every C; into a vertex in G[U;C;], we
obtain a complete graph K. Hence, the algoritm maintains a certificate of Kj-minor® in G.

3. Let X = U;C; be the separator of our interest. Whenever |B| > n/2, the active subgraph B
is always the largest connected component? in G — X. We note that the largest connected
component is uniquely defined whenever |B| > n/2.

4. Each C; is (5h, 5)-orderly-scattered.

We give a high level description to our algorithm. The algorithm initially sets C = () and B = G.
In each iteration, the algorithm repeatedly either finds a connected subgraph Chew C V(B) that is
neighboring to all C4, ..., Cy, or removes some part C; that is not neighboring to B. The algorithm
halts once |B| < n/2.

Now we describe the detail of each iteration. If |B| < n/2 then we are done, as X is a
(5hk,5,1/2)-scattering separator with k& < h. Suppose that |B| > n/2. The algorithm would first
check if there is a subset C; that is not neighboring to B. If so, the algorithm removes C; from C.
The invariants 1, 2, and 4 clearly holds for C — C; so it suffices to show that the third invariant
holds as well. Since B has no neighbor in C; and B is a connected component, we know that B is
still a connected component of G — (U;x;C;). The fact that |B| > n/2 implies that all connected
components other than B has at most n/2 vertices, so the third invariant holds.

Now we can assume that all subsets C7,Co, ..., C} in C have neighboring vertices in B. In this
case, we claim that a new set Cpew, C V(B) can be found such that we update C <= CU{Chew} and
that the invariant 1, 2, and 4 holds for the updated C. To construct Ciey, we first let aq,ao, ..., ag
be vertices in B such that for all i, a; has a neighbor in ;. Since B is a connected component,
there exist paths connecting a; to a;4+1 in B, for all ¢, 1 <4 < k — 1. Let P; be the shortest path
from a; to a;11 in B. We define Cheyw := Uf:llV(PZ-). Invariants 1 and 2 are clearly satisfied for
Chew- The fact that P; is a shortest path implies that V' (F;) can be partitioned into at most 5

3In [2], they called C a covey.
“In [2], they called each connected component in G — X an X-flap.
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5-hop independent sets. Thus, Cpeyw can be partitioned into at most 5h 5-hop independent sets,
thereby maintaining invariant 4. Since G is Kj-minor-free, we know that |C| < h — 1.

After constructing the set Chew and updating C < C U {Chpew}, the algorithm also updates the
active subgraph B, by substituting B with the largest connected component B’ of G — Ug,ecCi.
Notice that, if |B’| < n/2 then X = Ug,ecC; is already a balanced separator. Otherwise, the fact
that B is the unique connected component with |B| > n/2 implies that B’ C B — Cjew. Hence, in
any case we have |B’| < |B|. That is, the active subgraph strictly decreases in size. The algorithm
must halt, since in each iteration the quantity |C| + 2|B| is nonnegative but strictly decreasing —
either we drop a set in C, thus |C| drops but |B| remains the same, or we increase |C| by 1 but
decrease | B| by 1 at least. Therefore, whenever the algorithm halts, we obtain a separator X = U;C;
as desired, which implies Lemma 4.9. O

Remarks. If we apply Lemma 4.9 to planar graphs, we may use the fact that planar graphs are
Kg-minor-free and thus obtaining a (180, 5, 1/2)-scattering separator. This leads to an (360 logy n)-
approximation ratio by applying Lemma 4.6. Note that this is much worse than 10logz,,n ~
17.1logy n, which is the bound we obtained from Lemma 4.7.

4.8 Outerplanar Graphs

The results from previous subsections suggest approximation ratios that involve polylogarithmic
terms. It is, of course not surprising, possible to obtain a better approximate ratio for subclasses
of planar graphs. In this subsection, we show that our algorithm produces an O(1)-approximate
solution for outerplanar graphs, using a slightly different approach.

Lemma 4.10. Let G be an outerplanar graph. Suppose that {xs} are primal variables obtained by
Theorem 6. Then, Y 4npiprazp < O(1) - 3 xs.

We defer the proof of Lemma 4.10 to Appendix B.7. For an even simpler graph classes such
as trees, we are able to obtain a much smaller constant bound. We provide such an analysis in
Appendix B.8.

5 FPTAS for General Districting on Complete Graphs and Trees

In this section, we present FPTAS for complete graphs and trees with weighted blocks. The
algorithms here find c-balanced, connected districts that can be more than a star graph. Further,
for complete graphs and trees, the LP-based algorithm in the previous section achieves O(1)-
approximation ratio while the algorithms in this section achieves a ratio of 1 + €.

5.1 Complete Graph

Let G be a complete graph with functions of weights p; and ps. Because we can merge two adjacent
c-balanced districts on G into a single c-balanced district as shown in Fact 5.1, the c-balanced dis-
tricting problem on complete graphs can be reduced to obtaining one c-balanced district, described
as the following:

Fact 5.1 (Mergeable Property). Assume T and Ty are disjoint districts and G[Th1UT3] is connected.
If T and Ty are both c-balanced, then T1 U T, is also a c-balanced district.
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COMPLETE-GRAPH-c-BALANCED-DISTRICTING

Input: Let G = (V, E) be a complete graph of n blocks and function of weights p; and po.
Goal: Obtaining a subset S C V such that the total weight w(.S) is maximized subjected to
the c-balanced condition:

(c = 1D)p1(S) —p2(S) =0 and (c = D)p2(S) — p1(S) = 0. 9)

The following theorem gives an FPTAS using dynamic programming (Algorithm 1).

Algorithm 1: FPTAS on complete graphs
Input: £ > 0, ¢ > 2, a complete graph (V, E), V = {v1,...,v,}, functions of weights
p = (p1,p2)
Function Trim(L, ¢, €):
Sort L = {q17 . ,qm} so that E(ql) > E(CIQ) > > E(Qm);
Set Loyt = (b;
fori=1,...,m do
if q; is not marked then
Lout — Lout U {qi};
Mark all q; € L that e-approximates q;;

return L,;;
et L) = L3 = {(0,0)};
fori=1,...,ndo ‘
L’:l — Trim(L’fl U (Llfl + p(v)), l1,e/n);
L < Trim (L5 U (L5 + p(vi)), 2, €/n);
return the largest c-balanced districting in L} U L¥;

wn

Theorem 7. There exists an FPTAS algorithm solving COMPLETE-GRAPH-c- BALANCED-DISTRICTING
so that for allc > 2,0 < e < %ln(c — 1), and complete graph (V, E) of n nodes with functions of
weights p = (p1,p2), the algorithm outputs an ef-approximation in O (5*4n6(1n w(V))4) time where

w(V) =2 ey P1(v) + pa(v).

We defer a detailed proof of Theorem 7 to Appendix C and here give a high level idea. One
naive approach involves creating a complete list of potential subset sum values, denoted as L(V)
and outputting the largest c-balanced one. While this approach finds an optimal solution, it is not
necessarily efficient, as L(V') can be exponentially large. Similar to the knapsack problem or subset
sum problem, one may use a bucketing idea to trim the list, keeping only one value when several
are close to each other. However, the c-balanced constraint posts a challenge for the algorithm —
for example, if an trimming algorithm keeps partial districts during the iterations, these partial
districts may not always remain c-balanced resulting in a poor approximation ratio. To address
this, we design a prioritized trimming process that prioritizes subsets satisfying the c-balanced
condition in Equation (9) such that any c-balanced district in L(V') would have an approximated
district in our trimmed list.

Specifically, given ¢ > 0, we say q is an e-approzimate of q' if ¢1/q},q2/q¢5 € [e7¢, €] where
0/0 := 1. Let ¢i(q) = (¢ — 1)q1 — q2 and ¢2(q) = (¢ — 1)g2 — ¢1 be two linear functions on
a = (q1,¢2) € R%. We say q is £;-dominated by q' if £;(q) < £;(q') for j = 1,2, and q,q' € R?, and
L"is a (¢j,¢)-trimmed of L if L’ C L and for each q € L there exists q' € L' which e-approximates
and /j-dominates q. The key observation is that if q is c-balanced satisfying Equation (9) with
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g2 > ¢q1 and ' ¢1-dominates q, q' is also c-balanced. A similar argument holds for ¢; > ¢go. This
observation suggests that when trimming multiple nearby values, we keep the one that optimizes
¢1 (and ¢3) that ensures the existence of c-balanced approximated values. Therefore, we can find
an e®-approximated solution if we can compute (¢;,¢)-trimmed of all possible subset sum values
L(V'). Moreover, because ¢ and /5 are linear, we can use dynamic programming to sequentially and
efficiently compute L} and L} that is (¢1, £ )-trimmed and (2, £ )-trimmed of all possible subset
sum values on the first ¢ blocks L' = L({vy,...,v;}) respectively. While Algorithm 1 only returns
the size of our approximated solution q € R?, we can use an additional n factor to store the set S
for each q in in, Lé to recover our approximated optimal districting.

Finally, we note that our prioritized trimming that ensures both inequalities in Equation (9):
one through prioritized ¢; the other through exhausting cases of ¢5 > ¢j or ¢5 < ¢i. However, we
cannot extend this approach to non-binary color settings. Instead, if we allow relaxing c-balanced
constraint to ¢’-balanced district with ¢’ slightly larger than ¢, the standard bucketing algorithm
mentioned above can directly work even for the non-binary color setting.

5.2 Tree Graph

Similar to our dynamic programming algorithm for complete graphs, we can design an FPTAS for
trees. First, note that if we only need to find one c-balanced district, we can easily adapt our
FPTAS for a complete graph. Concretely, we recursively grow (incomplete) districts for a block’s
children in a depth-first search (DFS) order and decide whether to continue growing the district or
not. For more than one district, we can use additional memory to store the total weight of all c-
balanced districts that are fully contained in the subtree of each block and provide an approximate
districting solution as described in Algorithm 5.

Theorem 8. There exists an FPTAS for the c-balanced districting problem on trees. That is, for
allc>2,0<e< %ln(c — 1), and tree graph (V, E) of n blocks with population functions p, the
algorithm outputs an e°-approzimation in O (e %n®(Inw(V))%) time.

We provide a detailed proof of Theorem 8 in Appendix C and provide the intuition of proof
here. We need additional notations for our algorithm. Given a districting 7 on a rooted tree (V, E),
we define a sequence of stamps s*(T) = (s¥(T), s5(T), s4(T)) € R3 for v € V where the first two
coordinates store information about the current incomplete district; and the third coordinate is the
total weight of completed c-balanced districts in the subtree of v

s§(T) =D w(D).

TeT:T is in the sub-tree of v
We define s{(7) and s§(7) according to the following three cases.
1. If v is not in any district of 7, we call v absent and set s{ = s§ = 0.

2. If there exists a district T" € T that is fully contained in the subtree of v and v € T, we call
v is consolidating and set s{ = s§ = 0.

3. Finally, if T € T is not fully contained in the subtree of v and v € T, we call v incomplete
(for T or T). Additionally, we let TV C T be the subtree of T' consisting of v’s descendant
including v, and set s{ = p1(T") and s§ = p2(T") which are the population of each community
in the incomplete district T.
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Note that given 7 and v, if v is incomplete for T' € T, s7(T) = s{({T'}) = p1(T”) and s5(7T) =
3T} = pa(T?).

Our FPTAS (Algorithm 5) uses a prioritized trimming process similar to Algorithm 1 and keeps
stamps of all possible ¢-balanced districtings in the depth-first search (DFS) order:

LY ={s"(T) : T is a c-balanced districting}. (10)

Similarly, while Algorithm 5 only returns the size of our approximated solution, we can use an addi-
tional n factor to store one 7 for each s in LY, L to recover our approximated optimal districting.

Adapting to the Star Districting Setting. We note that this dynamic programming approach
also works for star districts on tree graph and yields an FPTAS. Similar to the arbitrary districts
setting, we consider three cases for each v: the absent case where v is not included in any district;
the consolidating where v is in a star district that is contained in its descendants; the incomplete
case where v is the center of a star district that is incomplete.

6 Greedy Algorithms for Special Settings

In this section we discuss greedy strategies for various special cases of the c-balanced districting
problem.

6.1 General graphs with bounded rank districts

Given G = (V, E) with functions of weights p; and ps and integer k, the problem of c-balanced
districting with rank k asks for a districting 7 such that each T' € T is a c-balanced district and
|T'| < k. Further, the total weight w(7) := Y po7(p1(T) + p2(T')) should be maximized.

We first provide a reduction from the most general c-balanced districting problem to maximum
weighted matching on hypergraphs. In a hypergraph H = (Vi7, Ey), Vg = V and each hyperedge
h € Ep is a subset of V. The rank of h is defined as |h| and the rank of H is the maximum
rank among all h € Ey. If all hyperedges have the same rank r, we say that H is r-uniform. A
hypergraph matching M C Ex on H is a collection of pairwise disjoint hyperedges. For a given
weight function w : Eg — Z>0, the maximum weighted hypergraph matching problem seeks for a
matching M that maximizes w(M) := >, w(h).

Reduction. The reduction is straightforward: we treat c-balanced districts on G as hyperedges
in H. Specifically, for each c-balanced district T" with |T'| < k, we create a hyperedge h = T and
add h to the hypergraph. We can even enforce h to have rank-k, by adding dummy vertices to the
hypergraph and h. The weight w(h) is then defined naturally as the sum of vertex weights within
h, namely » _, w(v). The dummy vertices have weight 0.

Now, it is clear that any matching M in H has a one-to-one correspondence to a valid bounded-
rank-k districting 7 on G. Therefore, any algorithm solving the weighted hypergraph matching
problem on a k-uniform hypergraph H can be applied to solving the c-balanced districting problem
with bounded rank k.

Simple Case: k = 2. The problem become polynomial time solvable by regarding the weighted
hypergraph matching problem as a maximum weighted matching problem on normal graphs. We
summarize the result below.
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Theorem 9. There exists an algorithm that given an instance of c-balanced districting problem with
rank k = 2 on G = (V, E) with population functions p1 and ps outputs the solution in polynomial
time.

Proof. Following the reduction, first consider the 2-uniform hypergraph (Vi, Ep) formed using
valid districts as hyperedges. |Vg| = n and |Eg| = O(n?). Since the hypergraph is 2-uniform, the
problem now reduces to maximum weight matching on general graphs. The fact that H can be
formed in linear time and we can solve maximum weight matching in O(|Eg|+/|Vi|log(|Vi|-w(G)))
time [38, 43] completes the proof. O

General Case: k > 2. For c-balanced districting with rank k for any k, we give a greedy
algorithm that achieves a k-approximation ratio. Consider the greedy strategy described below in
Algorithm 2.

Algorithm 2: A Polynomial Time Greedy Algorithm for Hypergraph Matching

Input: Given H = (Vy, Ey) with the weight function w.
Initialize an empty matching M = (;
while Ey # () do
Pick h € Epy with the largest weight (breaking ties arbitrarily) and add h to M.

Remove all edges b’/ with ' Nh # () from Ey.
return M

Lemma 6.1. For a given hypergraph H = (Vi, Efr) with rank at most k, Algorithm 2 returns a
k-approximate solution to the maximum weight hypergraph matching problem.

Proof. Given (Vg, Ef), let M* be the optimal solution, and M be the output of Algorithm 2.
Consider the mapping f : M* — M: for each h € M*, f(h) gives the edge with the largest weight
that shares at least one vertex with h, i.e.
f(h) = argmax w(h').
h € M:h'Nh#£0

Note that the set {h' N h # (0} is nonempty and thus f is well-defined: otherwise, h itself must be
added to M by the greedy algorithm. Furthermore, since the greedy algorithm considers districts
with a larger weight first, we have w(h) < w(f(h)). Finally, because all edges in M* have disjoint
sets of vertices, each h’ € M has at most k edges in the preimage f~!(h’). Thus,

wM) = 3 wilh) < Y w(f) <k YD w(k) = k- w(M).

heM* heM* h'eM

Therefore, M is a k-approximate solution. O

Using Lemma 6.1, we obtain an approximation algorithm for our c-balanced districting with
rank k.

Theorem 10. There exists an algorithm that given an instance of c-balanced districting problem
with rank k for k > 3 on G with functions of weights p1 and ps outputs a k-approximate solution
in O(kn®) time.

Proof. Consider the rank k hypergraph H obtained from G such that each hyperedge in H corre-
sponds to a c-balanced district. Following the reduction and Lemma 6.1, we have that Algorithm 2
returns a k-approximate solution to the c-balanced districting problem with rank k. The set H can
be constructed in time O(n*), sorting and running the greedy algorithm takes additional O(kn*)
time. ]
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6.2 General graphs with bounded degree and star districts

In this section we consider c-balanced districting problem on a graph G with arbitrary weights that
has maximum degree bounded by A. Since each c-balanced district on G now has at most A + 1
blocks, by Theorem 10 we obtain an algorithm that produces a (A + 1)-approximate solution in
O(nA2%) time.

A Slightly Improved Approximation Ratio. We realized that, using a special property of
star districts, we are able to achieve a (very slightly) improvement to the approximation ratio, from
A+1to A+ %. The observation is as follows. Suppose that a tight (A 4 1)-approximated solution
is returned from the greedy algorithm (via Algorithm 2). Let T be one of the returned district
with || = A + 1. Then, because w(T") is charged for A + 1 times in the analysis, every vertex of
T belongs to distinct districts in an optimal solution. In the star districting setting, we know that
the center vertex cr must form a solo c-balanced district and occur in the optimal solution.

The above observation leads to a local-swap idea: if a sufficiently heavy center vertex cr of
a district T that is about to be added to the solution by the greedy algorithm, we can simply
add {cr} to the output instead of adding 7' (which potentially blocks lots of other districts). We
implement this idea in Algorithm 3, where the only difference is highlighted as “special case”.

Algorithm 3: Greedy algorithm for star districts on bounded-degree graphs

Input: Input graph G = (V, E') with maximum degree A, ¢ > 2.
Output: A collection of c-balanced star districts 7 = {T1,--- , Ty}
Initialize 7 =0, S = (.
for v € V do

| Add all e-balanced star districts centered at v (by enumeration) to S.
Sort districts in S by their weights in the decreasing order.
while S is not empty do
Let T; be the largest weight district in S and let ¢; be the center of T;.
if {¢;} is balanced and |T;| = A + 1 and w(¢;) > w(T;)/A then // special case
Add {Cz} to 7.
Remove all districts that contains ¢; from S.
else
Add T; to T.

Remove all districts that overlap with 7; from S.
return 7

Theorem 11. There ezists an algorithm that given a graph G = (V,E) with mazimum degree
bounded by A and population functions p;i(v) € Zxo for v € V outputs a (A + %)-appmximate
solution to the c-balanced districting problem with star districts in O(nA2%) time.

Proof. The idea is similar to proof of Lemma 6.1. Let 7* = {T7,--- , 7. } be any optimal districting
and T be the districting returned by Algorithm 3. Let f : 7* — T be the function that for
TF € T* returns a district in 7 with largest weight that intersects with T°* in at least one vertex.
If the special case does not occur, we know that w(T}) < w(f(T})). Otherwise, we know by the
condition of the special case, we have w(7T;) < A-w(f(7})). A naive bound gives ET{‘ET* w(T}) <
Srerw(T)|f~H(T)| - in the worst case |f~(T)| can be as large as A + 1.

Now, to provide a better approximation ratio bound, it suffices for us to bound for each T' € T,
how many times w(T") is charged by the districts in the optimal solution. We say that T is triggered
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by the special case, if T is a solo c-balanced district that joins T according to the special case in
Algorithm 3. There are three cases:

e Case 1: |f~}(T)| < A and T is not triggered by the special case. In this case, the contribution
of T to the sum would be w(T) - |f~1(T)| < A - w(T).

e Case 2: |f1(T)| =1 and T = {¢;} is triggered by the special case. In this case, when
T joins the output set 7, the district that the algorithm is actually considering has weight
at most A - w(T). Hence, the district in the optimal solution T* € f~1(T) must satisfy
w(T*) < A-w(T).

e Case 3: |f~1(T)| = A+1 and T has not been triggered by the special case. In this case, there
are exactly A+1 districts in the optimal solution. Using the observation, the center vertex cr
forms a solo district in the optimal solution. Moreover, since the special case is not triggered
for T, we know that w(cr) < w(T)/A. Therefore, > pucp-1(pyw(T™) < (A + 2w(T) as
desired.

Since in any case the contribution of w(T') in the anaylsis does not exceed (A+ % )w(T'), we conclude
that Algorithm 3 produces an (A + %)—approximate solution.

For runtime, note that the c-balanced district for each node can be found in time O(n22) and
the sorting and greedy strategy can be implemented in time O(nAQA). O

Remark. The exponential dependence on A in runtime can be reduced to poly(A,1/e) at the
cost of an additional (1 + ¢) term in the approximation factor. This can be achieved by using the
FPTAS for complete graph (Algorithm 1) for finding the largest c-balanced district centered at
each vertex v in Algorithm 3.

Binary Weights. If we impose an additional constraint such that the input graph G has a
bounded degree A and each vertices have either p; or pa weight to be 1, we may achieve a (A+41)/2-
approximate solution. Consider an algorithm that computes any maximum (cardinality) matching
M* where for each matched edge {u,v} € M* we have p;(u) = 1 and p2(v) = 1. The algorithm
simply treats each matched edge as a perfectly balanced district and returns Tar,g = M*. Clearly,
w(TaLg) = 2|M™|.

To see the approximation ratio, consider any optimal solution 7*. Each district T' € T* contains
at least one vertex with p; weight 1 and one vertex with py weight 1. Thus, |M*| > |T*|. On the
other hand, since each star district 7" € T* has at most A + 1 blocks, we conclude that

w(T) < (A+ DT < A+ DM = = =u(Tase).
Since we are pairing up vertices of different weight types, we are actually solving for a maximum un-
weighted bipartite graph matching. The state-of-the-art unweighted maximum bipartite matching
can be solved in m!' (M) time [19], O(m + n'®) time [66], or n>+°(D) time [10, 26].

6.3 General graphs with binary weights and star districts

For binary weight setting, we assume that each vertex v has only one type of non-zero popula-
tion/weight, i.e. either pi(v) = 1 or p2(v) = 1. We call a vertex covered if it is part of some
districting T € T and uncovered otherwise.

We use local search to find an approximate solution, with details in Algorithm 4. We prove
that this algorithm returns a c-approximate districting. The idea is to argue that for any optimal
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district T;* € T*, at least ¢ fraction of nodes in T} are covered by some T; € T, the approximation
guarantee then follows. We do this on a case basis, by considering a fixed 7" and for its center
vertex, based on the membership in districting 7 argue for the covering of its neighbor vertices.

Algorithm 4: Local search algorithm for star districts on graphs with binary weights

Input: Input graph G = (V, E') with binary weights, ¢ > 2.

Output: Balanced star districts 7 = {11, -+, Ty}

Initialize 7 = 0, k to be the largest integer < ¢ — 1.

while 3(u, w) € E such that p1(u) =1, p2(w) =1 and u and w are uncovered do
Start a new district 7', setting any one of the nodes as the center (assume w)

Greedily assign uncovered neighbors of w to T" while maintaining c-balanced property
of T

for ve T\ {w} do
if v has > k uncovered neighbors such that v forms a c-balanced district with these

vertices then
Remove v from T and start new district 77 with v as center; // swap step

Assign the > k uncovered neighbors to v.
Add all such created T" to 7.

If the resulting 1" after swap steps is still balanced, add T to T.
Output 7 ={T1,--- , Ty}

Theorem 12. The districting T returned by Algorithm 4 on termination is a c-approrimate solu-
tion.

Proof. Let T denote the set of districts returned by Algorithm 4 and 7* be the set of optimal
districts. Consider T € T* in the optimal solution and let ¢; be its center, {vy,--- , vy} be the
children of ¢; in T} and assume wlog p;(¢;) = 1.

Case 1: Suppose ¢; ¢ T; for all T; € T. Since we have pi(¢;) = 1, the subset of vertices in
{vi, -+ ,vm} that are not covered by any district in 7 have p; weight to be 1 (and ps weight of 0),
as otherwise the algorithm would use the edge of any of those vertices to ¢; to start a new district.
This implies all the vertices with pa weight of 1 in {vy,--- , vy} are covered in 7 which gives us
that at least |1}°|/c vertices are covered.

Case 2: Suppose that ¢; is also a center of T; € T. Assume wlog that majority of vertices in T;
have p; weight of 1. Since the algorithm terminates, it means that no additional vertex with p;
weight 1 from {vq,- -, vy} can be added without violating the c-balanced property. It also implies
that vertices with py weight 1 from {vy,--- ,v,,} are covered in T (otherwise the algorithm could
just include those vertices since T; is has majority of vertices weight p; weight of 1, giving us that at
least |T*|/c vertices are covered. The case where T; has majority vertices with ps weight 1 follows
via similar argument.

Case 3: Suppose ¢; € T; but it is not the center. We have the following two cases which follow
from the conditions on the “swap” step within the algorithm:

e Case (3.a): The swap step could not create a new district with ¢; as the center. Recall we
assume with loss of generality that pi(c¢;) = 1. Since a new district could not be created,
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neighbors of ¢; with ps weight 1 (which also include vertices from {vi,--- vy} in T}°) were
already covered by some 7. This in turn implies that at least |T}"|/c vertices are covered.

Case (3.b): Creating a new district with ¢; was possible but the improvement was not
substantial. This case occurs when the district resulting from swapping c; as center results
in at most k additional vertices being covered. As creating a new district was possible, we
have that ¢; has at least one uncovered neighbor with po weight 1. This implies at least ¢ — 1
vertices with either p; weight could be added to this potential district without violating the
c-balanced property, but were not available. As ¢; is not a center from swap step, at most k
vertices from {vy,--- , vy} are left uncovered by 7. If |T7| < ¢, since ¢; is covered, it follows
that at least 1/c fraction of vertices are covered. Now, for || > ¢, k <c¢—1 and ¢ > 2 we

have |T}| — (¢ —1) > 1771

+= which gives us the desired approximation factor.
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Omitted Proofs from Section 3

Throughout, we refer type-1 vertices as vertices that have non-zero weight p; and zero weight of
po and type-2 vertices as vertices with non-zero weight po and zero weight of p;.

Theorem 1. The c-balanced districting problem is NP-hard, for both the case when the the districts
are connected subgraphs and when the districts are required to be stars.

Proof. We describe a polynomial reduction from the NP-hard problem of exact set cover: given a
set S of n elements x1,x9, - ,T,, and a family S of subsets Sy, 59, , S, where S; C S, is it
possible to find &’ C S such that every element in S is covered by exactly one set in S'.
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We construct a bipartite graph G where we place one vertex for each element x; and one vertex
for each set S;. We connect edges between z; with S; if and only if x; € S;. We assign p1(z;) =1
and pa(x;) = 0, Vi. And we assign p1(S5;) = 0 and p2(S;) = (¢ — 1)|Sj], ¥j. The only c-balanced
districts in this graph are stars, each rooted at a vertex/block S; with all neighbors in S. Therefore
if there is an exact set cover, then there is a solution to the c-balanced districting problem in G
with total weight of cn. Otherwise, the best c-balanced districting problem in G has total weight
no greater than c¢(n — 1). O

Theorem 2. The c-balanced districting problem is NP-hard, when G is a planar graph with maz-
imum degree 3, each district has rank-3 (i.e., with at most three blocks), and the districts must be
stars.

Proof. We use a reduction from planar 1-in-3SAT [59]. This is a problem of n Boolean variables
r1,%2,...,T, and m clauses each with three literals, and the incidence graph of how the variables
appear in the clauses is planar. The problem answers YES if there is an assignment to the Boolean
variables such that each clause is satisfied by exactly one literal.

We realize the planar 1-in-3SAT instance by a planar graph. In the graph we have two types
of vertices, type-1 vertices which has non-zero weight p; and zero weight of po and type-2 vertices
with non-zero weight ps and zero weight of p;. We take ¢ = 2 thus each district must have an equal
amount of the two types of weight.

L ctoocf—

(ZZZ) T V i) vV T3

Figure 1: (i) A variable gadget for x;. Solid vertices are type-2 vertices and hallow vertices are
type-1 vertices. Here we use m = 3 in this example and one clause has z; and one has Z;. Thus
there are two tendrils connect to clauses. If x; = 1 we choose solid districts; otherwise we choose
dashed districts. (ii) Implementation of an edge from a variable z; to a clause C; where x; appears.
If the chain is propagating “1”, the districts on the chain starting from a variable gadget have a
type-2 vertex followed by a type-1 vertex; otherwise the districts on the chain have a type-1 vertex
followed by a type-2 vertex. (iii) The clause gadget z1 UzoUZ3. Exactly one of x1, x2, T3 is assigned
1 which means that the center type-2 vertex is covered by exactly one district.

Figure 1 (i) shows the gadget for a variable x;. The center of this gadget is a cycle of 4m
vertices, arranged on a cycle with alternating type-1 vertices (hallow) and type-2 vertices (solid).
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The type-1 vertices have weight of p; = 2 and type-2 vertices have weight of po = 1. From a type-1
vertex we may grow one tendril that leads to a clause gadget, if this vertex appears in the clause.
There are a total of 2m type-1 vertices where the tendrils of m of them may lead to clauses where
x; appears in the original form; and the other m of them may lead to clauses where Z; appears.
These are arranged in an alternating manner along the cycle. If x; appears in only k clauses, there
are only k tendrils. Those tendrils that connect to clause gadgets carry alternating type-1 and
type-2 vertices. The weights are labeled nearby the vertices in the Figure.

The only balanced district we can find on the cycle is a star centered at a type-1 vertex v
with two type-2 leaves that are neighbors of v on the cycle. Further, we could use two sets of
districts (each set has m balanced districts) to cover all type-2 vertices on the cycle. In the figure
these two sets of districts are shown in solid sets and dashed sets respectively. They appear in
alternating order along the cycle. Using either set we cover all type-2 vertices on the cycle and
leave out precisely m type-1 vertices uncovered. If we choose the solid set it means we assign 1
to this variable. If we choose the dashed set it means we assign 0 to this variable. Either way all
type-2 vertices along the variable cycles are covered. How the type-1 vertices are covered (or not)
depends on the assignment of the corresponding variable.

The choice of the districts (corresponding to the assigned Boolean value to x;) is propagated to
the clause set. The implementation of an edge connecting a variable x; to a clause C; is by a path
of alternating type-1 vertices and type-2 vertices. See Figure 1 (ii). Each path starts from a type-1
vertex on the variable gadget and stops at a type-1 vertex at the center of a clause gadget. The
path can be propagating a value of ‘1’ if the covering tree takes a type-2 vertex followed by a type-1
vertex along the direction from the variable gadget to the clause gadget (solid before hallow), or
‘0’ if swapped. When the first type-1 vertex along a tendril is covered by the variable assignment
choice on the variable gadget (meaning the corresponding literal is taken as a 1), the districts on
the tendril will be propagating a “1” to the clause.

One subtle issue of Figure 1 (i) is the covered weights of type-1 vertices, because the number of
times a variable x; appears in the clauses can be different from that of z;. Suppose we take z; = 1
(i.e., the solid districts), the tendrils corresponding to z; grab a type-1 (hallow) vertex on the cycle,
while the type-1 vertices in the dashed districts on the variable gadget that are not attached to any
tendrils will not be covered. Thus, the weight of type-1 vertices in the cycle and tendrils uncovered
by x; = 11is 2(m — k(z;)), with k(z;) as the number of times that Z; appears in clauses. To make
sure that we always leave out the same total weight uncovered regardless of z; = 1 or x; = 0, we
amend the beginning part of the tendrils such that if it is propagating a “0”, we leave out an extra
weight of two not covered. We achieve this by gradually increasing the node weight from 2 on the
cycle to 4 with two attached vertices of each of type-2 weight 1. Figure 1 (i) shows how the two
extra vertices are attached. This way, regardless of whether x; = 1 and z; = 0, the total weights
not covered by the variable gadget along with the beginning parts of the tendrils are exactly 2m.

The clause gadget is implemented by a single type-1 vertex where three tendrils (corresponding
to three literals) meet. If z; (or Z;) appears in the clause, we connect a path from a type-1 vertex
covered by a solid (or dashed) district of the variable gadget z;. Thus if the solid district is chosen,
the path from x; propagates an assignment of 1 to the clause and covers the center. If the dashed
tree cover is chosen, the path from x; propagates an assignment of 0 which cannot cover the center
of the clause gadget. The center is covered by the (unique) path that is assigned “1”. See Figure 1
(iii) for an example.

In summary, if the planar 1-in-3SAT is satisfiable, all m type-2 vertices of the clause gadgets are
covered by disjoint balanced districts. If the planar 1-in-3SAT cannot be satisfied, any balanced
districting will leave at least some type-2 vertices not covered. This shows that the c-balanced
districting problem in a planar graph is NP-hard. O
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Theorem 3. The c-balanced districting problem is NP-hard for any ¢ > 2, when G is a complete
graph or a tree. This holds for both the case when the the districts are connected subgraphs and
when the districts are required to be stars.

Proof. We start from an instance of SUBSETSUM and turn it into an instance of c-balanced dis-
tricting problem. In SUBSETSUM, there are n numbers x1, s, -+ ,z, and the goal is to ask if any
subset sums up to X =), x;/2. Now we create a complete graph G with n + 1 vertices including
a vertex vy of type-2 weight of X, and type-1 weight of 0, and n vertices vy, - - - v, with v; holding
type-1 weight of (¢ — 1) - x; and type-2 weight of 0.

Therefore, if the SUBSETSUM answers positively, there is a star with root vy and the vertices in
the SUBSETSUM solution that achieves the maximum possible covered population of ¢- X. On the
other hand, if c-balanced districting problem returns a solution with covered population of ¢ - X,
then the answer to the SUBSETSUM instance is true.

Similarly, we can reduce a SUBSETSUM instance to a star, where vy is the root of the tree, and
v1,- -+, U, are leaves. The same argument follows. O

Theorem 4. The c-balanced districting problem does not have an n'/?~%-approzimation (for any

constant § > 0) in a general graph unless P = NP. On a graph with mazimum degree A, one cannot
approximate the c-balanced districting problem within a factor of A/QO(‘/E) assuming P # NP, and
O(A/log? A) assuming the Unique Games Conjecture (UGC). Even if A is a constant, the problem
is APX-hard. These statements hold when the districts must be stars and when the centers of the
stars are limited to a subset of vertices.

Proof. We take an instance of maximum independent set problem and turn it into an instance of
c-balanced districting problem. Given a graph G = (V, E), n = |V| and m = |E|. Denote by A the
maximum degree of G. For each vertex v € V, we create a vertex v’ in graph G’ with type-1 weight
of (¢ — 1)A and type-2 weight of 0. There are n = |[V| = |[V'| such “type-1 vertices”. We also have
a set of “type-2 vertices” V" with type-2 weight of 1 and type-1 weight of 0. Each vertex v’ € V’
has exactly A type-2 neighbors. If u,v has an edge in G, in G’, v’ and v share one type-2 vertex,
which corresponds to the edge between u, v in GG. See Figure 2. If the degree of u is less than A, the
corresponding vertex in G’ may have some dangling (degree-1) type-2 vertices. The total number of
type-2 vertices is nA —m. Thus the total number of vertices in G’ is n(A +1) —m and the number
of edges in G’ is nA. In order for a type-1 vertex u’' to be covered, all its type-2 neighbors must
be used. Thus a maximum independent set S in G means we can cover all corresponding vertices
of S in G’ as well as all their type-2 neighbors, leading to a total coverage population of |S|A.
Similarly, if we can find a c-balanced districting problem in G’, the type-1 vertices that are covered
in c-balanced districts cannot share any common type-2 neighbors, and therefore the corresponding
vertices in G must be independent. This reduction works when the district must be a star.

G G

Figure 2: Graph G and G’. A = 3 in this instance. The hallow vertices of G’ have type-1 weight
of 3(c — 1) and the solid vertices of G’ have type-2 weight of 1.

This reduction shows hardness of approximation, as an a-approximation for maximum indepen-
dent set means an a-approximation for c-balanced districting problem, for any ¢. The maximum
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independent set cannot be approximated by a factor of n'=% for any constant § > 0 on general
graph [8, 68]. If we have an approximation algorithm for the districting problem with approx-
imation factor O(N 1/ 2_5) with NV as the number of vertices in the districting graph G’, by the
reduction N = O(nA) and this gives an O((nA)Y/?79) = O(n'~2%) for the maximum independent
set problem on G, since A < n, which is impossible unless P = NP.

As the maximum degree in both G and G’ is A, approximating the balanced districting problem
in G’ with some factor depending on A gives the same approximation factor for the maximum
independent set in G. For bounded degree graphs, the maximum independent set has a constant
approximation [47], but is APX-complete [23] and cannot expect an approximation ratio better
than A/ 20(VA) unless P = NP [64]. Further, assuming the Unique Games Conjecture, one cannot
approximate the maximum independent set problem within a factor of O(A/log? A) [6]. These
(conditional) hardness results extend to balanced star districting problem on graphs with maximum
degree A. This finishes the argument. O

B A Whack-A-Mole Algorithm For c-Balanced Star Districting

B.1 The MWU Framework

We first recap the classical multiplicative weight update framework.

Consider the following online process. There are n € N experts and there is a weight vector
y) = % -1™. Let p € Ry be a positive value that represents the bound of an expert’s gain in a
single round. Let T := [pe~2Inn] be the target number of rounds. For each round t = 1,2,...,T

the process receives a reward vector g() = [git), ceey gg)] € [—p, p|". Then, the process computes

a temporary vector g]Z(Hl) =1+e- gl-(t)/p) . ygt) for all ¢ = 1,2,...,n, and then normalizes it,
obtaining y(+1 = §U+D) /||5+D || After the execution of all T’ rounds, we have the following

guarantee (from [5, Corollary 2.6]).

) )

Theorem 13. Fiz anyi. Let G; := Zthl gi(t) be the sum of all rewards of the i-th expert throughout
the process. Let Garg := Zf:1<y(t),g£t)> be the expected total gain, if in each round t the prediction
algorithm randomly picks an expert according to the distribution y, and follows that expert’s
decision. Then,

GaLc

<(1+¢) T

Gi +e
T

B.2 The Whack-A-Mole Algorithm

Let us focus on the dual linear program. Without loss of generality we assume that each c-balanced
district S has positive population, namely, w(S) > 1. Let u be the binary searched value to the
optimal objective value of our linear programs. It is straightforward to check that p € [1,w(G)],
where w(G) is the total weight of all vertices in the graph. Given that the re-weighted linear
program where each coefficient of the form 1/w(S) is replaced with pu/w(S), the goal of the whack-
a-mole algorithm now is to either find a feasible primal solution of value > 1 — 2¢, or a feasible
dual solution of value < 1+ ¢. This ensures an (1 + 3¢)-approximation in the end. If we aim for an
(14 ¢’)-approximation with a specific £’ > 0, then we can always initialize ¢ := &’/3.

We first describe the slow version of the whack-a-mole algorithm. This algorithm simulates the
prediction game round by round with a total of T’ := pue~2 Inn rounds. We set p = . The algorithm
initializes xg = 0 for all S € § and y, = 1/n for all v € V. In each round ¢, the whack-a-mole
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algorithm invokes the separation oracle and finds a weakly violating c-balanced district S with

_r

o) w®,15) < 1—%. (11)

The whack-a-mole algorithm then sets a reward vector g(*) := ﬁlg. Thus, (y®,g®) <1 —¢/2.
Meanwhile, the algorithm also increases the variable xg by 1. This process repeats for round
t=1,2,..., until either (1) ¢ = T, or (2) there is no strongly violating c-balanced district anymore.

In case (1), the algorithm returns z'y < (1 — 2¢)zg/T as a feasible primal solution. Note that
now y ga's = 1 — 2. This indicates that OPT > p. In case (2), the algorithm returns a feasible

dual solution y), + (1 —¢)~!- yq(,t), where t refers to the last round of the WMU step. Note that
now >y, = (1 —e)~!. This indicates that OPT < (1 + 2¢)u whenever € < 1/2. Now, we show
that the algorithm does halt with a feasible (either primal or dual) solution.

Lemma B.1. If the algorithm ends in case (1), then {z's} is a feasible primal solution.

Proof. In case (1), T rounds of the MWU steps are performed. Hence, we are able to utilize
Theorem 13 to validate the primal constraints. For every v € V', the constraint in (PRIMAL) states

that
B 1 p
Z — 2y =(1-2¢) = Z ——Tg
SeS:Sov w(S) T SeS:Sov ’U)(S)
_ 1 p :
= (1 —2¢) T Z w(S) (# of rounds where S is chosen)
SeS:Sov
T
=(1-2¢)- ;; w(g(t))]l[gff) # 0] (I[-] is the indicator function)
T
1 p y w(SW) . ®)
=(1—-2¢)- T tz:; w(50) gl . (by definition of g,’)
T
1 G
=(1-2¢) = () — (1 —2e)=2
(-2 7320 = 0297
< (1—2e)- <e +(1+¢) G/}LG> (By Theorem 13)

T
—(1-2)- (s 4 1 JTF =Y (g, y(t)>>
t=1
< (1-—2e)- (6 + Lte i(l - 6)) (By Equation (11))
- T pt 2
<(1-2) (1459 <1

Lemma B.2. If the algorithm ends in case (2), then {y,} is a feasible dual solution.

Proof. In case (2), the separation oracle certifies that there is no strongly violating constraints.
Thus, from the definition of a strongly violation constraint (Equation (3)), we know that for all
c-balanced star district S, we have ), g yz(,t) > (1 —¢€)-w(S), which implies that Y gy, > w(S).
Thus, {y,} is a feasible dual solution. O
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B.3 Speeding Up The Algorithm

The previous algorithm requires 7' rounds of WMU steps. Unfortunately, T = [ue~2Inn] and
w can be as large as w(G). A straightforward implementation requires Q(w(G)) time, even if we
are provided with a polynomial time separation oracle. From the description of our algorithm, we
observe that without normalization, the sum ) ¥, is non-decreasing. The main idea to speed up
the MWU algorithm (provided in [11]), is to perform a lazy normalization of the dual variables:
the algorithm normalizes {y,} whenever its sum exceeds 1 + . The MWU rounds between two
normalizations is then called a phase. Within the same phase, the algorithm is allowed to perform
multiple MWU steps on the same violating constraint S at once until one of the following three
situations happen: (1) this constraint becomes satisfied, (2) the total number of steps now reaches
T, or (3) the sum of dual variables exceeds 1 + ¢ so the algorithm enters a new phase. This
subroutine is called ENFORCE in [11]. We are now able to give a polynomial upper bound to the
number of phases in total.

Lemma B.3. The number of phases is at most O(¢~2logn).

Proof. There are T := [pe~?Inn] MWU rounds. Let g&t) be the unnormalized dual variables and
let |90 = 32, gjq(]t) be the sum at the beginning of the round t. Initially, the sum of all dual

variables is ) Qz(,l) = 1. Within each round ¢, a (weaker) violating constraint S is chosen such that

S0 < (1—ef2) - 5L 0.

veS K

A MWU step multiplies each @1(,) by (1+¢- gv /,u) for v € S. Notice that g() = p/w(S) for all
v € S. This implies that the absolute increase of the unnormalized dual variables can be bounded
by

H t+1 t)” < Z

UGS
_&._r 5

po w(S) ;

e w(S) o)
§771_€27 yv
p w()( /2) p 9 |l
£

< =g

Thus, each MWU step increases the total sum by a factor of at most 1+ &/u. Therefore,

19N < (14 e/w)T = (1 +e/p)[re"nn]
< e(lnn)/e—i-l . ’I’LI/E.

Notice that the algorithm is triggered to start a new phase whenever the current normalized sum
of the dual variables >, y, > 1+ ¢. Hence, the total number of phases can be bounded by

logy . (e . nl/s) = 0(¢2Inn),

as desired. n
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B.4 Separation Oracle: Proof of Lemma 4.1

Lemma 4.1. Given an input instance G = (V, E, (p1,p2)), re-weighted values w' : V. — {0} U
[ﬁ,w(G)], and dual variables 3!, € [n~UHYe) 1 4 €] for each vertex v € V, there exists an
algorithm that either reports that Syiolate = 0, or returns a c-balanced district S such that ZUES Y <
(1 —g/2)w'(S) and w'(S) > 2w (Smax), where Spmax = argmaxses,.,... w'(S) is a violating c-

balanced district with the mazimum value. The algorithm runs in O(~%n%(logn)(logw(G))*) time.

Proof. We generalize Algorithm 1 to accommodate dual variables. In particular, we will main-
tain a candidate list L with the following property: For any c-balanced district S, there exists
a district 7' € L such that (1) (p1(S),p2(S)) is an (e/10)-approximate of (pi(T),p2(T)), and (2)
S s W (W) X erw'(v) € [e7/10,e/19]. Recall that from the proof of Theorem 7 we defined
that a pair of numbers (q1,¢2) is an e-approximate to (¢}, ¢5) if both ¢1/¢},q2/¢5 € [e7¢,€°]. The
above property suggests that we add a third dimension for y/, to the list, and modify the trimming
algorithm slightly — we will not trim the solution if their > ¢, values are too far from each
other.

We now prove that the final list contains a c-balanced district that is a weakly violating con-
straint. Consider the population of commodities (p1(Smax),P2(Smax)) Of Smax. Without loss of
generality, assume that pi(Smax) > P2(Smax). Then, by the property we stated above, there exists
a district S € L that satisfies:

(c—=1)p2(S) — p1(S) 1)p2(Smax) — P1(Smax) (maintained by Algorithm 1)

and

( —
0,

(1 —¢/10)(c = 1)p1(Smax) — (1 + £/10)p2(Smax)
(
0

C

(¢ = Dp1(S) = p2(S5)
(1 —¢/10)(c = 2) = (¢/5)) 2(Smax)

vV IV IV IV IV

(whenever £ < ©2)

The above inequality shows that S is indeed c-balanced. Furthermore, we have » s v,/ > ves. . Yo

[6_5/10, 65/10}. Thus, we are able to show that S is a weakly violating constraint:

S Yy

veS VESmax
< e/ (1=¢) w(Smax) (Smax is strongly violating)
< 65/10 . (1 - 5) . 68/10 . ’LU/(S)
< el (1—e)w/(S) < (1—/2) - w/(S). (e >0)

On the other hand, we have
w'(S) > 6_6/10 : w/(Smax) > *w/(Smax)v

certifying that the output S satisfies all the constraints from the lemma statement.

Let us now analyze the runtime of the algorithm. It suffices to analyze the number of scales at
the new dimension. Since each value /, is at least n~(171/%) and is at most 1 + ¢, the number of
scales in the third dimension can be bounded by

I+  In(I+e)+(1+1/e)lnn

_ -2
n—(1+1/¢) - 5/10 - 0(5 lnn)

IOgea/m

Together with the analysis in Theorem 7, the runtime of this generalized algorithm for the complete
graph, including maintaining a solution, is O(e~%n°(logn)(log w(G))*). O
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B.5 Piecing Everything Together: Proof of Theorem 6

Correctness. The correctness comes from the whack-a-mole framework [11], the implementation
to the separation oracle (Lemma 4.1), and the potential method analyzed in Section 4.2.

Runtime Analysis. We have O(¢~!logw(G)) for binary search up to an (1 + ¢)-approximation.
For each guess p, we run the whack-a-mole algorithm which has O(¢~2logn) phases and within
each phase there are at most O(n?/¢) calls to the separation oracle by Equation (7). Each call
to the separation oracle takes O(s~%n%(logn)(logw(G))*)) by Lemma 4.1. Therefore, the entire
algorithm runs in time

O (e 1%n8(log n)?(log w(G))®) = poly(n,1/¢, logw(G)).

Number of Non-Zero Primal Variables. It is probably worth to note that the number of
non-zero terms does not involve any logw(G) terms. In particular, the algorithm uses the last
returned feasible primal solution as the approximated solution. The number of non-zero terms can
then be bounded by the number of phases multiplied by the number of separation oracle calls per
phase, which is at most O(3n?logn).

B.6 Proof of Randomized Rounding

Lemma B.4. The randomized rounding algorithm from the fractional LP solution produces an
expected weight for output districting I as

Ew(] > Y ws)Z— Y min(w(A),w(B) 252 .

2
T
SeSLp A,BESp: ANB#)

Proof. Consider a district S with non-zero value xg, it is selected into I only if two events happen:
(1) the coin flip with probability xg/7 turns out to be true; and (2) all the districts with value at
least xg are not included in I — their coin flips are false. The probability of both events happening

SO N EE (CR

AESLp:ANS#D,w(A)>w(S) AeSLp:ANS#D,w(A)>w(S)

1S

Now, by linearity of expectation, we have

Blu(] > Y w(s)™ (1 _ 3 xf)

AeSLp:ANS#D,w(A)>w(S)

= > ()= - > w(s) - =4

SeSyp S, AESLp: ANS#D,w(A)>w(S)
zs . TATB
=) w(S) = - > min(w(A), w(B)) - =5 .
SeSp A,BESyp: AﬂB#@

O]

For any 0 > 0, let S5 be the set of all districts S C Spp whose weight is at least 6. The
following lemma connects the unweighted correlation between overlapped districts and the expected
approximation ratio to the randomized rounding algorithm.
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Lemma B.5. Let 7 € Ry be a fixed value. Suppose that for all § > 0,

Z zaxp < (1/2) - Z rg,

A,BES>5:ANB#£D SES>s

then Elw(I)] > = > gw(S) - zs.

Proof. We first sort all districts in Spp in the non-increasing order of weights. Let S, Sy, ...

such a list. For each district .S;, its weight w(.S;) can be written as

t

w(S:) = 3 (w(S)) —w(S;11)).

j=i

(12)

,St be

Here for convenience we define w(S;+1) = 0. Using the above expression, we are able to establish

that

Y min(w(A), w(B)) - 2E
A,BESLp: AﬂB#@

t 1—1
- ZZH[Se NS; # 0] - w(S;) - xS;ZSZ

=1 /=1
t
xrs. T
_ZZHSmS 201 1> (w w(Sj1) | - =5
i=1 (=1 7=t
t 7 -1 Tg 2g
:Z(w ]H) (Z I[S, N S; # 0] - i2€>
j=1 =1 (=1 T

> e

AvBE‘SZw(Sj): AﬂB#@

N

o w( J+1 n
1

t
-
< <w ]H) T (by (12))
7=1 SESZw(S )
QR
=9 ZZ (w(S]) - (Sj+1)> LS,
j=1i=1
1 t
= Yo 30 (wls) — w(s;e)
i=1 j=i
¢
1
=5 w(S;) - xg
T =1
Finally, we have
E[w(I)] > Z w(S)Cc?S — Z min(w(A),w(B))x’j_ZB (by Lemma B.4)
SeSLp A,BESyp: AﬁB;ﬁ@
1 1
> _ _
>~ w(S)xg 5 Z w(S)xg
SeSyLp SeSLp
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1
=5 > w(S)ws
SESLP
as desired. O

B.7 Outerplanar Graphs
In this section we devote in proving the following lemma.

Lemma 4.10. Let G be an outerplanar graph. Suppose that {zs} are primal variables obtained by
Theorem 6. Then, Y 4npiprazp < O(1) - 3 xs.

Let G be a connected outerplanar graph. We begin with the classical result [36].
Fact B.6. A graph G is outerplanar if and only if G does not have Ko 3 and K4 as minor.

Let r € V be any vertex in G. By considering shortest distances of vertices on G from r, we
are able to partition V into layers V = Ly U L1 U ---U Ly, where L; = {v € V | distg(v,r) = i}.
Notice that algorithmically we can construct the sets {L;} using a single BFS, but here we do not
need them. But with the BFS tree in mind, we obtain the following fact.

Fact B.7. Consider any three vertices from the same layer x,y,z € L;. Then {r,z,y,z} form a
claw minor (K 3-minor) in G.

The following lemma is crucial for proving Lemma 4.10.
Lemma B.8. For each layer L;, i > 1, the induced subgraph G[L;] is a collection of paths.

Proof. We establish the proof by contradiction. Let H = G[L;]. If H is not a collection of paths,
there must exists either (1) a vertex v with degree at least 3 in H, or (2) a cycle in H. Let v1,v9,...
be the clockwise ordering of vertices from H in an outerplanar embedding of G. In case (1), the
vertex v connects to at least three other vertices x,y,z € L;. In this case, by Fact B.7 we know
that {r,v,z,y, 2} is a K 3 minor, which is impossible since G is outerplanar. Similarly, in case (2),
a cycle has at least three vertices. Consider any three vertices x,y, z within the same cycle of H.
This implies that {r, z,y, 2z} is a K4 minor of G, a contradiction. O

Lemma B.9. Let G; = G[L; U L;y1U---ULyg| and let k € Z>o be a non-negative integer. For each
vertex v € L;, the set Ng, x(v) := {z € L; | distg, (v, ) < k} has at most 2% + 1 vertices.

Proof. We prove by induction on k. When k = 0 the statement is trivially true. Now we take
k = 1. For any i and any vertex v € L;, denote by X the neighbors of v in G;. We claim |X| < 2.
Indeed, if |X| > 3 then there must be a claw minor from v to {z,y,z} € X in G;. This implies
that {v,z,y, 2,7} is a Ky 3 minor in G, a contradiction to Fact B.6. This immediately implies that
ING, k(v)] <2 as well.

Suppose now that the statement is correct up to £k — 1 > 1. Consider any vertex v € L;. By
Lemma B.8, G[L;] is a collection of paths. Let X be the neighbor of v in L;. Consider any path P
starting from v and uses vertices in L;41 U Lo U---U Ly as internal vertices and ending at any
vertex on L; \ X. We note that these paths will have lengths at least 2. Let Y C L; be all possible
ending vertices of such path P. We claim that |X| + |Y| < 2. Indeed, if otherwise | X|+ Y| > 3,
then {v} UX UY is clearly containing a K; 3 minor. We now observe that

Ng, x(v) € (U NGi,kl(x)> U U Ne, k—2(y) | - (13)

zeX yey
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By induction hypothesis, for all 0 < k' < k and for all z € X UY, |Ng, x(z)| < 2K 4+ 1. To apply
the induction, it suffices to consider several cases:

e If  XUY|=0, then |Ng, r(v)| = 1.
o If [XUY| =1, then |Ng, s (v)| < 2" 1 +1 < 2F + 1,

e If | X| = 2 (which implies |Y| = 0), we notice that £ —1 > 1 and thus v is included in every
set Ng, —1(7) with € X. Then, |Ng, x(v)| < 2(2¥"1 +1) — 1 = 2¥ + 1. Here we need to
subtract 1 as v is double counted.

e If  XUY|=2and |Y| > 1, then using (13), we have | Ng, x(v)| < (28714+1)+(2¥"2+1) < 2K 41.
O

Lemma B.10. For any i, L; can be partitioned into O(1) sets Si1,Si2,...,Si¢ such that S;; is a
5-hop independent set in the subgraph G; = G[L;UL;+1U---ULy]. Specifically, L; is (17,5)-scattered

Proof. We consider the following greedy coloring algorithm on all vertices of L; in any order: for
each vertex v € L;, assign a color to v that is different from the color of any colored vertices in
Ng, 4(v). By Lemma B.9, 24 + 1 = 17 colors suffices for coloring all vertices in L;. Observe that
any two vertices of the same color are at least 5-hops away from each other. Hence, we are able to
partition L; into at most 17 = O(1) sets, where each set S; ;, comprised of all vertices of color j, is
a 5-hop independent set in G;. ]

Before we give the proof of Lemma 4.10, we introduce a helpful observation for the analysis.
Lemma B.11. For any verter v € L;11, there are at most two neighbors of v in L; in G.

Proof. If v € Lj;1 has at least three neighbors z,y, 2z € L;, we know that {r,z,y, z,v} form a K3
minor, which is a contradiction. O

Now we are ready to finish the proof of Lemma 4.10.

Proof of Lemma 4.10. The proof will be similar to the proof of Lemma 4.6, but without the re-
cursion. We first apply the following charging argument, where we charge the cost z zp of each
pair of intersecting districts A N B # () to any vertex v € (AN B) U {ca,cp} with the smallest
possible distance to the chosen root » on GG. Recall that ¢4 and cg are the center vertices of A and
B respectively.

Consider a vertex v in the i-th BFS layer L;. Let Q(v) be the collection of district pairs charged
to v. By the way we charge the pairs, we know that the total cost for v can be bounded by:

cost(v) := Z zAarg < 2- Z zg. (14)

(A,B)EQ(v) S: CSENGZ.Q(U)

Now, it suffices to bound ), cost(v). Consider a district S with the center vertex cg € L;.
By (14), xg is never involved in any cost(v) with v € L;y; U Lizo U --- U Lg. We observe that
by Lemma B.11, zg is counted by at most 4 times in level 7 — 2, at most 2 times in level ¢ — 1.
Finally, we would like to analyze the number of occurrences of xg in cost(v) for v in level i. By
Lemma B.10, L; can be partitioned into at most 17 5-hop independent sets S;1,S;2,...,9517.
Since each set S; ; is a 5-hop independent set, g can only be involved in at most one vertex. This
implies that xg is added by at most 17 times in level . Therefore, we conclude that ), cost(v) <
2-(17T+442)> gzs =0(1) - > gxg as desired. O
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B.8 Trees

On trees, we are able to bound the product terms for overlapping districts with just the sum of all
variables.

Lemma B.12. Let G be a tree. Suppose that {xg} are primal variables obtained by Theorem 6.
Then, the sum of products of primal variables among all (unordered) pairs of overlapping districts

{A, B} satisfies > ynprgTatp < D Ts.

Proof. For any district S we denote cg as their center vertex. Fix any vertex r on G as the root of
the tree. For each vertex v € V' \ {r}, we let parent(v) to be the parent vertex of v. For brevity
we also define parent(r) =L. Then, each district S can be of two types: either parent(cg) ¢ S
(denoted as type I) or parent(cs) € S (denoted as type II). For each district S we also define
highest(S) to be the vertex in S that is closest to the root on G.

Since the pairs of overlapping districts are unordered, it suffices to consider for each district A,
only the overlapping districts B such that either (1) ¢4 is NOT an ancestor of ¢g, or (2) ca4 = cp
and highest(A) # parent(highest(B)) — this condition excludes the situation where A is type II
but B is type 1.

Let S4 be the collection of all overlapping districts B that satisfies the above criteria. We can
now express the sum of products as:

Z zarp < ZxA- Z B (15)

We note that some overlapping pairs (A, B) may be double counted in the above notation so we
may have inequality. For example, when both A and B are type Il and c4, cg are siblings. Another
example is when ¢4 = c¢p and A, B are both type I. Now, for each A € §. Depending on whether
A is type I or type II, we have two cases:

e A is type L. In this case, by the definition of S4, we know that every district in S4 contains
ca. Therefore, by the primal constraints we have ) g s, tB <1

e A is type II. In this case, by the definition of S, we know that all districts in S4 contains
parent(c4): whenever cp = cy, the criteria (2) guarantees that B is of type II too. Hence,
using the fact that G is a tree, parent(c4) = parent(cp) € B. Thus, we also have } 5 s 75 <
1 as well.

Lemma B.12 immediately follows Equation (15) and the above case analysis. O

By setting 7 = 2 in Lemma B.5, we conclude that the algorithm produces (4 + ¢)-approximate
solutions on trees.

B.9 General Graphs
Lemma 4.2. Let G be any graph. Let {xg} be any feasible solution to the linear program. Then,

> mazp<Vn- ) as.
S

A,B: ANB#£0
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Proof. We split the set S into two parts Siarge := {5 € S | [S| > /n} and Sgman :={5 € S | |5]| <
v/n} according to the cardinality of each c-balanced district. We first claim that

Z rarp < /n- Z Ts. (16)

A»Beslarge: AOB#Q) Seslarge

2 .
As ZA,BGSlarge TATB § (_ZSE&Mge xg)?, it sufﬁces'to show that ZSGSmge xg < y/n. Let cg be the
center vertex of the district S. By a double counting method, we have:

doagevn< > wglSI< DY D as< > > g

Seslarge SESlarge SGS]arge vES veV S: Sov
< Z 1=n. (by primal constraints of LP)
veV

Therefore Equation (16) is true and the equation captures the sums between all pair of large-size
districts. For every remaining pair of districts that are overlapping, one of the districts must be
in Sgman. For each district that overlaps with A, we charge it to one of the common vertices,
arbitrarily chosen. Let’s say A € Sgman. Then, by partitioning all districts that overlaps with A on
each vertex v € A, we have

Z SCBSZ Z fCBSZlS!A\- (17)

BeS: ANB#0D vEA BES: veANB vEA

Finally, by combining both Equation (16) and Equation (17), we have

Z rarp < Z TATB + Z TATB

A,BES: ANB#D A,BES)arge: ANBF( A€ESsman,BES: ANB#D

<+/n- Z x5 + Z TATR (by Equation (16))
SESlarge AESgman,BES: AQB#@

<n- Z xs + Z |A] - za (by Equation (17))
SGSlarge Ae’ssmall

<Vne Y as+ Y. Vneaa
SESla,ge Ae‘ssmall

<Vn- Z rg
Ses

as desired. O

B.10 Large Rounding Gap Examples

We first show that it is possible for the analysis reporting a rounding gap greater than 1, even if the
graph is planar. We remark that, however, these examples do not imply hardness of approximation
results, as it is still possible for the rounding algorithm (e.g., by testing with a smaller 7 value)
returning a close-to-optimal solution.

B.10.1 Constant > 1 Rounding Gap For Planar Graphs

We examine the graphs which correspond to the following two grid patterns: the (square) grid and
the triangular grid.
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Figure 3: Construction of two types of the grid. The boundary of grid contains O(y/n) vertices.
Each internal (non-boundary) vertex is attached with an additional vertex for fulfilling the balanced-
ness constraint. The weights are set as follows. (a) For the square grid construction, each grid
vertex has pi(v) = 1 and each attached vertex has py(v) = (¢ — 1) x 5. (b) For the triangular grid
construction, each grid vertex has p;(v) = 1 and each attached vertex has pa(v) = (¢ — 1) x 7.

Square Grid. Consider a \/n x y/n square grid graph. Each grid vertex has weight py(v) = 1 and
p2(v) = 0. Each internal vertex is attached with an additional vertex (called a dangling vertex),
with weight p1(v) = 0 and p2(v) = (¢ — 1) x 5. See the left figure in Figure 3. This assignment
ensures that any c-balanced star district S has a center at an internal vertex and it must take all
5 neighbors (4 neighbors on the grid and one dangling vertex). An integral solution can be done
by greedily tiling “cross shaped” tiles on the grid. This achieves a total weight (1 — o(1))cn. On
the other hand, we can set dual variables to be y, = ¢ for all v on the grid, and y, = 0 for all
vertex v that is dangling. This ensures a feasible dual solution with objective value c¢n. Thus, the
integrality gap of the formulated LP is at most 1 + o(1).

Now, we examine the rounding algorithm with a possible output from LP. A close-to-optimal
fractional solution can be achieved by setting g = 1/5 for all district S. The objective value is
then (y/n—2)2- % -(5(¢c=1)+5) = (1 —o0(1))cn. The sum of products between overlapping districts
is at least

1-(f—6)2'12-%=(1—0(1)> .

Since the sum of all zg is at most n/5 =
Lemma B.5.

5 -m, we know that 7 > 6/5 must be set in order to apply

Triangular Grid. Consider a triangular grid where each side has O(y/n) vertices. Similar to
the square grid construction, we assign each grid vertex a weight p;(v) = 1 and pa(v) = 0. For
each internal vertex, there is an additional dangling vertex attached with weight p(v) = 0 and
p2(v) = (¢—1) x 7. See the right figure in Figure 3. A similar argument to the square grid analysis
shows that the integrality gap is also at most 1 + o(1). Now, a fractional solution can be achieved
by setting xg = 1/7 for all ¢-balanced star district S. The sum of products between overlapping
districts is at least

1 9
-(1—0(1))n-18~ﬁ:(1—0(1))-4—9-11.

Since the sum of all zg is at most n/7 = 4—79 -m, we know that 7 > 9/7 must be set in order to apply
Lemma B.5. We notice that 9/7 > 6/5, which leads to a slightly larger gap comparing with the
square grid case.

N |
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B.10.2 Large Rounding Gap on General Graphs

In Section 4.4 we have shown an example reduced from hypergraph matching with both the inte-
grality gap and the rounding gap are ©(y/n). Here we show an instance with O(1) integrality gap
yet still Q(y/n) rounding gap.

The Construction. In this construction we assume y/n to be an integer. We construct a bipartite
graph G = ((AU B) U R, E) with 3n vertices (|A| = |B| = |R| = n) as follows. We regard vertices
in R as a \/n x y/n grid. Each vertex in R can be labelled as R;; where 1 <i,5 < {/n. Both A
and B are partitioned into \/n sets {A;} and {B;}, each containing /n vertices. For each i, each
vertex v € A; has incident edges to all vertices R; 1, R;2,...,R;,. For each j, each vertex v € B;
has incident edges to all vertices Ry j, R j,. .., Ry j. The degree of each vertex in A and B is /n
and the degree of each vertex in R is then 2y/n.

Now, we assign the weights. Each vertex v in AU B has weight p;(v) = (¢—1)+/n and pa(v) = 0.
Each vertex v in R has weight pj(v) = 0 and py(v) = 1. With this weight assignment, the only c-
balanced star districts that can be formed are the districts that are centered at any vertex v € AUB
and containing all neighbors of v. There are exactly 2n districts.

A Fractional Solution. For each v € AU B we denote S, to be the (unique) district centered
at v. A fraction solution for the formulated LP can be simply setting xg, = 1/(2y/n). This is
definitely feasible since the degree of vertices in R is 2y/n. This solution is also optimal since the
weight contribution of ps to the objective function is maximized.

Integrality Gap. It is also easy to see that the integrality gap is 1: for each set A; we pick an
arbitrary vertex v € A; and add S, to the final districting. The final districting covers all vertices
in B so it is an optimal solution as well.

Rounding Gap. We now show that this example gives an Q(y/n) rounding gap. Indeed, for each
vertex v € A, the district S, intersects with all S, where u € B: suppose v € A; and u € Bj, then
they share a common vertex R; ; € S, N.S,. Therefore, we have

1 2 q
> wgzr>|A|-|B|- () =—.
S,T: SNT#( 2\/5 4

On the other hand, the sum of all primal variables is

1
2= <2ﬁ) v
Therefore, the rounding gap is v/n/4 = Q(y/n).

B.10.3 Large Rounding Gap for Deterministic Greedy Rounding

In this section, we give an instance on which deterministic greedy rounding fails to give a good
approximation, motivating the need for randomized rounding. Here in the deterministic greedy
rounding, we sort the primal variables in decreasing order and choose a district as long as it does
not overlap with any chosen districts.

44



Figure 4: Construction of hard instance for greedy rounding.

The construction: Refer to Figure 4 for the construction. The graph can be considered as
divided into three layers, with single vertex in first layer (denoted henceforth by v), ¢ — 1 vertices
in second layer (call this set X) and n — 1 vertices in the third layer (call this set Y). v has p;
population 1, each vertex in X has pp population 1, Y has (¢ — 1)% vertices with p; population
1 and 7 — 1 vertices with ps population 1. Vertex v is connected to every vertex in X and there
exists a complete bipartite graph between X and Y. The total number of vertices in this graph is
n+c—1.

The c-balanced districts are as follows: v and all its neighbors in X form a c-balanced district of
weight ¢ (call this district S, ). Each node u € X forms a c-balanced district with all its neighbors
in Y, each of which has weight n (denoted by S, for v € X). Note that all these districts are

star shaped. Consider the fractional solution, where x(S,) = i for each district centered at
u € X and z(S,) =1 — :11 It’s straightforward to verify that this forms a feasible solution, with
objective value n + ¢ — -5, which forms a (1 + €)-approximate solution since the optimal solution

is to pick any one district centered at a vertex in X. For constant ¢ > 3, we have 1 — ﬁ > i,

and as a result the greedy rounding that sorts districts by x(S) values for districts S, chooses the
district .S, with weight ¢ (which is a constant), and cannot choose any other districts. This gives
an {2(n)-approximation.

C Omitted Proofs from Section 5

Theorem 7. There exists an FPTAS algorithm solving COMPLETE-GRAPH-c-BALANCED-DISTRICTING

so that for allc > 2,0 < e < %ln(c — 1), and complete graph (V, E) of n nodes with functions of
weights p = (p1,p2), the algorithm outputs an ef-approzimation in O (5*4n6(1n w(V))4) time where

w(V) =2y P1(v) + pa(v).
Proof of Theorem 7. Given an arbitrary ordering on blocks, let L’ be the set of all values that can
be obtained by selecting some subset of the first ¢ blocks {v1,...,v;},

L'=435Cil,> pv) p CZ%.
jes
We use induction to show that L} in Algorithm 1 is an (¢1, £)-trimmed of L’ for all i. The base

g
" e(i—1)

case i = 0 is trivially holds as L® = (). Suppose L’fl is an (El, T)—trimmed of L*~!. For any

45



q+p(v) € L\ L' with q € L'"!, by the induction hypothesis, there exists ¢/ € Li™" which
L;U—approximates and ¢1-dominates q. Because p1(v;), p2(vi) > 0,

¢, +p1(vi) ¢+ pa(vi) —e(i=1)  e(i=1) ,
, €Elen ,e » |and ¥ +p;)) > l1(q+p(v;)).
0 1 (0) g+ palen) [ ] 1(q +p(vi)) > l1(q + p(vi))

On the other hand, by the definition of L?, for any q' + p(v;) € L™ + p(v;) there exists q” € L}
so that
a! @

% en] and £1(q") > 41(d + p(vi
qi+p1(vi)’q’2+p2(vi)€[e ,en] and 61(q") > li(q + p(vi))

Combining these two proves that q” %—approximates and /;-dominates q + p(v;). The identical

argument holds for all q € Li~! C L. Thus, we show L} is an ({1, %)-trimmed of L' for all i.
Similar argument applies to L.

Let g* be the optimal c-balanced value in L™. Suppose g5 > ¢i. Since L} is (¢1,¢)-trimmed
to L™, there exists q' € L} that e-approximates and ¢;-dominates q*. Because ' e-approximates
q*, the approximation guarantee holds, ¢} + ¢4 > e (¢ + ¢3). Now we show ¢’ is also c-balanced.
Because q* is c-balanced and q’ ¢1-dominates q*,

0<(c—1)gf — 5 = t(a") < li(d).
Moreover, because ¢ > ¢f and q' e-approximates q*, we have

(c=1)gy > (c—1)e™¢3 > (c— e~ qf = (c — 1)e™*¢) 2 )
where the last inequality holds because 3 In(c — 1) > . Combining these two, we have ¢1(q’)
and f2(q') > 0 completing the proof. Similarly, if ¢5 > ¢}, there exists an e-approximation and
c-balanced solution in L.

The running time of i-th iteration is O(|L’i|.2 + |L5|?) which can be bounded as the following.
Consider a geometric grid with vertices in {(e%a,eﬁa) gk =0,...,[2Inw(V)]}. Because L} C
[w(V)]? and no two points in can be in a same rectangle after trimming, the size of L} is bounded
by the size of grid O(Z—j(ln w(V))?). Therefore, the running time of Algorithm 1 is O(Z—i(ln w(V))4).
The additional n in the theorem statement is to reconstruct the set. O

Theorem 8. There exists an FPTAS for the c-balanced districting problem on trees. That is, for
allec>2,0<e< %ln(c — 1), and tree graph (V, E) of n blocks with population functions p, the
algorithm outputs an e®-approzimation in O (e~ %n®(Inw(V))®) time.

Analogous to Section 5.1, with slight abuse of notation, let ¢1(s) = (¢ — 1)s; — s2 and fla(s) =
(c—1)sg—sq forall s € R3. Given j = 1,2, >0, and s, 8, s is £j-dominated by s’ if £;(s) < ¢;(s'),
and s is an e-approzimate of s’ if s1/s], s2/s5,s3/s5 € [e7, €] with 0/0 := 1. Finally, given two
sets L, L’ C R3, L is a (¢;,¢)-trimmed of L if L’ C L and for all s € L there exists s’ € L’ which is
an e-approximate and £;-dominates s, and L+ L' = {s+ s :s € L and s’ € L'}.

The following lemma shows that the parameter £ decay smoothly under composition and addi-
tion.

Lemma C.1. Given €,e1,e9 > 0 and j = 1,2, if L is an (¢j,e1)-trimmed of L1 and LY is an
(¢;,e2)-trimmed of Lo, L" = Trim(L} + L5, ¢;,€) is a (¢;,¢ + max(e1,e2))-trimmed of L1 + Lo.
Moreover, if L1 + Ly C {0,1,...,W}3 for some W € Z~g, |L"| < (1 + %)3
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Proof. For the first part, L} + L, C Ly + Lo is trivial. For any s; = (81 1,51,2, 51 3) € L; and
so = (82,1, 52,2, 52,3) € Lo, there exists s] € L] and s, € L, so that £;(s}) > ¢;(s1),¢;(sh) > £;(s2),

311 312 313 ] S21 822 8236[6752

€le e
311 512 513 321 522 523

Hence, s} + s, € L} + LY and sy + sy € Ly + Lo satisfy £1(s] + s§) > ¢1(s1 + s2),

S1,1 +82,1 812+ S22 S13+ 823 — maxer €2, maxer,en
sy 48k s o +sh, st .+ s €le € )
1,1 2,1 51,2 2,2 91,3 2,3

Because L” is (¢1,¢e)-trimmed of L} + L), L” C L} + L, C L1 + Lo, and L" is ({1, + max(e1,£2))-
trimmed of Ly + Lo using a similar argument.
For the second part, because L” C Ly + Ly, the value of L” is in {0, 1,.. W}5 On the other

hand, consider a geometric grid with vertices in {s € [0,V]3 : sy, 52,83 = 0, 1 es,e®*,...,}. As no
two points in L” can be in the same rectangle, the size of L” is bounded by the size of the grid,
O((e~tInW)3). O

Proof of Theorem 8. Note that the size of an optimal solution T* is s5°°!(7*), and (0, 0, s5°°/(T*)) €
L7t Tf 119 and L% are ({1, ¢)-trimmed and ({3, )-trimmed of L™ respectively, there exists
s € L}o°t C L such that s; = so = 0 and s3 > e ©s5°°/(T*) which yields an approximation ratio
of ef and completes the proof. To this end, let size(v) denote the number of block in the subtree
of v including v and ¢, := size(v)S < e with ¢, = (size(v) — 1)5. We will use induction. As we
cannot decide whether the current incomplete district is c-balanced or not in grow, our induction
will be on slightly extended sets instead of LV, defined as following

_ {sv( ) T =(T1,...,T,) and for all i, T; is c—balanced}

v o__
L= “if it is fully contained in the subtree of v. (18)

where LV C LY and L% = L"°t because LV allows T to contain unbalanced districts outside of
the subtree of v. Additionally, we partition LY into three sets:

I ={s"(T) € L" : v is incomplete for some T' € T}
C" ={s"(T) € L' : v is consolidating. }
A’ ={s"(T) € L" : v is absent. }

We use induction to show that LY is a (¢4, &,)-trimmed of LV and L} is a (f1, &, )-trimmed of L® for
all v.

When v is a leaf, the statement holds. Now suppose v is not the root and for all v’s child u, L}
is a ({1, e,)-trimmed of L* and LY is a ({2, €, )-trimmed of L*.

First, because IV can be written as

I = (pi(v),p + > LY

child u

and I is (p1(v),p2(v),0) + > g o LT applied Trim deg(v) — 1 times. Thus I; (and I3) is an
(€1,€;,)-trimmed (and (f2, &, )-trimmed) of IV, due to Lemma C.1 and max, €, + 5 (deg(v) —1) < &,

Second, we show that A is an ({1, ¢]) and (Eg, el )-trimmed of A”. For any districting 7 satisfying
the condition in Equation (18), if v is absent in 7 so that s(7) € A", we can create a new districting
T' =T U{v} so that v is incomplete in 7’ and thus s”(7") € I". Hence

s{(T) =s5(T) =0 and s§(T) = s5(T").
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Algorithm 5: FPTAS on tree graphs

Input: € > 0, ¢ > 2, a rooted tree (V, E), and population functions p = (p1,p2)
Output: The size of optimal c-balanced districts
Function Trim(L, ¢, €):
Sort L = {s1,...,8m} so that £(s1) > l(s2) > -+ > {(sp);
Set Loyt = 0 and Ly, = 0;
fori=1,...,mdo

if s; ¢ Lyem, then

Lout < Lout U {Si};
for j=i+1,...,mdo
if s; e-approzimates s; then
‘ Lrem — L’r‘em U {Sj}

return L,,;;
Function grow(v, €):
Set LY, LY <« 0;
Set I, Is < {(p1(v),p2(v),0)} // Only include itself
for Fach v’s child u do

(LY, LY) < grow(u,e);

I < Trim(Iy + LY, 41, ¢€);

Iy < Trim([y + L%, ly,€);
C <« {(0,0,81 + s2+s3) : Is € I U I, £1(s), l2(s) > 0};
A« {(0,0,83) cdse [ U IQ};
if v # root then
LY+ Trim([1 UC U A, 0y, ¢€);
LY <+ Trim([oUC U A, Uy, €);
else
LY < Trim(C' U A, 4y, ¢);
LS + Trim(C' U A, 3, ¢);
return (LY, L3);
Lreot L1t < grow(root,e/n);
return max{ss : s € L}°°, Lot}
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Because I is an ({1, })-trimmed of IV, I; C I" and I has z’ = (2], 25, #5) so that ;,-approximates
s’(T’) so that
/
/ z ’
e € < 3 < e
s5(T")

By the definition of A in Algorithm 5, there exists z € A so that z; = 20 = 0 and z3 = z5.
Combining these we have

o z3
v g = v = g O 6’0 <
s{(T)=21=3s5(T) = 29 and e % < S07)

Because 11,1, C IV, A C A".
Third, we show that C'is an (¢1,¢),) and ({2, €},)-trimmed of C". If v is consolidating for T' € T,

we creates 7" so that v is incomplete by extending T outside the subtree of v and thus s¥(77) € I".
Note that s{(7) = s5(T) =0, s{(T") = p1(T), s5(T") = p2(T) and

s3(T) = sU(T") + s5(T") + s5(T").

If p1(T') < p2(T), because I is an ({1, e})-trimmed of IV, there exists z' € I; which e} -approximates
and ¢1-dominates s(77). Thus, 2} 4 25 4+ 25 > €% (s1(T") + s2(T") + s3(7")). Now we show that

(21, 25) is c-balanced, so (0, 0, 2] +25+25) € C. Because z’ £;-dominates s(7") ¢1(z") > £1(s(T")) > 0.
Because p1(T) < pa(T), we have

(c—1)2y > (c— 1)e vsy(T) > (¢ — De s (T) > (¢ — 1)e vzt > 2

because (c—1) > €2 > ¢%v. Therefore, (0,0, 2} + 2, +24) € C & -approximates, £; and £ dominates
s'(T) € CV. Similarly if pi(T) > p2(T), there exists z” € Iy so that (0,0,z2] + 25 + 25) € C &, -
approximates, ¢1 and fo-dominates s(T).

Combining these three cases, LY = Trim(I; U AU C,{1,e/n) is an (¢1,¢,)-trimmed of L be-
cause €, + ¢/n = €,. The argument for v = root is similar.

For time complexity, by Lemma C.1, the size of Iy, I, L], L3 and thus A and C are bounded by
0 ((%)3) with W = w(V). Each trimming process Trim takes quadratic time in the size, and
there are n recursive calls of grow, so the running time is bounded by O(n(™2%)6). The additional
n in the theorem statement is to reconstruct the districting. O
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