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Abstract

We study the best low-rank Tucker decomposition of symmetric tensors. The motivating application
is decomposing higher-order multivariate moments. Moment tensors have special structure and are
important to various data science problems. We advocate for projected gradient descent (PGD) method
and higher-order eigenvalue decomposition (HOEVD) approximation as computation schemes. Most
importantly, we develop scalable adaptations of the basic PGD and HOEVD methods to decompose
sample moment tensors. With the help of implicit and streaming techniques, we evade the overhead cost
of building and storing the moment tensor. Such reductions make computing the Tucker decomposition
realizable for large data instances in high dimensions. Numerical experiments demonstrate the efficiency
of the algorithms and the applicability of moment tensor decompositions to real-world datasets. Finally
we study the convergence on the Grassmannian manifold, and prove that the update sequence derived
by the PGD solver achieves first- and second-order criticality.

1 Introduction

Tensor decompositions [36] provide powerful tools to represent and compress higher-order arrays. In this
work, we focus on the symmetric rank-r Tucker decomposition. Applied to a d-th order symmetric tensor
of size n X ... X n, it expresses the input using a symmetric core tensor € € R"™* " *" (r < n) and a matrix
Q € R™*" with orthonormal columns. See for an illustration.
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Figure 1: Symmetric Tucker decomposition.

Symmetric tensors abound in statistics as a means of representing higher-order moments and cumulants of
a random vector. They are commonly used to analyze dependences in multivariate distributions [12} 30} [14],
learn latent variable models via the method-of-moments [4} 24], solve important signal processing problems
[9, [10], etc.

In most cases, the exact moment of the ground-truth distribution is not available. The idea of moment
estimation is to use the d-th order sample moment tensor, denoted M?, instead. This is formed from

observations {x1,...,x%,} C R™ of a random variable x as
12
M= =) "xP A E(x®Y). (1)
P

There is a need for economical representations of M¢, which would otherwise take O(n?) space to store.
Using the symmetric Tucker decomposition, one approximates M¢ solely by determining the rank-r factor
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matrix Q, which takes just rn memory space. (The core € is a byproduct once Q is identified; see[Remark 11)
However, decomposing the sample moment still has upfront costs of O(pn?) and O(n?) to initially construct
and store M?. For large data volumes p and high dimensionalities n, we turn to implicit (or tensor-free) and
streaming strategies to escape such prohibitive overhead.

The symmetric Tucker decomposition of moment tensors has other important motivations, besides com-
pression. One major application is to extract the key features Q € R™*" from moment tensors. Without
the need for the core tensor € € S?(R"), this usage further reduces the output’s storage. In some scientific
domains, data has high volatility, e.g., in combustion simulations [1], outlier detection [25] [55] and asset al-
location [49, 8, [6]. Higher-order moments and cumulants (d > 3) are sensitive to heavy tails and anomalies.
Thus, finding the key subspace Q of variability in higher-order statistics is important for non-Gaussian (also
known as non-normal) data analysis. This is akin to the role of principal component analysis (PCA) and
the covariance matrix for Gaussian data.

In other settings, data observations are assumed to lie in a low-dimensional subspace and follow the
low-rank factor model [61]. For example, this holds in the Fama-French model [22] of finance and also in
psychometrics [48]. The resulting moment tensors naturally admit a Tucker format. Thus the decomposition
enforces the low Tucker rank structure and improves moment estimation accuracy.

1.1 Related works

Due to the NP-hard nature of tensor decompositions [29], an approximate symmetric Tucker decomposition
is computed by higher-order eigenvector decomposition (HOEVD) [15]. Tt is the eigendecomposition of the
flattened tensor. It can be viewed as the symmetric version of higher-order singular value decomposition
(HOSVD) [14] and efficient variants [64, [43] 62, 45 [L1] 2]. Despite their popularity, HOEVD offers no
guarantee of returning the exact critical points for the problem.

We instead turn to iterative search methods to achieve the best possible solution, using HOEVD as an
initialization. Newton [21] [33], quasi-Newton [57] and trust-region [32] methods have been considered for
general Tucker decomposition. These second-order optimizations rely on Riemannian Hessian updates on a
the manifold of orthonormal matrices. For symmetric tensors, higher-order orthogonal iterations (HOOI)
[16], Jacobi rotations [31][41] and power method [54] were proposed. Regalia briefly mentions a shifted variant
of the power method in [54], which is akin to a gradient descent method, although strong convergence analysis
is omitted in the work.

Our work is primarily motivated by moment tensor decompositions, which are fundamental objects in
statistics and other disciplines. Neither the existing HOEVD nor iterative algorithms for Symmetric Tucker
take advantage of the sample moment tensor structure (L). We show that streaming and implicit techniques
can be applied to address the computational burden in the data-rich and high-dimensional regime. For
covariance matrices which are centered second-order moments, this is relevant to the streaming PCA scheme,
also known as Oja’s method [51], and its adaptations [46] 67 28].

Recently, a similar strategy was applied to optimization with moment tensor CP decomposition for
learning Gaussian mixture models, see [59][52]. Building on techniques from [59], the present work also passes
over only a subset of samples at a time and drives the optimization without forming gigantic moment tensors.
Despite using similar approaches for increasing efficiency, we emphasize that CP and Tucker decompositions
are useful for their own independent purposes. The motivations we list for feature extraction and data
factor analysis specifically apply to Tucker decompositions. We refer readers to for a concrete
comparison.

1.2 Owur contributions

In this paper, our major contribution is developing scalable algorithms for symmetric Tucker decomposition
on moment tensors.

To start with, we propose the projected gradient descent (PGD) framework to the general symmetric
Tucker tensor decomposition problem, see The approach is led by a first-order gradient update
governed by the Tucker approximation cost. It is free of non-trivial second-order updates on manifolds.

Driven by their importance in data science, our attention then focuses on decomposing sample moment
tensors (). By exploiting the special input structure, we develop scalable PGD (SPGD) in



There are two main highlights. First, we adopt the implicit technique and operate on the input sample
vectors directly. This much cheaper in memory and computation than constructing the sample moment
tensor. Proposed in [59, [52], the implicit strategy greatly reduces the effort for gradient computation.
Second, SPGD is built on a streaming model. By passing over small batches of data observations, both
storage and computational complexity are further reduced. Similar ideas have been used in CP moment
tensor decomposition [59] for separate purposes.

We also design a scalable implementation of HOEVD (SHOEVD) for sample moment tensors (), see
This method is akin to the streaming PCA idea. We use the SHOEVD approximation
as the initialization to SPGD (Algorithm 2). Moreover, SHOEVD may be of independent
interest due to its broad usages, e.g. [13, [3]. The savings from the streaming and implicit strategies allow
SHOEVD and SPGD to handle large-scale computations. The gains are summarized in [Table 11 Here p
is the total sample number and b is the batch size at each iteration. Usually, the user sets b < p. These
efficiency advantages are corroborated by extensive numerical experiments.

We demonstrate the key motivations of sample moment decompositions, including feature extraction and
moment tensor low-rank estimation. Our proposed SPGD is respectively applied to real datasets in anomaly
detection and portfolio allocation.

In terms of theoretical guarantee, the basic PGD (Algorithm 1)) convergence result is provided. Employing
the theories from manifold optimization and dynamical systems, we prove that for any symmetric tensor,
PGD converges monotonically to a first-order critical point given arbitrary initialization. Furthermore, it
converges to a second-order critical point almost surely.

Table 1: Computation and storage of SPGD (Algorithm 2) and SHOEVD (Algorithm 3f). Here p is the

number of samples, n is the vector size, d is the moment tensor order, and b is the batch size.

overhead storage per iter.

streaming & implicit none nr + nb
full & implicit none nr +np
full & explicit nip nr +nd

2 Symmetric Tucker tensor decomposition

2.1 Notation and background

Scalars, vectors, matrices and tensors are represented as lowercase letters x, lowercase bold letters x, upper-
case bold letters X, and calligraphic bold letters X, respectively. The (i1, ..., i4)-th element of a d-way tensor
is denoted by x;, ... s,. The j-th column of a matrix X is x;. The spectral norm of a matrix is |- ||2. The norm
of a tensor is || -||, see Definition 5. The identity matrix is I,, € R"*". The Moore-Penrose pseudoinverse of a
matrix is denoted using t. The matrix symmetrization operator is written sym : R"*" — S§?(R") and given
by sym(X) = £(X + X ) for X € R"*". We write orth for the function that selects the orthonormal factor
Q € R™" from the QR decomposition of a full-rank n x r matrix[] The notation X[? is the elementwise
exponentiation, where each coordinate of X is raised to the d-th power. The set {1,...,n} is denoted by [n]
when n is a positive integer.

Xn

Definition 1 (symmetric tensors). A tensor X € R %" s symmetric if its entries are invariant under

any permutation of indices, i.e.
Lir,esia = Lig(1ysesio(d) V(ilv s 7id) € [n]d and o € H(d)

where TI(d) is the permutation group on [d]. Here, d and n are called the order and dimension of X. The
space of all real-valued symmetric tensors of order d and dimension n is denoted by S*(R™).

1For ease of analysis, we ensure the uniqueness of the QR factorization by using the one where all diagonal entries of the R
factor are positive. But none of our algorithms require this choice.



Definition 2 (symmetric outer product). The outer product of a vector x € R™ with itself d times is denoted
as x®4 € SYR™). The (i1, ...,iq4)-th entry of this product is

(X®d) ]d'

i =Ty Tiy, V(il, R ,id) S [n
Definition 3 (symmetric Tucker product). For a symmetric tensor X € SY(R"™) and a matriz Y € R"*™,
their symmetric Tucker product is defined as X with Y multiplied along each mode, written X -(Y,...,Y) €
SHR™). The (j1,--.-,ja)-th entry of the product is
n n
(x . (Y, v ,Y))j17~~~7jd = Z ce. Z Liy,..ig Yir,g1 - - Yig,5a> V(jl, ce ;jd) € [m]d

=1 ig=1
Definition 4 (symmetric tensor matricization). A symmetric tensor X € S*(R™) can be flattened into
a matriz, denoted mat(X) € R™" ' The index (i1,...,ia) € [n]? of X is mapped to the index

(il, 1+ Zj:z(ié -1) n€_2) € [n] x [n%71] of mat(X).

Definition 5 (inner product). For (not necessarily symmetric) tensors X,y € RmM*"2 %" of the same size,
their inner product is

ndg ni
<x79> = Z Z TiyyeoiaYiv,..nia € R.
iq=1 11=1

The norm of a tensor is ||X|| = 1/(X, X).

Definition 6. For tensors X € R™Xn2Xna gnd Y ¢ R™MiXn2Xna their inner product in all modes except
the first one |21, [17] is defined as:

Z=(X,Y)_ e R™*™

ndg na
. -/ li
where zj, i =Y Y Tjiiso o iaYiliannia Vi1 € [ma], 41 € [m]].

ig=1 ig=1

2.2 Problem statement

Let X € S4(R") be a symmetric tensor. Fix a user-specified rank r (typically r < n). Our goal is to find
the best approximation of X represented by the symmetric Tucker product of a core tensor € € S(R"™) and
a rank-r orthonormal matrix Q € R™*". The problem is formulated as follows:

min [[X—€-(Q",...,Q")|]°, subject to Q" Q =T,. (2)
eecsd(rRT)
QERNXT
In fact, the minimization (2]) is equivalent to solving for a rank-r basis Q that maximizes the following cost
function:

— . 2 .
QQSEITF(Q):HX Q,....Q)". (%)

Remark 1. The problem formulation transforms from ([2) to &) by solving the unconstrained linear least
squares in [2) for the core, i.e.,

e=1 (Q...Q). 3)
Substituting 3)) into ([2) gives

Jx-e-(Q".....Q")|"

[X-x-(QQT,....,QQ")|

2
= X[* - [Ix- (QQT,...QQ")]
= X" =1%-(Q,.... Q)"
As ||X||2 is a constant in Q, minimizing the above quantity is inded the same as mazimizing |X - (Q, ..., Q)|*.



Remark 2. The full Tucker decomposition (2) takes O(nr +r%) in memory to store the basis Q € R™*"
and the core € € SY(R"). Though still exponential in d, this cost savings can be substantial compared to the
original X € SY(R™) requiring O(n?) space if the rank r is much less than the ambient dimension n. Further,
in applications such as tensor PCA [47] and anomaly detection [Section 5.1, one only desires the feature
subspace Q, and the core € need note be computed or stored. This reduces the cost to O(nr).

The feasible domain in (@) for Q is the Stiefel manifold:

St(n,r) :={QeR™" | Q'Q=L}, (4)

which is a compact Riemannian submanifold of R**" with dimension w Further, the cost function
F is rotationally invariant. In fact, it only depends on the orthogonal projector P = QQT € S?(R"), since
1X-(Q,...,Q)|| =X (P,...,P)||. So, the optimization (&) naturally runs on the Grassmannian manifold,

which consists of all orthogonal projectors P:
Gr(n,r) :== {P € S*(R") | P> =P, rank(P) =r}. (5)
Here, Gr(n,r) is a compact Riemannian manifold of S?(R") with dimension r(n — r).

Remark 3. No simple characterization of the critical points of ) is known when d > 3. This is in
contrast to case of d = 2, where the classical Eckart-Young theorem [20] holds. Various possible extensions
of Eckart-Young to tensors have been shown to fail, e.g., see [35].

2.3 PGD algorithm

This paper develops a projected gradient descent (PGD) method to solve the constrained optimization
problem (). The PGD framework works as follows: given an initial point, we move the current iterate Q;_1
along the negative gradient direction by a step size of 44 > 0 where the gradient is:

VF(Qi-1) =2d(X- (1, Q—1,..-,Q¢-1), X - (Q¢-1,...,Qi-1)) _; € R, (6)

Then we project the update back to the Stiefel manifold (4) by selecting the Q factor from the QR de-
composition. The procedure is described in [Algorithm 1} See [Section 6l for a convergence analysis of PGD.

Algorithm 1 PGD for symmetric Tucker decomposition

Input: symmetric tensor X € S¢(R")

number of iteration T, step sizes {7} C R

initial guess Qo € St(n, ) > initialization
Output: rank-r orthonormal basis Q € St(n,r)

1: fort=1,...,7 do

2 Qr — Qi1 +2dy (X- (L, Qe—1,- -, Qu—1), X - (Qu—1,- -, Qe—1)) 4

3: > gradient update
4: Q; < qr(Q¢,0) > retraction
5: end for

6: return Q < Qr

2.4 HOEVD initialization
An approximate solution to the best symmetric Tucker decomposition (&) is the HOEVD [15] result:

Qhoeva € St(n,7) given by the leading 7 eigenvectors of mat(X) mat(X)". (7)

HOEVD is widely used for Tucker approximation, beause it can be computed via a direct matrix eigende-
composition.



Generally speaking, the HOEVD solution is not a critical point of ) [15]. Its approximation error to a
d-th order tensor X is bounded [26, Theorems 6.9-10] as

Hx — Xhoovd

< V|~ T

Here, Xnoevd = X + (Qhoevd Q) oovds - - -+ » Qoevd Qloevq) @s in Remark 1] and Xpes; is the optimum of ([2). We
observe the suboptimality of the HOEVD solution in However according to |14 section 3.4],
the HOEVD solution usually belongs to an “attractive” region around the desired local optima in numerical
experiments. So it is a good candidate for initialization.

3 Scalable sample moment tensor decomposition

The main interest in this work is the decomposition of the sample moment tensor M? € S¢(R") (1). We
design scalable algorithms for the symmetric Tucker decomposition (&), and the HOEVD approximation (T),
of M?. An average of symmetric outer products, the sample moment structure (L) is the key to the scalability
of the decomposition computation. Tensor operations with outer products can be reduced to much cheaper
computations involving only their factor vectors. Specifically we use the following identities: for vectors
x,y € R",z € R™ and a matrix Y € R"*™_ it holds [26]

X% (Y,... ) = (YTx) %" e s*R™), (8)
(x¥%y®?) = (x,y)? €R, and (9)
<Z ® X®(d71)7y®d>_1 -z <X,y>d 1..T c Rmxn (10)

3.1 Scalable PGD algorithm

In [Algorithm 2] we introduce the scalable PGD (SPGD) when the input tensor is a sample moment (L). The
symmetric Tucker cost () now depends solely on the data observations X = [x1,...,%p] € R™*P. Indeed
due to (8),

2 2

P

LS @)

i=1

H( Zx®d>- Q,....,Q)| = (11)
We actually do not need to create or store the sample moment M?. Such an idea was called the implicit
technique in [59, [52].

Commonly, there is a huge amount of data in exceedingly high dimensions. We hence further turn
to the streaming strategy to speed up the computations. Here data is revealed as a sequence of sample
batches {X1,..., Xy, ...} € R"*? with batch size b (b < p). We read each batch as it arrives but discard it
afterwards. This streaming model is called the turnstile model [50} 42} [63].

Therefore, as the t-th (t > 1) batch X; = [x41,...,%:5]" € R"? arrives, the cost function (L) is recast

stochastically:

2

b
(@)™

i=1

F(Q) = (12)

In light of (10), we can compute the stochastic gradient in a tensor-free manner:

b b
1 1
d«zmmqﬂw“ng&J-

2d
- thz Q thaQ Xt,_]>d 1X;FJQ

=1 j=1
d—1
= 20x, (X, Q@' x) "X/ qQ € r.

VE(Q)



Here, ( - )[dfl] means raising each element of the input matrix to the (d — 1)-th power. Computing the
gradient implicitly via online samples reduces the cost to O(rnb + rb?) flops per iteration. This improves
upon O(rnp +rp?) using the full amount of samples, and a cost that is exponential in d if we operate on the
explicit tensor in S%(R™).

Moreover, a scalable HOEVD solver, SHOEVD in line 1 of [Algorithm 2] is utilized for good initialization;
see [Section 3.2 for details. We also use AdaGrad [19] to automatically tune step sizes. We implement
the column-wise extension of AdaGrad proposed in [28], since it is natural to independently update the
orthonormal basis vectors in Q. The step size (7); becomes a row vector in R1*" rather than a scalar. See
lines 4 and 5, where ./ denotes columnwise division.

SPGD is a two-phased iterative algorithm. It consists of

e Phase I - SHOEVD approximation (line 1),

e Phase IT - symmetric Tucker decomposition (lines 2-8).

Algorithm 2 SPGD for sample moment Tucker decomposition

Input: numbers of iterations T7, T5; batch sizes by, bo;

datastreams {Xi,..., X7, } € R"*% (Phase I), {X7,41,..., X7, } € R"*% (Phase II);
hyperparameters: (y1)o = (v2)o = 10 %ones(1,7); c¢1,c2 > 0

Output: rank-r orthonormal basis Q € St(n,r)

=

: Qq, < SHOEVD(T1, by, {X1,..., X7 }, (v1)0, €1) > initialization
cfort=T1+1,...,T5 do

G, « %‘} X, (X;" Qt_lQ;';lXt)[d_l] X,/ Qi1 > gradient computation
2

W N

(2] 2] /2] .
(v2)t < ((’)’2),5_1 + colnorm(Gy) ) > step size

Qi < Qi1+ Gy /(72)e
Qt — ql"(Qt, 0)

end for

return Q < Qg

3.2 Scalable HOEVD

We present the scalable HOEVD (SHOEVD) method in This serves as the Phase I initial-
ization in SPGD ([Algorithm 2)), but it may be of independent interest. As HOEVD is essentially a matrix
eigendecomposition, we follow the streaming PCA idea. The solver uses the PGD framework, but is applied
to a different cost function than (II). Specifically, we solve HOEVD iteratively finding Q € St(n,r) that
maximizes the following stochastic cost formed by a data batch X; € R?*b1:

b TP
1 L ®d
mat (a ; b o ) Q
Using (L0), the gradient can be calculated implicitly:
1 b1 p 1 b1 J T 2 b1 b1
2 mat by > oxp | mat by dYoxiil Q = w2 S xeilxeixe ) 'x];Q (14)
i=1 j=1 Li=1j=1

d—1
- S X (X[ X) XTI Qe R
1

It costs O(rnby + nb3 + rb?) flops to compute the gradient.
Remark 4. SPGD and SHOEVD and[3) obviate the upfront cost to form the tensor, which

would require O(pn?) flops. Each iteration temporarily stores an updated matriz Q; € R™™" and an online
sample batch X; € R"*Y taking only nr+nb memory. This explains the complexity counts shown in[Table 1.



Algorithm 3 SHOEVD for sample moment decomposition

Input: number of iterations T7; batch size by;
data stream {X,..., X7, } C R?*b1
hyperparameters: (y1)o = 10~%ones(1,7); ¢1 > 0
Output: top-r eigenvectors Qneevd € St(n, 1)

1: function s-HOEVD(Ty, {X1,..., X1, }, (v1)o,¢1)
2: Qg + [N(0, 1)]™*"
3: Qo < qr(Qo,0) > initialization
4: fort=1,...,7; do
5: G; + % X (X:Xt)[d—ll X:Qt—l

2] 9 [1/2]
6: (Y1)t < ((’Yl)t + colnorm(Gy)! ])
T Qi+ Qi1 +c1Ge./(71)e > gradient update
8: Q: + qr(Q4,0) > retraction
9: end for

10: return Queoevd «— Qmn
11: end function

Remark 5. The core tensor € € SYR") B) can be evaluated as follows. After obtaining Q € St(n,r)
by SPGD or SHOEVD and [3), we draw fresh data X. = [(X¢)1,---, (Xe)p. )T € R™Pe and

then set:
1 Pe

e= > (Q(x))"

P

The core computation costs O(r?) in storage and O(pcrn + per?) in flops.

4 Synthetic numerical tests

In this section, we utilize synthetic tests to study the proposed algorithms for sample moment tensor decom-
position. And real-world datasets are considered in In this section, we show:

e the scalability of implicit compared to explicit methods in [Figure 2

the speedup of streaming compared to full data usage in [Figure 3

the robustness of the HOEVD approximation and the symmetric Tucker decomposition to noise and
target rank choice in and 5 and

e a comparison between symmetric Tucker and CP in [Table 2.

4.1 Set-up

In these tests, we generate moment tensors with approximate low-rank symmetric Tucker structure (3]). One
way is to assume data instances x € R™ follow a linear factor model:

x =Bf +e. (15)

Here we fix the factor loading matrix B € R™*"true. The latent factor f € R™e is drawn from a coordinate-
independent, zero-mean and unit variance normal-inverse Gaussian (NIG) distribution [5,[6]. This distribu-
tion is skewed and heavy-tailed, aligning with some motivations discussed in [Section 11 The noise € € R" is
Gaussian, following A/(0,021L,,).

Note that in ([13]), the d-th moment of x roughly admits a low-rank Tucker format:

Q

M? ~E (x®9) E ((Bf)®?)

= E(R)%)-(Q",....Q"").



The matrices Q* € R™*7true R* € R7true XTrue gre from the QR factorization of B.
We define the inverse signal-to-noise ratio

. IE@] _ovm
S E®BO ] B

(16)

The above quantity (rather than the deviation o) is to measure the model’s noise level.

Remark 6. Our goal is to simply perform the symmetric Tucker decomposition of the sample moment
tensor M € SY(R™). This is different from inference procedures on the linear factor model, e.g., independent
component analysis (ICA) [14].

Remark 7. Besides the model (15) or other heavy-tailed datasets, we emphasize that our proposed algorithms
are able to efficiently decompose M% when the sample vectors come from any probabilistic model.

All numerical tests are implemented using MATLAB R2022a on a MacBook Pro with 16GB RAM mem-
ory. Each reported plot is averaged over 5 independent simulations with independent, random initializations.
The matrix B in ([13)) is randomly generated with i.i.d. standard normal entries and then fixed for all runs.
We generate new f and € to form the data samples in each stochastic simulation. The parameters of each
experiment, namely n, ryue, 7, P, d, SNR™L, are specified below.

4.2 Implicit versus explicit algorithms

We illustrate the scalability of implicit and explicit implementations in The experiments are non-
streaming. The implicit methods run on a fixed set of observations X € R™*P. The explicit approaches
require constructing the sample moment tensor M? € S?(R™) as overhead, and then operating on it. Due to
resource limitations, the maximal tensor dimension n for explicit methods is smaller than maximal dimension
for the implicit methods. We set the sample size to be p = 5n and choose the rank as r = ryue = 5. We
consider non-streaming methods, so b1 = bs = p. The sample moment formation uses the symktensor
package in the Tensor Toolbox for MATLAB [37]. The noise level is SNR~! = 0.5, see (I6).

We conduct the experiments in two phases for order-3 and 4 sample moments M?. For Phase I (initial-
ization), we compare the efficiency of the implicit HOEVD result,

Qhoevd € St(n,r) given by the leading r eigenvectors of X (XTX) =1l X T/p?, (17)

and its explicit counterpart (7). The equivalence of the two methods is by (10).

Then in Phase II (iterations), we run the SPGD and various explicit algorithms, namely the
explicit PGD HOOI [15], quasi-Newton [57] and trust-region [32] methods

For the last three algorithms, we use the code tucker_als.m in Tensor Toolbox [37], symalgQNlc.m in
package [56] and 1mlra3 rtr.m in TensorLab [65], respectively. HOOI and trust-region apply to general
asymmetric tensors. We omit the trust-region method in d = 4 case as its code does not apply to the

fourth order. The step size for is ¢ = 1000. Note that the implicit matches
the explicit iteration-by-iteration, because there is no streaming. However, they calculate the

updates differently because is implicit.

Figure 2|shows the running time of the two phases as the dimension n increases. The time on the vertical
axes shows when the algorithm reaches a relative gradient to be less than 1072, This measure of convergence
precision is used in [21] 57, 32] and defined as:

. . lgrad F(Q)||
relative gradient :(= —————.
& F(Q)

Here grad F(Q) = (I, — QQ")VF(Q) € R™*" denotes the Riemannian gradient on the Stiefel manifold (&),
where VF(Q) € R™*" is the Euclidean gradient (@). We use the Riemannian gradient grad F/(Q) because

2Similar to our algorithm scheme, the comparable algorithms are mostly gradient and Hessian-driven methods. Since we
could not identify an implementation for the Jacobi rotation method [31][41], it is not included in the comparison.



9
TTTTTTTTT
s |- l. impl}i(:Ait HOEVD || Sl implicit PGD (Alg. 2) s
i | —=— explicit HOEVD = explicit PGD (Alg. 1)
7 - 'l - - moment formation H 6 1 HOOI B
1 —+— quasi-Newton
! S 5 [ —*— trust region .
! o}
! 2
| ° -
* E
3 N

1500

(b) Phase II for d = 3

25 T T

12 T
impl'ic‘it HOEVD —e— implicit PGD (Alg. 2) P
10 1 —a&— explicit HOEVD || #— explicit PGD (Alg. 1)
- - moment formation 20 1 HOOI
—+— quasi-Newton

!

time (sec)

30
60
90
120
150
500 [—

|
co0o0o00 =} =] =]
NORN0 o =] =]
- n o =}
= =
n n

(c) Phase I for d =4 (d) Phase II for d =4

Figure 2: The scalability of implicit and explicit algorithms. Implicit method is much more scalable.

the possible update direction on the Stiefel manifold is constrained to the tangent space at Q. The time for
checking the relative gradient is included in the runtime.

It is evident from [Figure 2|that the implicit HOEVD ([I7) and SPGD (Algorithm 2)) are much faster than

the explicit algorithms. The advantage of being tensor-free allows the implicit implementation to handle
computation in higher dimensions. Meanwhile, the prohibitive upfront and storage costs in the explicit

methods restrict their scalability.

4.3 Streaming versus full data usage

We stress the gains provided by the streaming technique. This is demonstrated in stochastic experiments
for (a) SHOEVD (Algorithm 3) and (b) SPGD (Phase II of [Algorithm 2] in [Figure 3] The vertical axes
represent the approximation accuracy evaluated by the metric:

subspace error := ||QQT - Q*Q*TH

The measure is rotationally invariant. We plot the subspace error against runtime.

To compare streaming and full data methods, we first generate a pool of observations X € R"*P. Each
streaming method selects a subset of samples X (:, b(t—1)+1 : bt) from the pool at step ¢. We ensure the total
sample number p is just enough for the streaming case with the largest batch size byax. The non-streaming
counterparts use all the samples X at once. We set the number of iterations T" = 250, and the total sample

size p = Thmax = 25, 000.
In Phase I (a), the full HOEVD refers to the implicit way (1)), which is already more efficient than

explicit HOEVD (7). The step size for all streaming cases of is ¢1 = 0.05. In Phase II (b), all
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(b) SPGD with 75 = 10 and ¢z = 1. The

parameter bs is the streaming blocksize.

For full, c2 = 10 and b2 = 25,000.

Figure 3: Streaming versus full data usage on randomly-generated third-order moment tensor with n = 500,
p = 25,000, and SNR™! = 0.5, using r = Tyye- Lhe final error values for all methods are marked on the
plot.

plots start at the same initialization by with T} = 20,b; = 50 and ¢; = 1. These parameters for
Phase I are different from the (a) setting. They do not affect the efficiency of (b). The streaming and full
cases for the actual Phase II use step size co = 1 and T3 = 10 respectively.

It is seen in that the streaming and [3 have limited loss of accuracy compared to
the methods that use the full dataset. On the other hand, the runtimes for all streaming cases are nearly
negligible compared to timings for the full methods.

4.4 Robustness

We test how the noise level in the observations and the choice of target rank affect HOEVD and symmetric
Tucker decomposition in[Figures 4 and[5. In the two experiments below, we plot the evolution of both phases
of [Algorithm 2] see|[Figures 4/ and [5. As the HOEVD phase (in dashed lines) plateaus, its last iterate gives
the initialization for Phase II (in solid lines). The number of iterations are shown on the horizontal axes.
The parameters in are set to be Tiue = 5,01 = by =50,¢1 = o = 1.

We first consider the algorithms’ sensitivity to noise in the data samples. To test this, we generate a
sequence of clean samples and then plant Gaussian noise with different levels of SNR™!. The algorithms’
results are shown in In particular, note the improvement in Phase II over the HOEVD phase.
The discrepancy is enlarged in the high noise regime (SNR™! > 1), when the HOEVD solver provides a poor
solution. In contrast, relatively good approximation is obtained using the symmetric Tucker decomposition
(Phase II) when SNR™! is no bigger than 1.

Next, we test various rank choices in [Figure 5. All cases pass over the same set of data observations.
The algorithms’ recovery qualities are reported in terms of the objective value F' (@), and compared to the
“ground-truth” value F(Q*). As there is no deterministic moment M? in the streaming case, we estimate F
using an additional set of testing samples Xyogt € R™*Ptest drawn from ([15). We calculate F' implicitly using

©):

2
1 Ptest
objective value: F(Q) = — Z (QTXtcst)?d
Dtest |57
1

D) (Xg;stQQTXtcst)[d] H '
test

When r > rt4e, the solutions obtained by [Algorithm 2| fully approximate the moment tensor in the sense
that their objective values match the ground truth. When r < r;4e, we can only partially recover the tensor.
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Figure 4: Two phases of SPGD with Figure 5: Two phases of SPGD with

different noise levels. Tensor has different target ranks. Tensor has

n = 500, p = 12000, d = 3, and n = 500, p = 6000, d = 3, and

r = Tyue = 0. In Algorithm 2, Ttrwe = D, and SNR™! = 0.5. In

bl = bz = 50 and Cl = Cy = 1. Algorithm 2, b1 = bQ = 50 and
Cl = Cy = 1.

The less the rank is, the lower the objective value. Also note that as r decreases, HOEVD’s initialization
moves further away from the ground truth and the gap between the phases is more pronounced.

[Figures 4 and [5l show that the robustness of the symmetric Tucker decomposition is stronger than that of
the HOEVD approximation. For “hard” problem instances where noise is high or the rank is under-specified,
the HOEVD phase (in dashed lines) is clearly improved upon during Phase II (in solid lines).

4.5 Tucker versus CP decomposition

This subsection shows the situations where symmetric Tucker decomposition is more appropriate to use than
the symmetric CP counterpart. We provide numerical evidence in the moment tensor approximation quality
for low-rank factor model, while maintaining a low storage budget.

We employ the relative error as the accuracy metric:

d_ad |2
relative error := M x 100%.

[y

The testing sample moment MZ_ € S(R") serves as the reference solution and is built from the dataset
Xiest € R?*Prest via ([I1). The approximation tensor M? € S?(R™) is obtained via either the symmetric Tucker
or the symmetric CP [59] decompositions. These solutions admit the formats:

Mer = Mty - (QQT.....QQT) € SUR™), MEp =D MivP? e SUR™). (18)

i=1

In (18], we denote the Tucker and CP rank by r and r’ respectively. The Tucker approximation is determined
by the basis Q € R™*" and its core € € S¥(R") is via ([3). The CP format consists of the coefficients
{\i}_, C R and the vector components {v;}/_, C R™. For the Tucker and CP solutions, we respectively
apply implicit stochastic methods: our and Algorithm cp_isym.m [59] with Adam optimization
from Tensor Toolbox [37].

The data observations are drawn from the linear factor model (15). Here, the latent factor f € R7true
follows the standard Gaussian distribution with zero mean and identity covariance. The noise level is
SNR™! = 0.05. In one simulation, we first draw the full data set Xiest € R™*Prest with dimension n = 500
and sample size pesy = 10000. We form order d = 4 moment tensors. At each iteration of both algorithms,
we compute the gradient based on a sample batch X; € R"*? with batch size b = 50. Their objectives
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are evaluated based on the full testing tensor MZ_,. The algorithms take a complete pass over Xyes; in one
simulation (for Tucker) and one epoch (for CP). All epochs of one CP simulation operate on the same data
Xtcst-

In we compare the accuracies of the symmetric Tucker versus CP decompositions, in reference
to Mc,,. Regarding the target rank, the Tucker method sets it equal to the true rank: rie. There are
two choices for the CP method: 7y and r&-!. For each table entry, we report the lowest error from 5
independent simulations.

Tucker rank: 7 = r¢rue 3 4 5 6 7
relative error (%) 0.0027 | 0.0035 | 0.0039 | 0.0048 | 0.0059
CP rank: 7" = r¢rue 3 4 5 6 7
relative error (%) 32.74 | 4236 | 45.94 | 52.77 | 57.59
CP rank: 7/ = r& ! 27 64 125 216 343
relative error (%) 0.0025 | 0.0060 | 0.0084 | 0.0089 | 0.0106

Table 2: The error comparisons of the symmetric Tucker and CP decompositions when n = 500,d = 4. The row
indicates the target rank choice. The moment tensor estimation errors are displayed along the columns. In the
symmetric Tucker method (Algorithm 2)), Phase I and II have 71 = 20,72 = 180 iterations. AdaGrad step sizes are
c¢1 = ¢z = 1. In the CP algorithm, the iteration number per epoch is 200. The maximal epoch number is 100. Adam
learning rate is 0.05 and the decay rate is 0.1.

We see that the Tucker estimation achieves the greatest accuracy on a low rank choice. On the other
hand, CP decomposition suffers substantially larger error (10000 times worse than Tucker) when its target
rank is small. CP manages to fit moment tensors with high precision similar to Tucker’s level for ' = rf;li.
However, comparing the storage costs, Tucker is much more economical in representing the moment tensor.
From (18), Tucker costs rn + (T+Z_1) /R ryuen to store Q and €, whereas the CP decomposition costs
' (n +1) ~ rl-ln in storage to achieve a similar approximation.

We conclude that there are important situations where the Tucker structure provides a more natural and
more accurate format for moment tensors than CP does. This holds especially when the data samples lie

close to a low-rank subspace.

5 Applications

This section illustrates the applicability of moment Tucker decompositions to real datasets from anomaly
detection and portfolio allocation.

The computations are not wholly streaming, as we need to store and preprocess the data first. However,
only data batches are used while running [Algorithms 2] and [Bl The task results are based on one simulation.

5.1 Anomaly detection in hyperspectral imaging

Outliers can be discovered using higher-order statistics, when the mean and covariance information are
not sufficient [18| [1]. In hyperspectral imaging (HSI) [53], the detection goal is to find a low-rank feature
subspace, denoted by Q € St(n,r). After transforming HSI pixels by Q, unusual targets in the image are
revealed [25]. Intuitively if the anomalies are captured by colspan(Q), they should stand out as bright spots
in the transformed image.

This section tests three methods to extract the feature subspace from HSI data: Tucker factorization of
the skewness (order-3 standardized moment) [44], HOEVD applied to the skewness, and eigendecompostion
of the covariance. Here, skewness and covariance are formed from HSI pixels. The results are qualitatively
and quantitatively evaluated according to their performance in capturing anomalies, as in [25].

Figure 6] shows the data structure of a typical HSI image. It is a 3-way hypercube X € R™*P1*P2_ The
data consists of n band images in RP**P2 and p = pips HSI pixels in R™. We use a real hyperspectral
image from the Airport-Beach-Urban dataset[] The scene was taken at Gulfport, Florida by the Airborne

3The dataset is available at http://xudongkang.weebly.com/data-sets.html.
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. band
pixel X; = [z51,..., 7] €R" and n

\\ band 1 € RP1*P2

Figure 6: HSI hypercube.

Visible/Infrared Imaging Spectrometer (AVIRIS) sensor. The top two images of [Figure 7 are the false-color
composite image and the detection reference image (with white spots depicting the anomalous aircraft). The
number of bands is n = 191 and the size of each band is p; X po = 100 x 100. We use scalable algorithms for
the moment decomposition task.

First, the HSI cube X € R"*P1*P2 ig reshaped into an n x p matrix. This is whitened 23] to give
X € R™*P. We choose rank r = 4, and seek the leading rank-r subspaces Q € R"*" from the skewness
tensor M3 € S?*(R") and the covariance matrix M? € S?(R"), both formed using the columns in X. The
subspaces are found using SPGD (Algorithm 2)), SHOEVD (Algorithm 3)), and PCA. The parameters for
and 3l are by = by = 100, ¢; = 0.35,¢2 = 0.5 and 71 = 500, 7> = 1500. For each subspace Q
obtained, X is transformed into QX € R"*P. Each row of Q"X is reshaped to a p; x po matrix. The
resulting bands 1 - 4 are shown in

Since the reference map in[Figure 7]is sparse, we further pursue a sparsest detection image by optimizing
over weights on the bands. This is achieved by a constrained ¢;-minimization:

w* = arg min | X" Qw]||;, subject to |wl|2 = 1.
weR”

This is solved by the MATLAB Optimization Toolbox function fmincon. Then we reshape X' Qw* into a
band image. The resulting sparse images are in the first column of

Inspecting we see that SPGD and SHOEVD based on skewness distinguish between abnormal
and normal pixels well. The subspace provided by SPGD enables especially clear detection, since the
targets are the most pronounced. It outlines both aircraft individually in the sparse image. The covariance
information, however, fails to identify anomalies.

false-color image reference map

sparsest

SPGD (Alg. 2)
(d=3)

SHOEVD (Alg. 3
(d=3)

PCA (d=2)

Figure 7: Qualitative detection comparison.
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In [Figure 8, we show a quantitative evaluation in anomaly detection, via the receiver operating
characteristic-area under curve (ROC-AUC). This quantifies how accurate a method is in classifying normal
and abnormal objects, where a higher AUC value indicates better detection. To draw the ROC curve, we
whiten the matrix X" Q and assign the anomaly score for each pixel as its fo-norm. The dashed curve
indicates a random classifier. Note that the ROC of skewness-based detection schemes lie strictly above that
of PCA. The AUC values corresponding to SPGD, SHOEVD and PCA are 0.9947,0.9900 and 0.8893.
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Figure 8: Quantitative detection comparison.

5.2 Moment estimation for portfolio allocation

Moment estimation is sometimes improved by enforcing a low-rank structure [6]. In portfolio allocation, we
seek a distribution over investments to maximize future returns. Judicious predictions can be obtained by
including higher-order moment estimations in allocation optimization, as financial data is heavy-tailed [34].

Higher moments of financial data should roughly admit a low-rank symmetric Tucker format, because of
the Fama-French model [22]. In this section, we test two ways to calculate moments: the sample moment
M? (D) and the low-rank symmetric Tucker approximation to M?. We evaluate the moments by deriving
portfolios based on them and comparing the portfolio performances, as in [6].

We use the real HFR hedge fund datasetl] It consists of daily return rates (in percentage) of n = 30
HFRX indices from 01/02/2009 to 12/31/2019. The time series is split into in-sample data (2009 - 2016)
Xin € R™*Pin (p;, = 2016) and out-of-sample data (2017 - 2019) Xyt € R™*Peut (poe = 754). The in-
sample data is centered. We calculate the averaged sample moments (I1): M? € S?(R"),M? € S3(R") and
M?* € S*(R"). Then their low-rank Tucker approximations are computed by SPGD (Algorithm 2)). The
rank is set to r = 15, and (3) is used to solve for the cores once the subspaces Q are determined. We run
Phase II of [Algorithm 2] twice. Starting from a random initialization, we obtain Q for M?. This is used an
initialization for decomposing M3. Finally we tackle M*, starting from the Q for M3. The parameters are
set to c; = 1,1072,107°; T, = 1000, 1000, 200; and by = 500, 500, 500 for the three runs respectively. This
produces Mgl‘uckcr € S2 (Rn)7M%uckcr € SB (Rn) and M%uckcr € S4(Rn)

Given moment estimates, we select the allocation weights that maximize the expected utility (EU) [6,
Supplementary Material, Eqn. (17)]:

w* :=arg smax, EU(w)
=_F <E &x — §)®2) ,W®2> + pET (u6+ D) <IE ((x — §)®3) ,W®3> (19)
_W (E ((x — )®4), W),

where the risk aversion parameter j is set to be 1. We estimate E ((x — §)®d) ~ M? in (19), and then
apply the MATLAB Optimization Toolbox function fmincon to output the optimal weights. Meanwhile,
estimating E ((x — X)®%) ~ M, results in another weight vector.

4The HFRX indices dataset can be found at: https://www.hfr.com/family-indices/hfrx|
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The two portfolios are evaluated on the out-sample data. The acquired daily returns {y:} C R are
collected in a vector y = X[, w* € RPeut, In we plot the cumulative daily return rates ([T}, _, (1 +
J) — 1) x 100 at days t = 1,...,pout- We observe that the low-rank moment estimates produce a better
return rate than the plain sample moments do. Despite mild fluctuations, the two strategies always produce
positive return rates. A naive strategy, the equally-weighted portfolio, is the most unstable. It sometimes

yields negative returns.

cumulative daily return (2017-2019)

S
&
9]
et
[S]
~
=}
—
=}
st
O
—
) low-rank moment
O sample moment B
equally weighted
4 I l
01/03/17 01/02/18 01/02/19 01/02/20

time

Figure 9: Portfolio returns under different weights.

Other statistical measures are shown in [Table 3. The annual geometric mean of returns over the years
2017 — 2019 is (( pone (1 4 e )P 1) % 100. The centered d-th moment (d = 2,3, 4) of daily returns {y;}

_7)d . . .
is m¢ = Pou (y;—l“:). Large geometric mean and low absolute values of moments are desirable allocation
- ou

outcomes. In each row, we highlight the preferred score in bold. They are all achieved by the portfolio based
on low-rank Tucker approximations to the moments.

Table 3: Statistical performance of portfolios.

Equally weighted Sample Low rank (r = 15)
annual geometric mean 9.4143 x 10~1 2.2434 2.3268
m? 2.6914 x 10~2 8.9233 x 10—3 8.5933 x 103
m3 —2.9724 x 10~3 —7.7193 x 10~4 —6.0692 x 104
m? 3.4507 x 10~3 5.4339 x 10~ 4.7906 x 104

6 Convergence analysis

This section presents a convergence theory for the basic PGD method applied to symmetric
Tucker decomposition (). We note several points in the analysis: 1) The tensor X needs not arise as a
moment tensor; even when it does, we do not analyze the effects of streaming. 2) Proving convergence of
the non-streaming algorithm to critical points is needed first, because (@) is non-convex, with a complex
landscape when d > 3 (recall Remark 3)). 3) Our results do not immediately follow from known general
properties of plain GD or projected GD. We use the specific properties of the Tucker objective function and
QR retraction.
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6.1 Main statements

Recall the set-up in Because the Tucker factorization cost (&) is non-unique as

1X-(Q,....,Q)|°> =X (QO,...,Q0)|* for all r x r orthogonal matrices O,

the convergence of {Q;} is not relevant. Instead we focus on the convergence of the projectors, P, :=

Q:Q/ € Gr(n,r). Thus, while [Algorithm I]runs on the Stiefel manifold and generates the sequence of bases

{Q:} C St(n,r), we analyze the sequence of subspaces {P:} C Gr(n,r) on the Grassmannian manifold.
Given scalar step sizes {7:} C Rx>g, the update scheme starts from the PGD iteration on Q:

Qt+1 = (I)(Qt) = orth (Qt + ’}/tVF(Qt)) S St(n, ’I"). (20)
The corresponding update on P is defined as
Pii1 = ¢(Py) == Qi11Qi4; = 2(Q)2(Q:) " € Gr(n, 7). (21)
Qi+1=2(Q¢) Pt+1=Qt+1Q;r+1=¢(Pt)
St(n, ) Gr(n,7)
o K
St(n,r) , Gr(n,r)
Qt Pt:QthT

Figure 10: Update diagram.

The sequence {P,} is assessed in terms of the cost function
(@) =X (P,...,P)|2 (22)

As noted in it is equivalent to the cost in (&), as f(P) = F(Q) when P = QQ". We prove that
the iterates {P;} converge to a critical point of f on the Grassmannian. This is stronger than just showing
convergence of the objective values {f(P;)} in R.

The first and second-order criticality conditions are stated as follows in the manifold setting.

Definition 7. A point P € Gr(n,r) is first-order critical for the cost function f 22)) if
grad f(P) = 0. (23)

Here, grad f(P) € Tp Gr(n,r) C S*(R") denotes the Riemannian gradient, which is defined as the Euclidean
gradient V f(P) € S?(R™) projected to Tp Gr(n,r). The tangent space at P is given by

Tp Gr(n,r) :== {AP € S*(R") | PAP + (AP)P = AP, trace(AP) = 0} . (24)
Definition 8. A point P € Gr(n,r) is second-order critical for the cost function f (22) if
grad f(P) =0 and (AP, Hess f(P)[AP]) <0 for all AP € Tp Gr(n,r). (25)

Here, Hess f(P) : Tp Gr(n,r) — TpGr(n,r) is the Riemannian Hessian. It is calculated in [27,
Eqn. (2.109)].

The first theorem is a uniform guarantee: [Algorithm 1| always converges to a first-order critical point
regardless where the iteration begins.

Theorem 6.1. Let X € S¥(R™) be any symmetric tensor, and consider the objective function f defined
by 22). There exists a constant T*(X,r) > 0 such that if the step sizes {7} C Rx¢ satisfy sup, v, < I'*
and infy;y, > 0, the following holds. For all initializations Qo € St(n,r), the sequence {P,} C Gr(n,r)
generated via (20)-21) by [Algorithm 1] converges monotonically to a first-order critical point 23) of f. The

convergence s at no less than an algebraic rate.
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Next, in fact, [Algorithm 1| converges to a second-order critical point, for almost all initializations.

Theorem 6.2. Let X € SYR™) be any symmetric tensor, and consider the cost f defined by 22). Use a
constant step size v for all iterates. There exist a constant T**(X,r) > 0 and a measure-zero subset T C
St(n,r) such that if 0 <y < T**, then for all initializations Qg € St(n,r) \ Z, the sequence {P:} C Gr(n,r)
generated via (20)-21) converges to a second-order critical point [25) of f.

We build the proofs of [Theorems 6.1] and [6.2] respectively in [Sections 6.2] and [6.3] The main technical
tools are a convergence theorem for real-analytic cost functions (based on the Lojasiewicz inequality) and the
center-stable manifold theorem. These are stated in[Appendix Al Detailed proofs for supporting propositions
and lemmas are in the Supplementary Materials. They involve non-trivial calculations for the QR retraction
and the symmetric Tucker cost function (22).

Remark 8. The convergence of PGD in Gr(n,r) is not for free. Previously, Regalia found example ten-
sors X where our [Algorithm 2 with a step size approaching infinity shows an oscillatory cycle, rather than
convergence. See [54, Figures 1 and 4J.

6.2 Monotonic convergence to first-order critical points

To establish [Theorem 6.1}, we apply the guarantee stated in [Theorem A.T} originally from [58, Theorem 2.3].
It requires us to prove {P;} meets C1 - C4 conditions in [Theorem A.T.

We first compute the Riemannian gradient of f (22)) on Gr(n,r). Although [Theorem 6.1is in terms of
P € Gr(n,r), our proof uses Q € St(n,r) due to the explicit update rule in 20). Thus, we state the relation
between grad f(P) and Q, VF(Q). As short-hand notation, define w : Gr(n,r) — S?(R") by

wP) =d(X-(I,,P,...,P), X (I,,P,...,P))_, € S*(R™). (26)
Note that w(P) is a positive semidefinite (PSD) matrix.

Proposition 6.3. For Q € St(n,r) and P = QQT € Gr(n,r), the following holds
grad f(P) = sym (2 (I, — P) w(P)P) = sym ( (I, - QQ") VF(Q)QT). (27)
is proven in

Next, we analyze the update rule on P € Gr(n,r). For ¢t > 0 and step size v, > 0, define o : Gr(n,r) —
S*(R") by
a;(P) = P + 2v,Pw(P)P € S*(R"). (28)

The expression a;(P) and the gradient grad f(P) help to represent the update on P.
Lemma 6.4. Let a step t > 0. The difference between the current iterate Py and the next Py ([20)-(21) s
approzimated as follows:
Piy1 —P; =4vysym (grad F(P)a(Py)f
2
+0 (77 ||grad f(P)ar(P)[[*) + O (47 llgrad £(P)]1*)

The proof of [Lemma 6.4 is in [Appendix C] It relies on the Taylor expansion of (20).
The following lemma gives properties of «;(P) and shows that when the step size is sufficiently small,

||lgrad f(P:)a(P)T|| and [|grad f(P;)|| are on the same order.

(29)

Lemma 6.5. Lett > 0 and P € Gr(n,r). The pseudoinverse ay(P)T € S*(R") satisfies a,(P)Tc(P) = P.
Moreover, there exists a constant I'1(X,r) > 0 such that if v, satisfies 0 < v; < T'y, then |P — oy (P)T|| < &
and

V2 V2r

- lgrad f(P,)[| < || grad f(P)ou(P)'|| < == [lgrad £ (Py). (30)

Please refer to[Appendix D for the proof of[Lemma 6.5 It utilizes the fact that o is a bounded continuous
function of P.
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Proof of [Theorem 6.1 With the above useful lemmas and proposition in place, in this proof, we show that
our update scheme for P € Gr(n,r) (20)-(2I) satisfies the conditions C1 - C4 in [Theorem AT, Fix a step
t > 0. Assume 0 < v, < T'; where I'; is as in [Lemma 6.5.

(C1) We apply [B0) that O (||grad f(P:)a:(P¢)"||) has the same scale as
O (||lgrad f(P:)]]). By Lemma 6.4, it follows

Piy1 — Pi = 47 sym (grad f(Pe)ay(P)T) + O (77 lerad £ (P))]*) (31)
It implies that there exists a constant C7(X,r) > 0 such that
|Pess = Pi = 4isym ((grad £(Po)ae(Py)! )| < C1o7 llsrad £(P) .
By (69) in ppedi )
grad f(Py)a;(P)T = (I, = Prw(Py)Pras (Py)" = (I, — P )w(Py)as(Py)T,
and so

(grad f(Py)ow(Py)T, ay(Py)" grad f(Py))
= trace ((In — Pt)UJ(Pt)Oét(Pt)T(In — Pt)’w(Pt)Oét(Pt)T) =0.

It implies
Hsym (grad f(Pt)at(Pt)T) H = g ngad f(Pt)Oét(Pt)TH :
By triangle inequality,
[Prr1 —Puf| >4x g% |grad f(Pe)ae(Py)|| — C1n? llgrad f(Py)]|
> 212 x Y20, g (P = Cis? rad (P (52)

4
= 37 lgrad f(Po)]| = C1o7 [lgrad f(P)*.

Here, the second inequality is due to the first half of (30]). We further constrain the step size as follows

2
0< v <I'yg:=min (I, 3 , 33
(< To ( AT IIgradf(P)H) )

so that )
C177 |lgrad f(P)||” < S [lgrad £(P1)]]. (34)

Note that suppegy(n, | grad f(P)]| is finite because grad f is continuous on Gr(n,r) and the Grass-
mann is compact. (We also exclude the trivial case when grad f(P) = 0.) Continuing from (82) and
substituting (34]), we have

4 2 2
[Prr1— Pyl > (g - g)% grad f(Py)|| = 37 llgrad f(Py)]|.

Letting x = inf; %*yt > 0 ensures that C1 (46) holds.
In preparation for C2, we derive an upper bound for |P;1; — P¢||. The idea is similar to (32):
[Prs1 —Poll < 2v2v ||grad f(Pe)as(Py)t|| + C1a2 [|grad f(Py)|?

2r 2
<2v2x — [grad f(P¢)|| + 3 [grad f(P¢)|| (35)
8/
< 57 arad (P

The second inequality is obtained from the latter half of (30) and (34]).
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(C2) Keep the assumption ([B3) on ;. Consider the first-order Taylor’s expansion for f on Gr(n,r) [7,
section 10.7]. Inserting ([BL), the difference of the current and next f is:

fPu1) = f(P) = (grad f(P), Pry1 — Py) + O ([Prs1 — Pe|?)
= (grad f(P), 43 sym ((grad f(Po)ay(P)T)) (36)
+ 0 (7 max (|lgrad £, lsrad F(P))]*) ) -

Since grad f(P;) is symmetric, the first term in the result of (36 is

(grad f(P1), 4 sym ((grad f(Po)ar(Py)

= 4 (grad f(P;), grad f(Py)oy (Pr)T)
= 4")/,5 <grad f(Pt)Pt, grad f(Pt)O[t (Pt)TPt>
= 4")/,5 <grad f(Pt)O[t (Pt)TOét(Pt), grad f(Pt)Oét(Pt)TPt> .

The second equation is due to ay(P;)'P; = a¢(P;)!. The definition [28) gives ax(P;) = Py(I,, +
2vw(Py))P;. Continuing from above,

(grad f(Py), 4 sym (grad f(Par(Py)1))
= 4y, (grad f(Pt)at(Pt)TPt(I; + 2w(Py)), grad f(Pt)ozt(P2t)TPt>
> 4y ||grad f(Py)ow (Pe)TPy||” = 4 [|grad f(Py) e (P ||

8
> §%ngadf(Pt)H2.

(37)

Here we used that I,, + 2v,w(P;) = I, for v, > 0, since w(P;) € S*(R") is PSD. The second inequality
is derived from (30).

Considering the remainder term in (B6]), there is a constant Co(X,r) > 0 such that

FPa) = F(P) 2 o lgrad SR

(38)
— Gy max (|lgrad f(Po)||°, lgrad £(P)]°) -
If the step size ; is small enough to satisfy
0 <~ <T*:=min (1“2, %) , (39)

where I’ > 0 is defined in (33)), then

O s (grad FP) larad F(POI2) < S avact £(P)

Inserting into (38),

PP = 1P = (5= 5 ) o lwad PP

_ 1 (8—“% ||gradf<Pt>|) Jerad £(P,)]

67 \ 3
1
NG [Pri1 — Pyl grad f(Py)]].
The final inequality is by (B35). Thus C2 holds if we set ¢ = L~ in (7).

61
(C3) “=": From grad f(P) = 0 and ([21), we know

grad f(P)Q = 0 = grad F(Q) = (I, - QQ")VF(Q),
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where Q € St(n,r) is a basis of P € Gr(n,r). It implies that colspan(VF(Q)) is in colspan(Q). Note
that Q + yVF(Q) = (I,, + 2yw(P)) Q has full column rank, like Q, because I,, + 2yw(P) € S*(R") is
positive definite. Hence colspan (Q + vV F(Q)) = colspan(Q). Then the next iterate ®(Q) obtained
by QR decomposition still outputs a basis for colspan(Q). So the orthogonal projectors remain the
same, i.e. p(P) = P.

“<”: This directly follows from C1 if ~, is sufficiently small to satisfy (33]).

(C4) The Grassmannian is a real-analytic submanifold of Gr(n,r), because Gr(n, r) satisfies property (3) in
[38, Proposition 2.7.3]. Also, the cost function f (22) is a polynomial in P € Gr(n,r), so real-analytic
as well. By [58, Proposition 2.2], all points P € Gr(n,r) satisfy a Lojasiewicz inequality for f.

We have shown that the sequence {P;} meets all C1 - C4 provided {7:} satisfies infy; > 0 and supy; <

'*, with T'* given in (39). By [Theorem AT, it follows achieves convergence to a first-order
critical point of f. The proof of [Theorem 6.1]is complete. O

6.3 Convergence to second-order critical points

We establish [Theorem 6.2 regarding second-order criticality when the step size is constant. The proof relies
on the center-stable manifold theorem [60], which is recalled in [Theorem A2l It characterizes the local
structure of a smooth local diffeomorphism around a fixed point.

The calculation of the Riemannian Hessian, Hess f(P) : Tp Gr(n,r) — Tp Gr(n,r), and the differential of
the update map, Dé(P) : Tp Gr(n,r) — Typ) Gr(n,r), are essential to showing the second-order guarantee.
As short-hand, we define a linear operator v(P) : Tp Gr(n,r) — R™*" by

v(P)[AP] = d(d — 1) (X - (I,,AP,P,... . P) X (I,,I,,P... . P))_, P € R"™" (40)

Proposition 6.6. For P € Gr(n,r) and AP € Tp Gr(n,r), the Riemannian Hessian of the cost f [22) on
Gr(n,r) is given by

Hess f(P)[AP] = 2sym ((In — P)u(P)[AP] + w(P) (AP) P — APw(P)P). (41)
The differential of ¢ 1)) on Gr(n,r) is given by

Do(P)[AP] 1
= 25m (T, — 6(P)) (AP + 27w(P)AP + 270(P)[AP) (P + 27u(P)P) ). (42)

The calculations in [Proposition 6.6 are in These results are derived from standard formula

for Riemannian Hessians on Gr(n,r) and the first-order Taylor expansion of ¢(P), respectively.
We next relate the eigenvalues of Hess f(P) and D¢(P) when P is a first-order critical point of f. In this
case, P is a fixed point of ¢ by C3 in the proof of

Lemma 6.7. Let P be a first-order critical point 23). If Hess f(P) : Tp Gr(n,r) — Tp Gr(n,r) has a
positive eigenvalue, then Dp(P) : Tp Gr(n,r) — Tp Gr(n,r) has an eigenvalue that is greater than 1.

[Cemma 6.7 implies that any first-order, but not second-order, critical point of f is an unstable fixed point
of ¢. The proof is in [Appendix F. It is needed to express the Jacobian D¢(P) in terms of an eigenbasis for
the Riemannian Hessian Hess f(P).

The next lemma guarantees that the update map ¢ has a nice local property given a sufficiently small
step size.

Lemma 6.8. There exists a constant 0 < T**(X,r) < T* (cf. [Theorem 6.1) such that if the step size satisfies
0 < <T**, then the update map ¢ : Gr(n,r) — Gr(n,r) 1) is a local diffeomorphism.

The proof of [Lemma 6.8 is in [Appendix G| We show that ¢ is C* and D¢(P) is invertible for all
P € Gr(n,r), when ~ is small enough.
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Proof of[Theorem 6.2, Fix the step size 0 < v < I'**. From[Theorem 6.1} the sequence {P;} always converges
to a first-order critical point of f (23)), thus a fixed point of ¢ ([2I) by C3 in [Section 6.21 In this proof, we
consider the case when the limit P € Gr(n,r) is a “bad” critical point, meaning it is a first-order critical
point but fails the second-order criticality (25). The idea is to apply [Theorem A.2] to show that the set of
Qo that converge to bad critical points has zero measure in St(n, ).

Because ¢ is a local diffeomorphism by [Lemma 6.8, we are eligible to apply [Theorem A2l It gives an open
neighborhood Bp C Gr(n,r) around each bad critical point P satisfying the conditions in [Theorem A2l As
Gr(n,r) is second-countable, it has the Lindelof property, i.e. every open cover has a countable subcover.
So, there exists a countable set C C Gr(n,r) consisting of some of the bad critical points such that

PeGr(n,r) is a bad critical point PeC
Define the subset -
J = U U ¢ '(Wp) C Gr(n,r). (44)
PeC t=0
We claim that
{Py € Gr(n,r) : ¢'(Po) converges to a bad critical point as t — oo} C J. (45)

To see this, assume lim;_,, ¢*(Po) = P is bad. By (@3)), P € Bp/ for some P’ € C. Since Bp is open, there
is to > 0 such that ¢'(Pg) € Bp: for all t > ty. As P’ is a fixed point of ¢, by (B0) in [Theorem A2, we
obtain ¢ (Py) € We.. In other words, Py € ¢~ (Wp:). So, Py € J as claimed.

We claim that J is measure-zero in Gr(n,r). For each P € C, at least one eigenvalue of Hess f(P) is
greater than 0. By[Lemma 6.7, we know at least one eigenvalue of Dg(P) is greater than 1. By the first result
of [Theorem A2 the dimension of Wp is strictly less than the dimension of Gr(n,r). So Wp is measure-zero
in Gr(n,r) by [40, Corollary 6.12]. Given that the step size satisfies 0 < v < I'**, the map ¢ is a local
diffeomorphism by [Lemima 6.8 and so is ¢! for all ¢ > 0. Thus their pre-images of measure-zero sets have
zero measure. As (¢f)7! = ¢t the set ¢~(Wp) has zero measure for each ¢t > 0. Then J is a countable
union of measure-zero sets, so has zero measure.

To conclude, define Z C St(n,r) as the pre-image of 7 C Gr(n,r) under the map Q — QQT. Since the
map is a submersion from the Stiefel manifold onto the Grassmannian, Z has zero measure in St(n,r) as J
does in Gr(n,r). For all initializations Qq in St(n, r) but outside the null set Z, the sequence {¢*(Po)} = {P:}
converges to a second-order critical point of f if 0 < v < T**. The proof of [Theorem 6.2 is complete. O

7 Conclusion and future work

In this paper, we developed the PGD method for symmetric Tucker tensor decomposition.
It has a simple update scheme compared to other iterative solvers running on Riemannian manifolds. We
further designed the SPGD method and SHOEVD solver to decompose the
sample moment tensor (1). The algorithms are free of constructing and storing moment tensors, and their
iterations are conducted by streaming only a small subset of samples. Tremendous computational savings
were seen in numerical experiments with minimal loss of accuracy. We also showed the applicability of the
Tucker decomposition of moment tensors in comparison to the CP format, as well as to detect anomalies
and allocate assets on real datasets. Finally, utilizing Riemannian manifold optimization theory, we derived
theoretical guarantees for the PGD sequence on the Grassmannian. The sequence always converges to a
first-order critical point, and almost surely to a second-order critical point.
There are a number of directions that would be interesting to study in the future.

1. Implementation for cumulants. Cumulant tensors are central to non-Gaussian data analysis.
They are nonlinear combinations of moments. It would be useful to derive scalable implementations
for sample cumulants.

2. Extending the analysis. It is certainly worth investigating convergence guarantees in the streaming
setting with adaptive step sizes of [Algorithms 2|and 3. We also want to explore under what conditions
is the limiting point guaranteed to be a global optimizer.
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3. Estimating the core without fresh samples. Currently, the core tensor € is computed using

independent data samples after the subspace Q has been calculated. We would like to figure out a
good way of updating € while updating Q, using the same data stream.
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A Supporting theorems

A.1 Convergence guarantee

Let f: Gr(n,7) — R be a real-analytic function. Consider the optimization maxpegr(n,ry f(P). Let {P:} C
Gr(n,r) be a sequence. We make the following assumptions:

e (C1) There exists x > 0 such that
[Pr1 — Pif| > [ grad f(Py)[]; (46)
e (C2) There exists ¢ > 0 such that
fPi1) = [(Py) = ol|Pry — Pef| [ grad f(Py)]|; (47)
e (C3) First-order optimality is equivalent to the fixed point condition, i.e.

grad f(P;) =0 < Py = Py; (48)

e (C4) [Lojasiewicz inequality] There exist d,p > 0 and 6 € (0, 1] such that for all first-order critical
points P € Gr(n,r) of f (23)) and all points P’ € Gr(n,r) with [|[P' — P|| <4,

[F(P) = F(P)]'™" < p| grad £(P")]. (49)

Theorem A.1 (Theorem 2.3 in [58]). Under the above set-up, if {P:} satisfies conditions C1 - C4, it
converges monotonically to a first-order critical point of f at no less than an algebraic rate.

A.2 Center-stable manifold theorem

Theorem A.2 (Theorem IIL.7(2) in [60]). Let ¢ : Gr(n,r) — Gr(n,r) be a local diffeomorphism. Let
P € Gr(n,r) be a fized point of ¢. There exist an open neighborhood Bp C Gr(n,r) of P and a smoothly
embedded disk Wp C Gr(n,r) containing P such that

1. the dimension of Wp is the number of linearly independent eigenmatrices of Dp(P) with eigenvalues
of magnitude no more than 1;

2. and
{X € Gr(n,r): ¢'(X) € Bp, Vt >0} C Wp. (50)

Remark 9. Although the center-stable manifold statement is discussed for Fuclidean space in [60], as noted
in [39, Theorem 1], it can be extended to any manifold. We specify the manifold to be the Grassmannian in
this paper.

In this supplemental document, we present the detailed proofs for all of the supporting propositions and

lemmas in [Section 6

B Proof of |[Proposition 6.3|

Proof. We first compute the Riemannian gradient, grad f(P) € Tp Gr(n,r). It is the orthogonal projection
of the Euclidean gradient Vf(P) € R™ " onto the tangent space at P. The projection mp : S?(R") —
Tp Gr(n,r) is computed as follows [27, Proposition 2.1]:

mp(X) = adp(X) € Tp Gr(n,r) with adp = adp o adp and adp(X) = PX — XP

for X € S?(R™). Here, ad stands for the adjoint operator.
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The Euclidean gradient of f ([22) is

vVfP) =dX-(1,,P,....P),X-(P,...,P))_,
+d(X-(P,....,P),X-(I,,P,...,P))_, (51)
= w(P)P + Pw(P).
Hence the Riemannian gradient equals
grad f(P) =adp (V/(P))
— adp (PVf(P) — Vf(P)P)

=P (PV/(P) - Vf(P)P) -

(PVf(P) - Vf(P)P)P
=P (V/(P)) - 2P (VS(P)) P+ (V

fP)P

Substituting into the above equation,
grad f(P) =P (w(P)P + Pw(P))
— 2P (w(P)P + Pw(P)) P + (w(P)P + Pw(P)) P (52)
= Pw(P) (I, — P) + (I, — P)w(P)P = sym (2 (I, — P) w(P)P).

Next, we relate the gradients of f(P) and F(Q). The Euclidean gradient of F is

VF(Q) _2d< (InanaQ)vx(Q77Q)>—1
=2d(X-(L,,P,...,Q),X - (I,,P,...,P))_, Q (53)
=2d(X-(1,,P,....P),X-(I,,P,...,P))_, Q = 2u(P)Q.

Therefore,
(1. -QQ") VF(Q)Q" =2(I, - P)w(P)QQ" =2 (L, — P) w(P)P.
By (62), we have
grad f(P) = sym ( (I, - QQ") VF(Q)Q).
The proof of is complete. O

C Proof of Lemma 6.4

Proof. We derive the update on P; based on the iterate Q; (20). We decompose the update direction
1 VF(Q;) into two parts respectively in colspan(Q;) and colspan(Qj-), i.e.

%VF(Q:) = % Q: Q) VF(Q:) + v (In — Q:Q, ) VF(Qu).

We approximate Q11 = orth (Q: + 1 VF(Q:)) by the first-order Taylor expansion of orth centered at
Qi +71Q:Q/ VF(Qy):

Q1 = orth( (Qi+7QQ/ VF(Qu)) + v (I. — QQ/) VF(Qt))
= Q; + Dorth(Q)[y (In — Q:Q;" ) VF(Qu)]
+0 (7 (I, - Q) VF(Q))?),
where .

QR =Q: +7%Q:Q/ VF(Q) e R™ (54)
denotes the QR factorization. (Note this quantity is full-rank according to C3 in and orth :
St(n,r) = St(n,r) is C*° at full-rank inputs [66]. )

By the derivative formula of the QR factorization given in [68] Algorithm 1] (originally [66]),
~ T
Qi = Qi+ (L - QQ ) (L - QiQ[) VF(Q)R ™

— —~T
+Qis (%Qt (L. - Q:Q/) VF(QJR”) (55)
t@ (”yt2|| (In - QtQtT) VF(Qt)||2)
=Qi+% (L —QQ/) VF(Q)R™ + 0 (77| (I. - Q[ ) VF(Qu)[?) -
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PR —
To see the second equality, note I, — Q:Q; = I, — Q:Q/, because Q; and Q; are both the or-
thonormal bases for colspan(Q;). Moreover, given the linear operator s : R"™*" — RT” the term

s(#Q (1.-QQ]) VFQ)R ™) =025 Q; (I, - QQ/) =0
From (53)),
P1—-Pr =Q1Q/ — @@T
=2 sym ( (T, - QQT) VF(Q)R —1@T)
+0 (1. - Ql) vFQ)R ) (56)
+0 ( sym ( (I, - Q:Q/) VF(Qt)QtT) HQ) :

Here the second line refers to the symmetric term

7% (L - QQ/) ) VF(Q)R'RTVF(Q)" (I, - Q.Q/),

whose norm is less than ~7 H (I QtQt o H
We transform the right-hand side of (IEI) frorn an expression in terms of Q to one with P.

For the first component of (56, we separate (I, — Q:Q; ) VF(Q,g)R_laitT into two parts:
Factor 1:= (I, - QQ/) VF(Q,)Q,, Factor 2:= QRQ, |
using Q:Qt =1I,. By (B3),
Factor 1 =2(L, — P)w(P,)Q.Q] = 2(I, — P,)uw(P,)P,. (57)
Also,
Factor 2= QR'Q = (Q])'R1(Q)' = (QRQ]) . (58)

by the fact that pseudoinversion satisfies XY = (YX)T if X and Y respectively have orthonormal rows
and columns. Inserting (B4) gives

Factor 2= (Q,Q, + %QtQ:VF(Qt)QtT)T = (P; + 27, Pyw(P)Py)' = oy (P))T,
where the last equality is by (53) and the definition of a; (28). Moreover,

~T
Factor 1' x Factor 2= QtVF(Qt)T (In — QtQtT) Q:R'Q; =o.
—_—

0

Combining (57) and B5), (I, — Q/Q/ ) VF(Q)R'Q,  equals:

Factor 1 x Factor 2 = 2(I,, — P,)w(P;)Pay(Py)T
= (Factor 1+ Factor 1') x Factor 2 = 2sym (2(In - Pt)w(Pt)Pt)at(Pt)T (59)
= 2gradf(Pt)at(Pt)T.

The formula of grad f (52)) is used in the last equality. Therefore, the first component of (56) reads
~T
20 sym (T, — Q) ) VF(QIR'Q: ) = dyesym (‘grad f(Po)ae(P)T). (60)

As for second component of (56), note

T2
(T - Q:Qf) R =1 - Q) VFQ)R Q. |
= 4ngadf Pt)O[t Pt TH

5The operator s is a composition of element-wise multiplication and skew-symmetrization. See [68, Algorithm 1] for details.
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The orthogonality of (22:, which preserves norms, gives the first equality. The second is from (59).
The third component of (56) is dealt with directly by (21)),

[svm (1 - @@l vE@oQT)|" = llgrad P

Thus, (B6) consists of the main component (60) and the residuals
O (~ ngadf(Pt)oat(Pt)THQ), o (fyf ngadf(Pt)HQ) as needed in (29). This completes the proof of

O
D Proof of [Lemma 6.5
Proof. Consider the step size 7; > 0 and projector P € Gr(n,r). Definition (28) reads
a(P) =P + 2vPw(P)P =P (I, + 2v,w(P)) P. (61)

So colspan(a;(P)) C colspan(P). Also for any vector x € colspan(P),
x"ay(P)x = x"P(I, + 2yw(P))Px = x ' (I, + 2w (P))x > ||x]|?,

as Px = x and I, + 2yw(P) = L,. It follows colspan(a;(P)) = colspan(P), and a;(P) has only r non-zero
singular values, each greater than 1. By properties of pseudoinverses,

a;(P) ' (P) = Proj,nee(a, p)) = P, (62)
and o;(P)" has only 7 non-zero singular values, each less than 1. Hence
lone (PYF| < /7. (63)
Constrain the step size by

1
4\/’? SupPEGr(n,r) HPU)(P)PH ’

where SUppccy(n,r) [|[Pw(P)P]| is finite because the function P +— Pw(P)P is continuous and Gr(n,r) is
compact. (We exclude the trivial case Pw(P)P = 0 when X = 0.) From (62),

0<y <TI't:= (64)

P—o(P) = a;(P) oy (P) — a;(P)TP = —ay(P)T(P — o (P)). (65)
Then by (63) and (64]),
[P —a:(P)[| =l —a:(P)T (P —au(P)) ||
< lew (P[P — ar(P) || (66)

< 2| Pu(PIP < 5.
We now compare || grad f(P)|| and ||grad f(P)c:(P)'||. By @17,
grad f(P)P = (I, — P)w(P)P.

Inserting the above equation into (27),

grad f(P) = sym (2(1n - P)w(P)P) = sym (2 grad f(P)P).
Since

(grad f(P)P, P grad f(P)) = trace | (I, - P)w(P)P(I, — P)w(P)P | =0,
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we have

lgrad f(P)]| = V2 |lgrad (P)P|. (67)
Then due to triangle inequality and (65),

lrad f(P) < V2 arad (P (P + VZ [lerad (P) (P — (P |
=2 Hgl"adf P)ay( P)TH +v2 ngadf(P)at(P)T (P - Oét(P)T)H
< V2 ||grad f(P)a,(P)T|| (14 ||P — cu (P)T]])
= \/_ ||gradf (P)a;(P)T]|.

Inserting (66) shows the last inequality. Thus,

Javad £(P)ac (P > 2 arad 1(P)].
On the other hand, as a;(P)" = Pay(P)T, it holds
ngadf TH < |lgrad f(P)P]| Hat TH

< Y20 rad f(P)]

The results (67) and (63) give the last derivation. Combining the above two inequalities completes the proof
of Lemma 6.5. O

E Proof of [Proposition 6.6

Proof. Let P € Gr(n,r) and AP € Tp Gr(n,r). We first show the computation of the Riemannian Hessian.
Applying [27, Equation (2.109)],

Hess f(P)[AP]
= adp (V2f(P)[AP]) — adpady ;(p)(AP)
= adp (PV2f(P)[AP] — (V2f(P)[AP])P — Vf(P)AP + APV f(P))
=P(V*f(P)[AP])(I, — P) + (I, — P)(V*f(P)[AP])P
— PVf(P)AP + PAPVf(P) + Vf(P)(AP)P — APV f(P)P
= 2sym ((In — P)(V2f(P)|AP])P + Vf(P)(AP)P — APV f(P)P)

Recall that Vf(P) = w(P)P + Pw(P). We differentiate V f(P) to obtain the Euclidean Hessian of
f:

V2f(P)[AP] = (Dw(P)[AP]) P 4+ w(P)AP + APw(P) + P (Dw(P)[AP]), (69)
where the differential is
Dw(P)[AP]
= 2d(d — )sym(< (L,,AP,P,... P),X-(L,,P,P,... . P))_, (70)
=dd-1)(X-(1 n,(AP)P—i—PAP P,....P), X (I,,I,,P,...,P))_,
=dd-1)(X-(I,,AP,P,...,P) X (In,In,P,...,P)Ll.
The last equality follows from (AP)P + PAP = AP in (24)).
For the Riemannian Hessian (68]), we first consider the term involving
V2 f(P)[AP]:
(I, — P)(V>f(P)[AP])P
= (I, = P) (Dw(P)[AP]) P + (I, — P)w(P) (AP) P + (I, — P)APw(P)P (71)
= (I, — P)v(P)[AP] + (I, — P)w(P) (AP) P + (I, — P)APw(P)P.
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The last equality is due to v(P)[AP] = (Dw(P)[AP]) P by (40) and (70).
We then compute the remaining terms in (68)), which involve V f(P):

V/(P)(AP)P — APV f(P)P
= (w(P)P + Pw(P)) (AP)P — AP (w(P)P + Pw(P)) P (72)
— Pw(P) (AP)P — APw(P)P — (AP) Pw(P)P.

In the last equality, we eliminate the term that includes P(AP)P, since this is 0 due to .
We add and to obtain

Hess f(P)[AP]
= 2sym ((In — P)u(P)[AP] + (I, — P + P)w(P) (AP) P
+(I, =P —1,) (AP) w(P)P — (AP) Pw(P)P)
= 2sym ( (I, — P)o(P)[AP] + w(P) (AP) P — (PAP + (AP) P)w(P)P)
= 2sym ( (I, — P)o(P)[AP] + w(P) (AP) P — APw(P)P).
This is the formula for the Riemannian Hessian in .

Next, we compute the differential D¢(P)[AP]. This is the term that is linear in AP in the Taylor
expansion of the difference:

¢(P + AP) — ¢(P) = 2(Q + AQ)2(Q + AQ)" — 2(Q)2(Q) - (73)
So we start with ®(Q + AQ) and ®(Q). From the first-order Taylor expansion of orth,
P(Q+AQ) =orth(Q+AQ+~VF(Q+ AQ))
= orth( (Q+7VF(Q)) +AQ +7(VF(Q+AQ) - VF(Q)) )

=orth( (Q+7VF(Q)) + AQ+V2F(Q)[AQ] + O (|AQ]?) )

=orth(Q+1VF(Q))
+ Dorth (Q +7VF(Q)) [AQ +~V2F(Q)[AQ] + O (|AQ]?)] .

Write ®(Q)R for the QR decomposition of Q + YV F(Q). We again apply the differentiation formula for
orth in [68, Algorithm 1] and get

®(Q+AQ) =o(Q) + (L, — (QP(Q)T) (AQ+7V2F(Q)AQ]) R (74)
+3(Q)S + O (|AQ]?) .

Here S € R"™*" is a skew-symmetric matrix that is linear in AQ. The Euclidean gradient VF(Q) is given
by (B3), and the Euclidean Hessian of F' is calculated as

VZF(Q)[AQ]

:2d<x(1’n«7Qa7Q)5x(IHaQ73Q)>—1AQ (75)
+ 2d(d - 1) <x ! (In7 (AQ)Q + QAQv Qa CERE Q)ax : (InaInv Q; B Q)>—1 Q

=2w(P)AQ +2d(d—-1)(X-(I,,AP,Q,...,Q),X- (I1,,1,,Q,...,Q))_;, Q,

due to (26) and AP = (AQ) QT +Q(AQ) .
We substitute (4] into (73). We only keep the terms that are linear in AQ and get

DO(P)[AP] =2 sym ( (I, - 2(Q)®(Q)7) (AQ + WQF(Q)[AQ]) R2(Q)")
—2sym ( (I, — ¢(P)) (AQ + 7V2F(Q)[AQ]) (R™1®(Q)T) ) (76)
=2sym ( (I - 6(P)) (AQ +7V?F(Q)[AQ]) (Q +WF @').

For the first equality, we use ®(Q)S®(Q)" + ®(Q)ST®(Q)" = 0 and the fact S is linear in AQ
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It remains to transform the differential expression (76) in Q, AQ to be in terms of P, AP. To do this,
we split (76 into two factors:

Factor 1:= (I, — ¢(P)) (AQ + WVQF(Q)[AQ]) Q',
Factor 2:= Q(Q+~VF(Q))'.

We first tackle Factor 2. As QT and Q + YV F(Q) respectively have orthonormal rows and columns,
we have

QQ+7VFQ)' = (Q") (Q++VF(Q) = (Q+VFQ)Q")".
Inserting (53) into the above equation,
Factor 2 = ((Q+2yw(P)Q) Q") = (P + 2yuw(P)P)". (77)

Next, we consider Factor 1. By (75), it equals

(I, — ¢(P)) (AQ +~V?F(Q)[AQ]) Q"

~ 1~ 6(P) (L, - puP)(a)o. -
+( n ¢(P) (2’7d ( nuAP Qu" 7Q)7x'(1n71n7Q7"'7Q)>—1 QQT)

= (L, — o(P)) (X +2”Yw )) (AP - Q(AQ)") + 27u(P)[AP]) .

The last equality is from the definition of v(P)[AP] (0).

However, note that
(I ( ) (I + 27w(P)) Q(AQ)
= ( n—o(P)) (Q+27w(P)Q) (AQ) "
= (I, -2(Q)2(Q)") (Q+VF(Q)(AQ)" =0.

Here, we replace 2w(P)Q by VF(Q) by (G3). Then from colspan(Q + vVF(Q)) equals colspan(®(Q)) by

(20), it holds (I, — ®(Q)®(Q)") (Q +~1VF(Q)) = 0.
Returning to (78),

Factor 1 = (I, — ¢(P)) (I, + 2yw(P)) (AP) + 2~vv(P)[AP))

— (T, - 6(P)) (AP + 29u(P)(AP) + 2y0(P)[AP]). (79)

Putting (76), (7)) and ([@9) together, we obtain the formula for the differential Dg(P)[AP] (42). The
proof of [Proposition 6.6 is complete. o

F Proof of Lemma 6.7

Proof. Let P € Gr(n,r) be a first-order critical point of f (22). The Riemannian Hessian Hess f(P) :
Tp Gr(n,r) — Tp Gr(n,r) is diagonalizable because it is self-adjoint. The dimension of the tangent space
Tp Gr(n,r) is dim(Gr(n,r)) = r(n —r). Let APy,..., AP,y € Tp Gr(n,r) be a basis of eigenmatrices
of Hess f(P) with corresponding eigenvalues A1, ..., An(n_r), i.€.

for i € [r(n — r)]. Assume there is at least one strictly positive eigenvalue of Hess f(P), w.Lo.g. Ay > 0.

We analyze the eigenvalues of D¢(P) by expressing the differential with respect to {AP;}. Under this
basis, the differential is represented by the matrix M € R"("=7)x7(n=7) with entries m; ; equaling to

(2 5ym (Lo = P) (AP; + 2yw(P)AP; + 70(P)[AP:]) (P + 2yw(P)P) ), AP; ), (80)

for 4,5 € [r(n —r)]. Here we apply the formula (42) and the fact that P = ¢(P) as critical points of f
are fixed points of ¢ by C3 in The eigenvalues of the operator Dg(P) are the same as the
eigenvalues of the matrix M.
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We next compute the matrix M. Due to the rank constraint on P, we utilize its block structure to
facilitate the computation. W.l.o.g., we suppose the rank-r orthogonal projection P is:

1 0 _
P= [ " X (n=r) } € Gr(n,r),
0(n—r)><7‘ O(n—r)x(n—r)

by choosing an appropriate for R™.

From (52), grad f(P) = sym (2(1n - P)w(P)P) = 0, and @4), AP = (AP)P + PAP for all AP €
Tp Gr(n,r), we obtain block matrices for w(P) and {AP;}. Namely there are PSD matrices A € S?(R"),C €
S?(R™") and matrices H; € R("")*" for i € [r(n — )] such that

w(P) = [ e } €S2ARY), AP = { Igi PE ] € Tp Gr(n, ). (81)

Since AP, are eigenmatrices of Hess f(P), by (41]) we see

2 sym ((In - P)v(P)[APi])
= Hess f(P)[(AP),] — 2 sym (w(P)(APi)P - APiw(P)P)

B 0 NH —H]C+ AH/
It follows that
0 0
(I = P)u(P)[AP:] = [ AH; — CH; + H/A 0 ]

because (I, — P)v(P)[AP;] Q) is in the format (I, — P)(-)P so only its left bottom block is nonzero.
To get m; ; (80), we compute
(I, — P) (AP; 4+ 2yw(P)AP; + 271) )AP;])
Jo o I, +27A 0
“lo L., 0 ,”+2yc H, 0
0
| 29(\H; — CH, + H/A) o

0 0
o [ (1 +2'7)\i)Hi +2’}/HiA 0 :| ’

Also,
i —1
t I. 0 27A 0 | (I +2vA) 0
(P + 2yw(P)P) _({O O]—i—{ 0 o = 0 E
Here we note that since A is PSD and v > 0, the inverse (I + 2yA)~! exists and is symmetric.
Thus the left component in the inner product (80) is

? squ L+ DAH, £ 2 HA 0 ] { B D

0 0
_ 0 H +29\(1, 4+ 29A)'H]
H, + 2’7/\1H1(IT + 2’7A)71 0
Finally (80) reads m; ; equals to
0 H +2y\(I +27A) ' H/ 0 HJ
H, + 2’7/\1H1(IT + 2’7A)71 0 ’ Hj 0
L2
7 H;(I +2vA) 2| +1 i=3j

4"M< i1 +29A) L H (L +29A)F) i
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where we use

(H,H,) = - (AP, AP,) = { 3 =]
2 0, ©#j.
We set T
vec (Hl(IT + 27A)’%)
L = : € Rr(n—r)xr(n—r)

vec (Hr(n_r)(lr T 271;)*%)T

A =dydiag (A1, ..., Apner)) € SR,

Here vec denotes the vectorization operator. Combining (82)) and (83), we have a short-hand expression for
M:
M =ALL" + L, ..

The linear independence of {H;} implies the linear independence of {H;(I, + 2yA)~2}. Then L is
invertible because its rows are linearly independent. Hence ALLT is similar to LTAL = LT (ALL")L~".
As LTAL is symmetric, ALLT is diagonalizable with the same eigenvalues as LT AL. Then A and LTAL are
congruent. So their numbers of positive eigenvalues match. But there is a strictly positive eigenvalue of A,
namely 4y)\; > 0. It follows that M = ALL " + I, (n—r) has an eigenvalue strictly greater than 1. The proof
of [Lemma 6.7 is complete. O

G Proof of Lemma 6.8

Proof. We prove [Lemma 6.8 by showing that ¢ is C°° and D¢(P) is invertible for all P € Gr(n,r), when ~
is small enough.

First we claim that ® is C* on St(n,r). It is a composite of orth and Q — Q + yYVF(Q). The latter
is a polynomial map, only taking full-rank values by C3 of [Section 6.2l Meanwhile, orth is C* at full-rank
inputs by [66]. So ® is C>. Consequently ¢ is C°> by [40, Theorem A.27 (a)], since Q — QQ is a quotient
map from St(n,r) to Gr(n,r).

Next we show D®(Q) is invertible for all Q € St(n,r). Define h : St(n,r) x R>g — R>q by

h(Q,7) := omin (DP(Q)) = omin (Dorth(Q +7VF(Q))),

where op,in denotes the smallest singular value. Here orth is C* at full-rank inputs, ®(Q) is full-rank for
v > 0 and ®(Q) is polynomial in Q,~. It follows that Dorth(Q + vV F(Q)) is jointly continuous in Q,~.
As the smallest singular value is also continuous, h is jointly continuous in Q,~y. When v = 0, ® becomes
the identity map on St(n,r), so h(-,0) = 1. Because the Stiefel manifold is compact, there exists a constant
**(X,r) > 0 such that for all 0 < v < I"** it holds h(-,) > 0. W.lo.g. assume I'** is less than I'* in
Mheorem 6.1l Then D® : Tq St(n,7) = Ty(q) St(n,7) is invertible for all Q € St(n,r) when 0 < y < T**,
To conclude, differentiate the update diagram [Figure 10| By the chain rule, we get a commutative
diagram of differentials between tangent spaces. The “north-then-west” path is a composition of surjections
because D®(Q;) is surjective and Q — QQ" is a quotient map. By commutativity, the “west-then-north”
composition is surjective. So the second map there must be a surjection, i.e. D@(P;) : Tp, Gr(n,r) —
Tp,,, Gr(n,r) is surjective. Therefore it is invertible, as the tangent spaces share the same dimension. The

proof of [Lemma 6.8 is complete. O
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