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Abstract—We describe a basic single-user integrated sensing
and communication (ISAC) system, considering a state-dependent
discrete memoryless channel (DMC) with independent and iden-
tically distributed (iid) state sequences that are independent of
the input sequence. Furthermore, we assume that no feedback
is present and no state information is available to either the
transmitter or the receiver. We derive the highest transmis-
sion rates achievable for our channel under a given distortion
constraint, for three different receiver schemes: simultaneous
decoding and estimation, decoding before estimation, and estimation
before decoding. The state estimator is based on the idea of coded
sensing, i.e., it uses a lossy source coding codebook to determine
the estimate of the state sequence. The results hint towards a
trade-off among the performance limits of such ISAC systems.

Index Terms—ISAC, state-dependent DMC, coded sensing,
achievable transmission rate, minimum estimation rate.

I. INTRODUCTION

Integrated sensing and communication (ISAC) has been
identified as a key technology for many usage scenarios
targeted by the upcoming 6G standards [1]. Traditionally,
communication (e.g., cellular networks) and sensing networks
(e.g., radar) have been developed and deployed independently.
However, the burden on the allocated spectrum is increasing
with the growing demand for intelligent systems and low-
latency applications. Through joint design and optimization,
ISAC systems use the same radio hardware and spectrum
resources to enable communication and sensing applications
to operate jointly within the same network.

Communication systems typically aim to transfer informa-
tion at a high rate and with high reliability. Radars, on the
other hand, detect targets and estimate relevant parameters
by comparing the received signal to a known signal. The
contrast in the key objectives of the two systems gives rise to
performance trade-offs for ISAC. A central challenge of ISAC
design lies in understanding the performance trade-offs that
arise from fundamental limits dictated by information theory
and detection-estimation theory.

State-dependent channels can be used to model the links in
an ISAC network mathematically. In the case of a single-user
state-dependent channel, conveying information and estimating
the state may be required simultaneously.

Continuing the work in [2, Sec. 7.1.1], we consider a single-
user state-dependent discrete memoryless channel (DMC)
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model where neither the transmitter nor the receiver is aware
of the state, and no feedback is present. We determine the
highest transmission rates achievable on the channel, for three
different receiver schemes: simultaneous decoding and estima-
tion (SDE), decoding before estimation (DBE), and estimation
before decoding (EBD). The state estimators we consider use
a lossy source coding codebook to provide an estimate of the
state sequence. We refer to this idea as coded sensing.

Note that the channel and setup considered in [3] are the
same as ours, but only the DBE scheme is explored. Also, the
estimator considered there is a symbol-by-symbol estimator.

This paper presents a problem formulation, states the results,
and provides some discussion. Further details, including proofs
of the results, are available in [4]. We introduce the channel
model along with the definitions of a transmission-estimation
code and an achievable rate-distortion pair, in Sec. II. In
Sec. I1I, we derive the achievability results for the three receiver
schemes. We borrow the robust typicality-based results in [5,
Ch. 2] and the idea of indirect rate distortion (see, [6, Sec. 3.5]
and [7]), for our derivations. We compare and discuss the
achievability results in Sec. IV.

II. PROBLEM SETUP
A. Channel Model

We consider a state-dependent DMC with independent and
identically distributed (iid) state sequences that are independent
of the input. The channel is governed by conditional probabil-
ity mass functions (pmfs), {pyn|xn gn = HiPY|X,S}?L°=117
known to both the transmitter and the receiver. Here, X"
denotes an input sequence, S™ denotes a state sequence, and
Y™ denotes a received sequence. The transmitter and the
receiver also know the pmfs {ps» =[], ps}32, that govern
the state process. The input, state, and output alphabets X, S,
and ), respectively, are all considered finite.

To convey a message M € {1,---, M, } to the receiver, the
transmitter sends a length n sequence X" (M) € X™ over the

Due to space constraints, we will use some shortcuts regarding notations
related to index variables. The index variable ¢ ranges between {1,--- ,n},
! and [ between {1,---,Ln}, m and r between {1,---, My}, and m
between {2,---, My}. Also, Y, refers to >, [], refers to [T, and

Ui or ﬂl refer to.U?:1 or (-, unless stated otherwise. The same holds
for other index variables.
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channel. Upon receiving an output sequence Y™ € V", the
receiver decodes the sent message as M e {1,---,M,} and
estimates the state sequence as Sm e 8", where S denotes a
finite reconstruction alphabet.

B. Definitions

Definition 1 (Transmission Estimation Code). An (n, M,,, D,,)
transmission-estimation code consists of message set
{1,---, M,}, encoder f, : {1,---,M,} — X", decoder
n: Y= {1,---, M,}, and estimator h,, : Y" — Sn,

Assuming the messages to be uniformly distributed, the
average (decoding) error probabilily is defined as g, =
ﬁn Yo P{gn(Y™) # m|X™ = f,(m)}. Expected distortion
is defined as D,, = E[d,,(S™, h,(Y"™))], with d,,(S™, S") =
L5~ d(S;, S;), where d : S x § — [0, 00) is a bounded non-
negative distortion metric.

Definition 2 (Achievable Rate-Distortion Pair). A rate-
distortion pair (R, D) is achievable on a given channel, if
there exists a sequence {(n,M,,D,)}52, of transmission

estimation codes, that simultaneously satisfies lim g, = 0,
n— 00

limsupD,, < D, and hmlnfflogQM > Ry, where D

n— 00
represents a constraint on the expected distortion.

III. ACHIEVABILITY RESULTS

A. Simultaneous Decoding and Estimation (SDE) Scheme

gn: V" = {1, My}
M X"(M) y" Decoder v, 8
Message_> Encoder » Channel > "-. ------ Decoded  State
fi{l, e My} — Y" on Fstimator Message Estimate
State By s Y7 — S
Fig. 1. Simultaneous Decoding and Estimation (SDE) Scheme

The joint pmf on (X", 8™ Y™ S§") is expressed as
Dxn gn yn gn = PXPSHXnPyn|X" 57 Pgn|xn gn yn
= PXnPSnPY | X, 5nPgn| xn v (1)

We consider the state reconstruction sequence 5™ to be
conditionally independent of the state S™, given the input X"
and the output Y.

We are given the pmf of the state and the channel, pgr» =
[I; ps and pyn|xn sn = []; py|x,s. Let’s fix px» = []; px.,
the pmf of the input, and the pmf of the state reconstruction
sequence, given the input and output, Pgnixn,yn = HZ Pg|x,y

« Generate a transmission codebook C! consisting of M,
codewords, xy, € X", each drawn independently accord-
ing to the pmf pxn.

« Also, generate estimation codebook C¢ consisting of L,,2
codewords 57" € 8", each drawn independently according
to the marginal pmf pg, ~ [], pg.

o For a message M = m, the encoder f, transmits the mt
codeword in the codebook Cfl, on the channel.

2The quantity R = L log, Ly could be interpreted as estimation rate,
where L., denotes the number of state estimates we consider.

« Upon receiving Y, the receiver looks for a pair (z7%, §7')
in (CL,C¢) (respectively), that is jointly typical® with Y™,
If such a pair exists and m is unique, then M = i is
declared as the decoded message, and CS(L) is declared
as the state estimate, where L is chosen as the minimum
among the various values obtained for the index [. Other-
wise, M = M, is declared as the decoded message, and
8T is declared as the state estimate.

In other words, for some y” &€ )", the decoder output
gn(y™) = m only if following two conditions are simulta-
neously satisfied for some 7, else ¢,(y") = M,,. First, for
at least one 1, (C,(),y",C5 (1)) € TM(X, Y, S). Second, for
each 1, (C!(m),y",C5(1)) ¢ T/(X,Y,S) for each I.

For some y" € Y™, the estimator output h,(y") = 57,
where L = min £ when the set £ is not empty, and L = 1
otherwise. Here, £ denotes the set of all indices ! for which
(CL (1), y", CE(1) € T2(X,Y, S) for some 7, and for each
m, (CL(m),y™,Ce(1) & T(X,Y, S) for each I.

1) Error Probability Analysis: We determine the error prob-
ability, averaged over all possible codebook pairs (Cf,CS). We
consider the message M = 1 to be sent over the channel.

The probability of error, averaged over all possible codebook
pairs (CL,CE), is expressed as

Efea] = ) P{CLIP{Ci}P{gn(Y") # X" = fo

Cct.Cce

no

For each m and I, let us denote the event (X7, Y™ SI') ¢
TM(X,Y,S) by &, where X represents the m™ codeword
in a transmission codebook, and S”l” irepresents the I estimate
in an estimation codebook.

Given the codeword X' is transmitted, a decoding error
occurs when either of the following two events occurs. First,
(X7, Y™, S ¢ T2(X,Y,S) for each I. Second, There exists
at least one 7 for which, (X2, Y™ S”) e TM(X,Y,S) for
at least one [. Let’s denote the first error event by £4 and the
second by Ep.

For n large enough, consider M,, = 2"% and L, = 2",
In [4], we show that P{€4} < e_Q"(RrI(X’Y;SFE"(E)), and
P{Ep} < 27 H(X5Y)=R:i=3()] " where 6,,(g) and §(¢) tend to
Oase— 0.

Thus, applying the union bound,

E[z,) <P{€4} + P{EB}

_on(Re—1(X,Y;8)=6n ()
+

(D}

<e 2—71,[[(X;Y)—Rt_6(6)]_ (2)

The above term tends to 0 as n — oo and € — 0, provided
R.>I(X,Y;8) and R, < I(X;Y).

2) Expected Distortion Calculation: A joint
on (X" S" Y™, g") is expressed aS Py gn yn gn
PSn DX Y SPPDgn| xn gn yn- But, for the SDE scheme, since

pmf

TS conditionally independent of S™ given X" and Y™,
p§"r|Xn,Sn,Yn = pSn‘X",Y"' Thus, Sn — (X’H,’Y’rb) — Sn
forms a Markov chain.

3The notion of typicality, known as robust typicality, is adopted from [5,
Sec. 2.4, 2.5].
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The expected distortion of a transmission-estimation code,
D,, = E[d, (5™, hn,(Y™))], can be expressed as [4],

1
D, = ﬁ Z Z DPsn,yn|xn (Snvynm;z)dn(sna hn(yn))

m s"y"

1
n

i S pyepxe () dn (20, ™) (™). 3)

om yn
Where, d,,((z",y"),5") = 2 3, d((zi,4:), 8;) with
CZ((£7 y)a §) = Zs pS\X,Y(S|xa y)d(S, é)
=E[d(S,38)|X ==z, =y].

Using the modified additive distortion metric above, we can
reduce an indirect rate distortion problem (see e.g., [S, Prob-
lem 3.19], [6, Sec. 3.5], and [7]) to a standard rate distortion
(lossy source coding) problem (see e.g., [5, Sec. 3.6]).

The expected distortion, averaged over all possible codebook
pairs, can be expressed as

E[D,] = Y P{CLYP{CIYE[dn(S™, ha(Y™))|X™ = a7]

ChL.Cs

= Y P{CLIP{CHIE[da (@], Y ™), ha(Y™))| X" = 27]

ci.Cx
> )

(Chym.ce)e€alUsn  (CLym.Co)EEaUER
Py xn (Y27 )dn (21, 47), hn (y™))- “)

Let us define dpax = MaX yyy)y g d((x,y),3). Since we
consider the metric d(s, §) to be bounded, the distortion metric
d((x,y), ) will also be bounded.

Notice that (X7, Y™ h,(Y") € T2X,Y,S) when
(CL,y™,Ce) ¢ E4 U ER. Thus, according to the rypical average
lemma [5, p. 26] and (2),

]E[D”] S JIIlaX(P{gA} + P{EB})
+(1+e)E[((X,Y), 9)P{E; NERY

|P{C }P{Cr}-

_gn(Re—I1(X,Y;8)=dn (<))

< d~max(e + 2_"[I(X§Y)—Rf,—5(8)]
+ (1+&)E[d((X,Y),9)]. )
Hence, if E[d((X,Y),9)] < (1755)’ where D denotes the

distortion constraint, then E[D,] < D as n — oo and € — 0,
provided R, > I(X,Y;S) and Ry, < I(X;Y).

3) Result: It can be easily verified that E[d((X,Y),5)] =
E[d(S,S)]. Let Pi1(D) denote the set of all joint pmfs

Px,sv,§ = PXPSPY|X,SPg|x,y that satisfy the inequality
E[d(S,5)] =Y pxsys(® sy 8d(s,s) <D (6)

xT,8,Y,S
Given a state pmf pg, a channel pmf py | x g, a non-negative
bounded distortion metric d(.S, S’), and a valid distortion con-
straint D*; if we choose pmfs px and P3ix,y such that the
joint pmf py oy 5 = pPxPsPy|x,sPgxy € P1(D); then
for n sufficiently large and ¢ sufficiently small, provided
R.>1(X,Y;S) and R, < I(X;Y), we see that

4For D to be a valid constraint on the expected distortion, we require 0 <
D < maxg, ¢d(s,3), and given pg and py|x g, P1(D) not to be empty.

1) The average expected distortion, considering all possible
codebook pairs (Cf,CS), is upper bounded by D.

2) The average error probability, considering all possible
codebook pairs, is arbitrarily close to 0.

Following the first observation above, there exists a code-
book pair (CY,,CS) for which the expected distortion D,, is
upper bounded by D.

According to the Markov inequality [8, p. 64], the probabil-
ity of error €,, for a randomly generated codebook pair, tends to
0 in probability as n — oo [5, Remark 3.3]. Hence, it is likely,
with probability arbitrarily close to 1, that the probability of
error for (C!,C¢) is arbitrarily close to 0.

n? n

We state the achievability result for the SDE scheme below.

Theorem 1. Given a state pmf pg, a channel conditional pmf
Py|x,s, @ non-negative bounded distortion metric d(S, S ), and
a valid distortion constraint D, the highest transmission rate
achievable using the SDE scheme is

R{(D) =max,, . .ep(p){(X;Y).

Remark 1. The minimum estimation rate necessary for trans-
mission rate R; to be achievable, using the SDE scheme, is

RZ(‘D) = mian,S,Y,§€P1(D) I(X7Y7 S)

B. Decoding Before Estimation (DBE) Scheme

gn: V" = {L -, My}

M
Decoded

Decoder —>
Y" N

M X™(M) Message
—>

Encoder Channel

X" (M)
A 4
. 3
s Estimator —>»

State SFate
Estimate

A 4

Message
Fo AL M} = Y"

By Y7 x A" 8"

Fig. 2. Decoding Before Estimation (DBE) Scheme

The joint pmf on (X", S™ Y™, §") is exactly the same as in
(1). Let’s fix pmfs px» = [[, px and pg. xn yn = Hipg‘xy.
The processes of codebook pair generation and encoding are
the same as before.

 Upon receiving Y™, the decoder g, : Y™ — {1,--- , M, }
looks for a codeword in C?, that is jointly typical with Y.
If such a codeword exists and is unique, g, (Y™) = is
declared as the decoded message, else g, (Y™) = M,,.
o The corresponding decoded codeword C. (M) and Y™
are the inputs to the estimator? iLn Y X X" — Sn.
The estimator looks for an estimate in Cg, that is jointly
typical with QC;(M ), Y'™). If such an estimate exists, then
hn (Y™, CL(M)) = CE(L) is declared as the state estimate,
where L is chosen as the minimum value among all the
indices I for which (C! (M), Y™, C (1)) are jointly typical.
Otherwise, h, (Y",CL(M)) = C&(1).
1) Error Probability Analysis: Again, we determine the
error probability, averaged over all possible codebook pairs,
and consider message M = 1 to be sent over the channel.

5Considering Def. 1, the function hn(Y") 2 hu(Y™, fu(gn(Y™)))

defines the estimator.
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For each m, let us denote the event (X7, Y") ¢ T"(X,Y)
by &,. Given codeword X' is transmitted, a decoding error
occurs either when (X7',Y"™) ¢ T(X,Y), or when there
exists at least one 7 for which (X2 .Y™) € T*(X,Y).

According to the definition of joint typicality [5, Sec. 2.5],
P{&} — 0 as n — oo Also, P{U; &5 <
9—n[I(X;Y)—R¢—6(e)] for M,, = onRy [4].

Thus, the probability of decoding error, averaged over all
possible codebook pairs (Cf,CS),

Elea) < P{&:} +P{J, €5}, @)

which tends to 0 as n — oo and € — 0, given R; < I(X;Y).

2) Expected Distortion Calculation: As in the SDE scheme,
Sm — (X™ Y™) — 5™ forms a Markov chain for this scheme
as well. Thus, similar to (3),

Dy, = E[dn (8™, hn (Y™, fr(gn(Y™))]
= 3 (S a7 Falgn (I = o)

72 Ty Y iLn(anfn(gnYn)))‘Xn = Ty,

Let us denote the event & J(UJ,;, £5) by A. The expected
distortion, averaged over all possible codebook pairs,

E[D,] = [ POERIPS | > pieny-

mMeA  (Ctym)gAT Cg
-P{Cﬁ}pynm(y 27)dn (2, " B (" f (g (y
In [4], we show that (8) is bounded as follows

E[Dn] < dmax P{E1} + P{ _ €5

o2 T TO (1 OE(X,Y), 8)]. )

Following (7) and because diay < 00, if E[d((X,Y),9)] <
(1+8) then E[D,] < D as n — oo and ¢ — 0, provided
Ry < I(X;Y)and R, > I(X,Y:5).
3) Result: Given state pmf pg, channel pmf py|x g, distor-
tion metric d(S,5), and valid distortion constraint D; if we
choose px and P3ix,y such that joint pmf py oy ¢ € P1(D);
then for n sufficiently large and e sufficiently small, provided
R, < I(X;Y) and R, > I(X,Y};5),
o There exists a codebook pair (Cf,,CS) for which the
expected distortion D,, is upper bounded by D.

o Using the Markov inequality-based argument in III-A3,
it is highly likely that the probability of error for the
codebook C~fl is arbitrarily close to 0.

“N)- @)

We state the achievability result for the DBE scheme below.

Theorem 2. Given a state pmf pg, a channel conditional pmf
Py|x,s @ non-negative bounded distortion metric d(S, S ), and
a valid distortion constraint D, the highest transmission rate
achievable using the DBE scheme is

Ri(D) =max, __.epy(p)[(X;Y).

Remark 2. The minimum estimation rate necessary for trans-
mission rate R, to be achievable, using the DBE scheme, is

R(D) = min, _ cp,(p) [(X,Y;9).

Remark 3. The DBE scheme yields the same rates R; (D) and
R!(D) as the SDE scheme (Thm. 1 and Remark 1).

C. Estimation Before Decoding (EBD) Scheme

GV xS > {1, My}

N

Decoder —)Dcco ded
ye A A Message
Channel Eis

i Estimator—>»

State S?ate
Estimate

M X" (M
Encoder (M)

\ 4

Message
fui{le M} = Y

ho: " = 8"
Fig. 3. Estimation Before Decoding (EBD) Scheme

For this scheme, the joint pmf on (X™,S™ Y™, 5’") is
PXnPSn Py |Xn,SnPgn|yn- Here, we consider the state recon-
struction sequence 5™ to be conditionally independent of both
the state S™ and the input X", given the output Y.

Let us fix the pmfs px» =[], px and Pgnjyn = I, Pg)y-
The processes of codebook pair generation and encoding are
the same as before.

o Upon receiving Y™, the estimator h,, : Y" — 8™ looks
for an estimate in C: that is jointly typical with Y. If
such an estimate exists, then h,, (Y™) = CS(L) is declared
as the state estimate, where L is chosen as the minimum
value among all the indices [ for which (Y™ ,CS(1)) are
jointly typical, else hy,(Y") = CS(1).

o The state estimate CS(L) and Y™ are the inputs to the
decoder®, g, : V" x 8" — {1,---,M,}. The decoder
looks for a codeword in C!, which is jointly typical with
the pair (Y",CS(L)). If such a codeword exists and is
unique, then §,(Y™,CS(L)) = 7 is declared as the
decoded message. Otherwise, g, (Y™, CS(L)) = M,.

1) Expected Distortion Calculation: In contrast to the ear-
lier two schemes, in the DBE scheme, S™ — Y™ — S™ forms
a Markov chain. In [4], we show that

Z d 317 n }z)

=D 2 psnye(shy")
=D vy Z Z psiy (silya)d(si, [l (™))
=>_ b (y”)ﬁ >, i [haly™)i)
=3 e )y B y™) = Elda (Y B (V)]

where d(y, 8) = E[d(S,3)|Y = y] = 3, psjy (sly)d(s, 3).
Let us define dp . = maxy, s d(y, §). Since we consider
d(s, 3) to be bounded, the metric d(y, §) will also be bounded.
The expected distortion, averaged over all possible codebook
pairs, is bounded as follows [4],

E[Dy] < dinax(P{Y"™ ¢ T (Y)} +

+ (14 8)E[d(Y, S)). (10)

Since dmax < 00, if E[d(Y,5)] < 2, then E[D,] < D
as n — oo and € — 0, provided R, > I(Y; S).

_on[Re—I(Y:8)~bn (2)]

)

Considering Def. 1, gn(Y"™) £ Gn (Y™, hy(Y™)) defines the decoder.
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2) Error Probability Analysis: We are given the pmf pgn =
[I; ps of the state and the pmf pyn xn sn = [], Py|x,s of
the channel. From this, we can derive the conditional pmf
pyn|x» = ][, py)x of the channel between input X" and
the output Y. Since we consider 5™ to be conditionally
independent of X" given Y, if we further consider iid
pmfs px» = [[,px and Pgnjyn = Hip5'|Y’ the joint
pmf on (X”,Y”,S”) can be expressed as Pxnyn gn
DXnPyn|XnPgn|jyn = Hi DXPy|xPg|y-

Thus, X" - Y™ — S™ forms a Markov chain. Hence, we
know that 5™ — Y — X" also forms a Markov chain.

Again, we determine the error probability, averaged over
all possible codebook pairs (C!,C¢), and consider message
M = 1 to be sent over the channel. Given codeword
X7 is transmitted, a decoding error occurs when either
(X7, Y™, h,(Y™)) ¢ T2H(X,Y,S), or there exists at least one
m for which (X2, Y™ h,(Y™)) € T(X,Y, 5).

Lets define a set BB that consists of all possible pairs (C¢, y™)
such that (y", h,(y™)) € T2*(Y,S). Then, the probability of
decoding error, averaged over all possible codebook pairs, is

Bel=[ > + > P PG}

(C5ymEB  (Cqym)EB cy
pynixn (Y"2T)H{Gn (", ha (™)) # 1},

where 1{-} denotes an indicator function.

Now, for each (y",5") € Y" x 8™ and m € {1, - ';,Mn}n
let £, (y™, §") denote (X7, y™, hn(y™)) ¢ T7M(X,Y,S).

In [4], we show that (11) is bounded as follows,

Elg,] <P{Y" ha(Y™)) ¢ TZ(Y,5)}

+ Z P{Cs oy~ (y"™) [P{EL (Y™, ha (™))}

(Csym)EB
PP &5 b)),

tends to 0 as n — oo, given R, > I(Y;S), R, < I(X;Y).

3) Result: It can be easily verified that E[d(Y,S)] =
E[d(S,S)]. Let P2(D) denote the set of all joint pmfs

Px sv,§ = PXPSPY|x,SPg|y that satisfy the inequality

Ay _ ) . S <D,
Eld(S,9)] =D Pxsys(®sy8)dss) <D (13)
Given state pmf pg, channel pmf py|x g, distortion metric

d(s, S ), and valid distortion constraint D; if we choose px and
Pg|y such that joint pmf py ¢ o € P2(D); then for n suffi-

(1)

12)

ciently large and ¢ sufficiently small, provided R, > I(Y; g)
and R; < I(X;Y),
e There exists a codebook (ff; for which the expected
distortion D,, is upper bounded by D.
« Using the Markov inequality-based argument in III-A3, it
is highly likely that the probability of error for a codebook
pair (CY,C¢) is arbitrarily close to 0.

We state the achievability result for the EBD scheme below.

Theorem 3. Given a state pmf pg, a channel conditional pmf
Py|x,s, @ non-negative bounded distortion metric d(S, S), and

a valid distortion constraint D, the highest transmission rate
achievable using the EBD scheme is

Rj(D) = max, _ epym) [(X:Y),
Remark 4. The minimum estimation rate necessary for trans-
mission rate R, to be achievable, using the EBD scheme, is

R(D) = min, __ cpyp) [(Y;9),

Px,s,v,8

Remark 5. Separate decoding and estimation at the receiver
(Fig. 4) yields the same rates R; (D) and R*(D) as the EBD

scheme (Thm. 3 and Remark 4).
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Fig. 4. Separate Decoding and Estimation Scheme
IV. DISCUSSION AND CONCLUSION

Given a distortion constraint D that is valid for all three
schemes, we observe that the highest transmission rate achiev-
able for the EBD scheme is lower than the one for the other
two schemes. This is because, the set of joint pmfs that satisfy
the distortion constraint, P(D) (13), when compared to the
corresponding set for the other two schemes, P;1(D) (6), is
more restrictive.

Since conditioning reduces entropy [8, Thm. 2.6.5],
I(Y;8) = H(S) — HS|Y) < H(S) — H(S|X,Y) =
I(X,)Y; S ), however, this does not necessarily mean that the
minimum estimation rate required for the EBD scheme is lower
than that for the other two schemes. Again, the reason is P2 (D)
being more restrictive than Py (D).

Regardless of the scheme, the highest transmission rate
achievable, R} (D), is a non-decreasing function of the distor-
tion constraint D, while the minimum estimation rate required,
R(D), is a non-increasing function of D.

Both the optimal rates R; (D) and R:(D) can be attained
simultaneously only when the joint pmf that attains R} (D) is
the joint pmf that attains R (D). Due to this strict requirement,
when choosing a joint pmf for either of the three schemes, we
may have to compromise on one of the two rates. This can
be interpreted as a performance trade-off for an ISAC system
described by our model.

V. FUTURE DIRECTIONS

We want to explore the relationship between coded sensing
and the one-shot estimator used in [3] to see whether our
approach can achieve the same performance as in [3]. It would
also be interesting to study how coded sensing performs for
general state-dependent channels, where either the state, the
channel, or both, have memory.
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