PHYSICAL REVIEW LETTERS 135, 186505 (2025)
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The jellium model is a paradigmatic problem in condensed matter physics, exhibiting a phase transition
between metallic and Wigner crystal phases. However, its vanishing Berry curvature makes it ill suited for
studying recent experimental platforms that combine strong interactions with nontrivial quantum geometry.
These experiments inspired the anomalous Hall crystal (AHC)—a topological variant of the Wigner crystal.
The AHC spontaneously breaks continuous translation symmetry but has a nonzero Chern number. In this
Letter, we introduce A-jellium, a minimal extension of the two-dimensional jellium model. Its Berry
curvature distribution is controlled by a single parameter A, where 4 = 0 corresponds to the standard
jellium model. This setup facilitates the systematic exploration of Berry curvature’s impact on electron
crystallization. The phase diagram of this model, established using self-consistent Hartree Fock
calculations, reveals several interesting features: (i) The AHC phase occupies a large region of the phase
diagram. (ii) Two distinct Wigner crystal phases, the latter enabled by quantum geometry, and two distinct
Fermi liquid phases are present. (iii) A continuous phase transition separates the AHC and one of the
Wigner crystal phases. (iv) In some parts of the AHC phase, the lattice geometry is nontriangular, unlike in
the classical Wigner crystal. In addition to elucidating the physics of correlated electrons with nonzero
Berry curvature, we expect that the simplicity of the model makes it an excellent starting point for more

advanced numerical methods.
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In the classic problem considered by Wigner [1], electron
crystallization driven by strong Coulomb interactions was
examined within the jellium model, in which an electron
fluid embedded in a uniform neutralizing background
spontaneously breaks translation symmetry upon decreas-
ing the density. The two-dimensional incarnation of the
jellium model, the two-dimensional electron gas (2DEG),
has since been studied extensively using advanced numeri-
cal techniques [2-13], which revealed the importance of
beyond-mean-field effects for the energy competition of the
Wigner crystal (WC) phase with the Fermi liquid.

Recent experiments [14—18] in rhombohedral multilayer
graphene (RMG), where new phases including integer and
fractional quantum Hall phases emerge at low electronic
densities and zero magnetic field, have inspired an explo-
sion of theoretical interest in topological crystalline phases
of matter. We, along with our collaborators and another
simultaneous work, proposed [19,20] the possibility of an
interaction-driven Chern insulator that spontaneously
breaks continuous translation symmetry, which we dubbed
the anomalous Hall crystal (AHC).

The complexity of the microscopic RMG Hamiltonian,
consisting of ten orbitals and a morass of single-particle
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hopping parameters, makes it difficult to distill simple
physics, preventing a unified understanding despite inten-
sive efforts [21-29]. This has led to a flurry of interest in
simplified models for AHCs [30-32]. However, these
models either are phenomenological mean-field models
or contain a large number of spinor components, thus
precluding the possibility of beyond-mean-field numerics.
Indeed, determining the fate of the AHC in the presence of
beyond-mean-field quantum fluctuations is an urgent
challenge.

To understand the universal physics of topological band
minima, eventually including quantum fluctuations, one
should consider the simplest possible model. To this end,
we propose A-jellium. This two-band model endows the
quadratic dispersion of the jellium model with a nontrivial
skyrmionic texture in momentum space, which is respon-
sible for its nonzero Berry curvature. The model contains
two tuning parameters: r, and A. The familiar r; is the ratio
between the quadratic dispersion and Coulomb interaction
terms, whereas 1/ controls the extent of the skyrmionic
texture. In the A — 0 limit, the model reduces to the
standard two-dimensional jellium model, thus allowing
us to systematically understand the effect of Berry curva-
ture. Our model, given its simplicity, limited spinor
dimensions, and connection to the jellium model, can be
studied with beyond-mean-field techniques employed such
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as variational and diffusion Monte Carlo methods devel-
oped over many decades [3—12].

To pave the way for these advanced methods, we
perform extensive self-consistent Hartree-Fock (HF) cal-
culations of the phase diagram of the A-jellium model.
We find that the AHC phase occupies a significant region of
the phase diagram. In addition, we also find two distinct
Wigner crystal phases: a conventional Wigner crystal and a
“halo Wigner crystal” with distinct symmetry properties.
Two Fermi liquids, whose Fermi surfaces are circular and
annular, also appear in the phase diagram. We find that the
halo Wigner crystal and the annular Fermi liquid arise due
to the interplay between interactions and nontrivial quan-
tum geometry. We further find a quantum critical point
between the AHC phase and the halo Wigner crystal, which
is described by an emergent Dirac cone.

Finally, we find that, in some parts of the AHC phase,
spontaneous crystallization picks a nontriangular lattice
geometry. This subtlety in the choice of lattice geometry
already exists in the case of Wigner crystals, where the
large r, classical electrostatic limit selects the triangular
lattice. However, deep in the quantum regime, the preferred
lattice geometry is not a priori clear. For instance, with
spinful electrons at small interaction strengths, a square
antiferromagnet wins over the triangular lattice within
HF [13]. Similarly, in A-jellium we find that nontriangular
AHC states can be energetically preferred over triangular
AHC states. This echoes earlier works on RMG, which
found unit cells with multiple electrons [17,27] or non-
triangular unit cells [33] can be stabilized.

The A-jellium model—We now introduce the
Hamiltonian for A-jellium, a two-band generalization of
jellium with a skyrmionic texture in momentum space that
provides a tunable amount of Berry curvature.

Recall that the Hamiltonian for the (spinless) 2DEG is [4]

N
Fapeg = =5 VP + —Zvﬂ, (1)

s =3 T's i<j

where length is measured in units of the typical inter-
particle distance a (defined below) and energy has units of
Rydbergs Ry [34]. These are related to microscopic units
by 1, = (@/a).a = (1//#p). @y = [/ (me?)] and Ry =
[(me*)/(2h*)] [4]. Here, p is the number density of
electrons, a circle of radius a encloses one particle on
average, and r, is the dimensionless potential or kinetic
ratio. This choice sets the Fermi momentum to be 2/a,
which means kr = 2 in the unit system used in Eq. (1).

We now present a local two-band generalization of this
model whose lower band has identical dispersion and
interaction to Eq. (1) but includes a tunable amount of
Berry curvature concentrated at the band minimum. To
maintain locality, we use a kinetic energy that is a simple
polynomial in the derivative operators:
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where 0 = d, —id,, V* = 0%+ 07, and A is a large and
positive constant.

One can think of this as a Dirac equation with a
momentum-dependent mass (see Supplemental Material
[35]). The lower band of his exactly flat: ¢, = 0. Its wave

function is ¢(r) = (1/VA) [ d*qep,e” with spinor

1 1
b= V1428 [i(qx + iqy)]’ ®)

where ¢ = |g|. The upper band is separated by a gap with
minimum size A. Henceforth, we take A — oo and focus on
the lower band.

We now study interacting electrons in the nontrivial
lower band Eq. (3). To do so, we combine Egs. (1) and (2)
to form the full model, which we call A-jellium:

[ —2V2 mai]
i=1

i V2 2
1 __ s;h -l
4)

where I, is the identity in spinor space and the interaction is
spinor isotropic. We fix the number density to be p, using
the same parametrization as in the standard 2DEG. This
Hamiltonian is controlled by two dimensionless para-
meters: the familiar potential or kinetic ratio r; and a
new parameter A that controls the concentration of Berry
curvature in the lower band. We note that the single-particle
part of this model can be obtained as a particular parameter
choice of the two-band model discussed in Ref. [41]. The
same Hamiltonian, up to a choice of the diagonal term, was
written down in Refs. [31,42].

Single-particle properties—Let us set out the single-
particle properties of A-jellium. In addition to continuous
translation symmetry, the Hamiltonian has U(1) rotation
symmetry Ry (r) = diag[1, e?|¢p(R_,r), where the diago-
nal matrix acts in spinor space. Its single-particle energy is

= (g*/r?) in the lower band, matching the 2DEG. The
nontrivial spinor ¢, gives the lower band a skyrmionic
texture in momentum space, with a spin-up ‘“‘skyrmion
core” near ¢ = 0 and spin down at infinity. It wraps the
Bloch sphere exactly once as g varies, producing Berry
curvature Q(q) = 2[1/(*|q|> +1)]* [Fig. 1(b)] [43].
Within a disk of radius k, the enclosed Berry curvature
is a Lorentzian I(x) = 2z[(A%k*)/(1 + A>k?)], with which
takes half the maximal value at x = 1/4. As 4 grows, the
total Berry curvature is always 2z but becomes concen-
trated at ¢ = 0, reaching /(kj = 2) = rat A = 1. The Berry
curvature vanishes when 4 = 0, whereupon the lower band
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FIG. 1. (a) Quadratic dispersion and (b) Berry curvature of the
lower single-particle band of the topological electron gas model,
Eq. (4). (c) Mean-field phase diagram. The limit A = 0 is identical
to the spinless 2DEG. Two significant Fermi liquid (FL) regions
are present: one at low interaction strengths and one at large
interaction strength and Berry curvature concentration. Under
strong interactions, a WC appears that undergoes a first-order
transition to an AHC at A = % A putative second-order transition
back to a WC appears at larger 1. A significant region of AHC is
present, with the competition between triangular and square
AHCs shown by light pink [AHC(A)] when the triangular AHC
has lower energy than the square and dark pink [AHC((J)] when
the reverse is true. Within the AHC phase, a square unit cell is

preferred to a triangular unit cell in a region near A = 2/3.

of H reduces to the spinless 2DEG. A-jellium, therefore,
provides a minimal modification to the standard 2DEG
whose interaction strength and band topology can be tuned
continuously and independently. The unnormalized spinors

V1+ 247 , are holomorphic with respect to ¢, giving the
lower band of A-jellium “ideal quantum geometry” [44,45].

Mean-field phase diagram—We now study the phase
diagram of A-jellium, where we find a Berry-curvature-
induced anomalous Hall crystal competing with other
crystalline phases and liquids. We work at mean-field
level, employing self-consistent Hartree-Fock with three
possible translation patterns imposed: (I) continuous trans-
lation symmetry (CTS), (Il) a discrete translation symmetry
(DTS) with a triangular lattice with one electron per unit
cell, and (IIT) DTS with a square lattice with on electron per
unit cell. The calculation with CTS is performed in the
thermodynamic limit, while the DTS calculation is done on

(a) Inner Radius k7, (b)
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FIG. 2. Fermi liquid phases of A-jellium assuming continuous
translation symmetry. (a) Self-consistent inner radius kj, of the
Fermi surface. (b) The Fermi liquid develops a strong peak at
k = 0 at large 4, r, due to exchange (Fock) interactions, leading
to annular Fermi surfaces. Arrows show the pseudospin on the
Bloch sphere, ((6,), {(5.)) along the k, axis. A localized skyrmion
core is present at 1 = 3.

Ny x N unit cells, with N, going up to 36. See
Supplemental Material [35] for numerical details. The
resulting phase diagram is shown in Fig. 1(c). We now
embark on a tour of the phase diagram.

Circular and annular Fermi liquids—The phase diagram
[Fig. 1(c)] supports two regions with distinct Fermi
liquid ground states, whose energy competition is driven
by nonuniform quantum geometry. To understand the
competition between the Fermi liquids, we analyze the
phase diagram while imposing continuous translation
symmetry. The mean-field states are entirely characterized
by their momentum space occupations n(k) = <czck> with
unbounded momentum k. At small A, we find the textbook
circular Fermi liquid, with n(k) = 6(|k| — kr). At moderate
interaction strengths, A drives a transition to an annular
Fermi liquid. This phase has two concentric circular Fermi
surfaces, so that n(k) = 1 when k,, < |[k| < kj; and other-
wise vanishes. The competition between the circular and
annular Fermi liquids, which we call FL(C) and FL(A),
respectively, is shown in Fig. 2(a).

Interactions drive the formation of the annular Fermi
liquid via a mechanism that can be understood qualitatively
from the skyrmionic spinor texture. This arises from the
Hartree-Fock band structure [35]

k 2
EHF(k) = % -

1

1 D VA (k)Prlk+q).  (5)
q

where the sum runs over unrestricted momenta,

V,=2r/q, and A, (k) = ¢1Tc+q¢k is the form factor. A

nontrivial form factor |A| < 1 reduces the exchange energy

gain from the Fock term, which favors ferromagnetic spinor

configuration. How does this work with the skyrmionic
spinor texture Eq. (3)? For small A, the skyrmion core
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FIG. 3. Occupations of plane wave states in the lower band
for different Wigner crystals. (a) Normal Wigner crystal at
(rg,4) = (20,0). (b) Halo Wigner crystal at (r, A) = (20,2.5).
The k =0 region is depleted due to the Fock interactions
at large 4.

region where spins point up is large compared to kr. The
form factors are, therefore, close to unity, giving a large
negative exchange energy [Fig. 2(b)]. Conversely, large 1
spinors have a small skyrmion core compared to kg, with
most states inside the noninteracting Fermi surface pointing
down. Occupying the misaligned spinors near the core
incurs a significant energy penalty. This drives the state to
deplete the skyrmion core, resulting in an annular Fermi
surface [Fig. 2(a)]. The depletion of k=0 will be a
recurring feature throughout the phase diagram.

Halo Wigner crystals—Wigner crystal phases are char-
acterized by spontaneous breaking of continuous symmetry
that produces an insulator with zero Chern number.
The 2DEG is known to host triangular Wigner crystalline
states at large r; [46—48]. Mean-field calculations under-
estimate the value of critical r; between ferromagnetic FLL
and WC to be around 2 [13]. The A-jellium model phase
diagram, which is continuously connected to 2DEG in
the 4 — 0 limit, also hosts Wigner crystalline phases,
shown in Fig. 1(c).

At large ry and 4, there is a distinct Wigner crystal
phase—also with a triangular lattice—which we call a halo
Wigner crystal. A similar crystalline phase was recently
studied in Bernal bilayer graphene [36]. To see this, we plot
the momentum space occupation number n(k) = <c£ck)
for a normal Wigner crystal and a halo Wigner crystal in
Figs. 3(a) and 3(b). We see that n(k = 0) takes the maximal
value for the normal Wigner crystal, while n(k = 0) =0
for the halo Wigner crystal.

The vanishing of n(k =0) is, in fact, enforced by
how the crystal transforms under C; symmetry. Thus,
the orbitals occupied at the high-symmetry points must
be eigenstates of the C3 symmetry with a definite angular
momentum. Concretely, the C; angular momentum is

- WC _ wWC a haloWC _ ,i2z/3\halo WC
GYr™ =Yrr, Gy = Py . (6)

where W is the single-particle orbital at the I" point.
Since the angular momentum at I" does not depend on the
choice of Cj centers, the halo Wigner crystal and the
normal Wigner crystal are distinct crystalline insulators
with different symmetry properties [49]. This transition
can, in fact, be understood from a simple semiclassical
analysis [36], as we review in [35].

Anomalous Hall crystal—Because of the coexistence of
single-particle Berry curvature and a trend toward crystal-
lization at large interactions, we expect the AHC—a
crystalline phase that becomes a Chern insulator when
pinned—to appear [24,25,30-32]. At moderate r,, we
indeed observe an AHC phase. The phase boundary from
WC to AHC occurs around A = 1/2, where the Berry
curvature within the Fermi surface reaches z—consistent
with the prediction of Ref. [25]. At large r,, the interaction
mixes the single-particle bands strongly, and the AHC is
overtaken by the halo WC.

Ateven larger 4 = 2.5, the AHC undergoes a transition to
the annular Fermi liquid. Finite-size effects are particularly
acute in the large A regime due to the tiny skyrmion core in
momentum space.

Second-order topological phase transition—We now
examine the crystal-to-crystal phase transitions in A-jellium,
shown in Fig. 1(c). The transitions between AHC to WC
and WC to halo-WC are first order, as the charge
gap remains finite across the transitions. The transition
between halo WC and AHC, on the other hand, appears to
be continuous, as the charge gap closes at the transition
[Fig. 4(a)].

The origin of this continuous transition can be under-
stood from the Hartree-Fock band structure in Figs. 4(c)
and 4(d). There the bands are colored according to their
spinor polarization z,(k) = (y,|0.|w,,), where o, acts in
spinor space and |y,,) is the Bloch state at p for band
a=1, 2, counting from below. The spinor polariza-
tion flips at the transition, signaling change in angular
momentum. This is accompanied by a change in the sign of
Berry curvature around the I" point [Fig. 4(b)]. The vicinity
of I is, therefore, well described by a massive Dirac model
with mass inversion.

AHC lattice geometry—In the classical Wigner crystal
ry — oo, the triangular lattice is preferred over the square
lattice by about 0.5% [46]. A square lattice, however, can
be stabilized at small r, [13]. The preference for a triangular
lattice, therefore, depends on the specific details of the
Wigner crystal phase.

Does the AHC prefer a triangular lattice? To understand
this, we examine the energetic competition within the AHC
phase between the triangular lattice and the square lattice.
Our result, shown in Fig. 1(c), is that, while the triangular
lattice is preferred over the square in most of the AHC
phase diagram, the reverse is true near the phase boundary
between normal WC and AHC. The energetic competition
remains close, with the square lattice favored by <0.5% at
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FIG. 4. Continuous phase transition driven by r; at 1 =4/3.
(a) Direct charge gap near the phase boundary between AHC and
the halo WC. (b) The Berry curvature of an AHC (r, = 19.25)
and WC (r, = 19.5) near the transition. It is strongly peaked
around the I' point, saturating the color scale. (c), (d) Self-
consistent Hartree-Fock band structures before and after the
transitions. Coloring corresponds to z,(p), with red correspond-
ing to occupying the first component. Clearly, the r, tuned
transition corresponds to a band inversion transition.

most for 4 = 2/3. In contrast, the triangular lattice is more
stable at larger 4 and r,. We caution that another unit cell
shape may have yet-lower energy in this region; future
work will examine the full landscape of possible unit
cells [50].

Discussion—This Letter studied A-jellium, a minimal
extension of jellium with topological crystalline phases
including an anomalous Hall crystal. Its phase diagram
captures the key features of more complex microscopic
models [19-23,31] at mean-field level, suggesting univer-
sality in topological band minima.

A crucial next step is to move beyond mean-field
techniques. As mentioned above, the two-component
nature of our model together with the fact that only first
and second derivatives appear make it well suited for a
variety of many-body numerical techniques, including
variational Monte Carlo and neural network wave function
methods. A-jellium may, therefore, be a good model to
establish crystallization with a nontrivial Chern number at
the many-body level.
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