
International Journal of Multiphase Flow 193 (2025) 105355 

A
0

 

Contents lists available at ScienceDirect

International Journal of Multiphase Flow

journal homepage: www.elsevier.com/locate/ijmulflow  

Research paper

Characterization of the critical lift-off of a single flat-plate microchip particle 

in straight rectangular microchannel flows
Raymond Yeung a , Cynthia Sainz b , Jason Mandala c, Philip Brisk d , William H. Grover a , 
Victor G.J. Rodgers a ,∗

a Department of Bioengineering, University of California, Riverside, 92521, CA, USA
b Department of Evolution, Ecology, and Organismal Biology, University of California, Riverside, 92521, CA, USA
c Department of Electrical and Computer Engineering, University of California, Riverside, 92521, CA, USA
d Department of Computer Science and Engineering, University of California, Riverside, 92521, CA, USA

A R T I C L E  I N F O

Keywords:
Lift-off
Critical
Pickup
Microfluidic
Particle
Non-spherical

 A B S T R A C T

Hydrodynamic sorting of microchip particles in microchannels is essential in microfluidic systems used for 
applications requiring particle-based multiplexing. Understanding the forces acting on the particle, as well 
as the dependencies of the forces on channel and fluid flow parameters, allows for prediction of the flow 
conditions needed to initiate particle movement, or lift-off. This study presents the experimental characteri-
zation of the lift-off of a single, flat-plate, non-neutrally buoyant microchip particle initially sedimented near 
the inlet of straight, rectangular microfluidic channels of different channel sizes and solvents at moderate 
Archimedes number of 191 to 2820. The critical shear Reynolds number, corresponding to the minimum 
required for lift-off, was found to increase with larger Archimedes number and the relationship was found to 
exhibit particle-channel size dependency. The observed critical lift-off for the flat-plate particle was lower 
than that predicted using a previous generalized lift-off model based on modified particle Reynolds and 
Archimedes numbers which may be explained by entrance effects and fluid film lubrication pressure under the 
particle. Numerical evaluations of the hydrodynamic forces acting on the particle revealed that electrostatic 
forces are significant. A remodified Archimedes number, based on the channel width, particle diameter, and 
solvent relative permittivity, is introduced as a correction to the generalized lift-off model to account for 
hydrodynamics and electrostatics affecting the lift-off of a flat-plate particle. This model is in good agreement 
with the generalized particle lift-off model and allows for prediction of flat-plate particle lift-off in microfluidic 
channels for a moderate range of Archimedes numbers.
 

 
 
 

 

 
 

1. Introduction

Lift-off, the initiation of motion and suspension of sedimented solid 
particles through hydrodynamic interactions from the surrounding 
fluid, is a key process for the transport of non-neutrally buoyant 
particles flowing in microchannels. Microfluidics has emerged as a 
preferred method for particle manipulation due to the continued ad-
vancements in microchannel fabrication and understanding of particu-
late microchannel flow dynamics in microchannels. Among the particle 
manipulation techniques used in microfluidic systems, such as acoustic, 
electrophoretic, and magnetic methods, hydrodynamics is widely used 
on its own due to the advantage of offering passive lateral and axial 
positioning of particles simply from controlling the operating fluid flow 
and channel dimensions (Amini et al., 2014). The optimal design and 
operation of microfluidics used for hydrodynamic particle manipula-
tion and sorting depends upon the understanding of the channel and 
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fluid parameters affecting lift-off, and the prediction of the minimum 
operating flow conditions necessary for particle entrainment.

There has been increasing interest in incorporating silicon-based, 
non-neutrally buoyant microchip particles into microfluidic systems for
a variety of applications involving particle manipulation. Flat-plate, 
silicon microchips, which may be fabricated with ease and at scale
from patterning and dicing of silicon wafers, have emerged as key
particles to transport in microfluidic systems for screening (Hoffmann
et al., 2007a,b) and combinatorial synthesis (Vastl et al., 2017; Xiao 
et al., 2000). For applications requiring microparticle encoding for
multiplexed detections and reactions, microchips offer increased relia-
bility of patterning and significantly greater number of unique encoding
combinations over other microparticles (Li et al., 2010). Moreover, the
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surface of silicon microchips may be functionalized for tailored appli-
cations (Birtwell and Morgan, 2009; Li et al., 2010, 2015). Flat-plate, 
silicon microparticles used in microfluidics have included microbar-
codes that are optically encoded (Cunin et al., 2002; Eun Chung et al., 
2009; Hoffmann et al., 2006, 2007b; Jensen-McMullin et al., 2008) and 
also microtransponders that store codes in memory and transmit the 
codes using radio frequency (Mandecki et al., 2006).

However, there is a lack in understanding of the particulate flow be-
havior, including lift-off, of these non-spherical, non-neutrally buoyant
microparticles in microfluidic channels. Therefore, an investigation of 
the channel configurations and fluid parameters affecting lift-off of flat-
plate, non-neutrally buoyant microparticles in microchannels is needed 
to develop a model to predict the minimum operating flow conditions
for hydrodynamic-induced movement of this subset of particles in
different microfluidic particulate flow systems.

Initiation of particle movement through pneumatic conveying (PC)
and hydraulic conveying (HC) has been practiced for centuries and
significant work has been performed in the last several decades to
develop methodologies to predict the flow conditions necessary for lift-
off of single and multiple particles from a sedimented particulate layer.
Many terms are used in literature to refer to the threshold, or minimum,
fluid flow conditions for suspension of sedimented particles during
horizontal conveying: pickup (gas in pipes), wind (gas in large tunnels),
critical (liquid in pipes and channels), lift-off (liquid in Poiseuille flow),
and detachment (liquid in cylindrical microchannel; or air through 
a plug). For clarity, these terms for suspension differ from saltation.
Suspension involves particles that are initially sedimented whereas for
saltation, the particles are initially suspended.

Moreover, there are many different parameters used in empirical 
and theoretical models to describe the fluid flow for particle suspen-
sion. The threshold fluid velocity is typically expressed in terms of the 
average fluid velocity, ⟨𝑈⟩, or maximum fluid velocity, 𝑈max. However, 
the shear velocity, 𝑈∗ =

√

𝜏∕𝜌f, where 𝜏 is the shear stress at an
arbitrary fluid layer and 𝜌f is the fluid density, is also extensively
used in theoretical models since the threshold shear velocity represents
the fluid velocity profile around the particle and wall. Several dimen-
sionless numbers have been developed to derive models for different
conveying systems. The parameters affecting the vertical flow have
been described using the Froude number (Fr), the square root of the 
ratio of the inertial force and the particle weight, and the Archimedes 
number (Ar), the square of the ratio of the gravitational force and 
viscous force. While Fr is found to be valid for PC systems (Cabre-
jos and Klinzing, 1992, 1994), it has been found to be invalid for 
HC systems. The Archimedes number, which captures the effect of 
buoyancy, has been demonstrated to be more appropriate for analy-
sis of both PC (Kalman et al., 2005; Rabinovich and Kalman, 2007)
and HC (Rabinovich and Kalman, 2007, 2008, 2009a,b) systems. The 
parameters affecting the horizontal flow, which is dominated by the 
inertial force and opposing viscous force, have been described using
the Reynolds number (Re), particle Reynolds number (Rep), and shear
Reynolds number (Res), in relation to the channel, particle, and shear
flow, respectively (Patankar et al., 2001; Kalman, 2022).

Extensive experimental and analytical work have been performed
towards predicting the critical fluid flow conditions for suspension 
of particles in relatively large channels (25 to 150 mm in diameter) 
for horizontally-oriented HC processes. Kalman and Rabinovich gath-
ered experimental data from various studies to develop a generalized 
empirical model to predict the threshold Rep for particle suspension
as a function of Ar (Kalman et al., 2005; Rabinovich and Kalman, 
2007, 2008, 2009a,b). Critical suspension is dependent on many fac-
tors including the fluid density, number of particles (single or layer 
of particles), channel diameter or width, particle shape, and particle
friction coefficient. Rabinovich and Kalman (2009a) compiled experi-
mental data from studies on the incipient motion of a single particle 
in air (Halow, 1973; Cabrejos and Klinzing, 1992; Stevenson et al., 
2002; Hubert and Kalman, 2004; Rabinovich and Kalman, 2009a) and 
2 
water (Han and Hunt, 1995) in horizontal particulate flow systems.
They proposed a generalized power law relationship, which accounted
for the effect of the channel diameter and particle friction coefficient, 
to predict the critical Rep for lift-off of a single particle as a function 
of Ar. The collection of studies from the authors provide the most 
comprehensive set of particle lift-off analyses to date. However, since 
the particulate flow experiments used relatively large channels, with 
ratios of particle diameter to channel diameter ranging from 0.009 
to 0.049, the effect of the channel walls on the particle lift-off was 
not studied. Also, while Rabinovich and Kalman (2009a) conducted 
experiments using spherical and non-spherical particles to develop the
empirical generalized lift-off model, the particle shapes were not tightly 
controlled nor described. Electrostatic effects were also precluded from 
their studies.

Only a few studies have investigated the threshold flow conditions
for particle lift-off in microchannels. Direct numerical simulation of a 
single circular particle in planar Poiseuille flow through a rectangular
microchannel using an arbitrary Lagrangian-Eulerian (ALE) method 
indicated that the critical shear Reynolds number for particle lift-off
decreases as the ratio of the channel height and the particle rota-
tional diameter, 𝐻∕𝑑max, also referred to as the height domain size, 
increases (Patankar et al., 2001). The simulation data could be repre-
sented by power law equations for each 𝐻∕𝑑max. In a separate work, 
experimental studies of the lift-off of spherical particles in cylindrical 
microchannels showed that the detachment fluid velocity decreased as 
the ratio of the channel diameter and the particle rotational diameter,
𝐷∕𝑑max, increases (Shukla and Henthorn, 2009). Importantly, these 
previous works on lift-off in microchannels reveal that at the microflu-
idic level, where the particle-channel size ratio is relatively large, wall 
effects play a significant role in the critical lift-off. However, the studies 
consider only the 1-D channel geometry contribution to lift-off. Also, 
the studies ignore entrance and electrostatic effects. Moreover, the
studies do not extend their lift-off analysis to oblate or flat particles.

In this study, we experimentally investigated the hydrodynamic 
lift-off of a single sedimented flat-plate, non-neutrally buoyant mi-
crochip particle in straight, horizontally-aligned, rectangular cross-
section microchannels. Using different combinations of solvents (iso-
propyl alcohol, water, and methanol) and microchannels of different 
cross-sectional sizes, we examined the effects of the solvent properties 
and channel dimensions on the critical shear Reynolds number for 
lift-off. Through dimensional analysis and comparison of our data on 
critical lift-off of flat-plate particles to that of spherical particles from
previous studies, we re-examined the use of the channel-particle size
parameter, typically defined as 𝐻∕𝑑max, in expressing the dependency 
of the critical shear Reynolds number on the particle-channel size.
We proposed and demonstrated that both the ratio of the channel
area over the particle rotational diameter squared, 𝐻𝑊 ∕𝑑2max, also 
referred to as the area domain size, as well as the channel aspect ratio, 
𝐴𝑅 = 𝐻∕𝑊 , are needed for prediction of flat-plate particle lift-off in 
rectangular microchannels. While many previous lift-off studies place 
particles near the middle of the channel length to eliminate entrance 
and end effects in the analysis, practical particle sorting applications 
typically involve preloading particles towards a physical particle mesh
or trap integrated into the microfluidic system. Moreover, electrostatics
are often eliminated in experimental particulate flow characterizations. 
In consideration of pragmatic applications, we performed experimental
particle lift-off studies with the microchip particle beginning at rest 
near a physical particle trap upstream of each rectangular microchan-
nel. Towards assessing the effect of the trap and the positioning of 
the particle at the inlet on the observed particle lift-off, we performed
computational fluid dynamics (CFD) simulations of a stationary parti-
cle at various locations along the channel length, and evaluated the
hydrodynamic and electrostatic forces on the particle. In efforts to 
verify and improve empirical models for critical lift-off of particles in
microfluidic channels, we mapped our single flat-plate particle lift-off
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data to a previously developed generalized model for lift-off in horizon-
tal particulate flow systems. We introduced a remodified Archimedes 
number, which accounts for the lift-off dependency on the channel 
geometry, particle-channel size, and electrostatic adhesion, to develop 
an empirical model for accurate prediction of lift-off of a flat-plate
particle in a rectangular, microfluidic particulate flow systems.

2. Modeling approaches

2.1. Dimensionless numbers

For our analysis, we used the channel Reynolds number, particle
Reynolds, and shear Reynolds number to capture parameters affecting
horizontal fluid flow, and the Archimedes number to describe parame-
ers affecting the vertical fluid flow. The dimensionless numbers for the 
nalysis of lift-off in horizontal hydraulic conveying in microchannels 
nclude:

Re =
𝜌f⟨𝑈⟩𝐷H

𝜇
channel Reynolds number (1)

Rep,𝑑 =
(

𝑑
𝐷H

)2
Re particle Reynolds number (2)

Res,𝑑 =
𝜌f⟨ ̇𝛾w⟩𝑑2

𝜇
shear Reynolds number (3)

Ar𝑑 =
𝜌f(𝜌p − 𝜌f)𝑔𝑑3

𝜇2
Archimedes number (4)

where 𝜌f is the fluid density, ⟨𝑈⟩ is the average fluid velocity, 𝐷H is
the channel hydraulic diameter, 𝜇 is the fluid dynamic viscosity, 𝑑
is the characteristic particle diameter, ⟨𝛾̇w⟩ is the average shear rate
at the bottom channel wall, 𝜌p is the particle density, and 𝑔 is the 
standard acceleration of gravity. It is noted that the critical velocity, 
used in the evaluation of Eqs.  (1) and (3), is the superficial velocity, 
the flow velocity evaluated with only the fluid present. To compare
our experimental lift-off data to that of other studies that use different 
definitions to describe the size of the non-spherical particle, we con-
sidered both commonly used definitions of 𝑑: the particle rotational 
diameter, 𝑑max, and the equivalent volume spherical particle diameter, 
𝑑V. For our study of a square prism, flat-plate particle (consisting 
of a height of ℎ, and a square base with an edge width of 𝑤), the 
rotational diameter is defined as 𝑑max = 𝑤

√

2 and the equivalent 
volume spherical particle diameter is defined as 𝑑V = (6ℎ𝑤2∕𝜋)1∕3.
It is acknowledged that for a non-spherical particle, its shape and 
orientation affects the forces acting on the particle and the resulting
dynamics of the flowing particle. While orientation-dependent models 
have been developed to characterize particulate flow behaviors (Mandø
and Rosendahl, 2010; Gallily and Cohen, 1979), simplified models
based solely on particle descriptors, such as the characteristic particle
diameter, have been shown to be effective in predicting particle flow 
dynamics including inertial focusing (Hur et al., 2011) and incipient 
motion of particles (Rabinovich and Kalman, 2009b,a).

2.2. Models of single particle lift-off in horizontal flow systems

Patankar et al. (2001) performed 2-D direct numerical simulations 
of the lift-off of a single spherical particle in planar Poiseuille flow. 
They observed that the critical shear Reynolds number, Řes,𝑑max , for
lift-off at a given Archimedes number, Ar𝑑max , decreases as 𝐻∕𝑑max
increases; an asymptotic value for Řes,𝑑max  is reached above a certain 
𝐻∕𝑑max. An empirical relationship between Řes,𝑑max  and Ar𝑑max  at a 
specified 𝐻∕𝑑max may be described using a power law equation: 

Ar𝑑max = 𝑎
(

Řes,𝑑max
)𝑏

(5)

where 𝑎 and 𝑏 are fitted parameters for each 𝐻∕𝑑max.
In related work, Kalman and Rabinovich conducted particle lift-

off experiments, using a variety of both spherical and non-spherical 
3 
particles, and compiled experimental data from other works to generate 
a generalized curve for threshold suspension in different particulate 
flow systems (Kalman et al., 2005; Rabinovich and Kalman, 2007, 
2008, 2009a). From the hundreds of experiments collected, a power 
law relationship between the Řep,𝑑V  and Ar𝑑V  effectively described the 
data with over 90% of the experiments within ± 30% error: 
Řep,𝑑V
𝑟

= 𝑐(Ar𝑑V𝑘)
𝑚 (6)

where 𝑟 is a parameter adjusting Řep,𝑑V  to account for different channel
sizes used in the experiments, 𝑐 is an empirical parameter, 𝑘 is a
parameter adjusting Ar𝑑V  by an additional effect based on particle
properties (particle sphericity, 𝜙, or static friction coefficient, 𝜇sf ), and
𝑚 is an empirical power term. The parameters used in Eq.  (6) are 
dependent on various factors, including, but not limited to, the type of 
threshold process (suspension or saltation), number of particles (single 
particle or a layer of particles), medium of fluid (gas or liquid), defining 
the particulate flow conditions of the studied system.

For the remaining discussion, the dimensionless parameters pre-
sented will be those corresponding to that from an empirical expression 
for the critical lift-off of a single particle from a rectangular channel in 
liquid flow adapted from Rabinovich and Kalman (2009a). A modified 
critical particle Reynolds number, Ře∗p,𝑑V = Řep,𝑑V∕𝑟, is defined such
that for rectangular channels, each with a hydraulic diameter 𝐷H =
(2𝐻𝑊 ∕(𝐻 + 𝑊 )), the measured critical average velocities may be 
converted to that for a reference 50 mm diameter (𝐷50) cylindrical pipe
using an exponentially bounded function: 

Ře∗p,𝑑V =
Řep,𝑑V

(1.25 − 0.5 exp(−(𝐷H∕𝐷50)∕1.5))
(7)

It is noted that 𝐷H in Eq.  (7) has replaced 𝐷, defined as the diameter of 
a cylindrical pipe or as the channel width 𝑊  for experiments involving 
a square duct, from the original expression for incipient motion of a 
single particle in liquid channels formulated by Rabinovich and Kalman
(2009a).

To account for the effect of friction between the particle and channel
wall, Rabinovich and Kalman (2009a) proposed a modified Archimedes 
number, Ar∗𝑑V = Ar𝑑V𝑘, also defined as: 

r∗𝑑V = Ar𝑑V𝜇sf (8)

where 𝜇sf is the static particle–wall friction coefficient.
Based on experiments of individual large particles (𝑑 > 0.4 mm) in 

horizontal conveying systems, Rabinovich and Kalman (2009a) deter-
mined the following relationship for the critical lift-off of a single 
particle in a channel: 
Ře∗p,𝑑V = 2.7Ar∗𝑑V

3∕7 8000 < Ar∗𝑑V < 8.7 × 106 (9)

2.3. Forces acting on a single flat-plate particle

Fig.  1 shows the dominant forces acting on a single flat-plate 
particle initially sedimented on the bottom wall of a rectangular duct in
Poiseuille flow. The forces may be categorized into those acting parallel
(horizontal) to the wall and those acting perpendicular (vertical) to the 
wall. The summation of the dominant horizontal forces is given by: 
∑

𝐅𝑥 = 𝐅D − 𝐅F (10)

where 𝐅D is the drag force and 𝐅F is the friction force. The summation
of the dominant vertical forces is given by: 
∑

𝐅𝑦 = 𝐅L + 𝐅B − 𝐅G − 𝐅A (11)

here 𝐅L is the lift force, 𝐅B is the buoyancy force, 𝐅G is the gravity 
force, and 𝐅A is the adhesion force.

There are two potential modes of incipient motion for a non-
spherical, flat-plate particle from rest: sliding or lifting (Hubbe, 1984; 
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Fig. 1. Forces acting on a single flat-plate particle in Poiseuille flow through a 
rectangular duct. Encouraging forces to initiate particle motion and suspension include
lift, buoyancy, and drag while resisting forces include gravity, adhesion, and friction.
Accurate evaluations of drag and lift forces acting on the particle were made using 
omputational simulations with an elevated model that provides a clearance, 𝛿c, 
etween the particle and the wall boundary.

Rabinovich and Kalman, 2009b). The sliding mechanism occurs when 
the drag force overcomes the friction force. The lifting mechanism starts 
when the lift and buoyancy forces overcome the gravity and adhesion
forces. The mode responsible for the incipient motion is the one for 
which the encouraging forces (𝐅D, 𝐅L, 𝐅B) are greater than the resisting 
forces (𝐅F, 𝐅G, 𝐅A) at the lowest fluid velocity. The adhesion forces 
include van der Waals and electrostatic forces. The van der Waals forces 
have been shown to be negligible for larger particles (Cabrejos and
Klinzing, 1992).

2.4. Particle clearance with an elevated model

When employing numerical methods to evaluate the forces acting on
a particle near a wall, appropriate placement of the particle needs to 
be considered. For numerical simulations of the flow around a moving 
particle with a moving fluidic mesh, contact of the particle and wall 
may pose convergence issues due to the topology change (Patankar 
et al., 2001). Even for numerical studies of the flow around a stationary
particle, the particle–wall contact may lead to issues due to the sin-
gularity at the point of contact. Previous studies on lift of a spherical 
particle from a flat surface in shear flow highlighted problems in the
evaluation of lift due to the singularity leading to local inaccuracies
of the computed stresses (Krishnan and Leighton Jr., 1995). As shown
in Fig.  1, there are two general approaches for particle placement to
address the problems of particle–wall contact: an embedded model and 
an elevated model. Embedding the particle at different depths into 
the wall has previously been investigated in attempts to address the 
singularity issue for a contacting spherical particle (Martinez et al., 
2009). However, the embedded model may provide a negative eval-
uated lift force due to the removal of the bottom particle surface 
where the pressure component of the lift force acts in the upward 
direction (Palakurthi et al., 2017). Alternatively, another approach
involves providing a clearance distance, 𝛿c, between the particle and 
wall. The limiting case of a particle in contact with the wall may
be approached by progressively decreasing 𝛿c (Leighton and Acrivos, 
1985; Cherukat and Mclaughlin, 1994). However, small values for 𝛿c
requires sufficiently high discretization for accurate computation of
the flow field and stresses on the particle (Zeng et al., 2009; Lee and
Balachandar, 2017).

2.5. Analytical solution of the average wall shear rate for flow through a
finite rectangular channel

For characterization of the critical shear Reynolds number for hy-
drodynamic particle lift-off in rectangular microchannels, we evaluated
 

4 
the analytical solution of the average wall shear rate along the bottom 
surface of a channel, with channel height 𝐻 , channel width 𝑊 , and 
channel length 𝐿, in the absence of a particle. The fluid velocity profile 
along the 𝑥-direction, 𝑈𝑥(𝑦, 𝑧), has been previously derived for laminar
flow of an incompressible, Newtonian fluid through a finite rectangular
channel (Truskey et al., 2004): 

𝑈𝑥(𝑦, 𝑧) =
𝛥𝑝𝐻2

8𝜇𝐿

[(

1 −
4𝑦2

𝐻2

)

−
∞
∑

𝑛=0

32(−1)𝑛 cosh ((2𝑛 + 1)𝜋𝑧∕𝐻) cos ((2𝑛 + 1)𝜋𝑦∕𝐻)
(2𝑛 + 1)3𝜋3 cosh ((2𝑛 + 1)𝜋𝑊 ∕2𝐻)

] (12)

where 𝛥𝑝 is the pressure drop and 𝜇 is the fluid dynamic viscosity. The 
average wall shear rate along the bottom surface at 𝑦 = −𝐻∕2 may then
be calculated: 

⟨ ̇𝛾w⟩ =
𝜏𝑦𝑥
𝜇

= 1
𝑊 ∫

𝑊 ∕2

−𝑊 ∕2

(

𝜕𝑈𝑥
𝜕𝑦

|

|

|

|𝑦=−𝐻∕2

)

𝑑𝑧

=
𝛥𝑝𝐻
2𝜇𝐿

[

1 − 16
(𝐻
𝑊

)

∞
∑

𝑛=0

(−1)𝑛 tanh ((2𝑛 + 1)𝜋𝑊 ∕(2𝐻))
(2𝑛 + 1)3𝜋3

] (13)

where 𝜏𝑦𝑥 is the shear stress in the 𝑥-direction acting on the surface
with its outward normal vector in the 𝑦-direction. The average wall 
shear rate in Eq.  (13) is dependent on the pressure drop, 𝛥𝑝, but we 
can reexpress ⟨ ̇𝛾w⟩ as a function of the fluid flow rate, 𝑄. The fluid 
flow rate is given by: 

𝑄 = 4∫

𝑊 ∕2

0 ∫

𝐻∕2

0
𝑈𝑥(𝑦, 𝑧) 𝑑𝑦 𝑑𝑧 (14)

ollowing substitution, the average wall shear rate, which is used for 
evaluating the shear Reynolds number, may then be calculated using 
the following expression: 

⟨ ̇𝛾w⟩ =
(

6𝑄
𝐻2𝑊

)

[

1 − 6
(𝐻
𝑊

)

∞
∑

𝑛=0

tanh ((2𝑛 + 1)𝜋𝑊 ∕2𝐻)
(2𝑛 + 1)5𝜋5

]−1

[

1 − 16
(𝐻
𝑊

)

∞
∑

𝑛=0

(−1)𝑛 tanh ((2𝑛 + 1)𝜋𝑊 ∕2𝐻)
(2𝑛 + 1)3𝜋3

]
(15)

3. Experimental methods

3.1. Dimensional analysis

An aim of the current study is to determine the fluid and channel 
variables affecting the critical lift-off mechanism of flat-plate, non-
neutrally buoyant particles in horizontal channels with a rectangular 
cross-section: 
𝑓
(

𝑑, 𝜌p,𝐻,𝑊 ,𝐷H, 𝜇, 𝜌𝑓 , ⟨𝑈⟩, ⟨𝛾̇w⟩, 𝑔
)

= 0 (16)

where the functional relationship 𝑓 must be independent of a specific
system of units (Gibbings, 2011). Through nondimensionalization using 
the Buckingham 𝜋 theorem (Buckingham, 1914; Karam and Saad,
2021), the above expression may be restated as a relationship 𝐹 , in 
terms of dimensionless 𝜋 groups: 

𝐹

(

𝐻
𝑑
, 𝑊
𝑑
, 𝑑
𝐷H

,
𝜌p
𝜌f
,
𝜌p2 𝑔𝑑3

𝜇
,
𝜌f⟨𝑈⟩𝐷H

𝜇
,
𝜌f⟨ ̇𝛾w⟩𝑑2

𝜇

)

= 0 (17)

where the sixth 𝜋 group is the channel Reynolds number and the
seventh 𝜋 group is the shear Reynolds number. It can be observed that 
the third and sixth 𝜋 groups may be manipulated to provide the particle
Reynolds number. Also, through manipulation of the fourth and fifth 
𝜋 groups, the Archimedes number may be found. While dimensional 
analysis revealed the potential significance of the channel-particle size
parameters, 𝐻∕𝑑 and 𝑊 ∕𝑑, in affecting the particle lift-off, the two 
𝜋 groups may also be manipulated to account for the possibility of the
channel cross-sectional area, 𝐴 = 𝐻𝑊 , and the aspect ratio, 𝐻∕𝑊 , also 
being significant parameters. From application of dimensional analysis, 
the critical shear Reynolds number, Ře , necessary for lift-off of a 
s,𝑑
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Table 1
Physical properties of the flat-plate particle and fluids for particulate microchannel flow 
tudies at 25 ◦C.
 Material Density,

𝜌 (kg∕m3)
Dynamic 
viscosity, 𝜇
(Pa s)

Relative 
permittivity, 𝜖r
(–)

 

 Solid particle p-Chip 2329 – –  
 
Fluid phase

Isopropyl 
alcohol

785 2.07 × 10−3 19.92  

 Water 997 8.89 × 10−4 78.39  
 Methanol 792 5.40 × 10−4 32.70  

single flat-plate particle in horizontal, rectangular channels, may then 
be formulated to be dependent on the following parameters: 

Řes,𝑑 = 𝐹
(

𝐻
𝑑
, 𝑊
𝑑
, 𝐻𝑊
𝑑2

, 𝐻
𝑊
,𝐴𝑟𝑑 , 𝑅𝑒, 𝑅𝑒p,𝑑

)

(18)

3.2. Particle and fluids

A 600 µm × 600 µm × 100 µm p-Chip microtransponder (p-Chip 
Corporation, Chicago, IL, USA) was used as a representative flat-plate, 
non-neutrally buoyant microchip particle for the single particle lift-
off studies. The properties of p-Chips have been previously described 
by Gruda et al. (2010), Li et al. (2010), Lin et al. (2007), Mandecki et al. 
(2006) and Rich et al. (2012). The p-Chip is a non-uniform, composite
object fabricated using a planar semiconductor manufacturing process
from silicon wafers that have been deposited and patterned with layers 
of polysilicon and silicon dioxide, and diced into individual microchips.
Since the deposited layers are relatively thin compared to the thickness 
of the underlying silicon, we considered the p-Chip as a uniform 
particle with properties of silicon for our analysis.

One of the major surfaces of the p-Chip contains integrated circuits, 
microfeatures that may affect the friction along the surface. From
inclined plane tests, we determined that the difference between the 
particle–wall kinetic friction coefficients, 𝜇kf , with respect to the two
major particle surfaces was insignificant (Appendix  A). As a result, the 
non-uniformity of the surfaces of the p-Chip has a negligible effect 
on the observed flow conditions for particle lift-off. Based on previ-
ous studies of particulate flow in poly(methyl methacrylate) (PMMA) 
channels for non-spherical sand of the same size range as the p-Chip,
we assumed the value of 0.70 for the static friction coefficient, 𝜇sf , 
between the particle and wall (Rabinovich and Kalman, 2009a) for the 
calculation of the modified Archimedes number in Eq.  (8). Isopropyl
alcohol, deionized water, and methanol (Sigma-Aldrich, St. Louis, MO,
USA), each with different kinematic viscosities, were chosen as solvents
for the particulate flow studies. The physical properties of the particle 
and fluids are summarized in Table  1.

3.3. Channel fabrication and experimental setup

A 32 central composite face-centered (CCF) design with replicated 
center points was used to construct the design of experiments outlining
the configurations for the rectangular channel, with different channel 
heights (𝐻) and channel widths (𝑊 ) used for the particulate flow 
studies. Three levels were chosen for each of the two factors consid-
ered: channel aspect ratio, 𝐻∕𝑊 , and width domain size, 𝑊 ∕𝑑max. 
An additional experimental design point (𝐻 : 1.50 mm, 𝑊 : 1.00 mm)
was added to investigate the effect of the channel aspect ratio on the 
critical lift-off behavior. Table  2 presents all the channel configurations
used in the current experimental and computational lift-off studies.
The dimensions presented in the study are the dimensionally accurate
values ± 0.03 mm.

The design and features of the microfluidic manifold are illustrated 
in Fig.  2. Designs of the microchannels were created in the vector
graphics software, Adobe Illustrator 2023 (Adobe Inc., San Jose, CA).
 

5 
To fabricate the chip, we machined PMMA sheets using a desktop 
computer numerical control (CNC) mill (Bantam Tools Desktop PCB 
Milling Machine, Peekskill, NY, USA). The PMMA sheets were sealed 
to form rectangular microchannels using an ethanol-assisted thermal 
bonding process (Liga et al., 2016). Custom fluidic adapters with an 
integrated physical particle trap were designed using SOLIDWORKS 
2022 (Dassault Systèmes, Waltham, MA, USA) and 3-D printed using 
the Form 3B stereolithography printer with Formlabs Clear v04 resin
(Formlabs, Somerville, MA, USA). Fine features of the device were
fabricated at the resolution of 25 µm for both the CNC mill and 3-D 
printer.

A fluidic adapter was directly interfaced to both the inlet and
outlet of the PMMA microchannel to allow for horizontal fluid flow
delivery to the microfluidic device while keeping the microchip particle
contained within the manifold. Viton™ fluoroelastomer O-rings (The 
Chemours Company, Wilmington, DE, USA) were added in between 
conduit interfaces to achieve a fluidic seal. A horizontally-oriented 
fluidic adapter, with the inlet parallel to the channel length, was chosen 
over a perpendicular interconnection to eliminate corner vortices that
could indefinitely trap the particle. The design of the physical particle 
trap, which had a circular cross-section containing three equally-spaced
circular through holes (0.7 mm in diameter) in a radial pattern, allowed 
for sufficient resin clearance during component fabrication and also 
facilitated flow stabilization during the particulate flow experiments. 
The size and orientation of the circular cross-section of the particle trap 
were held constant for all tested channel configurations. The bottom
point of the circular surface of the trap was coincident with the bottom 
channel plane. The circular surface of the particle trap was lofted to the 
rectangular surface of the channel for each experimental configuration. 
The nominal channel length was 200 mm.

Fig.  3 shows the experimental assembly for the particulate flow ex-
periments to evaluate the critical flow rates for microchip particle lift-
off. Alignment of the microfluidic manifold was maintained using inte-
grated Maxwell kinematic couplings between the device adapters and 
the base mount (Slocum, 2010). Fluid was delivered to the microchan-
nel at set constant flow rates using a syringe pump (Model 44, Harvard 
Apparatus, Holliston, MA USA). The syringe pump, connected to a 
computer through an RS-232 interface, was controlled using a custom 
LabVIEW virtual instrument (VI) program (NI LabVIEW 2020, Austin, 
TX, USA). A top-mounted, USB 3.0, 1.3 MP, monochrome camera
(MQ013MG-ON, Ximea, Münster, Germany) with an attached lens con-
figuration (MVL6X12Z, MVL20 A, MVLCMC, MVL6X025L, MVL05 A; 
Thorlabs, Newton, NJ, USA) was used to capture video recordings (at 
1500 frames per second) of the particle motion along the 𝑥𝑧-plane 
coincident with the channel width and length. A 10K lux LED panel was 
mounted at the bottom of the transparent channel to provide uniform 
lighting and achieve fast image acquisition. The field of view of the
camera encompasses the transparent PMMA channel downstream of the
translucent particle trap inlet.

3.4. Particle lift-off experiments

A single p-Chip was loaded into the microfluidic manifold and 
encapsulated between the particle traps. A programmed sequence from
the LabVIEW VI was used to flow the single p-Chip, at a specified 
constant flow rate and at room temperature of 25 ◦C, in a forward–
backward cycle with a brief pause between each state transition to 
allow sufficient time for the flow system to stabilize and for the p-
Chip to settle near the inlet particle trap prior to collection of lift-off 
data. Videos of the flowing p-Chip, initially sedimented adjacent to
the inlet particle trap, were collected at various constant fluid flow
rates. For each experimental configuration with a particular solvent, 
channel design, and operating fluid flow rate, five experimental trials 
were performed to determine the critical volumetric flow rate nec-
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Fig. 2. Design of the straight rectangular microchannel device for experimental particulate flow studies of lift-off of a single flat-plate microchip particle sedimented at the inlet 
ear a physical particle trap containing three through holes. Experimental lift-off fluid flow rates were assessed for all combinations of fluid solvents, and channel configurations 
ith different channel areas and aspect ratios.
Table 2
Experimental configurations for the microchannels with rectangular cross-sections.
 Experimental characterization
 Configuration Channel dimensions (mm) Channel aspect ratio (–) Channel-particle domain size parameters (–)
 𝐻 𝑊 𝐻∕𝑊 𝑊 ∕𝑑max 𝐻∕𝑑max 𝐻𝑊 ∕𝑑2max  
 1 1.00 1.50 0.67 1.77 1.18 2.1  
 2 1.50 1.00 1.50 1.18 1.77 2.1  
 3 1.50 1.50 1.00 1.77 1.77 3.1  
 4 0.89 1.33 0.67 1.57 1.05 1.6  
 5 1.33 1.33 1.00 1.57 1.57 2.5  
 6 1.13 1.70 0.67 2.00 1.33 2.7  
 7 2.26 1.70 1.33 2.00 2.67 5.3  
 8 1.78 1.33 1.33 1.57 2.09 3.3  
 9 2.00 1.50 1.33 1.77 2.36 4.2  
 10 1.70 1.70 1.00 2.00 2.00 4.0  
 
 

  
essary for lift-off. The critical flow rate for particle lift-off at each 
experimental configuration was defined to be the flow rate (probed 
at 1 mL∕min steps) necessary for steady particle movement among
all five experimental trials. The experiments were performed for all
combinations of solvents (isopropyl alcohol, water, and methanol) and 
channel configurations defined in Table  2. The data was analyzed using
MATLAB 2023a (MathWorks, Natick, MA, USA).
6 
4. Computational methods

4.1. Numerical models of single particle microchannel flow

To gain insight into the hydrodynamic forces acting on the flat-
plate particle at the experimentally observed critical fluid flow rates
and to assess the effects of the particle trap on the hydrodynamic 
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Fig. 3. Experimental assembly for the characterization of microchip particle lift-off. (A) 
chematic of the assembly for characterizing the lift-off of a single flat-plate particle 
nitially sedimented near the inlet of a microfluidic channel. The minimum flow rate for 
ift-off of the particle was recorded for each of the experimental configurations with 
ifferent channel and solvent combinations. (B) Camera image of the experimental 
articulate flow setup. (C) Top-down camera image of an illuminated channel from a 
pecific configuration (𝐻 = 1.50 mm, 𝑊 = 1.00 mm). (D) Full frame from a recorded 
ideo (𝐻 = 1.50 mm, 𝑊 = 1.00 mm, 𝑄 = 7 mL/min) of the flowing microchip particle.

forces acting on the particle, we performed CFD simulations of the 
steady-state fluid flow around a single, stationary, sedimented, flat-
plate particle located near the bottom channel wall and at different
lengths along the axial channel centerline. A finite element method was 
implemented using the COMSOL Multiphysics® software with the CFD
Module (COMSOL, Inc., Burlington, MA, USA) to numerically solve the 
continuity and Navier–Stokes equations for a laminar flow model of 
an incompressible, Newtonian fluid of constant density. Since we are
investigating the forces leading to the incipient motion of a particle
initially at rest, a stationary solver was used to resolve the steady-
state flow. The simulations considered only the fluid domain; the solid 
particle was modeled as a void volume within the fluid domain. The 
fluid flow around a single particle sedimented on the bottom wall is
more appropriately expressed using an elevated model that accounts for 
stresses on the bottom surface of the particle (Palakurthi et al., 2017). 
Therefore, we specified a clearance distance of 𝛿c between the particle
and the channel wall.

4.2. Governing equations

The steady-state laminar flow of an incompressible, Newtonian 
luid with an external gravity force in the negative 𝑦-direction was 
odeled using the following forms of the Navier–Stokes and continuity 
quations, respectively:

𝜌f(𝐮 ⋅ ∇)𝐮 = ∇ ⋅ σ + 𝜌f𝐠 (19)

𝜌f∇ ⋅ 𝐮 = 0 (20)

where 𝜌f is the fluid density, 𝐮 is the fluid velocity vector, and 𝐠 is
the gravitational field. The total stress tensor, σ, is composed of the 
pressure component, −𝑝𝐈, and viscous stress tensor, τ: 

σ = −𝑝𝐈 + τ (21)

where 𝑝 is the pressure and 𝐈 is the identity matrix. The viscous stress 
tensor, τ, is given by: 

= 𝜇
(

∇𝐮 + (∇𝐮)T
)

(22)
f
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where 𝜇f is the dynamic viscosity of the fluid and T is the transpose. The 
orces acting on the particle are evaluated by integrating the total stress
contributions around the entire particle surface, 𝑆. The drag force,
which considers all the tangent, 𝑥-directional stresses, and the lift force, 
omposed of the normal, 𝑦-directional stresses, may then be evaluated 
y:

𝐅D = ∫𝑆
𝐧𝑥 ⋅ σ 𝑑𝑆 (23)

𝐅L = ∫𝑆
𝐧𝑦 ⋅ σ 𝑑𝑆 (24)

where 𝐧𝑥 and 𝐧𝑦 are the outward unit normal in the 𝑥-direction and 
𝑦-direction, respectively.

4.3. Computational domain, boundary conditions, and mesh

Since the experimental characterization of lift-off of a single flat-
plate particle was performed with the particle at rest near the inlet 
consisting of a lofted particle trap, the entrance effects on lift-off needed 
to be investigated. To evaluate the hydrodynamic forces acting on the
particle to initiate lift-off, we performed computational simulations 
using the fluidic domain of each configuration of the particle trap
adapter where the particle initially begins at rest. The distance from 
the particle trap cross-section to the outlet of the computational domain
was 33.18 mm. Since the channel exhibits symmetry about the 𝑥𝑦-plane, 
we performed CFD simulations on half of the full channel geometry. A 
constant flow rate corresponding to half of the experimentally observed 
critical flow rate needed for lift-off was applied as the inlet boundary 
condition. A constant atmospheric pressure boundary condition was set 
at the outlet. The no-slip boundary condition was applied for all the 
walls and particle surfaces. The reported values for the evaluated drag 
and lift forces correspond to that acting on a full (non-halved) particle. 
Free tetradehedral mesh elements were used for the fluidic domain and
hexahedral mesh elements with further mesh refinement are used for 
the boundary layers.

For some configurations, the entrance length 𝐿e = 0.058𝐷HRe
(Bergman, 2011) beyond which the flow is fully developed, was es-
timated to be greater than the length of the computational domain of 
the imported channel adapter. As a result, fully-developed models with 
a stationary particle situated in the middle of a 2 mm length channel 
were also performed to evaluate the hydrodynamic forces downstream.

A mesh independence study, based on the evaluated drag and lift 
forces at the experimentally observed critical flow rates, was performed
to determine the appropriate mesh settings and to ensure the numerical 
solutions for the hydrodynamic forces do not change significantly with 
further mesh refinement. The configurations for the mesh considered 
in the mesh independence study included minimum boundary element 
sizes ranging from 637 µm to 2.55 µm. The mesh independence study 
was conducted with the channel configuration with the smallest fea-
tures (𝐻 = 0.89 mm, 𝑊 = 1.33 mm) providing the highest flow 
gradients. Forces at the different axial positions of the particle (𝛥𝐿p
= 0.10, 0.90, 2.40, 3.01, 23.00 mm) were evaluated to ensure the 
computed results do not change with particle positioning, or length 
steps. Following selection of the appropriate mesh configuration, an
assessment of the effect of the clearance distance, 𝛿c, between the
bottom particle surface and the bottom channel wall on the evaluated 
hydrodynamic forces, was performed. The main parameters used in the
simulations are summarized in Table  3.

4.4. Parametric computational studies and particle positioning

Preparation of the computational particulate flow simulations in-
cluded several requirements: (1) construction of parametric geometries 
corresponding to the different microchannels investigated, (2) config-
urable placement of the particle at various distances from the bottom 
channel wall and from the channel inlet, and (3) precise positioning 
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Table 3
Parameters used for computational simulations of a single, stationary flat-plate particle 
n straight rectangular microchannel flows.
 Numerical simulation
 Parameter Definition Value(s)  
 𝛿c Clearance between bottom of 

particle and bottom channel wall 
(mm)

0.05  

 𝛥𝐿p Axial distance of particle from inlet 
(mm)

0.10, 0.90, 2.40, 3.01, 23.00 

 𝑒ng,max Global maximum element size (mm) 0.854  
 𝑒ng,min Global minimum element size (mm) 0.255  
 𝑒nb,max Boundary maximum element size 

(mm)
0.471  

 𝑒nb,min Boundary minimum element size 
(mm)

0.051  

 𝑒num Average number of elements 73 900 ± 600  

of the flat-plate particle in relation to the complex geometry of the 
particle trap containing curved, lofted walls. Therefore, we used SOLID-
WORKS to construct the designs of the channel configurations and
define configurable relations between the particle and channel features,
the LiveLink™ for SOLIDWORKS module (COMSOL, Inc., Burlington, 
MA, USA) to import the configurable parameters into COMSOL, and 
COMSOL to perform the parametric particulate flow simulations for all
channel and fluid flow configurations.

Computer-aided design of each microchannel was prepared as a
configuration within SOLIDWORKS. The orientation of the particle
was constrained such that the particle 𝑥𝑦-midplane, located between 
two minor surfaces of the flat-plate particle, remained coincident with 
the channel 𝑥𝑦-midplane situated between the side channel walls. For 
precise orientation of the flat-plate particle in relation to the inlet 
and the bottom channel wall, reference lines were mounted on the 
particle. The particle distance, 𝛥𝐿p, the axial distance between the 
particle and inlet, is defined by the length of an outward reference 
line that is perpendicular to the minor surface of the particle. The 
endpoints of this reference line are coincident to the centroid of the
minor particle surface and the channel inlet surface, respectively. The 
clearance distance, 𝛿c, the distance between the bottom, major particle
surface and the bottom channel wall, is defined as the length of the 
outward reference lines that are perpendicular to the major particle 
surface. These reference lines originate from the corners of the major
particle surface and the other endpoints of the lines are coincident
with the bottom channel wall. Fig.  4 shows the computational domain, 
boundary conditions, mesh, and particle positioning.

5. Results and discussion

5.1. Experimental flat-plate particle lift-off

Figs.  5 and 6 present the observed critical shear Reynolds number, 
Řes,𝑑max , as a function of the Archimedes number, Ar𝑑max , for all ten 
channel configurations and three solvents tested. The results for a flat-
plate particle with Ar𝑑max  ranging from 1700 to 25000 were compared
to that from a separate numerical study for a spherical particle with 
Ar𝑑max  ranging from 2 to 6363 (Patankar et al., 2001). It is noted that
the different Ar𝑑max  reported for the current particle lift-off studies for
a flat-plate particle reflect only the changes in the solvent properties 
since a single type of particle was considered in the study. As was
observed from previous findings for a spherical particle, it is observed 
that greater Řes,𝑑max  is required to lift the flat-plate particle at higher
Ar𝑑max .

At each Ar𝑑max  considered in the experimental particulate flow 
studies for a flat-plate particle, an increase in the height domain size,
𝐻∕𝑑max, resulted in a lower Řes,𝑑max  for lift-off. Patankar et al. (2001)
showed that the Ře  for a spherical particle at different Ar  may 
s,𝑑max 𝑑max

8 
Fig. 4. Computational domain, boundary conditions, mesh, and particle position for 
the numerical simulations to evaluate the hydrodynamic drag and lift forces acting on
a single flat-plate microchip particle initially sedimented near the microchannel inlet.
The channel configuration shown corresponds to that for 𝐻 = 1.00 mm, 𝑊 = 1.50 mm,
𝛿c = 0.05 mm, 𝛥𝐿p = 0.90 mm. (A) Computational fluid domain corresponding to a
halved model of the particle trap adapter containing a pseudo-particle modeled as 
a void volume. (B) Schematic of the positioning of the particle in the simulations 
with the following configurable parameters: the axial distance of the particle from the 
nlet, 𝛥𝐿p, and clearance distance between the bottom particle surface and the bottom 
hannel wall, 𝛿c.

be modeled using an empirical power law equation for each 𝐻∕𝑑max
considered. Fig.  5 shows the Řes,𝑑max  for a flat-plate particle at different 
Ar𝑑max  and 𝐻∕𝑑max are within the range of values from the extrapolated 
power law equations from Patankar et al. (2001). However, the values 
of 𝐻∕𝑑max for a flat-plate particle were significantly lower than that for 
a spherical particle for the relationship between Řes,𝑑max  and Ar𝑑max .

We also observed the experimentally characterized relationship be-
tween Řes,𝑑max  and Ar𝑑max  for the flat-plate particle deviated from 
the power law models formulated from numerical simulations for a
spherical particle (Patankar et al., 2001). Since the previous numerical 
simulations from Patankar et al. (2001) did not account for adhesion
forces, the deviations from the present study suggest that for this 
relatively large microchip particle, electrostatic adhesion forces may 
significantly affect the lift-off behavior.

In addition, the area domain size, 𝐻𝑊 ∕𝑑2max, which was determined
through dimensional analysis to be a potential channel-particle size
parameter affecting Řes,𝑑max , was shown to be a more appropriate 
parameter than 𝐻∕𝑑max (Patankar et al., 2001; Hur et al., 2011) to 
capture the effects of the channel-particle size in three-dimensions. The 
comparison of the lift-off for a flat-plate particle and a spherical parti-
cle revealed similarities in the lift-off behavior but also showed that 
characterization studies and models for lift-off of spherical particles 
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Fig. 5. Effect of the Archimedes number, Ar𝑑max , and channel-particle domain sizes, 𝐻∕𝑑max and 𝐻𝑊 ∕𝑑2max, on the critical shear Reynolds, Řes,𝑑max , for particle lift-off. The 
experimental data for lift-off of a flat-plate particle is compared to 2-D ALE numerical data for lift-off of a spherical particle (Patankar et al., 2001). The range of values for
𝐻∕𝑑max needed for lift-off of a flat-plate particle is significantly lower than that evaluated from planar numerical studies for a spherical particle, suggesting relationships for lift-off
of a spherical particle may not be directly applied to an aspherical, flat-plate particle without additional corrections. Both the height domain size, 𝐻∕𝑑max, and the area domain 
ize, 𝐻𝑊 ∕𝑑2max, affects Řes,𝑑max . However, 𝐻𝑊 ∕𝑑2max appropriately captures the 3-D contributions of the channel dimensions to the flow profile around the particle. While the
relationship between Ar𝑑max  and Řes,𝑑max  for a spherical particle was previously determined to follow an empirical power law model for each channel-particle domain size, it is
noted that the current flat-plate particle lift-off data deviates from the extrapolated linear relationships. The deviation suggests electrostatic effects, which are not considered in 
he previous ALE study, significantly affect lift-off.
 
 

 
 

 

 

 

 
 
 

 
 

 

cannot be used to accurately predict the lift-off of non-spherical, flat-
plate particles. It is noted that although the lift-off results are discussed 
with respect to 𝐻𝑊 ∕𝑑2max and 𝐻∕𝑑max, these results effectively reflect 
only the effect of the channel dimensions on lift-off since 𝑑max remains 
constant for the single type of flat-plate particle considered.

In Fig.  6, the experimental data for Řes,𝑑max  and Ar𝑑max  was cate-
gorized in terms of the channel aspect ratio, 𝐻∕𝑊 . We observed at
each investigated Ar𝑑max  that an increase in 𝐻𝑊 ∕𝑑2max resulted in a
decrease in Řes,𝑑max  for 𝐻∕𝑊 ≠ 1. For 𝐻∕𝑊 = 1, changes in 𝐻𝑊 ∕𝑑2max
did not significantly affect the observed Řes,𝑑max . The findings revealed 
that accurate prediction of Řes,𝑑max  at each Ar𝑑max  must consider both 
the area domain size, 𝐻𝑊 ∕𝑑2max, and the channel aspect ratio, 𝐻∕𝑊 .

5.2. Mesh independence results

The results of the mesh independence study are summarized in 
the Supplementary Material in Appendix  A. Comparison of the results 
from successive mesh designs with minimum boundary element sizes, 
𝑒nb,min, of 19 µm and 51 µm at different axial particle positions, or length 
step, yielded mean, relative percentage errors (± SE) of −2 ± 1% and 
−0.1 ± 0.5% for the evaluated lift and drag forces, respectively. The 
error in the evaluated hydrodynamic forces remained minimal for each 
length step. Therefore, the mesh configuration with 𝑒nb,min of 51 µm
was used for the simulations. For the assessment of an appropriate
clearance distance, evaluated hydrodynamic forces were compared for
simulation configurations with clearance distances, 𝛿c, of 0.01, 0.05, 
and 0.1 mm (Appendix  A). Changing 𝛿c from 0.1 to 0.05 mm resulted 
in mean percentage refinement (± SE) in the lift and drag forces of 
8±4% and −20.4±0.7%, respectively. While further refinement in both
the mesh and clearance distance was possible for some experimental
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channel and solvent configurations, certain cases yielded convergence 
issues related to the sliver faces and other small features. Therefore, 
the clearance distance 𝛿c = 0.05 mm was used for all the computational
simulations.

5.3. Simulation of hydrodynamic forces on particle

Fig.  7 shows the computational particulate flow domain and nu-
merically evaluated velocity profile around the stationary particle for 
one configuration (𝐻 = 1.00 mm, 𝑊 = 1.50 mm, 𝛿c = 0.05 mm,
𝛥𝐿p = 0.90 mm) from the steady-state CFD studies. Both embedded and 
elevated particle models were investigated in the numerical simulations 
for evaluating the hydrodynamic forces. However, consistent with pre-
vious studies on spherical particle detachment (Palakurthi et al., 2017), 
an embedded flat-plate particle model yielded unrealistic, negative
magnitudes for the evaluated lift forces. Evaluation of the forces on
each of the six particle surfaces revealed that the lift forces acting on
the particle are dominated by the pressure contributions to the top and 
bottom surfaces. As shown from the velocity profiles with streamlines 
around the particle, the current elevated particle model appropriately 
resolves the contributions of the forces on the bottom surface.

Fig.  8 presents the evaluated lift forces acting on the flat-plate 
particle from the fully-developed CFD studies with a stationary particle
positioned at various axial distances along the channel. The data is
categorized and presented in terms of the different configurations of 
the channel aspect ratio (𝐻∕𝑊 ) and the solvent. For all configurations 
investigated, the flat-plate particle experienced elevated lift forces at 
the region near the inlet particle trap. However, as the particle was po-
sitioned further downstream, the magnitudes of the lift forces decayed.
Interestingly, for all configurations of the computational studies, which 
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Fig. 6. Experimentally characterized lift-off of a flat-plate particle at different 
rchimedes number, Ar𝑑max , area domain sizes, 𝐻𝑊 ∕𝑑2max, and channel aspect ratios,

𝐻∕𝑊 . (A) The critical shear Reynolds number, Řes,𝑑max , as a function of 𝐻𝑊 ∕𝑑2max and
Ar𝑑max . At each Ar𝑑max , higher 𝐻𝑊 ∕𝑑2max generally reduced the Řes,𝑑max , but 𝐻𝑊 ∕𝑑2max
alone cannot accurately predict Řes,𝑑max . (B) Effect of 𝐻𝑊 ∕𝑑2max and Ar𝑑max  at different
𝐻∕𝑊 . At each considered Ar𝑑max , an increase in 𝐻𝑊 ∕𝑑2max resulted in a decrease in
Řes,𝑑max  for 𝐻∕𝑊 ≠ 1. For 𝐻∕𝑊 = 1, changes in 𝐻𝑊 ∕𝑑2max did not significantly affect
the observed Řes,𝑑max .

employ the experimentally observed critical flow rates for flat-plate 
particle lift-off as a constant inlet boundary condition, the lift forces 
converged to a singular value of (6.7±0.4)×10−7 N when the particle was 
positioned beyond the entrance length, 𝐿e. Previous studies on visual
observations of the incipient motion of spherical and non-spherical
particles in horizontal particle–fluid systems revealed that spherical 
particles begin their motion by rolling while non-spherical particles 
(larger than 0.4 mm in diameter) start their motion by sliding (Sharma
et al., 1992; Rabinovich and Kalman, 2009a). While the results are
insufficient for determining whether the incipient motion of the par-
ticle from rest begins with sliding or lifting, the findings reveal the 
particle remains suspended during saltation, or following initial particle 
suspension.

The drag forces acting on the flat-plate particle, positioned along
the channel length, were also evaluated and presented in Fig.  9. As was
observed for the lift forces, the drag forces acting on the particle were
elevated in the region near the inlet particle trap and decayed rapidly as
the particle was positioned further along the channel length. However,
evaluation of the drag forces with the particle positioned downstream 
of 𝐿e presented a range of values from 5.9×10−7 to 2.9×10−6 N among
all study configurations. The findings further indicate that following 
10 
Fig. 7. Numerically evaluated velocity profile with streamlines along the fluidic
adapter and around the stationary particle for one of the channel configurations
(𝐻 = 1.00 mm, 𝑊 = 1.50 mm, 𝛿c = 0.05 mm, 𝛥𝐿p = 0.90 mm). (A) 3-D fluid velocity
profile through the fluidic domain of the fluidic adapter. (B) 𝑥𝑦-view of the fluid
velocity profile with streamlines around the particle. The steady-state CFD study with
the elevated particle appropriately considered the contributions of the stresses on the
bottom surface of the particle to the total hydrodynamic forces acting on the particle.

Fig. 8. Evaluated lift forces acting on the flat-plate particle from steady-state computa-
ional models with a stationary particle at various axial distances along the channel. The 
evaluated forces are shown for different configurations of channel aspect ratios (𝐻∕𝑊 )
and solvent. The particle experienced elevated lift forces along the entrance of the inlet 
article trap. However, the magnitudes of the lift forces evaluated with the particle 
ownstream for all experimental configurations showed a strong convergence towards 
a singular value of (6.7 ± 0.4) × 10−8 N indicating the particle remained suspended after
lift-off.

initial suspension, the transported particle remains suspended rather 
than sliding along the channel.
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Fig. 9. Evaluated drag forces acting on the flat-plate particle from steady-state
computational models with a stationary particle at various axial distances along the
channel. The evaluated forces are shown for different configurations of channel aspect 
atios (𝐻∕𝑊 ) and solvent. The flat-plate particle generally experiences elevated drag 
orces along the entrance of the inlet particle trap. The magnitudes of the drag forces
evaluated with the particle downstream for all experimental configurations do not all 
onverge to a single value suggesting the particle does not slide along the bottom
channel after lift-off.

Although the CFD studies numerically resolved only the hydro-
dynamic forces on the particle, the electrostatic adhesion force was
determined using the balance of the vertical forces, which include 
gravity, electrostatic, buoyant, and lift, acting on the particle positioned 
beyond 𝐿e. The electrostatic adhesion force was determined to be 
1.2 × 10−7 N, 2.0 × 10−7 N, and 1.3 × 10−7 N in isopropyl alcohol, 
water, and methanol, respectively. The electrostatic adhesion force was 
determined to be significant as it accounted for approximately 13 to
21% of the total downward vertical force. Since electrostatics played a
significant factor in affecting the observed particle lift-off, it must be 
considered in both analysis of the lift-off data and development of a 
predictive model for lift-off.

5.4. Comparison of flat-plate lift-off data to generalized model

Fig.  10 maps the current data on flat-plate particle lift-off to a gen-
eralized model for lift-off (Rabinovich and Kalman, 2009a) of various 
particulate flow systems based on a power law relationship between 
the modified critical particle Reynolds number, Ře∗p,𝑑V  (Eq.  (7)), and 
the modified Archimedes number, Ar∗𝑑V  (Eq.  (8)). Although the flat-
plate particle lift-off data was generally comparable to that predicted 
using the generalized model, notable deviations may be observed. First, 
every range of values of the observed Ře∗p,𝑑V  for a single flat-particle 
was significantly lower than the predicted Ře∗p,𝑑V  from the generalized
model at each Ar∗𝑑V  investigated. The reduction in the observed Ře

∗
p,𝑑V

compared to that predicted using the generalized model may be at-
tributed to the enhanced lift and drag forces acting on the flat-plate 
particle at the entrance of the current particulate flow system. Second,
our results revealed the significant contribution of the channel-particle 
size to the particle lift-off. Specifically, the adjustment of 𝐻𝑊 ∕𝑑2V from 
1.6 to 5.3 resulted in changes in Ře∗p,𝑑V  by a factor of approximately 
2 to 3. The large spread in Ře∗p,𝑑V  at various 𝐻𝑊 ∕𝑑2V indicated wall-
effects have a tremendous effect on particle lift-off behavior, even
 

11 
Fig. 10. Experimental data for single flat-plate particle lift-off mapped onto a general-
ized curve (Rabinovich and Kalman, 2009a) for predicting particle lift-off in different
particle-fluid systems. The particulate flow conditions needed for lift-off is presented as
the modified critical particle Reynolds number, Ře∗p,𝑑V , which provided normalization
for different channel hydraulic diameters, as a function of the modified Archimedes 
number, Ar∗𝑑V , which accounted for the effect of friction between the particle and
channel wall. Deviation of the data for a single flat-plate particle from the generalized 
lift-off model was attributed to the effects of the electrostatic forces, particle trap inlet, 
nd channel-particle domain size on the particle lift-off.

more notably for microchannel particulate flow systems such as the
one used in the present study, in which the ratio of the particle 
diameter to channel diameter, 𝑑V∕𝐷H, ranges from 0.2 to 0.4 compared 
to 8 × 10−3 to 2 × 10−4 for relatively large particulate flow systems 
considered by Rabinovich and Kalman (2009a). Third, the observed 
Ře∗p,𝑑V  as a function of Ar

∗
𝑑V

 at each 𝐻𝑊 ∕𝑑2V deviated from the linear 
power law relationship of the generalized model. While Rabinovich and 
Kalman (2009a) used antistatic spray on the active channel surfaces to 
preclude electrostatic effects, the current experimental work considered 
electrostatic effects and revealed electrostatic adhesion forces to be 
significant. The magnitude of electrostatic forces on particles have been
shown to be sensitive to the relative permittivity, 𝜖r , of the solvent in
which the particles are immersed in, with lower 𝜖r resulting in stronger 
electrostatic coupling (Stojimirović et al., 2020). The magnitudes of the
differing electrostatic adhesion forces acting on the particle resolved in 
Section 5.3 are reflective of the different 𝜖r of the solvents (Table  1)
and extent of electrostatic shielding. As a result, 𝜖r of the solvent must 
also be accounted for in particulate lift-off studies in which electrostatic 
effects are significant.

5.5. Hydrodynamic forces on a flat-plate and spherical particle

From Figs.  5 and 10, the results from the single flat-plate particle
flow experiments show that the observed shear Reynolds number and 
the modified particle Reynolds number, at each considered channel 
geometry, were lower than that predicted from models for spherical 
particles in previous works by Patankar et al. (2001) and Rabinovich 
and Kalman (2009a). Our experiments involve positioning the flat-plate 
particle in an entrance region with a constant circular cross-section, 
with three throughholes for fluidic inlets, lofted to the rectangular 
cross-section of varying channel dimensions. Conversely, Patankar et al.
(2001) and Rabinovich and Kalman (2009a) position their particle 
away from the entrance. In our experiments, the flat-plate particle is
positioned near one of the three throughholes, so it is expected that 
the particle experiences forces from the local fluid jet through the 
throughhole. Considering fluid flow continuity and an average fluid
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Fig. 11. Experimental data for single flat-particle lift-off mapped onto a corrected generalized curve, adapted from a generalized particle lift-off model from Rabinovich and Kalman
(2009a), using a remodified Archimedes number, Ar∗∗𝑑V , to account for the effects of the channel-particle domain size, relative permittivity of the solvent, and the particle trap 
nlet on the particle lift-off. Empirical parameters, 𝛼, 𝛽, 𝜃, and 𝜓 , for the current particulate flow system were evaluated from a nonlinear regression model. The corrected single 
lat-plate particle data using Ar∗∗𝑑V  is in good agreement with the generalized curve for prediction of particle lift-off in terms of the modified critical particle Reynolds number, 
̌e∗p,𝑑V .
 

 

 
 
 
 
 

 

 
 
 
 

 

 

 

 

velocity through the upstream main cylindrical channel, ⟨𝑈main⟩, the 
average fluid velocity through one of the holes may be approximated 
as ⟨𝑈hole⟩ = 2.1⟨𝑈main⟩. Comparatively, the average fluid velocity 
through the considered rectangular channels ranges from 0.8⟨𝑈main⟩
to 2.0⟨𝑈main⟩. So, it is expected that the observed particle Reynolds
number deviates from that predicted using the other models.

While the particle trap provides an enhancement in the lift and drag
force, shown in Figs.  8 and 9, that may result in a lower observed 
particle Reynolds numbers needed for lift-off compared to predicted
values, the deviation in the critical particle Reynolds numbers, as well
as the observed particle-channel size dependency for lift-off, may also
be explained by the arising hydrodynamic forces depending on the
particle shape. At moderate particle Reynolds numbers (1 ≤ Rep ≤ 100),
the drag force on a spherical particle scales approximately to 𝐹D,sphere ∼
1∕2 𝜌 𝑢̄2p 𝜋 (𝑑∕2)

2 𝐶D,sphere where 𝑢̄p = 𝑈 − 𝑢p is the particle velocity 
relative to the local, superficial fluid velocity and where the drag 
force coefficient, 𝐶D,sphere, may be approximated using the Schiller–
Naumann correlation (Schiller and Naumann, 1933). Similarly, the 
drag force on a flat-plate particle scales approximately to 𝐹D,plate ∼
1∕2 𝜌 𝑢̄2p𝑤

2 𝐶D,plate where the drag coefficient, 𝐶D,plate, increases with
larger angle of incidence and may be determined using direct nu-
merical simulations (Zastawny et al., 2012; Sanjeevi et al., 2018). In 
our experiments, the angles of incidence for the flat-plate particle, 
initially positioned on top of the lofted region of the channel, varies de-
pending on the channel configuration. Therefore, the particle-channel 
dimensions changes the resulting drag force acting on the flat-plate
particle. For a spherical particle at moderate Rep, the total lift force,
composed of the shear-gradient and wall-induced lift contributions,
scales as 𝐹L,sphere ∼ 1∕2 𝜌 𝑢̄2p 𝜋 (𝑑∕2)

2 𝐶L,sphere where the lift coefficient
for a spherical particle is on the order of 𝐶L,sphere ≈ (10−1) (Cherukat 
and Mclaughlin, 1994; Bearman and Zdravkovich, 1978). For a flat-
plate particle at moderate Rep where the channel height is significantly 
greater than the lubrication gap (𝐻 ≫ 𝛿), the total lift force acting
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on a flat-plate particle scales as 𝐹L,plate ∼ 1∕2 𝜌 𝑢̄2p𝑤
2 𝐶L,plate, the lift 

force coefficient for a flat-plate particle is approximately 𝐶L,plate ≈
6∕(Rep (𝛿∕𝑤)2) (Hamrock et al., 2004). For small gap sizes, the lift force
coefficient on a flat-plate particle may grow to 𝐶L,plate ≈ (101 − 102). 
For a flat-plate particle sedimented flush with the bottom channel, 
this enhancement in lift requires the gap to first develop as a result 
of surface roughness or pressure lift on the corner chamfer of the 
particle. In our experiments, since the flat-plate particle sits in a lofted
region near the particle trap, an immediate gap is present under the 
flat-plate particle that provides high pressure over the bottom particle
surface and an enhancement in lift. A spherical particle, with its curved 
geometry and lack of a uniform lubrication pocket, would not benefit 
from this lift enhancement.

5.6. Correction to generalized lift-off model

A revision to the generalized lift-off model, with additional consid-
erations of the effect of electrostatic, channel-particle size, and intrinsic 
properties of the particulate flow system, may be performed to predict 
the lift-off of a flat-plate particle in rectangular microchannel flows. 
As an initial model for prediction of lift-off of a flat-plate particle in 
rectangular microfluidic channels, a relationship between the critical
particle Reynolds number and Archimedes number, similar to that 
from Rabinovich and Kalman (2009a), is proposed: 

Ře∗p,𝑑V = 2.7Ar∗∗𝑑V
3∕7 (25)

However, a remodified Archimedes number, Ar∗∗𝑑V , is introduced to ac-
count for the effects of Ar∗𝑑V , 𝐻∕𝑊 , 𝑑V∕𝑊 , and 𝜖r with their respective 
empirical parameters, 𝛽, 𝜉, 𝜃, 𝜓 , and an additional 𝛼 empirical modifier 
(Eq.  (26)): 

Ar∗∗ = 𝛼
(

Ar∗
)𝛽

(𝐻∕𝑊 )𝜉
(

𝑑 ∕𝑊
)𝜃 (𝜖

)𝜓 (26)
𝑑V 𝑑V V r
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Nonlinear regression of the parameters was performed using a
Levenberg–Marquardt least squares method (Levenberg, 1944; Mar-
quardt, 1963). Although the effect of 𝐻 , more specifically 𝐻𝑊 ∕𝑑2max
and 𝐻∕𝑊 , on lift-off was shown to be locally significant at each 
investigated Archimedes number, the results of the nonlinear regression 
yielded 𝜉 ≈ 1, indicating that 𝐻∕𝑊  was not necessary for prediction of 
Ře∗p,𝑑V  over a large range of Ar

∗∗
𝑑V
. Thus, a simplified correction to the 

Archimedes number is proposed (Eq.  (27)): 

r∗∗𝑑V = 𝛼
(

Ar∗𝑑V

)𝛽
(

𝑑V∕𝑊
)𝜃 (𝜖r

)𝜓 (27)

Fig.  11 shows the comparison of the current lift-off data for a flat-
plate particle to the corrected generalized lift-off model based on the 
relationship between the modified critical particle Reynolds number,
Ře∗p,𝑑V , and the remodified Archimedes number, Ar

∗∗
𝑑V
. The lift-off data 

fits well with the revised lift-off model for a flat-plate particle with a 
root mean square error of 2.2 and largely remains within ± 30% of the 
model function. Despite the complexities of the particulate flow system
due to the entrance and electrostatic effects, the revised lift-off model 
provides a simple model to predict the lift-off of the flat-plate particle.

The corrected generalized lift-off model proposed (Eq.  (25)) offers 
a simple correction to the Archimedes number (Eq.  (27)) to predict 
the critical particle Reynolds number necessary for lift-off of a single 
flat-plate particle in straight rectangular microchannels. The empirical
modifiers for Ar∗𝑑V , 𝑑V∕𝑊 , and 𝜖r , which may be easily evaluated using 
nonlinear regression, accounts for the entrance, channel geometry, and 
electrostatic effects of the particular particulate flow system of interest.

While our analysis examines the effects of 𝐻𝑊 ∕𝑑2, 𝐻∕𝑑, and 𝑊 ∕𝑑
on the critical lift-off, it is acknowledged that since the particulate flow
experiments consisted of only a single type of particle, our findings 
reflect only the effect of the channel dimensions on lift-off. Further 
studies with different particle sizes and channel dimensions, as well
as a larger range of particle-channel size ratios, would be needed for
validation of the model. Also, for pragmatic applications, our par-
ticulate flow experiments were performed with the flat-plate particle
initially positioned in a specialized entrance region with a particle 
trap. Additional studies may be performed with the particle positioned 
away from the entrance region. In addition, our work considers only 
three solvents and for the particular microchip particle used, a range 
of Archimedes numbers, Ar𝑑V , from 191 to 2820. The range of Ar𝑑V  cov-
ered in our work provides a good basis for generalizable predictability
of the critical lift-off of a flat-plate particle since it encompasses 50% of 
42 common solvents, ranging in kinematic viscosity from 3.3 × 10−7 to 
3.7×10−6 m2∕s, used for organic synthesis and high-performance liquid
chromatography (Przybytek, 1980). Further validation studies with 
additional solvents are needed to ensure the model may be extended
to a larger range of particulate flow configurations.

6. Conclusions

The critical lift-off of a single flat-plate microchip particle in
straight, horizontal, rectangular microchannels was investigated using 
both experimental characterization and numerical simulation studies. 
The channel-particle domain size, 𝐻𝑊 ∕𝑑2, and the channel aspect 
ratio, 𝐻∕𝑊 , were determined to affect lift-off, as lower Řes,𝑑max  was
observed for higher 𝐻𝑊 ∕𝑑2 at each Ar𝑑max  considered. From numerical 
particulate flow simulations, electrostatic adhesion forces acting on the
particle were determined to be significant. Based on the experimental
particulate flow studies, the critical particle Reynolds number as a 
function of a corrected Archimedes number, which accounted for the 
channel width, particle diameter, solvent relative permittivity, and 
intrinsic properties of the particulate flow system, was found to provide 
an excellent empirical correlation to predict the lift-off of a single flat-
plate particle. The developed empirical model for lift-off of a single
microchip provides an accurate, first model for predicting the lift-
off of a flat-plate particle under different microchannel and solvent
configurations while accounting for entrance, wall, and electrostatic ef-
fects. The work provides a connection and knowledge transfer between 
the fields of pneumatic/hydraulic conveying and microfluidics towards 
furthering the understanding of particulate flow dynamics.
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Nomenclature

Symbols

𝑎 Empirical parameter, Eq.  (5)
𝐴 Channel cross-sectional area = 𝐻𝑊  (m2)
𝐴𝑅 Channel aspect ratio = 𝐻∕𝑊  (m)
Ar𝑑 Archimedes number based on the character-

istic particle diameter = 𝜌f(𝜌p − 𝜌f)𝑔𝑑3∕𝜇2

(–)
Ar𝑑max Archimedes number based on particle ro-

tational diameter = 𝜌f(𝜌p − 𝜌f)𝑔𝑑3max∕𝜇
2

(–)
Ar𝑑V Archimedes number based on equivalent 

volume spherical particle diameter = 𝜌f(𝜌p−
𝜌f)𝑔𝑑3V∕𝜇

2 (–)
Ar∗𝑑V Modified Archimedes number based on 

equivalent volume spherical particle diam-
eter = Ar𝑑V𝜇s (–)

𝑏 Empirical parameter, Eq.  (5)
𝑐 Empirical parameter, Eq.  (6)
𝐶D Drag force coefficient (–)
𝐶L Lift force coefficient (–)
𝑑 Characteristic particle diameter (m)
𝐷 Channel diameter (m)
𝐷50 Reference 50 mm channel diameter (m)
𝐷H Channel hydraulic diameter (m)
𝑑max Particle rotational diameter (m)
𝑑V Equivalent volume spherical particle diam-

eter (m)
𝑒nb,max Boundary maximum element size (m)
𝑒nb,min Boundary minimum element size (m)
𝑒ng,max Global maximum element size (m)
𝑒ng,min Global minimum element size (m)
𝐅A Adhesion force (N)
𝐅B Buoyant force = 𝜌f𝑉f𝑔 (N)
𝐅D Drag force (N)
𝐅F Friction force (N)
𝐅G Gravity force = −𝜌p𝑉p𝑔 (N)
𝐅L Lift force (N)
Fr𝑑 Froude number based on characteristic 

particle diameter = ⟨𝑈⟩∕
√

𝑔𝑑 (–)
𝑔 Standard acceleration of gravity (m∕s2)
𝐠 Gravitational field (m∕s2)
ℎ Particle height (m)
𝐻 Channel height (m)
𝐈 Identity matrix (–)
𝑘 Function of specific properties affecting the 

specific threshold suspension that adjusts 
the modified Archimedes number based 
on equivalent volume spherical particle 
diameter, Eq.  (6)

𝐿 Channel length (m)
𝐿e Entrance length for rectangular channel =

0.058𝐷HRe (m)
𝛥𝐿p Axial distance of particle from inlet (m)
𝑚 Empirical power term, Eq.  (6)
𝐧𝑥 Outward unit normal vector in 𝑥-direction 

(–)
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𝐧𝑦 Outward unit normal vector in 𝑦-direction 
(–)

𝑝 Pressure (Pa)
𝑄 Volumetric fluid flow rate (m3∕s)
𝑄̌ Critical volumetric fluid flow rate for lift-off 

(m3∕s)
𝑟 Function of pipe diameter that adjusts the 

critical particle Reynolds number based 
on equivalent volume spherical particle 
diameter, Eq.  (6)

Re Reynolds number = 𝜌f⟨𝑈⟩𝐷H∕𝜇 (–)
Rep,𝑑 Particle Reynolds number based on the 

characteristic particle diameter (–)
Řep,𝑑V Critical particle Reynolds number based 

on equivalent volume spherical particle 
diameter = (𝑑V∕𝐷H)2Re (–)

Ře∗p,𝑑V Modified critical particle Reynolds num-
ber based on equivalent volume spher-
ical particle diameter = Rep,𝑑V∕(1.25 −
0.5 exp((𝐷𝐻∕𝐷50)∕1.5)) (–)

Res,𝑑 Shear Reynolds number based on the char-
acteristic particle diameter (–)

Řes,𝑑max Critical shear Reynolds number based on 
particle rotational diameter (–)

𝑆 Particle surface (m2)
𝐮 Fluid velocity vector (m∕s)
𝑈 Superficial fluid velocity (m∕s)
𝑈∗ Shear velocity (m∕s)
⟨𝑈⟩ Average fluid velocity (m∕s)
𝑢̄p Particle velocity relative to the local super-

ficial fluid velocity (m∕s)
𝑈max Maximum fluid velocity (m∕s)
𝑉f Volume of displaced fluid (m3)
𝑉p Volume of particle (m3)
𝑤 Particle width (m)
𝑊 Channel width (m)
Greek Symbols
𝛼 Empirical multiplier for remodified 

Archimedes number, Eqs.  (26) and (27)
𝛽 Empirical power adjusting effect of mod-

ified Archimedes number, Eqs.  (26) and 
(27)

𝛿 Vertical distance between particle and wall 
(m)

𝛿c Clearance distance between particle and 
wall (m)

𝜖r Relative permittivity or dielectric constant 
(–)

⟨𝛾̇w⟩ Average shear rate at the bottom channel 
wall (s−1)

𝜇 Dynamic viscosity of fluid (Pa s)
𝜇kf Kinetic friction coefficient between particle 

and wall (–)
𝜇sf Static friction coefficient between particle 

and wall (–)
∇ Del operator (m−1)
14 
𝜙 Particle sphericity, ratio of surface area of 
an equivalent volume sphere to the surface 
area of the particle (–)

𝜓 Empirical power adjusting effect of 𝜖r , Eqs. 
(26) and (27)

𝜌f Density of fluid (kg∕m3)
𝜌p Density of particle (kg∕m3)
σ Total stress tensor (Pa)
𝜏 Shear stress (Pa)
τ Viscous stress tensor (Pa)
𝜃 Empirical power adjusting effect of 𝐷∕𝑊 , 

Eqs.  (26) and (27)
𝜉 Empirical power adjusting effect of 𝐻∕𝑊 , 

Eq.  (26)
Top Accents
̌ Critical

Subscripts

A Adhesion
B Buoyant
D Drag
e Entrance
f Fluid
F Friction
G Gravity
H Hydraulic
kf Kinetic friction
L Lift
max Maximum
min Minimum
nb Numerical boundary
ng Numerical global
p Particle
r Relative
sf Static friction
s Shear
w Wall

Superscripts

* Modified
T Transpose

Abbreviations

ALE Arbitrary Lagrangian–Eulerian
CCF Central composite face-centered
CFD Computational fluid dynamics
CNC Computer numerical control
HC Hydraulic conveying
PC Pneumatic conveying
PMMA Poly(methyl methacrylate)
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