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Intelligent Control in Asymmetric Decision-Making:
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Abstract—Artificial intelligence (AI)-based multiplayer systems
have attracted increasing attention across diverse fields. While
most research focuses on simultaneous-move multiplayer games
to achieve Nash equilibrium, there are complex applications that
involve hierarchical decision-making, where certain players act
before others. This power asymmetry increases the complexity
of strategic interactions, especially in the presence of mis-
matched uncertainties that can compromise data reliability and
decision-making. To this end, this article develops a novel event-
triggered reinforcement learning (RL) approach for hierarchical
multiplayer systems with mismatched uncertainties. Specifically,
by establishing an auxiliary augment system and designing
appropriate cost functions for the high-level leader and low-level
followers, we reformulate the hierarchical robust control problem
as an optimization task within the Stackelberg–Nash game
framework. Furthermore, an event-triggered scheme is designed
to reduce the computational overhead and a neural-RL-based
method is developed to automatically learn the event-triggered
control policies for hierarchical players. Theoretical analyses are
conducted to 1) demonstrate the stability preservation of the
designed robust-optimal transformation; 2) verify the achieve-
ment of Stackelberg–Nash equilibrium under the developed
event-triggered policies; and 3) guarantee the boundedness of
the impulsive closed-loop system. Finally, the simulation studies
validate the effectiveness of the developed method.

Index Terms—Asymmetric decision-making, event-triggered
control, hierarchical optimization, mismatched uncertainties,
neural networks, reinforcement learning (RL).

I. INTRODUCTION

ARTIFICIAL intelligence (AI) has achieved growing suc-
cess in networked systems where multiple intelligent

agents collaborate or compete to achieve complex objec-
tives [1], [2], [3], [4]. The applications span various domains,
such as networked microgrid energy management [5] and
connected intelligent transportation [6]. Among the current
AI techniques, reinforcement learning (RL) has emerged
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as one of the most powerful tools to autonomously learn
decision-making policies through trial and error [7], [8],
[9], [10]. By continuously improving strategies based on
interactions with the environment and other players, RL
has revolutionized the way how intelligent agents navigate
complex decision-making and multiplayer interactions [11],
[12], [13], [14], [15]. These advancements enable agents
to dynamically adapt their strategies based on real-time
feedback, leading to enhanced performance in complex envi-
ronments [16], [17], [18], [19], [20].

Despite the success, most of the existing studies focus on
synchronized decision-making with Nash equilibrium, where
all participants typically share an equivalent status and operate
on the same level. As a result, no agent can unilaterally
gain an advantage by deviating from the equilibrium strategy.
However, these studies overlook the sequential order of policy
execution, where one controller may have the authority to
act with priority, while the others attempt to respond with
appropriate counterstrategies. There are many practical appli-
cations in the real-world. For instance, in energy management
and demand reduction applications [21], utility providers
often enforce temporary reductions in electricity usage during
peak hours to prevent excessive expenditures on high-priced
power. In response, local businesses and households mod-
ify their energy consumption patterns to meet their own
needs while adhering to utility guidelines. Such hierarchical
optimization is also commonly seen in smart grid [22], traffic
networks [23], [24], and autonomous driving [25], where a
dominant player holds an advantage to determine the strategies
first, while other subordinate players respond based on the
dominant’s decisions. These hierarchical systems introduce
power asymmetries and sequential decision-making, which
present challenges go beyond the standard Nash equilibrium
framework. Effectively addressing these complexities requires
tailored methods.

Fortunately, the Stackelberg game provides valuable insights
into asymmetric decision-making. In the Stackelberg game,
two players with distinct hierarchical roles are involved:
1) the high-level leader and 2) the low-level follower [26],
[27], [28], [29]. The leader, serving as the dominant player,
optimizes its performance and announces a policy first,
while the follower responds optimally. Developing learning-
based control algorithms for such system is more challenging
than the simultaneous-move multiplayer systems due to the
information asymmetry and player interdependencies. In [27],
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an adaptive learning framework was developed based on RL
techniques for a two-player linear Stackelberg differential
game. The authors ensured that the resulting policies of the
leader and the follower constituted a Stackelberg equilibrium.
The nonlinear hierarchical control problem for two-player
input-affine systems was investigated in [30]. An adaptive
critic algorithm was established to derive the Stackelberg
equilibrium policy in such a problem. This mechanism has also
been extended to scenarios involving one leader and multiple
followers, where the decision-making scheme incorporates
both hierarchy and simultaneity [31], [32]. Depending on
the different assumptions of multiple followers, Mukaidani
and Xu [33] designed the Pareto-based and Nash-based
Stackelberg strategies respectively. In [34], the RL algorithm,
incorporating a new form of value function, was designed from
a Stackelberg–Nash perspective for linear hierarchical system
with one leader and multiple followers. This structure was
extended to nonlinear hierarchical control problem in [35].
A robust approach was developed in [36] by formulating the
disturbed hierarchical system as a zero-sum game. Then, RL
techniques were applied to achieve Stackelberg–Nash–Saddle
equilibrium.

In the above research studies, the intelligent control
approaches were designed based on the periodic learning
scheme with time-triggered mechanism. However, due to the
coupled input interactions and asymmetric decision-making
dynamics, the hierarchical multiplayer systems usually exhibit
extensive computational burden. This leads to a notably high
computational load during the learning process, and may
impact the learning performance in resource-constrained envi-
ronments, such as limited computation bandwidth. To solve
this problem, the event-triggered mechanism with intermittent
control feedback was designed. By updating the control
policy only when some specific conditions are violated, the
event-triggered mechanism can effectively reduce the com-
putation and communication burden [37], [38], [39], [40],
[41], [42], [43]. In [44], an event-triggered optimal regulation
was developed for the multiagent synchronization problem
to reduce the controller updates and also maintain stability
and optimality. Recently, this mechanism was introduced in
the multiplayer Stackelberg–Nash games with matched uncer-
tainty in [45] and has demonstrated its effectiveness. However,
few studies address mismatched uncertainties, which are more
prevalent and often span a broader range, for hierarchical
multiplayer systems. This is critical in complex, unpredictable,
and resource-constrained environment.

Motivated by the above observations, this article develops
an event-triggered RL approach for mismatched uncertain
hierarchical multiplayer systems. The major contributions can
be summarized as follows.

1) In this article, we design a novel framework to reduce the
computational complexity and handle the mismatched
uncertainties for a class of systems characterized by
asymmetric decision-making. Different from the con-
ventional multiplayer systems [12], [13], [17], [19],
where all players act simultaneously, this type of system
involves a distinct power hierarchy that shapes the
strategic interactions within the system. This hierarchical

structure creates interdependence and couplings in the
overall dynamics, increasing the complexity of control
design as it necessitates solving the coupled Hamilton–
Jacobi (HJ) equations.

2) By developing an auxiliary augment system with appro-
priate cost functions, we transform this hierarchical
robust control problem into an optimization task under
the framework of Stackelberg–Nash game to facilitate
the learning-based control process. The theoretical anal-
ysis is provided to demonstrate that the solution obtained
from the transformed system ensures the stability of
original robust problem. Comparing with the related
work [34], [35], [36], [42], [45], this article addresses
mismatched uncertainties in a hierarchical decision-
making environment, which is more demanding due to
the greater difficulties in predicting system dynamics and
enhanced interdependence.

3) We design an event-triggered control scheme tailored
specifically for hierarchical leader-follower interactions.
We demonstrate that the resulting event-triggered con-
trol policies can achieve Stackelberg–Nash equilibrium.
Different from the existing event-triggered approaches
for multiagent systems [38], [43], [44] that focus on
simultaneous decision-making, this design ensures that
the leader’s decisions optimally influence the followers
while reducing unnecessary control updates. The con-
vergence analysis becomes more challenging due to the
existence of couplings among players.

4) A neural-RL-based method is developed to automat-
ically learn the event-triggered control policies for
the high-level leader and low-level followers. Detailed
theoretical studies are conducted to guarantee the bound-
edness of the impulsive closed-loop system in both
the continuous and jump dynamic phases. These anal-
yses provide rigorous guarantees on system stability
and performance, validating that the proposed control
policies effectively manage the complexities introduced
by the hierarchical and event-triggered nature of the
problem.

The reminder of this article is organized as follows.
Section II formulates the robust hierarchical control problem
with asymmetric decision-making into the framework of
Stackelberg–Nash game. The event-triggered RL control
design and neural network implementation are provided in
Section III with stability guarantees. In Section IV, the
simulation studies are shown to demonstrate the effectiveness
of the proposed approach. Finally, Section V concludes this
work.

II. FORMULATION OF MISMATCHED UNCERTAINTIES IN

HIERARCHICAL MULTIPLAYER SYSTEMS

Consider the continuous-time hierarchical system with N+1
players P = {0, 1, 2, . . . ,N}, where player 0 is the leader and
other players F = {1, 2, . . . ,N} are the followers. This system
involves an asymmetric decision-making process where the
leader holds a dominant position and establishes the policy
first, while the followers share equal status and respond to the
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leader’s decisions. The system function is given as

ẋ = f (x)+ g0(x)u0 + k0(x)d0(x)

+
N∑

i=1

gi(x)ui +
N∑

i=1

ki(x)di(x) (1)

where x ∈ R
n is the state vector, u0 ∈ R

m0 and ui ∈
R

mi , i ∈ F are the policies controlled by the leader and
ith follower, respectively, d0(x) ∈ R

l0 and di(x) ∈ R
li ,

i ∈ F are the unknown uncertainties applied on leader and ith
follower, respectively. f (x) ∈ R

n is the system drift dynamics,
g0(x) ∈ R

n×m0 , gi(x) ∈ R
n×mi , k0(x) ∈ R

n×l0 , and ki(x) ∈
R

n∗li are local input and disturbance dynamics for leader
and ith follower, respectively. In this article, we consider
the mismatched uncertainties which follows g0(x) �= k0(x) if
m0 = l0, and gi(x) �= ki(x) if mi = li. Assume that all the
dynamic functions are Lipschitz continuous with f (0) = 0.

It is worth noting that the hierarchical multiplayer
system (1) considered in this article is substantially different
from the conventional simultaneous-move multiagent systems
or zero-sum games in [17], [19]. Specifically, in this article,
we focus on the asymmetric decision-making dynamics within
a hierarchy, where the leader holds a distinct advantage in
determining its policy before the followers responses. In
contrast, conventional multiagent systems operate on a flat
structure where decisions are made simultaneously for all
players. Furthermore, the state x in system (1) is influenced by
the policies of all the players, which leads to interdependence
and couplings between their decisions. Conversely, each player
in the conventional multiagent systems operates with its own
state, and each agent’s state evolves independently based
on its policy. Due to these properties, the control design
for hierarchical multiplayer system (1) is more complex and
challenging.

Assumption 1: The unknown uncertainty dj(x), j ∈ P , is
bounded as ||dj(x)|| ≤ cjσj(||x||), where cj ≥ 0 is the constant
and σj(·) is the class K function. Besides, dj(0) = 0 and
σj(0) = 0.

Note that physical constraints exist in systems, limit-
ing the magnitude and extent of uncertainties. Therefore,
this assumption is reasonable and aligns with the inher-
ent physical limitations of the systems. Define D d(x) =
||∑N

j=0 kj(x)cjσj(||x||)|| as the upper bound for the overall
uncertainties.

Assumption 2: The system (1) is controllable with
f (0) = 0. Moreover, rank(gj(x)) = mj(mj < n) and
gT

j (x)kj(x) = 0 for the jth player.
The assumption gT

j (x)kj(x) = 0 is a strict constraint that may
exclude certain nonlinear systems with uncertainties. However,
this condition helps avoid more restrictive assumptions, such
as the boundedness of the Moore–Penrose pseudoinverse of
gj(x), which can be computationally expensive, particularly
in high-dimensional systems [39]. Therefore, to facilitate the
discussion, this article considers gT

j (x)kj(x) = 0 for each
player j, j ∈ P .

The goal of this article is to develop a set of intermittent
control policies based on the event-triggered RL scheme for
hierarchical multiplayer system (1) to achieve asymptotic
stability with reduced communication burden. However, due

to the existence of unknown uncertainties, the communication
data we rely on for learning cannot be trusted. Therefore,
we transform this robust control problem into an optimal
stabilization design with the following auxiliary nominal plant

ẋ = f (x)+ g0(x)u0 + (
In − g0(x)g

+
0 (x)

)
k0(x)v0

+
N∑

i=1

gi(x)ui +
N∑

i=1

(
In − gi(x)g

+
i (x)

)
ki(x)vi (2)

where g+
0 (x) and g+

i (x) are the Moore–Penrose pseudoinverse
matrices of g0(x) and gi(x), respectively, v0 ∈ R

l0 and vi ∈
R

li are the auxiliary inputs for the leader and ith follower,
respectively. Note that v0 and vi will not be used in the robust
control process. However, they are critical in the learning
process to help construct the optimal policies u0 and ui.

When gj(x), j ∈ P , is a real matrix, we have g+
j (x) =

(gT
j (x)gj(x))−1gT

j (x). Hence, based on Assumption 2, we can
further obtain

g+
j (x)kj(x) =

(
gT

j (x)gj(x)
)−1

gT
j (x)kj(x) = 0. (3)

Therefore, by defining ϑj = [uT
j , vT

j ]T and Gj(x) =
[gj(x), kj(x)], the auxiliary plant (2) becomes

ẋ = f (x)+ G0(x)ϑ0 +
N∑

i=1

Gi(x)ϑi (4)

which is a multiplayer Stackelberg–Nash game. Comparing
with (1), the transformed system (4) also involves multiple
players in hierarchy: the player 0 as the leader who takes the
action first and the other players i ∈ F as the followers who
make the decisions later by considering the leader’s decisions.
The control input function Gj(x), j ∈ P , is assumed upper
bounded as ||Gj(x)|| ≤ GM . Since Gj(x) = [gj(x), kj(x)], we
have ||gj(x)|| ≤ GM . In this article, we demonstrate that the
solution obtained from system (4) can asymptotically stabilize
the original uncertain system (1) if an appropriate cost function
is established for each player (see Section III-C, Theorem 1).

Assume the augment system (4) is controllable. Construct
the cost function associated to each player j ∈ P as

Jj
(
x, ϑj, ϑ−j

) =
∫ ∞

0

{
�2

j (x(τ ))

+ Rj
(
x(τ ), ϑj(τ ), ϑ−j(τ )

)}
dτ (5)

where �j(x) is the design parameter, Rj(x, ϑj, ϑ−j) is the utility
function for the jth player, and ϑ−j = [uT−j, vT−j]

T with u−j =
{uξ |ξ ∈ P, ξ �= j} and v−j = {vξ |ξ ∈ P, ξ �= j}.

Define the utility function for the leader as

R0(x, ϑ0, ϑ−0) = xTQ0x +
∥∥∥∥ϑ0 +

N∑

i=1

αiϑi

∥∥∥∥
2

M0

(6)

where αi ∈ R
(m0+l0)×(mi+li) denotes the coupling coefficient

of follower i to the leader and αi = diag{αi1, αi2} with αi1 ∈
R

m0×mi and αi2 ∈ R
l0×li , αi1 > 0 and αi2 > 0. Besides,

Q0 ∈ R
n×n is the symmetric positive-definite matrix, and

M0 ∈ R
(m0+l0)×(m0+l0) is the diagonal positive-definite matrix

as M0 = diag{Im0 , ρ0} with ρ0 = diag{ρ01, ρ02, . . . , ρ0l0},
ρ0y > 0, y = 1, 2, . . . , l0.
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For the follower i ∈ F , define

Ri (x, ϑi, ϑ−i) = xTQix +
∥∥∥ϑi + βiϑ0

∥∥∥
2

Mi
(7)

where βi ∈ R
(mi+li)×(m0+l0) represents the coupling coef-

ficient of the leader to follower i, which is defined as
βi = diag{βi1, βi2} with βi1 ∈ R

mi×m0 and βi2 ∈ R
li×l0 . We

have βi1 > 0 and βi2 > 0. Furthermore, Qi ∈ R
n×n is the

positive-definite symmetric matrix, and Mi ∈ R
(mi+li)×(mi+li)

is the diagonal positive-definite matrix as Mi = diag{Imi , ρi}
with ρi = diag{ρi1, ρi2, . . . , ρili}, ρiy1 > 0, y1 = 1, 2, . . . , li.

Definition 1 (Stackelberg–Nash Equilibrium): If there exists
a mapping Di : U 0 → U i, i ∈ F , such that for a given control
policy of the leader ϑ0 ∈ U 0, ϑ ′

i = Di(ϑ0) is the optimal
control policy for the ith follower. If for any given ϑ0 ∈ U 0

Ji(x,Di(ϑ0),D−i(ϑ0)) ≤ Ji(x, ϑi,D−i(ϑ0)), ϑi ∈ U i (8)

and if there exists ϑ ′
0 for the leader that

J0
(
x, ϑ ′

0,D−0(ϑ
′
0)
) ≤ J0(x, ϑ0,D−0(ϑ0)), ϑ0 ∈ U 0 (9)

where D−i(·) = {Dξ (·)|ξ ∈ F, ξ �= i} and D−0 = {Dξ (·)|ξ ∈
F}, then the set {ϑ ′

0, ϑ
′
1, . . . , ϑ

′
N} ∈ U 0 × U 1 × · · · × U N is

considered to constitute the Stackelberg–Nash equilibrium.
Note that condition (8) of Definition 1 characterizes that the

follower i responds to the leader’s decision ϑ0 and engages
in a strategic interaction with other followers D−i(ϑ0) to
reach a Nash equilibrium. Moreover, condition (9) denotes the
Stackelberg equilibrium, in which the leader leverages on its
hierarchical position to strategically anticipate how followers
will respond. This foresight guides the leader on determining
the policy ϑ ′

0 that can minimize its cost function J0. Therefore,
the dynamics of this hierarchical system reveal a continuous
interplay between leader and followers, where the Stackelberg
equilibrium for the leader and the Nash equilibrium for the
followers are interdependent.

III. EVENT-TRIGGERED RL APPROACH DESIGN

A. Coupled HJ Equation

Design the performance index for each player j ∈ P as

Vj(x) =
∫ ∞

t

{
�2

j (x(τ ))

+ Rj
(
x(τ ), ϑj(τ ), ϑ−j(τ )

)}
dτ (10)

where Rj(x, ϑj, ϑ−j) is defined in (6) for leader and in (7) for
the ith follower. The Hamiltonian with respect to Vj(x) and ϑj

can be provided as

Hj
(
x,∇Vj, ϑj, ϑ−j

) = �2
j (x)+ Rj

(
x, ϑj, ϑ−j

)

+ ∇VT
j (x)

(
f (x)+ G0(x)ϑ0 +

N∑

ξ=1

Gξ (x)ϑξ
)

(11)

where ∇Vj(x) = ([∂Vj(x)]/∂x). Hence, we have the optimal
performance index as

V∗
j (x) = min

ϑj∈U j

Vj(x), j ∈ P (12)

which satisfies the coupled HJ equation

Hj

(
x,∇V∗

j , ϑ
∗
j , ϑ

∗−j

)
= 0, j ∈ P (13)

with V∗
j (0) = 0.

Based on (13), we can further derive the coupled control
policies for leader and followers, respectively. Specifically,
since the leader has a strategic advantage, which will impact
the responses of the followers, given the leader’s control policy
ϑ0, the optimal control policy of the ith follower can be
determined as

ϑ
ϑ0
i = arg min

ϑi∈U i

Hi

(
x,∇Vϑ0

i , ϑi, ϑ−i

)

= −βiϑ0 − 1

2
M−1

i GT
i (x)∇Vϑ0

i (x) (14)

where ∇Vϑ0
i (x) = ([∂Vϑ0

i (x)]/∂x), and Vϑ0
i (x) is the

performance index of the ith follower given ϑ0.
Conversely, the optimal control policy of the leader is deter-

mined by taking into account the followers’ best responses.
We have

ϑ∗
0 = arg min

ϑ0∈U 0

H0

(
x,∇V∗

0 , ϑ0, ϑ
ϑ0
−0

)

= −K1

(
G0(x)−

N∑

i=1

Gi(x)βi

)T

∇V∗
0 (x)

+K2

N∑

i=1

αiM−1
i Gi(x)∇V∗

i (x) (15)

where

K1 = 1

2

⎛

⎝
(

Im0+l0 −
N∑

i=1

αiβi

)T

M0

(
Im0+l0 −

N∑

i=1

αiβi

)⎞

⎠
−1

K2 = 1

2

(
Im0+l0 −

N∑

i=1

αiβi

)−1

.

Considering the definition of ϑ0, G0(x), and Gi(x), we can
rewrite (15) as

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u∗
0 = − K11

(
g0(x)− ∑N

i=1 gi(x)βi1

)T

∇V∗
0 (x)

+K21
∑N

i=1 αi1gi(x)∇V∗
i (x)

v∗
0 = − K12

(
k0(x)− ∑N

i=1 ki(x)βi2

)T

∇V∗
0 (x)

+K22
∑N

i=1 αi2ρ
−1
i gi(x)∇V∗

i (x)

(16)

where

K11 = 1

2

⎛

⎝
(

Im0 −
N∑

i=1

αi1βi1

)T(
Im0 −

N∑

i=1

αi1βi1

)⎞

⎠
−1

K12 = 1

2

⎛

⎝
(

Il0 −
N∑

i=1

αi2βi2

)T

ρi

(
Il0 −

N∑

i=1

αi2βi2

)⎞

⎠
−1

K21 = 1

2

(
Im0 −

N∑

i=1

αi1βi1

)−1

K22 = 1

2

(
Il0 −

N∑

i=1

αi2βi2

)−1

.

It is easy to select appropriate coefficients such that
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∑N
i=1 αi1βi1 �= Im0 and

∑N
i=1 αi2βi2 �= Il0 .

Substituting (15) into (14), we have the optimal response of
the ith follower given the optimal leader’s policy ϑ∗

0 as

ϑ∗
i = −βiϑ

∗
0 − 1

2
M−1

i GT
i (x)∇V∗

i (x) (17)

i.e.,
{

u∗
i = −βi1u∗

0 − 1
2 gi(x)∇V∗

i (x)

v∗
i = −βi2v∗

0 − 1
2ρ

−1
i kj(x)∇V∗

i (x).
(18)

It is noteworthy that the control policy of the leader (15)
involves the responses of all followers, while each fol-
lower’s control policy (17) also includes an additional term
related to the leader. This coupling property between the
leader and followers introduces a complex interdependency
within the multiplayer game, which makes the overall design
challenging.

B. Design Event-Triggered Control Within the Framework of
Stackelberg–Nash Game

To alleviate the computational burden, we design an event-
triggered control scheme for the augment system (4) within
the framework of Stackelberg–Nash game.

Let {ts}∞s=0 be the sequence of triggering instants, where ts
represents the sth triggering instant and ts < ts+1, s ∈ N. At
the triggering instant ts, we have the sampled system state as
x̄s = x(ts), s ∈ N. Hence, the event-triggered control policy
ϑj(x̄s) for player j ∈ P , designed based on the sampled state
x̄s, is the intermittent feedback. There exists a gap between
the sampled and current state, which is given as

es = x(t)− x̄s, t ∈ [ts, ts+1). (19)

This means when the event is triggered (t = ts), we have
es = 0. The control policy is only updated at the triggered
instants and kept as the same with a zero-order hold (ZOH)
until the event is triggered again. In this way, the control
signals in the sequence ϑj(x̄s) can be converted into a
continuous-time signal πj(x̄s, t) as

πj(x̄s, t) = ϑj(x̄s), t ∈ [ts, ts+1). (20)

Applying this event-triggered control policy (20) on the
transformed augment system (4), we have

ẋ = f (x)+ G0(x)π0(x̄s, t)+
N∑

i=1

Gi(x)πi(x̄s, t). (21)

This event-triggered control design is within the framework
of Stackelberg–Nash game. Specifically, all the players are
triggered at the same time instant t = ts, s ∈ N. The
hierarchical structure persists during this time instant, that
is, the leader π0(x̄s, t) = ϑ0(x̄s) acts first, and the followers
πi(x̄s, t) = ϑi(x̄s) respond to the leader’s decision subse-
quently. In this way, we further convert this robust hierarchical
control problem into an event-triggered optimization design of
Stackelberg–Nash game.

Considering (15) and (17), the optimal event-triggered
control policy for the leader is given as

π∗
0 (x̄s, t) = ϑ∗

0 (x̄s) = −K1

(
G0(x̄s)−

N∑

i=1

Gi(x̄s)βi

)T

· ∇V∗
0 (x̄s)+ K2

N∑

i=1

αiM−1
i Gi(x̄s)∇V∗

i (x̄s) (22)

and the optimal event-triggered control policy for the ith
follower is provided as

π∗
i (x̄s, t) = ϑ∗

i (x̄s)

= −βiϑ
∗
0 (x̄s)− 1

2
M−1

i GT
i (x̄s)∇V∗

i (x̄s) (23)

where ∇V∗
0 (x̄s) = ([∂V∗

0 (x)]/∂x)|x=x̄s and ∇V∗
i (x̄s) =

([∂V∗
i (x)]/∂x)|x=x̄s .

Based on the definition of ϑ∗
0 and ϑ∗

i , we can further derive
that

π∗
0,u(x̄s, t) = u∗

0(x̄s) = −K11

(
g0(x̄s)−

N∑

i=1

gi(x̄s)βi1

)T

·∇V∗
0 (x̄s)+ K21

N∑

i=1

αi1gi(x̄s)∇V∗
i (x̄s) (24)

π∗
i,u(x̄s, t) = u∗

i (x̄s)

= −βi1u∗
0(x̄s)− 1

2
gi(x̄s)∇V∗

i (x̄s). (25)

Substituting (22) and (23) into (13), we obtain the coupled
event-triggered HJ equation for each player j ∈ P as

Hj

(
x,∇V∗

j , ϑ
∗
j (x̄s), ϑ

∗−j(x̄s)
)

= Rj

(
x, ϑ∗

j (x̄s), ϑ
∗−j(x̄s)

)

+�2
j (x)+

(
∇V∗

j (x)
)T(

f (x)+
N∑

ξ=0

Gξ (x)ϑ∗
ξ (x̄s)

)
. (26)

C. Stability Preservation of the Designed Transformation

Assumption 3: The control policy ϑ∗
j for each player satis-

fies the Lipschitz condition. Therefore, we can find a Lipschitz
constant Lϑj > 0 such that

||ϑ∗
j (x)− ϑ∗

j (x̄s)|| ≤ Lϑj ||x(t)− x̄s|| = Lϑj ||es||. (27)

Note that due to the fact ϑj = [uT
j , vT

j ]T and the definition
of norm || · ||, we can also derive

||u∗
j (x)− u∗

j (x̄s)|| ≤ Lϑj ||es||. (28)

Define L ϑ = ∑N
j=0 Lϑj . Lipschitz continuity ensures pre-

dictable and bounded control behavior.
Theorem 1: Consider the optimal event-triggered control

policies ϑ∗
0 (x̄s) in (22) and ϑ∗

i (x̄s), i ∈ F, in (23). Assume
the validity of Assumption 1–3. Let V∗

j (x), j ∈ P, be the
performance index, with the parameter �2

j (x) defined as

�2
j (x) = 3

4
∇V∗T

j (x)∇V∗
j (x)+ D 2

d(x)+ B 2
v(x) (29)
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where B 2
v(x) is an upper bound given as B v(x) ≥

‖∑N
j=0 kj(x)v∗

j (x)‖. If the triggering condition is designed as

||es||2 ≤
∑N

j=0

(
1 − a2

j

)
λmin

(
Qj

)||x||2
(N + 1)G2

ML 2
ϑ

(30)

where aj ∈ (0, 1) and λmin(Qj) denotes the minimum eigen-
value of Qj, then the policies ϑ∗

0 (x̄s) and ϑ∗
i (x̄s) ensure the

asymptotic stability of the hierarchical mismatched uncertain
system (1).

Proof: Choose the Lyapunov function candidate as

L(x) =
N∑

j=0

V∗
j (x). (31)

Taking the time derivative of L(x) in (31) along the trajectory
of system (1) with the event-triggered control policies (22) for
the leader and (23) for the followers, we obtain

L̇(x) =
N∑

j=0

{
∇V∗T

j (x)

(
f (x)+

N∑

ξ=0

gξ (x)u
∗
ξ (x̄s)

+
N∑

ξ=0

kξ (x)dξ (x)

)}
. (32)

According to (13), we have

∇V∗T
j (x)f (x) = −�2

j (x)− Rj

(
x, ϑ∗

j , ϑ
∗−j

)

− ∇V∗T
j (x)

N∑

ξ=0

Gξ (x)ϑ∗
ξ (x). (33)

Substituting (33) into (32), it follows:

L̇(x) =
N∑

j=0

{
−�2

j (x)− Rj

(
x, ϑ∗

j , ϑ
∗−j

)
− ∇V∗T

j (x)

·
N∑

ξ=0

Gξ (x)ϑ∗
ξ (x)+ ∇V∗T

j (x)
N∑

ξ=0

gξ (x)u
∗
ξ (x̄s)

+ ∇V∗T
j (x)

N∑

ξ=0

kξ (x)dξ (x)

}
. (34)

Considering the definition of ϑ∗
j = [u∗T

j , v∗T
j ]T and Gj(x) =

[gj(x), kj(x)], we can further rewrite (34) as

L̇(x) =
N∑

j=0

{
−�2

j (x)− Rj

(
x, ϑ∗

j , ϑ
∗−j

)
+ ∇V∗T

j (x)

·
( N∑

ξ=0

gξ (x)
(
u∗
ξ (x̄s)− u∗

ξ (x)
) +

N∑

ξ=0

kξ (x)
(
dξ (x)− v∗

ξ (x)
))}

≤
N∑

j=0

{
− Rj

(
x, ϑ∗

j , ϑ
∗−j

)
− D 2

d(x)− B 2
v(x)

+
∥∥∥∥

N∑

ξ=0

gξ (x)
(
u∗
ξ (x̄s)− u∗

ξ (x)
)∥∥∥∥

2

+
∥∥∥∥

N∑

ξ=0

kξ (x)dξ (x)

∥∥∥∥
2

+
∥∥∥∥

N∑

ξ=0

kξ (x)v
∗
ξ (x)

∥∥∥∥
2}
. (35)

Based on the bounded conditions, it follows:

L̇(x) ≤
N∑

j=0

{
− a2

j λmin
(
Qj

)||x||2 −
[(

1 − a2
j

)
λmin

(
Qj

)||x||2

− (N + 1)G2
ML 2

ϑ ||es||2
]}
. (36)

If the triggering condition (30) holds, we obtain L̇(x) ≤∑N
j=0 −a2

j λmin(Qj)||x||2 < 0 for ∀x �= 0. Therefore, the
designed event-triggered control scheme is guaranteed to
asymptotically stabilize the hierarchical system with mis-
matched uncertainties (1). This concludes the proof.

Theorem 1 demonstrates that the event-triggered optimal
control solution for the transformed Stackelberg–Nash game
guarantees the asymptotic stabilization of the original hierar-
chical robust control system.

Based on (30), we can derive the triggering instant ts.
Subsequently, the minimal intersampling interval can be
calculated as Ts,min = (ts+1 − ts)min. For the continuous-
time systems with an event-triggered controller design, it is
crucial to ensure Ts,min �= 0, i.e., free from Zeno behavior.
Therefore, consider the event-triggered mechanism, at the sth
triggering instant es = 0, the time of (||es||/||x||) growing
from 0 to Pthreshold provides a lower bound for the minimal
intersampling interval. Here, we can obtain Pthreshold =
(1/[L ϑ ||GM||])

√
([
∑N

j=0(1 − a2
j )λmin(Qj)]/(N + 1)) > 0.

This means the designed method can guarantee Ts,min > 0 and
achieve Zeno-free behavior.

Theorem 2: Let V∗
j (x) be the optimal performance index

with the parameter �2
j (x) defined as (29). If the triggering

condition is defined as (30) and Assumption 1–3 hold,
then the designed event-triggered control policy set
{ϑ∗

0 (x̄s), ϑ
∗
1 (x̄s), . . . , ϑ

∗
N(x̄s)} can achieve Stackelberg–Nash

equilibrium.
Proof: Based on Theorem 1, we have x → 0 when t → ∞

with the designed event-triggered control policies. The optimal
performance index for each player j ∈ P satisfies V∗

j (x(∞)) =
V∗

j (0) = 0. Set a new parameter Zj(x) = V∗
j (x). Therefore,

the cost function (5) under the event-triggered control policy
ϑj(x̄s) can be rewritten as

Jj
(
x, ϑj(x̄s), ϑ−j(x̄s)

) =
∫ ∞

0

{
Rj

(
x(τ ), ϑj(x̄s), ϑ−j(x̄s)

)

+�2
j (x(τ ))

}
dτ + Zj(x(0))+

∫ ∞

0
Żj(x(τ ))dτ (37)

where Żj(x) = ∇ZT
j (x)(f (x) + ∑N

ξ=0 Gξ (x)ϑξ (x̄s)) and
∇Zj(x) = ([∂Zj(x)]/∂x). Considering (26), we can obtain that
at the triggering instant

Jj
(
x, ϑj(x̄s), ϑ−j(x̄s)

) =
∫ ∞

0

{
Rj

(
x(τ ), ϑj(x̄s), ϑ−j(x̄s)

)

− Rj

(
x(τ ), ϑ∗

j (x̄s), ϑ
∗−j(x̄s)

)
+ ∇ZT

j (x̄s)

N∑

ξ=0

Gξ (x̄s)

·
(
ϑξ (x̄s)− ϑ∗

ξ (x̄s)
)}

dτ + Zj(x(0)). (38)
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For the leader, assume that all the followers take the optimal
control policies ϑϑ0

−0(x̄s) = {ϑϑ0
ξ (x̄s)|ξ ∈ F} given ϑ0(x̄s).

Therefore, we have

J0

(
x, ϑ0(x̄s), ϑ

ϑ0
−0(x̄s)

)

= Z0(x(0))+
∫ ∞

0

{∥∥∥∥ϑ0(x̄s)+
N∑

ξ=1

αξϑ
ϑ0
ξ (x̄s)

∥∥∥∥
2

M0

−
∥∥∥∥ϑ

∗
0 (x̄s)+

N∑

ξ=1

αξϑ
∗
ξ (x̄s)

∥∥∥∥
2

M0

+ ∇ZT
0 (x̄s)G0(x̄s)(ϑ0(x̄s)

−ϑ∗
0 (x̄s)

) + ∇ZT
0 (x̄s)

N∑

ξ=1

Gξ (x̄s)
(
ϑ
ϑ0
ξ (x̄s)− ϑ∗

ξ (x̄s)
)}

dτ

= Z0(x(0))+
∫ ∞

0

{
H0

(
x,∇Z0(x̄s), ϑ0(x̄s), ϑ

ϑ0
−0(x̄s)

)

−H0
(
x,∇Z0(x̄s), ϑ

∗
0 (x̄s), ϑ

∗−0(x̄s)
)}
. (39)

At the equilibrium point ϑ0(x̄s) = ϑ∗
0 (x̄s), the integral term

in (39) becomes zero. It follows:

J0
(
x, ϑ∗

0 (x̄s), ϑ
∗−0(x̄s)

) = Z0(x(0)). (40)

Since the goal of ϑ0(x̄s) is to minimize H0, we
have H0(x,∇Z0(x̄s), ϑ0(x̄s), ϑ

ϑ0
−0(x̄s)) ≥ H0(x,∇Z0(x̄s), ϑ

∗
0

(x̄s), ϑ
∗−0(x̄s)). Combining this with (40), we obtain

J0

(
x, ϑ0(x̄s), ϑ

ϑ0
−0(x̄s)

)
≥ J0

(
x, ϑ∗

0 (x̄s), ϑ
∗−0(x̄s)

)
. (41)

Now, we consider the situation for the ith follower. Assume
that the other followers take the optimal policies given ϑ∗

0 (x̄s)

as ϑ∗−i(x̄s)) = {ϑϑ∗
0

ξ (x̄s) = ϑ∗
ξ (x̄s)|ξ ∈ F, ξ �= i}. Based

on (38), we obtain

Ji
(
x, ϑi(x̄s), ϑ

∗−i(x̄s)
) = Zi(x(0))+

∫ ∞

0

{∥∥∥ϑi(x̄s)

+βiϑ
∗
0 (x̄s)

∥∥∥
2

Mi
−

∥∥∥ϑ∗
i (x̄s)+ ϑ∗

0 (x̄s)

∥∥∥
2

Mi

+∇ZT
i (x̄s)Gi(x̄s)

(
ϑi(x̄s)− ϑ∗

i (x̄s)
)}

dτ. (42)

According to (23), it holds

∇ZT
i (x̄s)GT

i (x̄s) = −2
(
ϑ∗

i (x̄s)+ βiϑ
∗
0 (x̄s)

)TMi. (43)

Substituting (43) into (42) and completing the square, it
follows

Ji
(
x, ϑi(x̄s), ϑ

∗−i(x̄s)
) = Zi(x(0))

+
∫ ∞

0

{(
ϑi(x̄s)− ϑ∗

i (x̄s)
)Mi

(
ϑi(x̄s)− ϑ∗

i (x̄s)
)}

dτ (44)

It is clear that when ϑi(x̄s) = ϑ∗
i (x̄s), we have

Ji(x, ϑ∗
i (x̄s), ϑ

∗−i(x̄s)) = Zi(x(0)). Hence, from (44), one has
Ji(x, ϑi(x̄s), ϑ

∗−i(x̄s)) ≥ Zi(x(0)), or

Ji
(
x, ϑi(x̄s), ϑ

∗−i(x̄s)
) ≥ Ji

(
x, ϑ∗

i (x̄s), ϑ
∗−i(x̄s)

)
. (45)

Combine (45) and (41), and compare them with the
conditions (8) and (9) in Definition (1), respectively. We
obtain that the designed event-triggered control policy set
{ϑ∗

0 (x̄s), ϑ
∗
1 (x̄s), . . . , ϑ

∗
N(x̄s)} can achieve Stackelberg–Nash

equilibrium.

Remark 1: Consider the fact that ϑ0(x̄s) = [uT
0 (x̄s), vT

0 (x̄s)]T

and ϑi(x̄s) = [uT
i (x̄s), vT

i (x̄s)]T . Based on Theorem 2
and Definition 2, we can easily obtain that the derived
event-triggered control policy set {u∗

0(x̄s), u∗
1, . . . , u∗

N(x̄s)} also
achieves Stackelberg–Nash equilibrium.

D. Neural-RL-Based Approach With Stability Guarantee

Since the developed event-triggered control policies (22)
and (23) require the knowledge of V∗

j (x̄s), j ∈ P which is
difficult to solve directly, this article develops a neural-RL-
based approach to automatically learn the optimal strategies
for both the leader and the followers.

Establish a critic network for each player j ∈ P to
approximate the optimal performance index as

V∗
j (x) = ω∗T

cj φcj(x)+ εcj(x) (46)

where ω∗
cj are the ideal critic network weights, φcj is the

activation function, and εcj is the function reconstruction error.
The partial derivative of V∗

j (x) with respect to x can be
provided as

∇V∗
j (x) = ∇φT

cj(x)ω
∗
cj + ∇εcj(x) (47)

where ∇φcj(x) = ([∂φcj(x)]/∂x) and ∇εcj(x) = ([∂εcj(x)]/∂x).
Substituting (47) into (26), it follows:

�2
j (x)+ Rj

(
x, ϑj(x̄s), ϑ−j(x̄s)

) = −ω∗T
cj λj +�Hj (48)

where �Hj = −∇εj(x)(f (x) + ∑N
ξ=0 Gξ (x)ϑξ (x̄s)) is the

residual error due to the function approximation and λj =
∇φcj(x)(f (x)+ ∑N

ξ=0 Gξ (x)ϑξ (x̄s)).
Assumption 4: For every x ∈ R

n, ∇φcj(x) and ∇εcj(x)
are bounded as ||∇φcj(x)|| ≤ B φcj and ||εcj(x)|| ≤ B εcj ,
respectively, with B φcj and B εcj being the positive constants,
j ∈ P . In addition, for every x ∈ R

n, �Hj is bounded as
||�Hj || ≤ B�j , with B�j being the positive constant, j ∈ P .

Substituting (47) into (22) and (23), we derive the optimal
control policies for leader and ith follower, respectively.
However, achieving ω∗

cj is often challenging or impractical,
which makes the implementation difficult. Therefore, we
consider the current estimated value ω̂cj instead and obtain the
approximate performance index as

V̂j(x) = ω̂T
cjφcj(x). (49)

The partial derivative of (49) becomes ∇V̂j(x) = ∇φT
cj(x)ω̂cj.

Note that, at the triggering instant ts, we have

∇V̂j(x̄s) = ∇φT
cj(x̄s)ω̂cj (50)

where ∇φcj(x̄s) = ([∂φcj(x)]/∂x)|x=x̄s . Replace ∇V∗
0 (x̄s)

in (22) and ∇V∗
i (x̄s), i ∈ F , in (23) with ∇V̂j(x̄s), j ∈ P ,

in (50). We attain the estimated event-triggered control policy
for the leader as

ϑ0(x̄s) = − K1

(
G0(x̄s)−

N∑

i=1

Gi(x̄s)βi

)T

∇φT
c0(x̄s)ω̂c0

+ K2

N∑

i=1

αiM−1
i Gi(x̄s)∇φT

ci(x̄s)ω̂ci (51)
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and for the i th follower as

ϑi(x̄s) = −βiϑ0(x̄s)− 1

2
M−1

i GT
i (x̄s)∇φT

ci(x̄s)ω̂ci. (52)

Additionally, with (51) and (52), the estimated form of coupled
event-triggered HJ equation can be established as

Hj
(
x, ω̂cj, ϑj(x̄s), ϑ−j(x̄s)

)

= �2
j (x)+ Rj

(
x, ϑj(x̄s), ϑ−j(x̄s)

) + ω̂T
cjλj. (53)

Define ecj = Hj(x, ω̂cj, ϑj(x̄s), ϑ−j(x̄s)). Hence, the objective
function for the critic network can be designed as

Ecj = 1

2
eT

cjecj. (54)

Taking the partial derivative of (54) with respect to ω̂cj, we
have the updating rule for the critic network weights as

˙̂ωcj = − ηcjλjecj
(
λT

j λj + 1
)2

(55)

where ηcj is the learning rate of the critic network for the jth
player, and (λT

j λj + 1)2 is the normalization term.
Besides, define the critic network weight estimation error

as ω̃cj = ω∗
cj − ω̂cj. Based on (53) and (55), we obtain

˙̃ωcj = ηcjλj
(
λT

j λj + 1
)2

·
((
�2

j (x)+ Rj(x, ϑj(x̄s), ϑ−j(x̄s))+ ω̂T
cjλj

)
. (56)

Substituting (48) into (56), we can further derive the dynamics
of ω̃cj as

˙̃ωcj = −ηcjγjγ
T
j ω̃cj + ηcjγj

�Hj

ψj
(57)

where γj = (λj/[(λT
j λj + 1)]) and ψj = λT

j λj + 1.
The framework diagram of this developed method is

provided in Fig. 1, where the leader and followers update
their control policies intermittently based on the event-
triggered mechanisms. The leader’s policy directly influences
the followers, while each follower optimizes its strategy by
responding to the leader’s decision.

Assumption 5: Both ω∗
cj and ω̂cj are upper bounded, i.e.,

||ω∗
cj|| ≤ B ωcj and ||ω̂cj|| ≤ B ωcj , with B ωcj being the

positive constant, j ∈ P .
Theorem 3: Consider the augment system (4) with the

event-triggered control policy given by (51) for the leader
and (52) for the ith follower. Let the critic network weights
be updated based on (55). If the triggering condition (30) and
Assumption 1–5 hold, then both the closed-loop system (4)
and the weight estimation error ω̃cj are uniformly ultimate
boundedness (UUB).

Proof: Define the Lyapunov function candidate as

Lcl =
N∑

j=0

V∗
j (x)+

N∑

j=0

V∗
j (x̄s)+

N∑

j=0

η−1
cj tr(ω̃T

cjω̃cj) (58)

Fig. 1. Framework of the developed event-triggered RL approach.
Note: ZOH stands for Zero-Order Hold.

with Lclj = V∗
j (x) + V∗

j (x̄s) + η−1
cj tr(ω̃T

cjω̃cj), L1j = V∗
j (x),

L2j = V∗
j (x̄s), and L3j = η−1

cj tr(ω̃T
cjω̃cj).

This proof is conducted in two parts, i.e., the continuous
dynamic phase and the jump dynamic phase. The goal is to
demonstrate that both phases of the impulsive closed-loop
system are UUB.

We start with the continuous dynamics, t ∈ [ts, ts+1).
By taking the time derivative of (58), we notice L̇2j = 0.
Therefore, L̇clj = L̇1j + L̇3j, which can be further provided as

L̇clj = ∇V∗T
j (x)ẋ

∣∣∣∣
ẋ=eq. (4)

+ η−1
cj tr

(
ω̃T

cj
˙̃ωcj

)∣∣∣∣ ˙̃ωcj=eq. (56)
. (59)

Note that L̇cl = ∑N
j=0 L̇clj . Therefore, by demonstrating

L̇clj ≤ 0, we can easily obtain L̇cl ≤ 0.
The first term in (59) can be derived as

L̇1j = ∇V∗T
j (x)

(
f (x)+

N∑

ξ=0

Gξ (x)ϑξ (x̄s)

)
. (60)

Based on (13), we obtain

L̇1j = −�2
j (x)− Rj

(
x, ϑ∗

j , ϑ
∗−j

)

+∇V∗T
j (x)

N∑

ξ=0

Gξ (x)
(
ϑξ (x̄s)− ϑ∗

ξ

)
. (61)

Applying Young’s inequality and Cauchy–Schwartz inequality,
we can further derive that

L̇1j ≤ −�2
j (x)− Rj

(
x, ϑ∗

j , ϑ
∗−j

)
+ 1

2

∥∥∥∇φT
cj(x)ω

∗
cj + ∇εcj(x)

∥∥∥
2

+ 1

2

∥∥∥∥
N∑

ξ=0

Gξ (x)
(
ϑξ (x̄s)− ϑ∗

ξ

)∥∥∥∥
2

≤ −�2
j (x)− Rj

(
x, ϑ∗

j , ϑ
∗−j

)
+ B 2

φcj
B 2

ωcj
+ B 2

εcj

+ 1

2
(N + 1)G2

M

N∑

ξ=0

∥∥∥ϑξ (x̄s)− ϑ∗
ξ

∥∥∥
2

︸ ︷︷ ︸
κ

. (62)
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The last term in (62) can be rewritten as

κ =
N∑

ξ=0

∥∥∥
(
ϑξ (x̄s)− ϑ∗

ξ (x̄s)
) + (

ϑ∗
ξ (x̄s)− ϑ∗

ξ (x)
)∥∥∥

2

≤ 2
N∑

ξ=0

∥∥∥ϑξ (x̄s)− ϑ∗
ξ (x̄s)

∥∥∥
2 + 2

N∑

ξ=0

∥∥∥ϑ∗
ξ (x̄s)− ϑ∗

ξ (x)
∥∥∥

2
. (63)

Based on Assumption 3, we obtain

κ ≤ 2L 2
ϑ

∥∥es
∥∥2 + 2

(∥∥∥ϑ0(x̄s)− ϑ∗
0 (x̄s)

∥∥∥
2

+
N∑

i=1

∥∥∥ϑi(x̄s)− ϑ∗
i (x̄s)

∥∥∥
2
)
. (64)

Substituting (52) into (64), it follows:

κ ≤ 2L 2
ϑ

∥∥es
∥∥2 + 2

(∥∥∥ϑ0(x̄s)− ϑ∗
0 (x̄s)

∥∥∥
2 +

N∑

i=1

∥∥∥ − βi
(
ϑ0(x̄s)

− ϑ∗
0 (x̄s)

) − 1

2
M−1

i GT
i (x̄s)

(∇φT
ci(x̄s)ω̃ci + εci

)∥∥∥
2
)

≤ 2L 2
ϑ

∥∥es
∥∥2 + 2

∥∥∥ϑ0(x̄s)− ϑ∗
0 (x̄s)

∥∥∥
2 + 4

N∑

i=1

∥∥∥βi
(
ϑ0(x̄s)

− ϑ∗
0 (x̄s)

)∥∥∥
2 + 4

N∑

i=1

∥∥∥
1

2
M−1

i GT
i (x̄s)

(∇φT
ci(x̄s)ω̃ci + εci

)∥∥∥
2

≤ 2L 2
ϑ

∥∥es
∥∥2 + 2

(
1 + 2

N∑

i=1

∥∥βi
∥∥2

) ∥∥∥ϑ0(x̄s)− ϑ∗
0 (x̄s)

∥∥∥
2

︸ ︷︷ ︸
κϑ0

+ 2G2
M

N∑

i=1

∥∥∥M−1
i

∥∥∥
2(

B 2
φci

∥∥ω̃ci
∥∥2 + B 2

εci

)
. (65)

By taking (51), the term κϑ0 in (65) becomes

κϑ0 =
∥∥∥∥ − K1

(
G0(x̄s)−

N∑

i=1

Gi(x̄s)βi

)T(∇φT
c0(x̄s)ω̃c0

+ ∇εc0(x̄s)
) + K2

N∑

i=1

αiM−1
i Gi(x̄s)

· (∇φT
ci(x̄s)ω̃ci + ∇εc0(x̄s)

)∥∥∥∥
2

. (66)

We can further rewrite (66) as

κϑ0 ≤ 2
∥∥K1

∥∥2
∥∥∥∥G0(x̄s)−

N∑

i=1

Gi(x̄s)βi

∥∥∥∥
2∥∥∥∇φT

c0(x̄s)ω̃c0

+ ∇εc0(x̄s)
∥∥∥

2 + 2
∥∥K2

∥∥2
∥∥∥∥

N∑

i=1

αiM−1
i Gi(x̄s)

· (∇φT
ci(x̄s)ω̃ci + ∇εc0(x̄s)

)∥∥∥∥
2

≤ 4
∥∥K1

∥∥2
(N + 1)G2

M

(
1 +

N∑

i=1

∥∥βi
∥∥2

)

(
B 2
φc0

∥∥ω̃c0
∥∥2 + B εc0

)

+4
∥∥K2

∥∥2NG2
M

N∑

i=1

∥∥αM−1∥∥2(B 2
φci

∥∥ω̃ci
∥∥2 + B εci

)
. (67)

Considering the fact ‖ω̃cj‖2 = ‖ω∗
cj − ω̂cj‖2 ≤ 2‖ω∗

cj‖2 +
2‖ω̂cj‖2 ≤ 4B 2

ωcj
, we have (B 2

φcj
‖ω̃cj‖2 + B 2

εcj
) ≤

(4B 2
φcj

B 2
ωcj

+B 2
εcj
)
.= δ2

j , j ∈ P . Therefore, substituting (67)
into (65), we obtain

κ ≤ 2L 2
ϑ

∥∥es
∥∥2 + 2�2

M (68)

where

�2
M =

(
1 + 2

N∑

i=1

∥∥βi
∥∥2

)(
4
∥∥K1

∥∥2
(N + 1)G2

M

(
1 +

N∑

i=1

∥∥βi
∥∥2

)
δ2

0

+ 4
∥∥K2

∥∥2
NG2

M

N∑

i=1

∥∥αM−1
∥∥2
δ2

i

)
+ G2

M

N∑

i=1

∥∥∥M−1
i

∥∥∥
2
δ2

i . (69)

Combining (62) with (68), and setting B 2
Tj

= B 2
φcj

B 2
ωcj

+
B 2

εcj
, we have the first derivative of L1j as

L̇1j ≤ − λmin
(
Qj

)||x||2 + B 2
Tj

+ (N + 1)G2
ML 2

ϑ

∥∥es
∥∥2

+ (N + 1)G2
M�

2
M. (70)

Then, for the second term L̇3j in (59), we derive

L̇3j = − η−1
cj tr

(
− ηcjω̃

T
cjγjγ

T
j ω̃cj + ηcjω̃

T
cjγj

�Hj

ψj

)
. (71)

Utilizing Young’s inequality, we have

L̇3j ≤ − ∥∥γj
∥∥2∥∥ω̃cj

∥∥2 + 1

2
η−1

cj

(
η2

cj

∥∥γj
∥∥2∥∥ω̃cj

∥∥2 +
∥∥∥∥
�Hj

ψj

∥∥∥∥
2)

≤ −
(

1 − ηcj

2

)∥∥γj
∥∥2∥∥ω̃cj

∥∥2 + 1

2ηcj
B 2

�j
. (72)

Insert (72) and (70) into (59). With some calculation, we
obtain

L̇clj ≤ − a2
j λmin

(
Qj

)||x||2 −
[(

1 − a2
j

)
λmin

(
Qj

)||x||2

− (N + 1)G2
ML 2

ϑ

∥∥es
∥∥2

]
−

(
1 − ηcj

2

)∥∥γj
∥∥2∥∥ω̃cj

∥∥2

+ B 2
Tj

+ (N + 1)G2
M�

2
M + 1

2ηcj
B 2

�j
. (73)

Hence, if the triggering condition (30) holds, we have L̇clj ≤ 0
given that x /∈ �x and ω̃cj /∈ �ω̃cj , where

�x =
{

x:‖x‖ ≤
√√√√B 2

Tj
+ (N + 1)G2

M�
2
M

a2
j λmin

(
Qj

)
}

�ω̃cj =
{
ω̃cj:‖ω̃cj‖ ≤

√√√√ B 2
�j
/2ηcj

(
1 − ηcj/2

)‖γj‖2

}
.

It follows L̇cl ≤ 0 as long as x /∈ �x and ω̃cj /∈ �ω̃cj . This
demonstrates that x and ω̃cj are guaranteed to be UUB in the
continuous dynamic phase.

Now, we consider the boundedness of the jump dynamics.
When t = ts+1, the first difference of the Lyapunov func-
tion (58) is provided as follows:

�Lcl =
N∑

j=0

(
V∗

j (x)− V∗
j

(
x−)) +

N∑

j=0

(
V∗

j (x̄s+1)− V∗
j (x̄s)

)

+
N∑

j=0

η−1
cj

(
tr
(
ω̃T

cjω̃cj

)
− tr

(
ω̃−T

cj ω̃
−
cj

))
(74)
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where x− = x(t−s+1) = limτ1→0− x(ts+1 + τ1), ω̃
−
cj =

ω̃cj(t
−
s+1) = limτ1→0− ω̃cj(ts+1 + τ1) and τ1 ∈ (ts − ts+1, 0).

Since we prove that L̇cl < 0 if x /∈ �x and ω̃cj /∈ �ω̃cj

for all t ∈ [ts, ts+1), then Lcl is monotonically decreasing for
t ∈ [ts, ts+1). Therefore, V∗

j (x) ≤ V∗
j (x

−) and tr(ω̃T
cjω̃cj) ≤

tr(ω̃−T
cj ω̃

−
cj ) at the jump instants. On the other hand, for the

sampled data, because we have proved that the state estimation
error is UUB, then V∗

j (x̄s+1) ≤ V∗
j (x̄s). Hence, we have

�Lcl < 0, which indicates x and ω̃cj are also UUB in the jump
dynamic phase. This completes the proof.

IV. EXPERIMENT STUDIES

Example 1: Consider the following nonlinear hierarchical
game with four players (open loop unstable)

ẋ = f (x)+ g0(x)u0 + k0(x)d0(x)

+
3∑

i=1

gi(x)ui +
3∑

i=1

ki(x)di(x). (75)

This game follows an asymmetric decision-making structure,
where player 0 acts as the leader, making decisions first, while
the followers (i ∈ {1, 2, 3}) respond optimally based on the
leader’s choice. The system dynamics are provided as

f (x) =
[

−x1 + x2 + 1
2 x2

1x2

−x1 − x2 + x1x2
2 + 1

4 x2
(
(cos(2x1)+ 2)2 + (

sin(4x2
1)+ 2

)2)
]

g0(x) =
[

0

cos(x1)

]
, g1(x) =

[
0

cos(2x1 + 1)

]

g2(x) =
[

0

sin(x1 + 2)

]
, g3(x) =

[
0

sin
(
4x2

1

) + 1

]

where x = [x1, x2]T ∈ R
2 is the state, u0 ∈ R and ui ∈ R are

the policies controlled by leader and follower i, respectively.
Furthermore, the term kj(x)dj(x), j ∈ {0, 1, 2, 3}, is the

unknown mismatched uncertainties applied on each player
with

dj(x) = λ1x1 cos

(
1

x2 + λ2

)
+ λ3x2 sin

(
λ4x1x2

)
,

k0(x) =
[

sin
(
x2

1

)

0

]
, k1(x) =

[
1
0

]

k2(x) =
[

sin(x1 + 1)
0

]
, k3(x) =

[
1
2
0

]

and λ1 ∈ [−1, 1], λ2 ∈ [ − 100, 0)
⋃
(0, 100], λ3 ∈ [ −

1, 1], and λ4 ∈ [ − 100, 100] are the unknown parameters.
We can easily verify that Assumption 2 holds in this system,
i.e., rank(gj(x)) = 1 < 2 and gT

j (x)kj(x) = 0. Therefore, the
designed event-triggered RL control approach is applied for
this robust control problem.

Based on Theorem 1, we first transform this hierarchical
mismatched uncertain system (75) into an optimization design
of Stackelberg–Nash game

ẋ = f (x)+
3∑

j=0

Gj(x)ϑj (76)

Fig. 2. Convergence process of the critic network weights ω̂cj, j ∈ {0, 1, 2, 3}:
(a) Leader, (b) Follower 1, (c) Follower 2, and (c) Follower 3.

where ϑj = [uj, vj]T , vj ∈ R is an auxiliary input and
Gj(x) = [gj(x), kj(x)], j ∈ {0, 1, 2, 3}. Note that the open-loop
configuration of (76) is also unstable.

Since ||dj(x)|| ≤ ||x||, define the upper bounds as
D d(x) = 4||x|| and B 2

v(x) = ||∑3
j=0 ρjkj(x)vj||2 with ρj = 2.

Design the utility function based on (6) for leader and based
on (7) for followers with Qj = 5I2, Mj = I2, j ∈ {0, 1, 2, 3},
and αi = 0.2I2, βi = 0.2I2, i ∈ {1, 2, 3}.

Then, establish the critic network for each player to
approximate the performance index V̂j(x) based on (49)
and calculate the event-triggered control policy ϑj(x̄s) =
[uj(x̄s), vj(x̄s)]T based on (51) and (52). The learning rate is
chosen as ηcj = 0.05. The critic network for each player
is designed as a three layer network with the input as
Cj = [x1, x2, uj, vj]T and the output as V̂j(x). We consider 6
neurons for the hidden layer with the activation function as
φj(x) = ([1 − e−ωT

c1,jCj]/[1 + e−ωT
c1,jCj ]), where ωc1,j are the

weights between the input and hidden layer. In this article,
we randomly choose ωc1,j ∈ [−0.5, 0.5] at the beginning and
fix the values thereafter. Then, the weights between the output
and hidden layer ω̂cj are adjusted based on (55).

Select the sample interval as 0.01s and let the initial state
be x(0) = [1,−0.5]T . Choose aj = 0.5 and Lϑj = 3, j ∈
{0, 1, 2, 3}, for the triggering threshold (30). Besides, to satisfy
the persistent excitation condition, we add a probing noise
0.1 sin2(t) cos(t) + 0.1 sin2(2t) cos(0.1t) to the control uj(x̄s)

for the first 80 time steps.
The learning process spans a total of 6 s (600 time

steps × 0.01 s sample interval). The learning evolution of
the critic network weights between the hidden and output
layer ω̂cj is provided in Fig. 2. We can observe that all the
weights can converge quickly, which demonstrates the optimal
learning process of the developed method. Fig. 3 provides
the event-triggered control policy uj(x̄s) and event-triggered
auxiliary policy vj(x̄s), j ∈ {0, 1, 2, 3}. The updating steps
can be detected, which confirms that both control signals are
intermittent feedback and updated aperiodically. Based on the
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Fig. 3. Evolution of event-triggered control policies uj(x̄s) and vj(x̄s) in the
learning process. (a) t/s. (b) t/s.

Fig. 4. (a) Triggering condition verification. (b) Intersampling period.

definition, ϑj(x̄s) is constituted by ϑj(x̄s) = [uj(x̄s), vj(x̄s)]T .
The triggering condition and triggering period are shown in
Fig. 4. Particularly, Fig. 4(a) compares the square norm of es

with the triggering threshold eT , ensuring that ||es||2 is strictly
smaller than eT which satisfies the triggering condition (30)
and guarantees the asymptotic stability of the system. In
addition, Fig. 4(b) provides the triggering period Ts = ts+1−ts,
s ∈ N. We can observe that Ts,min = 0.02 which verifies
that the Zeno behavior does not occur. Note that Ts becomes
constant after 2.2 seconds. This indicates that the learn-
ing process has reached the optimal solution. Furthermore,
we compare the triggering number in the developed event-
triggered method with the time-triggered control method in
Fig. 5. It is shown that the developed method only needs
66 state samples while the traditional time-triggered method
requires 600 state samples, which is 89% reduction of the
control updates. This indicates that the developed method can
effectively reduce the computational burden.

After the training, we evaluate the control performance of
the obtained event-triggered control policy on the mismatched
uncertain hierarchical system (75). Without loss of generality,
we randomly select admissible unknown parameters of uncer-
tainty and measure the mean square error (MSE) of the state
x = [x1, x2]T for each set of parameters. We perform 5000
independent runs and the results are presented in Fig. 6. It
is demonstrated that the MSE of the state remains finite for
all uncertain parameters under the designed event-triggered

Fig. 5. Comparison of triggering number.

Fig. 6. Histogram of MSE for state in robust control process: (a) MSE for x1,
and (b) MSE for x2.

control policy. This implies that the closed-loop system is
compelled to be asymptotically stable and exhibits robustness
against any admissible uncertainties. Fig. 7 shows a general
state trajectory in the robust control process. These results
further demonstrate the stability preservation of the designed
robust-optimal transformation, ensuring that the transformed
system accurately reflects the original dynamics. Moreover,
the results validate the effectiveness of our developed method
in achieving reliable and robust performance in hierarchical
multiplayer systems, even under complex uncertainties.

Example 2: To further evaluate the proposed method, we
apply it to a ten-player hierarchical system with the following:

ẋ = f (x)+ g0(x)u0 + k0(x)d0(x)

+
9∑

i=1

gi(x)ui +
9∑

i=1

ki(x)di(x) (77)

where x = [x1, x2]T ∈ R
2 is the state, u0 ∈ R and

ui ∈ R are the policies controlled by leader and follower i ∈
{1, 2, 3, . . . , 9}, respectively. The dynamics are given as

f (x) =
[ −x1 + x2 + sin

(
x2

1

)

−x1 − x2 + x1x2
2 + 0.5x2(cos(2x1)+ 2)2

]
(78)

Authorized licensed use limited to: Florida Atlantic University. Downloaded on February 18,2026 at 16:15:36 UTC from IEEE Xplore.  Restrictions apply. 



ZHONG AND NI: INTELLIGENT CONTROL IN ASYMMETRIC DECISION-MAKING 7299

Fig. 7. General state trajectory in robust control process.

and g0(x) = [0, cos(x1)]T , g1(x) = [0, 1]T , g2(x) =
[0, cos(2x1)]T , g3(x) = [0, 2]T , g4(x) = [0, sin(4x1) +
1]T , g5(x) = [2 cos(x1), 0]T , g6(x) = [2 sin(x2), 0]T ,
g7(x) = [0, cos(x1)]T , g8(x) = [0, sin(x2)]T , and
g9(x) = [0, sin(2x1)+ 1]T . Here, the leader 0 acts first and the
follower i ∈ {1, 2, 3, . . . , 9} respond to the leader’s decision.

The unknown mismatched uncertainties kj(x)dj(x) are
applied on each player j ∈ {0, 1, 2, . . . , 9} with k0(x) =
[ sin(x2

1), 0]T , k1(x) = [ cos(2x2
2), 0]T , k2(x) = [ sin(x2 +

2), 0]T , k3(x) = [1, 0]T , k4(x) = [ sin(x1 + 1), 0]T , k5(x) =
[0, sin(2x2 + 1)]T , k6(x) = [0, cos x2

1]T , k7(x) = [1/2, 0]T ,
k8(x) = [1, 0]T , k9(x) = [ sin(x1), 0]T , and dj(x) =
p1x1 cos(x2) + p2x2 sin(x1), where p1, p2 ∈ [−2, 2] are
unknown parameters.

We implement the designed event-triggered RL control
method to address this hierarchical robust control problem.
The auxiliary plant is constructed based on (4) with N = 9.
The utility function is designed in (6) for the leader and
in (7) for the followers with Qj = 8I2, Mj = 2I2, j =
{0, 1, 2, . . . , 9}, and the coupling coefficients αi = 0.1I2,
βi = 0.1I2, i ∈ {1, 2, 3, . . . , 9}. The triggering threshold is
established with aj = 0.5 and Lϑj = 3. The learning rate
process spans a total of 6 s (600 time steps × 0.01 s sample
interval). To satisfy the persistent excitation condition, the
probing noise is added to the control uj(x̄s) for the first 100
time steps.

The event-triggered control policy uj(x̄s) and the event-
triggered auxiliary policy vj(x̄s) are provided in Fig. 8 and
Fig. 9, respectively. We can observe that both control signals
are intermittent feedback and updated aperiodically, adjusting
updates based on system conditions rather than fixed time
intervals. The triggering condition and triggering period are
illustrated in Fig. 10. As shown in Fig. 10(a), the term ||es||2
consistently remains below the threshold eT to ensure the
stability of the learning process. This indicates that the learn-
ing updates are effectively regulated, preventing excessive or
unnecessary updates while maintaining control performance.
Furthermore, the triggering period in Fig. 10(b) confirms that
Zeno behavior is successfully avoided. Note that this method
triggers only 134 control updates comparing with 600 updates
in traditional time-triggered methods.

Fig. 8. Evolution of event-triggered control policy uj(x̄s), j ∈ {0, 2, 3, . . . , 9}.

Fig. 9. Evolution of event-triggered control policy vj(x̄s), j ∈ {0, 2, 3, . . . , 9}.

Fig. 10. (a) Triggering condition verification. (b) Intersampling period.

After that, we fix the critic network weights and apply
the designed feedback controller to the original uncertain
system (77). Set the uncertain parameters to p1 = −2 and
p2 = 2. We conduct the robust control process for 500
time steps × 0.01 sample interval = 5s, starting from the
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Fig. 11. State trajectory in robust control process.

initial state [2,−2]T . The corresponding state trajectory under
this control scheme is shown in Fig. 11. We can observe
that the system rapidly converges to the equilibrium point
under the designed controller. These results further validate
our developed learning-based control method and demon-
strate its capability to handle hierarchical multiplayer systems
with mismatched uncertainties while ensuring stability and
performance.

V. CONCLUSION

This article develops an RL-based robust event-triggered
approach for hierarchical multiplayer systems with mis-
matched uncertainties. The proposed framework addresses
the computational complexities and mismatched uncertainties
inherent in the learning-based asymmetric decision-making
process. Specifically, the problem is transformed into
the Stackelberg–Nash game framework, complemented by
an intelligent event-triggered hierarchical robust-optimal
approach developed with RL techniques. Theoretical analysis
is provided to demonstrate that the solution of the transformed
event-triggered control scheme ensures the asymptotic stabi-
lization of the original hierarchical robust control problem.
Neural network techniques are applied to implement the
developed method and the detailed stability guarantee is
discussed. Finally, the numerical studies are conducted to
validate the effectiveness of the proposed method.
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