PHILOSOPHICAL
TRANSACTIONS A

royalsocietypublishing.org/journal/rsta

[CO
Research Gheck for

Cite this article: Zhang Z, Liu H, Liao W, Lin
G. 2025 Coefficient-to-Basis Network: a
fine-tunable operator learning framework for
inverse problems with adaptive discretizations
and theoretical guarantees. Phil. Trans. R. Soc.
A 383:20240054.
https://doi.org/10.1098/rsta.2024.0054

Received: 19 February 2025
Accepted: 10 June 2025

One contribution of 14 to a theme issue
‘Frontiers of applied inverse problems in
science and engineering.

Subject Areas:

artificial intelligence, computational
mathematics, applied mathematics,
mechanical engineering

Keywords:

operator learning, inverse problem, fine
tuning, approximation theory, generalization
error

Author for correspondence:
Guang Lin
e-mail: guanglin@purdue.edu

THE ROYAL SOCIETY

PUBLISHING

Coefficient-to-Basis Network:
a fine-tunable operator
learning framework for inverse
problems with adaptive
discretizations and

theoretical guarantees

Zecheng Zhang', Hao Liu?, Wenjing Liao® and

Guang Lin*

"Department of Applied and Computational Mathematics and Statistics, University
of Notre Dame, Notre Dame, IN, USA

2Hong Kong Baptist University, Hong Kong, Hong Kong

3Department of Mathematics, Georgia Institute of Technology, Atlanta, GA, USA
*Department of Mathematics & School of Mechanical Engineering, Purdue
University, West Lafayette, IN, USA

17,0000-0002-1412-8457; GL, 0000-0002-0976-1987

We propose a Coefficient-to-Basis Network (C2BNet),
anovel framework for solving inverse problems within
the operator learning paradigm. C2BNet efficiently
adapts to different discretizations through fine-tuning,
using a pre-trained model to significantly reduce
computational cost while maintaining high accuracy.
Unlike traditional approaches that require retraining
from scratch for new discretizations, our method
enables seamless adaptation without sacrificing pre-
dictive performance. Furthermore, we establish theo-
retical approximation and generalization error bounds
for C2BNet by exploiting low-dimensional structures
in the underlying datasets. Our analysis demonstrates
that C2BNet adapts to low-dimensional structures
without relying on explicit encoding mechanisms,
highlighting its robustness and efficiency. To validate
our theoretical findings, we conducted extensive
numerical experiments that showcase the superior
performance of C2BNet on several inverse problems.
The results confirm that C2BNet effectively balances
computational efficiency and accuracy, making it a
promising tool to solve inverse problems in scientific
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computing and engineering applications.
This article is part of the theme issue ‘Frontiers of applied inverse problems in science and
engineering’.

1. Introduction

Operator learning between infinite-dimensional function spaces is an important task that arises
in many disciplines of science and engineering. In recent years, deep neural networks have been
successfully applied to learn operators for solving numerical partial differential equations (PDEs)
[1-3], image processing [4] and inverse problems [5,6].

Operator learning is challenging in general, since the input and output functions lie in infinite-
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dimensional spaces. To address this difficulty, many deep operator learning approaches are pro-
posed in an encoder—decoder framework. This framework employs encoders to map the inputand
output functions to finite-dimensional vectors and then learn a map between these dimension-
reduced vectors. Popular deep operator learning methods in this encoder—decoder framework
include PCANet with principal component analysis [1,7,8] and Fourier neural operators (FNOs)
based on fast Fourier transforms [9-13]). These methods utilize deterministic or data-driven linear
encoders and decoders for dimension reduction, and neural networks are used to learn the map.
For nonlinear dimension reduction, autoencoders have demonstrated success in extracting low-
dimensional nonlinear structures in data [14-17], and autoencoders have been applied to operator
learning in Seidman ef al. [18]; Kontolati et al. [19]; Liu et al. [20]. Other widely used deep operator
learning architectures include the Deep Operator Network (DeepONet) [3,21-29]; random feature
models [30], among others.

Apart from the computational advances, theoretical works were established to understand the
representation and generalization capabilities of deep operator learning methods. A theoretical
foundation on the approximation property of PCANet was established in Bhattacharya et al. [1].
This was followed by a more comprehensive study in Lanthaler [31], which derived both up-
per and lower bounds for such approximations. Further contributions were made in [17], where
a generalization error bound was established for the encoder—decoder-based neural networks,
including PCANet as a specific instance. The universal approximation property of FNOs was
analysed in Kovachki et al. [32]. DeepONets were proposed based on a universal approximation
theory in Chen & Chen [33], and were further analysed in Lanthaler et al. [34]; Schwab et al. [35].
More recently, neural scaling laws governing DeepONets were investigated in [36] based on ap-
proximation and generalization theories. Lanthaler [37] explored lower bounds on the parameter
complexity of operator learning, demonstrating that achieving a power scaling law for general
Lipschitz operators is theoretically impossible, despite the empirical observations in [3,8]. How-
ever, these theoretical frameworks remain limited in fully explaining the empirical success of deep
neural networks in operator learning, primarily due to the inherent challenges posed by the curse
of dimensionality.

In science and engineering applications, many datasets exhibit low-dimensional structures. For
example, even though the images in ImageNet [38] have an ambient dimension exceeding 150 000.
Pope et al. [39] showed that the ImageNet dataset has an intrinsic dimension of approximately 40.
Many high-dimensional datasets exhibit repetitive patterns and special structures including ro-
tation and translation, which contribute to a low intrinsic dimensionality [40,41]. In PDE-related
inverse problems, one often needs to infer certain unknown parameters in the PDE from given
observations, such as inferring the permeability in porous media equations given the solutions
[42]. In inverse problems, the unknown parameters often exhibit a low-dimensional structure.
For example, the unknown parameters considered in Lu et al. [43] and Hasani & Ward [44] are
generated by just a few Fourier bases.
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By leveraging low-dimensional structures, existing deep learning theory has shown that the
approximation and generalization errors of deep neural networks for function estimation con-
verge at a fast rate depending on the intrinsic dimension of data or learning tasks [45-49], by
contrast to a slower rate of convergence in high-dimensional spaces [43,50,51]. A generalization
error bound of an autoencoder-based neural network (AENet) for operator learning was estab-
lished in Liu ef al. [20], where the convergence rate depends on the intrinsic dimension of the
dataset. Recently, generalization error bounds were established in Dahal et al. [52]; Havrilla &
Liao [53] for generative models and transformer neural networks when the input data lie on
a low-dimensional manifold. Another approach to mitigate the curse of dimensionality consid-
ers operators with special structures, such as those arising in elliptic PDEs [54] or holomorphic
operators [55,56].

In this paper, we address operator learning problems arising from inverse problems [11,57]
to determine inverse Quantities of Interest (Qols) associated with PDEs given observations on
PDE solutions. In many practical scenarios, the inverse Qols in PDEs exhibit a simpler structure
compared to the corresponding PDE solutions. For instance, in the context of heat diffusion in
non-uniform materials, the diffusivity parameter is inherently material dependent. If the domain
can be partitioned into several subregions, each characterized nearly by a uniform material prop-
erty, the diffusivity parameter can be represented by a piecewise constant function [58]. A similar
framework is explored in Vaidya et al. [59] for the convection—diffusion of solutes in heteroge-
neous media. When the unknown parameter in PDEs is piecewise constant, it can be expressed
by a linear combination of characteristic functions, each corresponding to a distinct subregion.
These characteristic functions form a set of orthogonal bases. By contrast, the solutions to PDEs
often exhibit more complex structures. Consequently, it is natural to assume that the PDE param-
eters possess low-dimensional linear structures, while the PDE solutions exhibit low-dimensional
nonlinear structures.

Motivated by this observation, we propose a novel framework termed a Coefficient-to-Basis
Network (C2BNet) to solve inverse problems. The proposed network architecture comprises two
key components: (i) a coefficient network, which maps the input function (representing the PDE
solution) to the coefficients corresponding to the basis functions of the output (PDE parameter),
and (ii) a basis network (a linear layer), which is responsible for learning the basis functions in
the output space. C2BNet is different from existing encoder-decoder based networks, such as
PCANet [1] and AENet [20]. PCANet uses principle component analysis (PCA) for dimension
reduction, which can only discover low-dimensional linear structures, while C2BNet can learn
low-dimensional nonlinear structures of PDE solutions. AENet uses an autoencoder to explore
low-dimensional nonlinear structures in data. The training of AENet contains two steps: in the
first step, an autoencoder is trained to learn low-dimensional data structures in the input. In the
second step, another network is trained to learn a mapping from the input latent variable given
by the trained autoencoder to the output. In C2BNet, we do not need to explicitly train an au-
toencoder for dimension reduction. Both the coefficient network and basis network are trained
together, which simplifies the training process.

A significant challenge in solving inverse problems by machine learning lies in adapting to new
tasks or inferring Qols in different regions of the domain based on new data. A common scenario
arises when the new Qols are discretized on a finer mesh, leading to a higher-dimensional output
compared with the previous tasks. To address this challenge, we propose a fine-tuning approach
for a pre-trained network that was initially trained on coarser discretizations. Our derivation
demonstrates that only updating a linear layer of the pre-trained network is sufficient to adapt to
the new task on finer discretizations. This approach significantly reduces the computational com-
plexity associated with retraining the entire network on the new dataset while maintaining the
accuracy of the prediction. By assuming that the input functions reside on a low-dimensional man-
ifold, we establish approximation and generalization error bounds for our proposed C2BNet. In
particular, these error bounds depend crucially on the intrinsic dimension of the input functions.
Our contributions are summarized as follows:

Downloaded from http://royalsocietypublishing.org/rsta/article-pdf/doi/10.1098/rsta.2024.0054/2819365/rsta.2024.0054 .pdf
by Georgia Institute of Technology user
on 25 February 2026

‘e1s1/Jeunof/biobuysyigndiyaposiefos

¥S00¥C0C +€8€ ¥ 20§ Y ‘SUbI[ 1Yd



— Weintroduce C2BNet, a novel framework for learning operators designed for PDE-based
inverse problems. C2BNet can be efficiently fine-tuned to accommodate different dis-
cretizations using a pre-trained network, significantly reducing the computational cost
of retraining without sacrificing accuracy.

— We establish approximation and generalization error bounds for C2BNet incorporating
low-dimensional structures in datasets. Our results demonstrate that C2BNet adapts to
low-dimensional data structures without an additional encoder-decoder mechanism.

— We validate the performance of C2BNet and the theoretical findings through compre-
hensive numerical experiments.

The remainder of this paper is structured as follows. In §2, we introduce some concepts and back-
ground definitions necessary for an understanding of the proposed framework. In §3 we present
details of the proposed C2BNet. A theoretical analysis of C2BNet is provided in §4, with proofs
detailed in appendix A. The efficacy of C2BNet is demonstrated through a series of numerical
experiments in §5. Finally, we conclude the paper in §6.

Notation: In this paper, we use bold letters to denote vectors and normal letters to denote
scalars. Calligraphic letters are used to denote sets. For a set Q, we use Q] to denote its volume.

2. Preliminary

We first introduce some definitions about manifolds. We refer readers to Tu [60] and Lee [61] for
more details.

Definition 1 (Chart). Let M be a d-dimensional manifold embedded in RP. A chart of M is a
pair (Q, ¢) where Q C M is an open subset of M, ¢ : Q — Réis a homeomorphism.

The transformation ¢ in a chart defines a coordinate map on Q. An atlas of M is a collection of
charts that covers M:

Definition 2 (C° Atlas). Let {(Qx, ¢x)}xex be a collection of charts of M with K denoting the set
of indices. It is a C* atlas of M if

(@) UkexQr=M,
(ii) the mappings
piodr ! 1 b (Qj N Qk) - ¢; (Qj n Qk) and ¢k°¢/~_1 D¢ (Qj n Qk) - ¢ (Qj n Qk)
are C° for any j, k€ K.
A finite atlas is an atlas with a finite number of charts.

On a smooth manifold, we define C® functions as follows.

Definition 3 (C° functions on M). Let M be a smooth manifold and f : M — R be a function de-
fined on M. The function is called a C° function on M if for any chart (Q, ¢) of M, the composition
foqb_1 : #(Q) —» Ris a C*® function.

To measure the complexity of a manifold, we define reach as follows.

Definition 4 (Reach [62,63]). Let M be a manifold embedded in RP. We define

G={x€RP : 3y +#z e M such tha d(x, M) = ||x — y|| = ||x — z||»},
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where d(x, M) is the distance from x to M. The reach of M is defined as
= inf inf |[|x —y]|]>.
= nf lIx —yll2

The reach of a manifold gives a characterization of curvature. A hyper-plane has a reach 7 = o,
and a hyper-sphere with radius r has a reach r =r.
In this paper, we consider feedforward neural networks in the form of

fNN(x) = WL . ReLU(WL_l ReLU(Wlx + bl) R = bL—l) + bL, (21)

where W)’s are weight matrices, b;’s are bias and ReLU(a) = max{a, 0} is the rectified linear unit
and is applied elementwise to its argument. The function defined in equation (2.1) is a network
with L layers. The number of layers refers to the number of weight matrices that are used in the
network. The width of the I-th layer refers to the number of rows of W, and the width of the
network is the largest number of rows among all weight matrices.

We consider the following network class:

]:NN (dl’ d2’ L, p, K, X, R) =

{fNN = [fl, ,de]T | fx : Q= Ris in the form of (1) with L layers, width bounded by p
(2.2)
L

Will ey SR MWl g0 <5 llbtll o <, Y IWilly + llyllg <K,V |
=1

In equation (2.2), [[W)lle =max;; |[(Wp;jl, ||i]le = max; |(by);] and || - [|p gives the number of non-
zero elements of its argument.

3. Coefficient-to-Basis Network (C2BNet) for operator learning

Our objective is to learn an unknown operator
Y.xX-), (3.1)

where X cL2(Qy) and Y C Lz(Qy) are input and output function sets with domain Q4 C R%
and Qy C R% respectively. In addition, X' and Y belong to separable Hilbert spaces with inner
products (uy, up) x and (v1, v;)y, respectively.

In PDE-based inverse problems, the input set X contains the PDE solutions and the output set
Y contains the PDE parameters to be determined. Motivated by low-dimensional linear structures
in the PDE parameters [58,59], we assume that the output functions in ) approximately lie in a
low-dimensional subspace.

Assumption 1. Let d, > 0 be an integer. Suppose there exists a set of orthonormal functions
{wk}izzl, ie. (co]-, wi)y =1for j=k, and is (co]-, wi)y =0 for j #k, so that any v € ) satisfies

<¢,

Le(Qy)

dy
0= D {0, wp)ywy
k=1

where ¢ denotes the approximation error which may depend on ds.
We denote

dy
Proj(v) = Z oc;(’(v)wk, with oc;(’(v) = (v, wp)y - (3.2)
k=1

Assumption 1 ensures the existence of a set of orthonormal bases whose span can approximate
functions in Y with ¢ error. This assumption is inspired by finite element methods and existing
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works on operator learning. In finite element methods [64], the output function space is approx-
imated by a finite element space, spanned by a set of basis functions. For the encoder-decoder-
based operator learning approaches, such as PCANet and FNOs [1,10,17,31], linear encoders and
decoders are used based on certain bases. In these works, the bases are either deterministic, such
as Fourier bases and Legendre polynomials, or estimated by data-driven tools, such as PCA.

For any input u € X and output v € ), we denote their discretized counterparts by u= Sy (u) €
RP1 and v = Sy)(v) € RP2 respectively, where Sy and Sy, denote the corresponding discretization
operators. For a given discretization operator S, we denote the induced inner product in RP by
{*,*)s, - One way to define such an inner produce is by using a quadrature rule:

Dy
(S (1), Sx(w))s, = 3 Tr(un(u)i, (33)
k=1
where 7}, > 0 are the weights in the quadrature rule. When the functions in X’ are smooth and the
discretization grid of S x is sufficiently fine, we expect ||S x(1)||s,, = ||u| x for any u € X'. We make
the following assumption on the discretization operator Sy:
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Assumption 2. Assume that, forany v€ ),
0.5[[olly <1ISy@)llsy, <2|lvlly, 0.5]|Proj()lly <[|SyeProj(v)|ls,, <2|Proj(@)|ly.

Assumption 2 holds as long as functions in ) are uniformly regular and the discretization grid
is sufficiently fine. For example, according to the Nyquist-Shannon sampling theorem [65], ban-
dlimited functions can be completely determined from their discretized counterparts on a suffi-
ciently fine grid. A specific example is provided in [20, Example 1] to demonstrate that assumption
2 can be satisfied if the functions in Y are band limited and the discretization grid is sufficiently
fine. For another example, when functions in ) are bounded and second-order differentiable, as-
sumption 2 can be satisfied by choosing (-, -)s,, as the composite trapezoidal rule with sufficiently
fine grids. We can find the weight 7}’s in equation (3.3) using a quadrature rule to approximate
the continuous inner product by the discretized counterpart.

(a) Coefficient-to-Basis Network (C2BNet) architecture

Our network structure is designed based on the decomposition in equation (3.2), which consists

of two components: the coefficients {cc}(’(v)}ii 1 and the bases {wk}Zi 1 We design a network for each
component. In equation (3.2), for each k, the coefficient o (v) is a functional of the output function
v in ). Since v = ¥(u), we have

aZ(v) = a;{’oll’(u), (3.4)

which implies that each coefficient is a functional of the input function u as well. We construct a
coefficient network fmf : RP1 5 R% to learn the mapping in equation (3.4):
3.4:

u ﬂ) [aTO‘P(u), vy ocgz o¥(w)]T,
where u = S y(u) denotes the discretized counterpart of u.

Given a discretization grid in Qy, associated with the discretization operator Sy, we can rep-
resent the basis functions {wk}zzzl by a set of vectors {Sy(a)k)}zzz ;- In C2BNet, we use a linear layer
to learn this set: £y, : R%2 — RP2,

Our operator network Wy that approximates the target operator ¥ in equation (3.1) is
constructed as

WNN = fpasis ofcoef~ (3.5)
The architecture of ¥y is illustrated in figure 1a.
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(a) (b)

H

u —> fbasis —_— Sy(’U)
u fbn.sis —_—> Vv

M {—> Train on Sy ‘
i—> Fine-tune on Sﬁ;

_) fb’asis _) Sﬁ;(’l})

(SN

Figure 1. (a) Anillustration of (2BNet in equation (3.5). (b) Fine-tuning from discretization 55, to S’y.
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Although both C2BNet can DeepONet have two subnetworks, their structures are different.
DeepONet approximates an operator through a linear combination of learnable basis functions
(trunk) and the learnable coefficients (branch). However, C2BNet is a feedforward network. It is
a composition of two networks instead of a product of two networks.

(b) Fine-tuning on a new discretization in €2,

A key advantage C2BNet is adapting to different discretizations. Once the network is trained on
a specific discretization associated with Sy, it can be efficiently fine-tuned to accommodate a new
discretization associated with S’y. As indicated by equation (3.4), the coefficients {aZ(U)}Zi , are
determined solely by the input function u and are independent of the discretization Sy,. In our
framework, altering the discretization in Qy, only requires updating the basis network fy,;s to
represent {S’y(cuk)};ilz=1 instead of {Sy(cok)}zzz ;- Consequently, if the coefficient network £ learns
the coefficients well, only fy,.;s needs to be fine-tuned in the new dataset to learn the updated basis
functions. This strategy eliminates the need to retrain the entire network, as only a single linear
layer needs to be updated, which significantly reduces the computational cost. Our fine-tuning
strategy is illustrated in figure 1b. In fact, since the fine-tuning of C2BNet only updates the last
linear layer, the training loss is quadratic with respect to the weights of the last layer. We can solve
it explicitly instead of training a network using stochastic gradient decent or any other algorithms.
This property distinguishes C2BNet from other encoder-decoder based networks which need to
retrain part or the whole network.

4. Approximation and generalization theory of (2BNet

In this section, approximation and generalization error bounds are established for the C2BNet in
§3. C2BNet is designed to utilize low-dimensional linear structures in output functions. By fur-
ther leveraging low-dimensional nonlinear structures in input functions, we prove approximation
and generalization error bounds depending on the intrinsic dimension of the input functions. All
proofs are deferred until appendix A.

Our theoretical analysis requires some assumptions. The first assumption below says that the
functions in X and ) have a bounded domain and the function values are bounded.

Assumption 3. Suppose the followings hold for X and ) there exist By, By, M1, M, > 0 such
that

(i) Forany x € O,y €Qy, Xl < By, [[ylleo < Ba.
(i) Forany u € X,0 €Y, |[ullL=(ay) M1, [[0llL=(,) < Ma.
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Assumption 3 implies that the domain and output of any function in & and Y are bounded. The
next assumption leverages low-dimensional structures in input functions:

Assumption 4. Suppose the input function set X satisfies the followings:

(i) Suppose Sy discretizes functions in X without loss of information: there exists a map
Dy : RP1 - X such that

DyoSx(u)=u

foranyu e X.

(if) Suppose that {u=Sx(u) : u € X} is located on a d;-dimensional Riemannian manifold
M isometrically embedded in RP1, with a positive reach 7 > 0.

(iii) Suppose Dy : M — X is Lipschitz. Let {(Qx, $x)}rex be an atlas of M. For any given chart
(Uy, ¢x) in this atlas, there exists a constant C such that for any z1, z, € ¢y (U)

IDxo¢; ! (21) = Dxod ' (22)llLo(ay) < Cllz1 — 22 la-

Assumption 4 assumes that X’ processes a low-dimensional nonlinear structure. Assumption 4(i)
imposes a one-to-one correspondence between each function in & and their discretized counter-
part. Assumption 4(i) holds when the functions in X" are bandlimited and the discretization grid
is sufficiently fine. Assumptions 4(ii)—(iii) assume that X" exhibits a low-dimensional nonlinear
structure.

Our last assumption is about the target operator ¥:

Assumption 5. Suppose that the operator ¥ is Lipschitz with Lipschitz constant Ly:
1¥(u1) = Pu)lly < Lylluy —uzllx.

Assumption 5 imposes a Lipschitz property of the target operator ¥, which is common in the
operator learning literature.
We next provide a simple example showing that assumptions 1-5 are satisfied.

Example 1. Consider the transport equation

up=f(Hu, (x,t)e€[0,2x] x[0,1],
u(x,0) = sin(x),

u(x, t) is periodic in space.

The objective is to infer f(t) from observed data sampled from u(x,t). Suppose f(x) is a linear
function:

f(t)=a+bt,

fora,be[0,1]. Thendy =2, w1(t) =1, wo(t) = 2\/§(t —1/2),¢{ =0, and assumption 1 is satisfied.
For any given a4, b, the PDE solution is

u(x,t) =sin (x + (at + gtz)) .

Assumption 3 is satisfied. The operator ¥ maps u(x, t) to f(t) = arcsin(u(x, t) — x), assumption 5
is satisfied. We sample N, equally spaced points along x and N; equally spaced points along t.
When N, > 2, N; > 3, the expression of u(x, t) can be uniquely determined from the sampled points.
Assumption 4(i) is satisfied by choosing D y as this mapping. Since both u(x, t) and u are parame-
terized by (4, b), they are located on a manifold M with d; =2. Assumption 4(ii) is satisfied. Let ¢
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be the mapping from u to (4, b). Then (M, ¢) is a chart (and also an atlas) of M. For (a,b) € p(M),
we have Dyo¢~1(a,b) =sin (x + (at + gtz)), which is Lipschtiz in a and b. Assumption 4(iii) is
satisfied. By choosing (-, -)s,, as the composite trapezoidal rules, assumption 2 is satisfied when
Ny, Ny is sufficiently large. In this example, all of assumptions 1-5 are satisfied.

(a) Approximation theory

Our first theoretical result is on the approximation power of C2BNet for Lipschitz operators under
assumptions 2-5.

Theorem 1. Let By, By, My, My, Ly > 0, and suppose assumptions 2—4 hold. For any ¢ > 0, there
exists a network architecture Fer = FNN(D1, do, L, p, K, %, R) with

L= O<10g %) ,p=0(e"), K=0 (E_dl log% + Dj log % + DqlogDy + Dz) ,
@.1)

x=0(s1), R=M;|Qy],

and a linear network Fy,qis = Fnn(do, Do, 1, Dy, dr Dy, Mz, M) such that for any operator ¥ satis-
fying assumption 5, such an architecture gives rise to fmf € Feoefs fb,ls,s € Fipusis and ¥ = fbus,SOfmf
with

sup 1Sy oProjo® (1) — PoS ()| < (4.2)

The constant hidden in O depends on dy,dy, M1, My, |Qx|, |Qy], Ly, T and the surface area of M.

Theorem 1 is proved in appendix A.1. Theorem 1 shows that if the network architecture is
properly chosen, C2BNet can universally approximate Lipschitz operators after a linear projection
with an arbitrary accuracy. Furthermore, the size of the network scales with ¢ with an exponent
depending on the intrinsic dimension d; of the input functions, instead of the ambient dimension
D1 .

Our C2BNet in theorem 1 is constructed to approximate Projo®¥. When the outputs of ¥ approx-
imately lie in a low-dimensional subspace as assumed in assumption 1, we can combine theorem
1 and assumption 1 to guarantee an approximation error of ¥.

Corollary 1. Let By, By, M1, My, Ly, § > 0, and suppose that assumptions 1-4 hold. For any € > 0,
there exists a network architecture Fper = FNN(D1, do, L, p, K, %, R) with

L= O<10g 1), p=0(""%), K=0 (s_dl log1 + Dy log1 + DqlogDy + Dz),
€ € € (43)
x=0(@E"1), R=M,|Qy]

and a linear network Fsis = Fnn(do, Do, 1, Dy, do Dy, Mz, M) such that for any operator ¥ satis-
fying assumption 5, such an architecture gives rise to fmf € Feoefs Fousis € Fiasis and & = fbus,sofcgef
with

sup ||SyO‘F(u)—fffos/\g(u)noo <¢+e. (4.4)

uex
The constant hidden in O depends on dy,dy, M1, My, |Qx |, |Qy], Ly, T and the surface area of M.
Corollary 1 is proved in appendix A.2. Corollary 1 gives an upper bound of C2BNet for ap-

proximating the original Lipschitz operators. The bound depends on the approximation error by
projection and the approximation error by networks.
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(b) Generalization error

Suppose we are given input-output pairs S = {u;,0;};_; with u; € X sampled from a probability
distribution p and

0 =Y(u;) + §&;,
where §;’s represent independent and identically distributed (i.i.d.) noise satisfying the following

assumption:

Assumption 6. Suppose &;’s are ii.d. copies of £ €Y. For any y € Qy, &i(y) follows a sub-
Gaussian distribution with variance proxy o2.

Given a network architecture F,er and Fpgs;s, we define the C2BNet class
F= {fbasisofcoef : fcoefe Fcoefs fvasis € Foasis - (4.5)

Given the training data {u;, ;}_; with w;=Sx(u;),V;=Sy(%;), we train C2BNet through the
following empirical risk minimization:

& 1w .
@ =argmin = > [[¥xn(w) - i3, (4.6)
wwer "ia Y

The generalization error of ¥ satisfies the following upper bound.

Theorem 2. Let By, By, M1, M;,Ly,{ > 0. Suppose assumptions 1-6 hold. Set the network
architecture Fper = FNN(D1, d2, L, p, K, %, R), Fpgsis = FNN(d2, D2, 1, D, dy Dy, M, Mp) with

2, 2d;

L=0(ogn), p=O(nm), K=O(nm logn + Dy logn + Dylog Dy + Dy),
x=0(ogn), R=M;|Qy]|

“7)

and consider the C2BNet class F defined in equation (4.5). The minimizer of equation (4.6),
denoted by ¥ satisfies

2
EsEu~p Di2||‘/f‘OSX(u) - Syoll'(u)H% <CDi(logDy)n 2 log3 n+8¢2, (4.8)

where Cis a constant. Both C and the constants hidden in O depend on dy, dy, M1, My, |Qx|, |Qy],
Ly, 0,7 and the surface area of M.

Theorem 2 is proved in appendix A.3. The error bound in theorem 2 has two components: the
first is the network estimation error, which converges to zero as 1 goes to infinity; the second rep-
resents the loss of information while output functions are projected to a d,-dimensional subspace.
If functions in ) lie on a dp-dimensional subspace, then ¢ =0 and the squared generalization er-

2

ror in theorem 2 converges at the rate n 2+ This rate of convergence depends on the intrinsic
dimension d; instead of the ambient dimension D;. By solving equation (4.6), C2BNet can adapt
to low-dimensional structures in input functions and enjoys a fast convergence rate depending
on the intrinsic dimension of the input functions, attenuating the curse of dimensionality. If ) is
not exactly lying in a d,-dimensional subspace, the projection error usually decays as d; increases.
We can choose d; to be large enough so that ¢ is small.

5. Numerical experiments

In this section, we demonstrate the effectiveness of C2BNet through three sets of numerical ex-
periments. To show the effectiveness and robustness of the methods, we use the same network
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structures in all examples. Specifically, the network has the size d;j; ;s — 100 — 100 — 100 — djy, >
doutput, where the number indicates the width of each layer (the number of neurons of each layer),
and each layer is activated by the ReLU and with bias, except the last layer. The d;ypyt, doutpys and
djpp are problem-dependent and are specified in each example. All codes and code running re-
sults will be published on Google Colab and Github after the paper is published; we can provide
the link if requested by the readers.

(a) Radiative transfer equation

In this example, we examine the radiative transfer equation (RTE) [66-68] with a contrast scatter-
ing parameter o(x), the goal is to infer the inverse Qols o(x) given the solution of the PDE. The
RTE is a fundamental model in optical tomography and represents a classic inverse problem. The
objective is to recover the scattering parameter based on given observations. The RTE is described
by the following equation:

s VI(x,s)= o(xe, @)

(/ I(x,s")ds’ — I(x, s)), vxeD,seS" L,
Sn-1
Here, s is a vector in the unit sphere 8" 1 and n denotes the spatial dimension of the problem.
In our experiments, we set n =2, making S n-1 =81 which corresponds to the unit circle. In
addition, we set € = 1 and the domain D = [0, 1]2.
To close the model, Dirichlet boundary conditions are imposed. Specifically, for directions en-
tering the domain (s - n < 0), the boundary condition is defined as I(x, s) = I;,. This applies to the
boundary subset

I~ :={xs)€dDx8"!:s5-n<0}
where n is the unit outward normal vector at x € dD. The condition is expressed as
I(x,s) =ILin(x,s) forall (x,s)el".

In our examples, the top, bottom and right-hand boundaries are assigned zero incoming bound-
ary conditions, while the left-hand boundary is assumed to have a non-zero flow, injecting energy
or particles into the domain.

The term ‘contrast scattering’ refers to the difference in scattering properties between specific
channels and the surrounding background. Each scattering includes five channels, where the size
of each is randomly determined by two free variables: length and width. Figure 2 illustrates four
realizations of the scattering parameter o, highlighting the variability in channel structures across
different samples.

(i) Results for RTE

In this section, we present the numerical results. For input, the solution (observation) is uniformly
discretized on an 11 X 11 spatial mesh, with four velocity directions uniformly distributed on the
unit circle. The inverse Qols correspond to the target scattering parameter, which is discretized
on a 10 x 10 spatial mesh, dj,,, = 50 for this example. In figure 3, we present the error decay in the
L1 norm with respect to the number of training samples. From the left-hand panel of the figure,
we observe that the relative error decreases to as low as 3% when 144 training samples are used,
demonstrating the effectiveness of the neural network. Moreover, the right-hand panel shows the
error decay on a log scale linearly, validating the power-law behaviour shown in theorem 2.

(b) Elliptic equation
In this example, we consider the elliptic equation,

-V .-x(x,y)Vu=f,x €0, 1]?,
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Figure 2. Demonstration of two scatter parameters for RTE. Each scattering field has five channels and each channels has two
degrees of freedom width and height.
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Figure 3. RTE results. Left: Relative error decay with respect to the number of training samples. Right: Error decay in log-scale.
Note a linear line is fit to better demonstrate the linear decay in log.
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Figure 4. Demonstration of two permeability realizations for elliptic equation. Each permeability is determined by four de-
grees of freedom.
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where x(x) is the permeability. The goal is to recover x(x, y) given the observations. We set x(x, y) =
wy sin(x + y) + wy cos(x + y) + w3 sin(2(x + y)) + w4 cos(2(x + y))+4.1, where w; ~ Uniform(—1,1).
We present two realizations in figure 4.
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Figure 5. Elliptic example. Left: Error decay with respect to the number of training samples. Right: Error decay in logarithmic
scale. We infer the inverse Qols, which correspond to the permeability discretized ona 10 X 10 mesh. To better illustrate the
convergence rate, we fit a linear line to the error in the logarithmic scale on the right-hand panel.
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Figure 6. Elliptic example. Left: Error decay in logarithmic scale for the proposed method, which updates only the last linear
layer for the downstream task with 20 X 20-dimensional inverse Qols. Right: Convergence comparison between the pre-
trained network for 10 X 10-dimensional inverse Qols and the new network.

(i) Results for elliptic equation

In this section, we present the numerical results. The input observations (solutions of the equa-
tion) are uniformly sampled using a 10 x 10 mesh, while the inverse Qols are also discretized on
a 10 x 10 mesh. The prediction error is measured using the L, norm, with the results illustrated
in figure 5. From the left-hand panel of figure 5, we observe that the relative L, error decreases
to 0.7% with 360 training samples and remains below 1% even with only 108 training samples.
This demonstrates the accuracy of the network’s predictions. Furthermore, as shown in the right-
hand panel of figure 5, errors exhibit a linear decay in the logarithmic scale, which validates the
theoretical results presented in theorem 2.

(ii) Transfer to new Qols (permeability on a finer mesh)

We test the performance of C2BNet by modifying the Qols while keeping the encoding part of the
trained network fixed. This approach significantly reduces the computational cost of inferring
new Qols by avoiding the need to train an entirely new network. Specifically, the new inverse
Qols correspond to solutions defined on a finer 20 X 20 grid, which differs from the 10 x 10 train-
ing mesh evaluated in §5b(i) To adapt the model, we retain all but the final layer and train only
the last linear layer, which has a dimension of 12 X 400 (dj,,, = 12). The convergence of errors with
respect to the number of training samples is presented in figure 6.
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Figure 7. Time-dependent problem. Left: Error comparison between the proposed method, which transfers the trained
weights except for the last layer and updates only the last layer, and the approach of retraining all layers for the downstream
task with 20 x 20 inverse Qols. Notably, with significantly less trainable parameters, the proposed method achieves a similar
prediction error as the full retraining. Right: error decay in log scale and linear fit the log error.
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Figure 8. Demonstration of the four initial condition realizations for the time-dependent problems. Each realization is deter-
mined by six degrees of freedom.

For comparison, we also retrain all layers of the network for the new task, where the Qols
are defined on a 20 X 20 mesh. In particular, the full retraining process requires more cost than
the proposed approach, which updates only the final layer. Specifically, complete retraining re-
quires updating a total of 36 312 parameters, while the proposed method only updates the last
layer, which consists of 4800 parameters. However, the proposed method achieves relative errors
similar to full retraining, demonstrating its effectiveness and accuracy; see figure 7.

(c) Time-dependent diffusion equation
In this example, we consider the parabolic equation,
uy — e =f,x€[0,2],t €[0,0.01],

with Dirichlet boundary conditions. The goal is to find the initial condition given the solution at
the terminal time. The initial condition used has the form: u(x,0) = 2?21 w; sin(inx) + p; cos(imx),
where w;, p; are the weights uniformly sampled from [—1,1]. We display four initial condition
realizations in figure 8.
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Figure 9. Left: Error decay with respect to the number of training samples. Right: Error decay in logarithmic scale. We infer the
inverse Qols, which correspond to initial conditions discretized on a 64-point mesh. To better illustrate the convergence rate,
we fit a linear line to the error on the logarithmic scale on the right-hand panel.

(i) Results for the time-dependent diffusion equation

The network input (observations) are solutions at ¢ = 0.01, and we take 64 points uniformly from
[0,2], while the inverse Qols are the initial conditions u(x, 0) discretized by a 64-equal-distance
mesh. The results are presented in figure 9. As illustrated in the left-hand panel, the network
achieves prediction relative errors below 1% when approximately 225 training samples are used.
Furthermore, the error decay is plotted on a logarithmic scale with respect to the number of
training samples. The observed linear decay confirms the power-law behaviour established in
the theorem.

(ii) Transfer to new Qols (solutions on a finer mesh)

To demonstrate that the latent layer (the second-to-last layer) provides valuable information, as
established in the theorem, we consider a new set of Qols corresponding to initial conditions de-
fined on a more dense mesh with 127 grid points. The proposed method updates only the final
linear layer of the network, which has a size of 20 X 127 (dj,,, = 20), while keeping all preceding
layers unchanged. This approach significantly reduces training costs compared with full retrain-
ing. The convergence results are presented in figure 10. From the left-hand panel of the figure,
we observe a linear decay when applying a logarithmic scale to both the error and the number
of training samples. The right-hand panel illustrates a close match in convergence rates between
the pre-trained network, which predicts the original 64-point discretized initial condition, and the
new network, where only a single linear layer is retrained for the updated Qols.

For comparison, we evaluate the proposed method against the approach of retraining all lay-
ers for the new tasks. The total number of trainable parameters in the full retraining method is
312,60, approximately 12.31 times larger than the proposed method with only 2540 parameters,
which only tunes the last linear layer. Despite significant savings in training cost, the accuracy of
the proposed method remains unchanged. See figure 11 for the comparison.

6. Conclusion and discussion

In this work, we introduced C2BNet to solve inverse PDE problems within the operator learning
paradigm. C2BNet consists of two components, a coefficient network and a linear basis net-
work. C2BNet efficiently adapts to different discretizations through fine-tuning, leveraging a
pre-trained model to significantly reduce computational costs while maintaining high accuracy.
We also established approximation and generalization error bounds for learning Lipschitz opera-
tors using C2BNet. Our theories show that C2BNet is adaptive to low-dimensional data structures
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Figure 10. Left: Error decay in logarithmic scale for the proposed method, which updates only the last linear layer for the
downstream task with 127-dimensional inverse Qols. Right: Convergence comparison between the pre-trained network for
64-dimensional inverse Qols and the new network.
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Figure 11. Time-dependent problem. Left: Error comparison between the proposed method, which transfers the trained
weights except for the last layer and updates only the last layer, and the approach of retraining all layers for the downstream
task with 127-dimensional inverse Qols. Notably, the full retraining involves approximately 12 times more trainable parameters
than the proposed method; however, the prediction errors behave similarly. Right: error decay in log scale and linear fit the log
error.

and achieves a fast convergence rate depending on the intrinsic dimension of the dataset. The ef-
ficacy of C2BNet is demonstrated by systematic numerical experiments. The results confirm that
C2BNet achieves a strong balance between computational efficiency and accuracy. These find-
ings highlight the potential of C2BNet as a powerful and scalable tool to solve inverse problems
in scientific computing and engineering applications.

The success of C2BNet relies on low-dimensional data structures. When the data exhibit com-
plex, high-dimensional structures lacking such low-dimensional representations, larger values of
dy and d, must be employed to mitigate information loss. Under these conditions, the inherent
advantages of C2BNet may be diminished. Nevertheless, the framework remains applicable and
can be effectively utilized for efficient fine-tuning tasks.
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Appendix A. Proof of main results

A.1. Proof of theorem 1
Proof of theorem 1. We have

dy dy
SyoProjo¥(u) =Sy | >’ aloW(u)wy |= D a’oPoD x(u)Sy(wy), (A1)
k=1 k=1

which is a linear combination of Sy,(ewy) with weight oc;c’ oWoD y(u). Here we denote u = Sy (1).
For the coefficients, we use the following lemma to show that each a;/o%¥oD y(u) is a Lipschitz
function defined on M (see a proof in appendix B).

Lemma 1. Suppose assumptions 4(iii), 1 and 5 hold. For each k,

(i) sup,cy lag(@)] <M|Qyl,
(ii) oc;(’ oWoD y(u) is a Lipschitz function on M with Lipschitz constant CLy|Qy |, where
C a1 is a constant depending on M.

We denote al‘(‘(u) = a}(’O‘POD x(u). According to Chen et al. [45, Theorem 3.1], for any & >0 and
for each k, there exists a network architecture 7y = Fnn(D1, 1, Ly, pr, Kk, %k, Ry) that gives rise to
@' € Fj such that

e — o llLeo(my <1
Such a network architecture has
1 —d _d 1 1
Ly =0O(log g—), p=0("), Kx=0C( " log -t D log ot DqlogDy),
1 1
Kk = O(El_l)’ Rk = M2|~Qy Ia

where the constant hidden in O depends on dy, M1, My, |[Qx|, |Qyl, Ly, T and the surface area of
M.

Denote

L =m}?ka, 4 = maxpy, K =m]?ka, x = maxxp, R =m}?ka.

There exists a network architecture Foop = Fnn(L', dop’, do K, %', R') giving rise to & = [y, ..., a1’ e
Feoer such that

sup [[@(w) — a®(u)l|e <e, (A2)

ueM

where we denote " = [oci‘, - oc“;z]T.
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Now we consider the bases in equation (A 1). Since {wk}zzzl is independent of u, for any given

discretization grids Sy, {Sy(cuk)};jz:l is a set of fixed vectors, which can be realized by a matrix of
dimension D; X d,. Specifically, let W= [Sy(@1), . Sy(wg,)] € RD2%4 We construct ¥ as

= W o &
T= ] :
[0 -W —az]

sup ||Sy oProjo¥(u) — P(u)||o
ueXx

ReLU

We have

dy <
1%
=sup Sy | D al(way |- 0 |rerLuf| *®
uex k=1 0o -w —a(u)
dy B
=sup || Y, af' (W)Sy () — Wa" ()]
UEX =1

=sup [|[Wa"(u) - W&" ()]s
ueXx

= sup ||[W(a"(u) — mu(u))||w
ueX

<d,Myeq,

where the last inequality uses equation (A 2) and the fact that the absolute value of every element
of Wis bounded by M. Setting &1 = ﬁ finishes the proof. [ ]
24V

A.2. Proof of corollary 1

Proof of corollary 1. Let ¥ be the network constructed in theorem 1. According to assumption 1, we
have

sup ||Sy 0¥ (u) — ff’oSX(u)Hoo
ueXx

<sup ||Sy oW (1) — Sy 0Projo¥(u)||e + sup ||SyoProjo®(u) — FoS (1)
ueXxX uex

<¢+e.

A.3. Proof of theorem 2

Proof of theorem 2. We decompose the error as

EsEunp [I1T() = Syow )2 |

25| 130 18 - syovnt, |
i=1

1

T

~ 1w o
+ Eups [I1(w) - Syo)|2 | - 2Es [; 2 1% = Syt |

T,
We next derive bounds for T; and T5.
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Bounding T;. We bound T as

T

—_

=2Es [% Zl [®(u;) — Syo®(u;) — Sy (&) + sy@i)néy}
=2Fs [% D I1®(u;) — Sy 0®(uy) — sy@,-)néy]
=1

HAEs| T 3 3Bw) — SyoWu) — Sy(E), Sy(E)s,
i=1

1 n
+2Es ;Znsy(&i)néy}
i=1

1< ,6 o
=2Es [; 2 I19Cw) = il15
i=1

+4Es | Bw) - Syo(u, sy@i»sy] - 25 [% > ||Sy(§i)||§y]

. 1 112
=2Fs [\1/ inf |~ ; 1NN () — Vi||5y”

NN

+4Es [% ;(‘T’(ui) — Syo¥(uy), 5y(§i)>sy] —-2Es [% Zl ||5y(§i)||§y]

, 1<
<2 inf l[Es [; 2, ¥ () = Sy 0%(u) = Sy(EI,, - ||sy<5i)||§y”

+4Es % 2 B(wy) — SyoW(uy), 5y(§i)>sy]
i=1

. 1y
=2 1nf]__ [[ES [; Z NN () — S)/OLP(Mi)Héy ]

Pane i=1

+4Es [% 2 ®(wy) — Syo®(uy), 5y(§i)>sy}

-— 1 2
=2, 0t [Eucp [0 = Sy v, ] + 46

1w e
= @) - Sy o), sy@i»sy] .
i=1
(A3)
For the first term, we have
. _ 2
2, inf[Eump [ () = S0 ||

<2 inf [[E,M, [||2‘PNN(u) ~ SyoProjo®(w)|[3 + 2|SyeProjo¥(u) - syoqr(u)ugy]]

. . 2 2
<4 inf [[EM [||2leN(u) - SyoPro]o‘P(u)Hsy” +402,

NN

Forany g1 > 0, theorem 1 shows that there exist network architectures Feoef = FNN(D1,d2, L, p, K 7, R)
Fasis = FNN(d2, D2, 1, D2, d2 Do, My, My) and F defined in equation (4.5) giving rise to a ¥ € F
such that

sup ||Sy0PrOj0lP(1/l) —‘T’(u)”oo <e. (A4)
UEX
The network architecture F, has

1 —d —d 1 1
L=0(og —), p= O(s1 1), K= O(E1 'log — + Dy log — + Dy log D1 + Dy),
€ & € (A5)
— -1 —
K= O(El ), R —M2|Q)}|.
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The constant hidden in O depends on dy,dy, M1, My, |Q2x], |2y], Ly, T and the surface area of M.
Thus the first term in equation (A 3) is bounded by

~ 1 2 2 4p2
2%}]{]12}_ IEMNp [D—ZHIPNN(H)—S);OIP(M)HZ]] S4£1 +4§ . (A6)
To bound the second term, we can use [20, Lemma 10]:

Lemma 2. Under the condition of theorem 2, for any & > 0, we have

Es % Z;@(“i) = Syo¥(u), Sy(%’i))sy]

(A7)
Py 41og N(8, F, ||+ ||leoeo) + 6
<2 (\/[ES[HW — SyoW|2] + 5>\/ 08 N( n” li==) 46 5o
where
@ 2_ 156 2
1% = Syo|[f =~ > I1¥(u;) = Syowu)lf3 -
i=1
Substituting equations (A 6) and (A 7) into equation (A 3) gives rise to
Ty =2E [||¥ - Syow|3]
(A8)

= 410g N8, F, || - llpeose) + 6
SZ&%+80(\/[E3[||‘P—Syolp||%]+5>\/ og N( nII [lroo) + 450,

Denote

s=+/EslI - Syow|2]

41og N (8, F, || - ||feoco) + 6
u:g%+406\/ o8 N( n“ lzese-) + 260,

\/4log/\/’(5,}', |- [lpeoss) + 6
b=2c .

n

Relation equation (A 8) can be rewritten as
s2 <a+ 2bs,
which implies
(s—b2<+a+b
Sls—bl<Va+b2<\a+b.
When s > b, we have
s—b<+a+b,
=>s5<+/a +2b,
=52 <(\a +2b)? <2a + 8b2.

When s <b, the relation s*> <2a + 8b is also true. Substituting the expression of s,a,b into the
relation, we get

41og N(8, F,|| - ||peoo) + 6
n

+ 880

T =25 <82 + 852 + 1605\/

21log N(8, F, || - llLe) + 3
" .

+ 12802
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Bounding T,. To bound T,, we use [20, Lemma 11]:
Lemma 3 (Lemma 11 of [20]). Under the condition of theorem 2, for any & > 0, we have

2
s
2 logN(M,}',H . ||Lw,w) +66. (A9)

T, <
2="y

Putting T and T, together. Combining the error bound of T and T, gives rise to

EsEunp 118w = Syow@)2 |

41 N aaf$ ° 00,00 +6
<8e7 +8¢% + 1605\/ og M nll o) +6 oo )
210g N(8, F, || - lLse) + 3 48M] 5
? _— .
+ 1280 p +— logN(Wz,f,|| ||Lm,m>+65_

The covering number of a network class can be bounded by the following lemma:

Lemma 4 (Lemma 5.3 of [45]). Let Fyn(Dy, Do, L, p, K, %, R) be a network architecture from
[—By, B1]P to [-B,, B;]P2 for some By, B, > 0. For any 6 >0, we have

K
212(pBy + 2)xlpl+l )

NS, Fans Il - ||Lw-oo)S( 5

Substituting the network architecture into equation (A 5) into lemma 4 gives rise to

log N(8, F, || - [Ipeoe) < ClDl(long)sl_ﬂl1 log2 % (log% + log %) (A11)

for some constant C; depending on dy, dy, M1, My, |Qx|, |1Qyl, Ly, Lp, T and the surface area of M.
Setting § = 1/n and substituting equation (A 11) into equation (A 10) gives rise to

~ C2D1(10 Dl)
ESEynp [IB(w) = Syo()2 | <82 +8¢2 + Tg

i 1og? L (1 £ )
g 'log o og o +logn],
where C; is a constant depending on dy, dp, My, My, [Qx |, |Qy|, Ly, o, T and the surface area of M.
2

Setting €1 = n 2+ finishes the proof. The network architecture is specified in equation (4.7). W

Appendix B. Proof of lemma 1

Proof of lemma 1. For (i), we have

lay ()| = (0, )y < lollyllwklly =lvlly < 1Qylllvllis(ay) < M2|Qyl.

To prove (ii), for simplicity, we denote oc]‘(‘(u) = aZO‘POD x(u). Let (U, ¢) be a chart of M such that
¢ is Lipscthiz with Lipschitz constant Ly. We need to show that oc]t‘ocﬁ_l 1 ¢(U) - R is a Lipschitz
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function. For any z;, z; € ¢(U), denote uj = qS_l(z]-), uj = DX(uj), vj= ‘P(u]-) for j=1,2. We have

lof'op ™ (21) — a0~ (z2)]
=l (v1) — @ (v2)]
=l(v1, $r)y — (v2, $i)y |
=l(v1 — v, $r)y |
<llor = v2lly (B1)
=¥ (u1) — ¥(u2)lly
S<Lyllug -zl x

=Ly|Qux||lu1 — u2llL=(q,)
=Ly|Qx||Dyo¢~ (z1) — Dxod ™ (z0)l,

According to assumption 4(iii), Dy o¢~! is a Lipschitz function. For any given finite atlas of M,
there exists a constant C 4 that is an upper bound of the Lipschitz constant of D yo¢~! for all ¢'s
in the atlas. Applying this property to equation (B 1) gives rise to

o, (01) — ) (02)] < CLy|Qx [||1z1 — 22]l2-
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