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Systems design involves decomposing a system into interconnected subsystems and allo-

cating resources to teams responsible for designing each subsystem. The outcomes of

the process depend on how well limited resources are allocated to di!erent teams, and

the strategy each team uses to design the subsystems. This paper presents an approach

based on hierarchical Reinforcement Learning (RL) to generate heuristics for solving

complex design problems under resource constraints. The approach consists of formulat-

ing systems design problems as hierarchical multi-armed bandit (MAB) problems, where

decisions are made at both the system level (allocating budget across subsystems) and sub-

system level (selecting heuristics for sequential information acquisition). The approach is

demonstrated using an illustrative example of a race car optimization in The Open Racing

Car Simulator (TORCS) environment. The results indicate that the RL agent can learn

to allocate resources strategically, prioritize the subsystems with the greatest influence

on overall performance, and identify e!ective information acquisition heuristics for each

subsystem. For example, the RL agent learned to allocate a larger portion of the budget to

the Gearbox subsystem, which has a higher-dimensional design space compared to other

subsystems. The results also indicate that the extracted heuristics lead to convergence

to high-performing car configurations with greater e"ciency when compared to using

Bayesian Optimization for design.
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1 Introduction
In engineering organizations, complex design projects are often

undertaken by teams with specialized expertise in various subsys-
tems or components. A typical automotive company, for instance,
has dedicated teams working on powertrain systems, chassis de-
sign, aerodynamics, and other vehicle subsystems [1]. These teams
operate under the guidance of a program manager responsible for
overseeing the entire vehicle development process, ensuring col-
laboration between teams, and integrating their respective contri-
butions into a cohesive final product.

Product development processes dictate how organizations ap-
proach the design task, starting with partitioning the overall prob-
lem into manageable subsystems [2]. Resources, such as budgets,
personnel, and computational tools, are then allocated to each team
according to their specific requirements and the relative importance
of their subsystems. Subsequently, teams work independently to
optimize their respective subsystems within the allocated resources.
Finally, the outputs from each team are combined and integrated
to produce the complete system design.

The field of Multidisciplinary Design Optimization (MDO) has
developed systematic approaches for optimizing complex systems
involving multiple coupled disciplines, such as aircraft wing design
where aerodynamics, structures, and controls are strongly coupled
[3]. MDO techniques aim to find optimal solutions for specific
problem instances by considering the interactions between various
subsystems and employing optimization algorithms. For example,
Kim et al. [4] illustrate the application of analytical target cascad-
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ing (ATC) in automotive engineering through a ride and handling
optimization problem. In their framework, the "higher-level" sys-
tems were defined as the vehicle-level ride and handling targets.
These targets were then cascaded down to the "lower-level" sys-
tems, which comprised the front and rear suspension components,
as well as the vertical and cornering sti!ness parameters. Sim-
ilarly, Kang et al. [5] implemented ATC for suspension design
of a heavy-duty truck and body structure design of a bus, opti-
mizing for weight and structural sti!ness and explored the use of
an aggregate objective function (AOF) to solve MDO problems
in automotive design. Their work on suspension design for com-
mercial vans considered ride comfort, controllability, and stability,
using both hierarchical and non-hierarchical formulations of ATC.
However, MDO methods are primarily focused on finding optimal
designs for a given set of objectives and constraints for a specific
problem, rather than extracting general design heuristics that can
be applied across a broad class of problems. Heuristics represent
distilled practical knowledge that guides actions in di!erent situ-
ations, allowing designers to navigate complex design spaces and
make timely decisions as requirements evolve. As organizations
strive for more agile product development processes, the role of
e!ective heuristics becomes increasingly crucial.

Heuristics, or experience-based guidelines and rules of thumb,
have played a vital role in engineering design processes, guid-
ing designers through the complexities of exploring vast design
spaces and navigating trade-o!s between conflicting objectives [6].
Traditionally, heuristics have been derived from the accumulated
wisdom and insights of practitioners, distilled through years of
hands-on experience in tackling specific design challenges [7,8].
Heuristics are employed across various stages of the design pro-
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cess, from the creation of new design concepts to decision-making
during optimization tasks [9]. However, while heuristics can be
useful in managing design complexity, they can also lead to unin-
tended constraints and cognitive biases if not carefully evaluated
[10]. Unlike MDO, heuristics are non-optimal but satisficing so-
lutions that can be applied to a class of related problems within a
domain [6]. As engineering systems grow increasingly complex,
with interdependencies between subsystems and rapidly evolving
design requirements, the manual derivation of e!ective heuristics
becomes an arduous and time-consuming task.

Large-scale systems design problems often defy closed-form so-
lutions and analytical techniques, necessitating iterative exploration
and evaluation of alternatives. To address this challenge, reinforce-
ment learning (RL) o!ers a powerful computational framework for
learning heuristics from experience through iterative interactions
with the design environment [11]. Reinforcement learning [12] is a
computational approach to learning from interaction on how to map
situations to actions to maximize a scalar reward signal. RL agents
can learn optimal policies through trial-and-error interactions with
their environment, making them suitable for situations where the
underlying problem is initially unknown or changes over time. A
key advantage of RL algorithms is their theoretical guarantees of
convergence to optimal solutions as the number of interactions with
the environment increases. This provides a foundation for learning
design heuristics that can outperform manually-derived rules. In
our previous work, we showed how reinforcement learning can be
used to extract heuristics for solver assignment in complex system
design problems [11]. We used a Markov Decision Process formu-
lation solved via Q-learning to systematically explore the space of
possible solver-module assignments and identify e!ective heuris-
tics. In this paper, we extend the approach to hierarchical design.

Beyond problem decomposition of the overall system into man-
ageable sub-problems and assignment of specialized teams for solv-
ing each sub-problem, the design of modern complex engineering
systems requires judicious allocation of limited budgets and re-
sources across those sub-problems. Heuristics for decision-making
at the system level for resource allocation, as well as at the subsys-
tem level for design exploration and optimization, can help reduce
the cost of systems design while increasing the performance of
the resulting designs. To automate the extraction of heuristics, we
present a hierarchical reinforcement learning framework that ad-
dresses this question by algorithmically generating heuristics based
on interactions with the design environment. While black-box op-
timization techniques are a powerful tool for optimizing decision-
making in complex systems, their application to large-scale, in-
terdependent systems presents unique challenges that hierarchical
organization is well-suited to address. A hierarchical structure
enables e!ective resource distribution across interdependent sub-
systems, ensuring that decisions made at higher levels account
for system-wide objectives while allowing lower-level components
to focus on tailoring optimization strategies for each sub-problem
based on its complexity.

The ability of Reinforcement Learning (RL) to dynamically al-
locate finite computational resources has been demonstrated in
simulation-based optimization frameworks. For instance, RL has
been employed in multi-fidelity frameworks to select between low-
and high-fidelity simulations, minimizing computational cost while
maximizing e"ciency[13,14]. Bayesian Optimization (BO) is rec-
ognized for its ability to e"ciently optimize expensive-to-evaluate
functions by leveraging surrogate models [15]. Decision-making
frameworks that integrate BO with Value of Information (VoI)
formalism have shown promise for resource-aware, uncertainty-
informed decisions[16]. Furthermore, the integration of RL with
acquisition functions has enabled adaptive exploration-exploitation
trade-o!s in BO. RL-assisted Bayesian Optimization (RLABO),
which formulates acquisition function selection as a Markov De-
cision Process (MDP), exemplifies this integration by dynamically
switching strategies to improve performance [17,18]. Recent ad-
vancements have explored integrating RL with BO to address com-
plex design problems. For instance, mixed-initiative Bayesian sub-

goal optimization combines RL and BO to refine subgoal setting in
high-dimensional environments [19]. Simulation budget allocation
is critical in optimizing resource use during the design process. Op-
timal Computing Budget Allocation (OCBA) has been validated for
prioritizing simulation resources with e"cient variance reduction
and high accuracy in ranking/selecting designs under fixed budgets
[20,21]. Dynamic extensions of OCBA incorporate Bayesian or
Markov approaches for adaptive reallocation of resources [16,22].

While many BO based techniques for engineering design op-
timization treat the entire system as one black-box [15], our
approach leverages the decomposition of complex systems into
manageable subsystems. Extensions to ATC have facilitated
non-hierarchical decompositions, enabling multidisciplinary sys-
tem handling through parallelization methods such as Diagonal
Quadratic Approximation [23]. Augmented Lagrangian Coordina-
tion (ALC) complements ATC by improving constraint handling
and subsystem coordination. Pareto-optimal partitioning strate-
gies further balance subproblem simplicity with coordination costs
[24,25].

The proposed hierarchical RL framework builds on these foun-
dations by addressing both system-level resource allocation and
subsystem-level optimization strategies. By formulating systems
design problems as multi-armed bandit (MAB) problems, this ap-
proach learns e!ective heuristics for budget allocation across sub-
systems while optimizing subsystem-specific information acquisi-
tion strategies. For example, the use of Thompson Sampling at
both system and subsystem levels enables e"cient exploration-
exploitation trade-o!s, reflecting advancements in RL-assisted BO
methods such as RLABO [13,26]. [27] introduced a Reinforcement
Learning-Based Sequential Batch-Sampling for Bayesian Optimal
Experimental Design framework that leverages RL and Gaussian
Process Regression (GP) to optimize expensive black-box functions
under budget constraints but optimizes the black-box functions as a
single unit without any decomposition. Additionally, the hierarchi-
cal decomposition parallels ATC’s principles while extending ap-
plicability to non-convex problems through learned heuristics. The
integration of dynamic budget allocation strategies further comple-
ments OCBA’s objectives by incorporating learning-based heuris-
tics. Chen and Heydari [28] established a deep RL framework for
dynamic resource distribution in cooperative-competitive Systems-
of-Systems (SoS), decoupling system-level resource management
from subsystem learning while preserving agent autonomy. Their
interpretable deep RL policy optimized operational coordination
through strategic allocation of energy and bandwidth resources,
though focused on real-time operational decisions rather than de-
sign optimization.

To illustrate the proposed approach, we use the design optimiza-
tion of a race car in The Open Racing Car Simulator (TORCS)
environment [29] as an example application. TORCS provides
a realistic simulation platform where di!erent car configurations
can be evaluated, enabling the study of heuristics for design under
resource constraints. The race car design problem involves pa-
rameters across multiple subsystems such as the gearbox, brakes,
and suspension while working within a fixed budget for design
evaluations.

The paper is structured as follows. Section 2 provides the
necessary background and preliminaries, including problem rep-
resentation, sequential information acquisition in decision-making
(SIADM), and the multi-armed bandit (MAB) framework for rein-
forcement learning. Section 3 details our approach incorporating
systems engineering principles and hierarchical RL for systems de-
sign problems. Section 4 presents an example application of our
methodology to the optimization of car setup parameters in the
TORCS environment. Section 5 reports the experimental results,
analyzing the learned heuristics and comparing our approach’s per-
formance to a Bayesian optimization method. Finally, Section 6
presents the implications of our findings, potential limitations, and
opportunities for future research.
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2 Preliminaries
Engineering design problems involve finding solutions that op-

timize performance while adhering to constraints. This section
outlines a model for representing such problems, breaking them
into manageable sub-problems, and problem-solving in Section
2.1. The sequential information acquisition decisions for problem-
solving are described in Section 2.2. We describe reinforcement
learning in the multi-armed bandit problem in Section 2.3.

2.1 Problem Representation. A design problem is denoted
as 𝒽. Problem-solving involves finding a solution 𝐿 within the
design space 𝒾. The design space encompasses all possible com-
binations of design variables (e.g., material choices, geometric pa-
rameters, component configurations). Each solution 𝐿 → 𝒾 maps
to a point 𝑀 → 𝒿 within the performance space. This performance
space comprises the metrics used for evaluation. A preference
function 𝑁 (𝑀 ) encodes trade-o!s between potentially conflicting
objectives, ranking the desirability of di!erent solutions. For ex-
ample, in designing a powerplant, the performance space 𝒿 could
include dimensions like power output, fuel e"ciency, emissions,
and cost. The design space 𝒾 encompasses variables such as en-
gine type (internal combustion, turbine), displacement, valve tim-
ing, turbocharger specifications, etc. The preference function 𝑁 (𝑀 )
would balance power, e"ciency, and emissions targets, likely in-
formed by regulations and market demands.

A problem 𝒽𝐿 can be broken down into sub-problems 𝒽𝐿 𝑀 ,
which carry their own subset of objectives. For example, an au-
tomobile design problem might be decomposed into sub-problems
such as drivetrain (gearbox ratios, di!erential selection, driveshaft
sizing) and chassis (structural rigidity, suspension configuration,
material choices) [1]. Complex design problems are often solved
through hierarchical decomposition into a system-level problem
and subsystem-level problems. A systems designer is typically
tasked with allocating a fixed budget across the various subsys-
tems that constitute the overall system. At the subsystem level,
teams of designers employ the Sequential Information Acquisition
Decision-Making (SIADM) process outlined in Section 2.2 to it-
eratively explore design alternatives and optimize their respective
subsystems.

2.2 Sequential Information Acquisition in Decision-Mak-
ing (SIADM). The subsystem designers use an abstraction of the
engineering design process as a sequential decision-making pro-
cess [30,31]. The subsystem team’s goal is to locate the design
solution within the design space 𝒾 that yields the optimal perfor-
mance as defined by the preference function. This is achieved by
strategically acquiring information about the performance of vari-
ous design alternatives throughout the search process. At each it-
erative stage, the designer is tasked with making several decisions
such as determining the next design 𝐿 → 𝒾 to evaluate, select-
ing the method for evaluating the selected design’s performance,
and deciding whether su"cient information has been collected to
terminate the search process. The process of information acquisi-
tion for iterative design often involves leveraging multiple sources
(e.g., prototypes, simulations) with varying costs and levels of un-
certainty.

The design exploration process is fundamentally constrained by
a fixed budget 𝑂 during each iteration. This budget might represent
financial limitations, computational resources, energy constraints,
or other restrictions on the total number of evaluations permissible.
Within this sequential decision-making process, the designer be-
gins with an initial state of knowledge 𝓀 informed by prior beliefs
and existing observations 𝑃 = {(𝐿𝐿 ,𝑀𝐿)}𝑁𝐿=1. In each iteration, the
designer makes the following decisions:

• Decision to choose function learning model: Selects a
model to represent the relationship between design variables
and the observations 𝑃.

• Decision to choose next design point: Applies a heuristic to
select the next design 𝐿𝐿 → 𝒾 for evaluation, and obtains a
performance estimation (𝑀 → 𝒿).

• Decision to choose when to stop the information acquisi-
tion process: Decides whether to continue exploration based
on the updated state of knowledge (𝓀) and any constraints
imposed by the remaining budget 𝑂.

The design process is constrained by a predetermined budget,
which imposes limitations on the total number of design evalu-
ations that can be performed.

2.3 Reinforcement Learning (RL) using Multi-Armed Ban-
dit (MAB). Multi-armed bandit (MAB) [12] is a classic Reinforce-
ment Learning (RL) problem, where the environment is represented
by a set of 𝑄 arms. Each arm 𝑅 is associated with a fixed but un-
known reward distribution 𝑆. The decision-maker (agent) interacts
with this environment by repeatedly choosing arms to pull. When
an arm is pulled, the agent receives a reward. The goal of the agent
is to devise a strategy that maximizes the total reward obtained over
time. To achieve this, a balanced approach is necessary. An e!ec-
tive strategy must exploit the arms that are currently believed to be
the most promising to yield high rewards. However, it must also
intelligently explore other arms that have the potential to uncover
better long-term solutions.

To be modeled using the MAB framework an environment
should satisfy the following conditions:

• Stationary Reward Distributions: The underlying reward
distribution for each arm is assumed to be fixed over time.

• Independent Arms: The reward for pulling one arm does
not directly a!ect the reward distributions of other arms (with
some exceptions in contextual bandit variations).

Thompson Sampling [12] provides a powerful Bayesian ap-
proach to tackle the MAB problem. The fundamental idea is to
maintain belief distributions over the expected rewards of each arm.
Typically, beta distributions are used to represent these beliefs due
to their flexibility and computational advantages. During each de-
cision step, the Thompson Sampling algorithm samples a potential
reward value from the belief distribution of all arms. The arm with
the highest sampled reward is then chosen for evaluation. After the
actual reward is observed, the belief distribution for the chosen arm
is updated using Bayes’ rule.

Let the true (but unknown) parameter representing the reward
distribution of arm 𝑅 (e.g., the mean for a Gaussian) be 𝑇𝑂 . The
history of interactions (arm pulls and rewards) up to time step 𝑈

is 𝑉𝑃 . The posterior distribution of 𝑇𝑂 after observing data 𝑉𝑃 is
𝑊(𝑇𝑂 | 𝑉𝑃 ). This belief distribution is typically initialized using a
prior distribution. First, for each arm 𝑅 , draw a sample 𝑇𝑂 from its
current posterior distribution 𝑊(𝑇𝑂 | 𝑉𝑃 ). Then, we choose the arm
𝑋𝑃 with the highest sampled value: 𝑋𝑃 = argmax𝑂𝑇𝑂 . We pull arm
𝑋𝑃 and obtain reward 𝑆𝑃 . Next, we update the posterior distribution
𝑊(𝑇𝑄𝐿 | 𝑉𝑃+1) using the observed reward 𝑆𝑃 , incorporating the new
data via Bayesian inference.

The benefits of Thompson Sampling include its inherent en-
couragement of exploration as arms with less certainty (broader
belief distributions) have a non-zero probability of being selected.
Additionally, Thompson Sampling is adaptive, with the belief dis-
tributions evolving based on new information, allowing it to adjust
to potential changes in true reward distributions.

3 Approach
In this section, we propose an approach that integrates systems

engineering principles with reinforcement learning (RL), partic-
ularly MAB, to generate heuristics. We begin by outlining the
application of systems engineering methodologies in managing
large-scale design tasks, followed by a discussion on how RL can
optimize decision-making processes at both system and subsystem
levels.
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Fig. 1 Resources are allocated by the system engineers and the subsystems engineers use SIADM to carry out their

design tasks, and the RL agent learns heuristics.

3.1 The System Design Process. Systems engineering pro-
vides a structured methodology for addressing the inherent com-
plexity of systems design problems. At its core, systems engineer-
ing emphasizes the decomposition of complex systems into man-
ageable subsystems or components, facilitating parallel problem-
solving e!orts and e"cient resource allocation [32]. It emphasizes
the decomposition of a complex problem 𝒽𝐿 into interconnected
sub-problems 𝒽𝐿 𝑀 , which can be addressed by specialized teams
or subsystems. The first step in the systems design process is
the decomposition of the overall design problem into intercon-
nected sub-problems or subsystems. Each subsystem is respon-
sible for addressing specific aspects of the design, allowing for
focused problem-solving e!orts and modular design approaches.
A key task is the allocation of the budget 𝑂 across the various
sub-problems. This budget allocation must consider the estimated
cost of solving each sub-problem and its relative importance to the
overall system’s performance.

While this work does not directly address how to decompose the
problem into subsystems, it builds upon previous work in Solver-
Aware System Architecting (SASA) [11]. Our focus is on the
allocation of budget to pre-defined subsystems, optimizing resource
distribution within an already decomposed problem structure. The
decomposition itself is assumed to be derived from prior domain
knowledge or established organizational structures.

Once sub-problems are defined and resources are allocated,
the teams responsible for each sub-problem face the sequential
decision-making process outlined in Section 2.2. They employ
various heuristics to choose the function learning model, choose
the next design point, and decide when to stop. After the teams
work through their allocated budget to address their respective sub-
problems, the systems engineer re-integrates the proposed solu-
tions. This re-integration allows for the assessment of the overall
system’s performance. This process is shown in Figure 1.

3.2 Hierarchical Reinforcement Learning to Learn Heuris-
tics. In the problem-solving process outlined above, decisions are
made at two di!erent levels: (i) at the system level by the system
engineer, and (ii) at the subsystem level by the subsystem teams.
The problem is formulated at both system and subsystem levels
to reflect the hierarchical nature of complex engineering design
processes. This two-level approach allows for e"cient resource al-
location at the system level, mirroring how organizations typically
distribute budgets across di!erent departments or teams, as well

as, specialized optimization within each subsystem, acknowledg-
ing that di!erent components may require di!erent strategies for
improvement. The lower-level decision is formulated as choosing
a process heuristic such as the information acquisition function be-
cause this choice directly impacts how e"ciently each subsystem
explores its design space within its allocated budget. Specifically,
we consider three well-established acquisition functions as our pro-
cess heuristics: Upper Confidence Bound (UCB) [33], Expected
Improvement (EI) [34], and Probability of Improvement (PI) [35].
Points are chosen where the predictive mean is high (exploitation)
and where the variance is large (exploration). Di!erent information
acquisition functions have varying exploration-exploitation trade-
o!s, which can significantly a!ect the quality of solutions found
within resource constraints. By learning which of these heuristics
performs best for each subsystem, our approach adapts its opti-
mization strategy to the specific characteristics of each component
of the overall system.

Hierarchical reinforcement learning (RL) using the Thompson
Sampling policy provides a framework to learn e!ective decision-
making heuristics at multiple levels of a complex system. At the
system level, hierarchical RL can guide overarching decisions that
impact the entire system, while at the subsystem level, it can opti-
mize decisions within individual components or subsystems. RL,
as described in Section 2.3, can be initiated as follows to solve
MABs at both levels, where we learn all policies concurrently.

3.2.1 System-level MAB. The arms correspond to all possible
combinations of budget allocations, and the reward corresponds to
the quality of improvement (performance) achieved by each alloca-
tion. Let 𝑋𝑃 ,𝐿 represent the allocation of budget for subsystem 𝑌 at
time step 𝑈, where 𝑌 → {1, 2, ..., 𝑍} and 𝑍 is the number of subsys-
tems. Let 𝑇𝑄𝐿 ,𝑀 denote the true parameter representing the reward
distribution for allocating budget 𝑋𝑃 ,𝐿 to subsystem 𝑌. At each it-
eration 𝑈, the Thompson Sampling algorithm samples a potential
reward value from the belief distribution of all possible budget
allocations for each subsystem:

𝑇𝑄𝐿 ,𝑀 ↑ 𝑊(𝑇𝑄𝐿 ,𝑀 |𝑉𝑃 ,𝐿),

where 𝑉𝑃 ,𝐿 represents the history of interactions (budget alloca-
tions and rewards) for subsystem 𝑌 up to time step 𝑈. The budget
allocation 𝑋𝑃 ,𝐿 with the highest sampled reward is then chosen for
evaluation

𝑋𝑃 ,𝐿 = arg max
𝑄

𝑇𝑄𝐿 ,𝑀 .

4 / MD-24-1653 Transactions of the ASME



After the actual reward is observed, the belief distribution for the
chosen budget allocation is updated using Bayes’ rule.

3.2.2 Subsystem-level MAB. The arms correspond to di!erent
process heuristics available for each subsystem, and the reward cor-
responds to the quality of improvement (performance) achieved by
each heuristic. Let 𝑎𝑃 , 𝑀 denote the choice of process heuristic 𝑏 at
time step 𝑈, where 𝑏 → {1, 2, ...,𝑐} and 𝑐 is the number of com-
binations of process heuristic. Let 𝑇𝑅𝐿 , 𝑁 denote the true parameter
representing the reward distribution for selecting process heuristic
𝑎
𝐿
𝑃 , 𝑀 for subsystem 𝑌. At each iteration 𝑈, the Thompson Sam-

pling algorithm samples a potential reward value from the belief
distribution of all possible process heuristics for each subsystem:

𝑇𝑅𝐿 , 𝑁 ↑ 𝑊(𝑇𝑅𝐿 , 𝑁 |𝑉𝑃 , 𝑀 )

where 𝑉𝑃 , 𝑀 represents the history of interactions (process heuristic
selections and rewards) for process heuristic 𝑏 up to time step 𝑈.
The process heuristic 𝑎𝑃 , 𝑀 with the highest sampled reward is then
chosen for evaluation within each subsystem:

𝑎𝑃 , 𝑀 = arg max
𝑅

𝑇𝑅𝐿 , 𝑁 .

After the actual reward is observed, the belief distribution for the
chosen process heuristic is updated using Bayes’ rule. The con-
ditions for the MAB framework in Section 2.3 are satisfied in our
approach as follows:

• Stationary Reward Distributions: The reward distributions
associated with each action (i.e., budget allocation or heuristic
selection) can be assumed to be stationary. This assumption
is reasonable because the underlying design problem and the
mapping between design variables and performance metrics
remain fixed throughout the optimization process. While the
agent’s knowledge and beliefs about these reward distributions
may evolve over time, the true distributions themselves do not
change.

• Independent Arms: The formulation of our approach en-
sures that the rewards obtained from selecting one action (e.g.,
a specific budget allocation or heuristic) do not directly impact
the reward distributions of other actions. This independence
condition holds because each subsystem is optimized indepen-
dently within its allocated budget, and the heuristic selections
within a subsystem do not directly influence the performance
of other subsystems.

By concurrently learning policies at both levels, the hierarchical RL
agent can e"ciently explore the decision spaces, adapt strategies
based on observed outcomes, and learn e!ective decision-making
heuristics to optimize system performance. Figure 1 visually rep-
resents the proposed framework, which integrates resource alloca-
tion, subsystem design tasks, and learning through feedback. At
each time step 𝑈, system engineers allocate resources 𝑋𝑃 ,𝐿 to each
subsystem 𝑌, where 𝑌 = 1, 2, . . . , 𝑍 . These allocations are informed
by the engineers’ belief about the potential performance of each
subsystem, which is updated iteratively based on observed out-
comes. The resource 𝑋𝑃 ,𝐿 represents the budget or e!ort assigned
to subsystem 𝑌 at time 𝑈. Each subsystem engineer utilizes the al-
located resources 𝑋𝑃 ,𝐿 to perform design tasks aimed at improving
subsystem performance. Subsystem engineers use Sequential In-
formation Acquisition in Decision-Making (SIADM) informed by
𝑎
𝐿
𝑃 , 𝑀 to optimize their respective design tasks. The system engi-

neers employ a probabilistic learning mechanism, such as Thomp-
son Sampling, to guide resource allocation decisions. At each time
step, they sample from the posterior distributions of rewards for
each subsystem and allocate resources based on expected perfor-
mance improvements. This mechanism balances exploration (allo-
cating resources to less-explored subsystems and information ac-
quisition functions) with exploitation (allocating resources to sub-
systems and their corresponding information acquisition functions

Table 1 Design parameters and subsystems for car

setup optimization in TORCS.

Subsystem Parameter Unit Min Max

Gearbox Gears/2 ratio SI 0 5
Gearbox Gears/3 ratio SI 0 5
Gearbox Gears/4 ratio SI 0 5
Gearbox Gears/5 ratio SI 0 5
Gearbox Gears/6 ratio SI 0 5
Aerodynamics Rear wing angle deg 0 18
Aerodynamics Front wing angle deg 0 12
Brake system Front-rear brake repartition SI 0.3 0.7
Brake system Max pressure kPa 100 150000
Suspension Front anti-roll bar spring lbs/in 0 5000
Suspension Rear anti-roll bar spring lbs/in 0 5000
Wheel Front ride height mm 100 300
Wheel Front toe deg -5 5
Wheel Front camber deg -5 3
Wheel Rear ride height mm 100 300
Wheel Rear camber deg -5 2

with known high rewards). After observing the rewards 𝑑𝑃 at time
𝑈, the system engineers update their belief distributions. This up-
dated belief informs resource allocations in subsequent iterations,
creating a feedback loop that improves decision-making over time.

4 Example Application: Race Car Design in the
TORCS Environment

In this section, we present the application of our proposed ap-
proach to the optimization of car setup parameters in the TORCS
(The Open Racing Car Simulator) [29] environment. TORCS sup-
ports two di!erent challenging tasks which include developing an
adaptive racing controller and optimizing the car setup design. Ad-
ditionally, it runs on various operating systems and contains many
di!erent cars and tracks, a simple damage model, aerodynamics,
etc. TORCS provides a realistic simulation platform for evaluat-
ing di!erent car configurations and tuning parameters, making it
an ideal testbed for our methodology. Table 1 presents the de-
sign parameters and subsystems relevant to car setup optimization
in TORCS, including gearbox ratios, aerodynamics settings, brake
system parameters, and suspension characteristics. We use the
following settings in TORCS to perform experiments: car (car1-
stock1), driver (berniw-1), and race mode (quickrace). To instan-
tiate an environment, we randomly select one track from the three
available categories: road (E-Track 6), oval (C-Speedway) and dirt
(Dirt-3). In the output of each TORCS simulation, we receive in-
formation regarding the time taken to complete the race, damage
to the vehicle and top speed. Performance is given by the average
speed. The car operates using a pre-defined policy designed to
optimize racing performance based on sensor inputs and a control
strategy. This policy integrates components such as track sensors
for maintaining alignment with the racing line, opponent sensors
for collision avoidance and overtaking, and speed and angle sensors
for dynamic control. The control strategy includes proportional
steering adjustments, acceleration and braking based on detected
track curvature, and gear shifting according to predefined thresh-
olds. Additionally, a finite state machine governs decision-making
in scenarios like overtaking or recovery from o!-track situations,
ensuring adaptive and consistent performance during races. The
damage is modeled through a physics-based collision system that
calculates deformation and mechanical degradation based on im-
pact forces. High-speed collisions result in significant structural
damage, while repeated minor impacts accumulate over time. This
damage directly a!ects vehicle dynamics, such as reduced speed or
impaired handling, simulating realistic consequences of collisions.

For the simulations, we make the following simplifying assump-
tions.

Assumption 1 (Continuous design space). The design perfor-
mance 𝑒 (𝑓) is an 11-dimensional continuous function of design
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parameters, or input, 𝑓 → 𝒾, where 𝒾 = [0, 1]11.
Assumption 2 (No noise in the output, 𝑔𝐿). We assume that

there is no measurement error in design evaluations, such that
𝑔𝐿 = 𝑒 (𝑓𝐿) + 𝑕𝑆 and 𝑕𝑆 = 0.

Assumption 3 (Single information source). Typically in a
SIADM process, design evaluations are performed using multiple
information sources with di!erent uncertainties and costs. Here,
we use a single information source with a fixed cost per evaluation.

These assumptions limit the scope of applicability of the results
from the experimental study to the specific scenario. However,
the overall approach described in this paper and decision models
in the next section are general and can be applied in the future
to more complex design problems with more information sources,
and added noise.

We use a Gaussian process regression (GPR) to map the inputs
𝑓𝐿 onto the outputs 𝑔𝐿 [36, Chapter 3]. GPR is a non-parametric
regression method that is completely defined by its mean, 𝑖(𝑓),
and covariance function, or kernel, 𝑅 (𝑓, 𝑓↓) [37, Chapter 2]. It
defines a distribution over functions 𝑒 : 𝒾 ↔ R that maps inputs,
𝑓𝐿 , to outputs 𝑔𝐿 as a random draw from a Gaussian distribution:

𝑒 ↑ 𝑗𝑊(𝑖𝑁, 𝑅𝑁), (1)

where 𝑖𝑁 and 𝑅𝑁 are the posterior mean and covariance functions
after 𝑘 observations, respectively.

Since GPR provides a flexible approach to prediction, we uti-
lize it with an RBF kernel to associate which inputs 𝑓𝐿 are likely
to have similar outputs 𝑔𝐿 . In choosing the next design point,
three strategies are used: upper confidence bound [33], expected
improvement [35], and probability of improvement [35].

The upper confidence bound model is defined as:

UCB𝐿 (𝑓) = 𝑖𝐿 (𝑓) + 𝑙𝑚𝐿 (𝑓), (2)

where 𝑙 ↗ 0 is the exploration parameter, and 𝑖𝐿 (𝑓) and 𝑚𝐿 (𝑓)
are the predictive mean and standard deviation, respectively [33].
Higher values of 𝑙 emphasize exploration, while 𝑙 = 0 represents a
pure exploitation strategy. The expected improvement model com-
putes the expectation of improvement (EI) for each design point
relative to the currently best-observed point, 𝑔↘𝐿 [34].

The EI values are calculated by:

EI𝐿 (𝑓) =
𝑖𝐿 (𝑓) ≃ 𝑔

↘
𝐿

𝑚𝐿 (𝑓)
ω

)︄
𝑖𝐿 (𝑓) ≃ 𝑔

↘
𝐿

𝑚𝐿 (𝑓)

[︄
+𝑚𝐿 (𝑓)𝑛

)︄
𝑖𝐿 (𝑓) ≃ 𝑔

↘
𝐿

𝑚𝐿 (𝑓)

[︄
, (3)

where ω and 𝑛 are the cumulative distribution function and proba-
bility density functions of the standard normal distribution, respec-
tively.

The Probability of Improvement (PI) heuristic chooses the next
design point 𝑓 based on the probability that its performance 𝑔 will
be better than the current best-observed performance 𝑔

↘. The PI
value is calculated as:

PI𝐿 (𝑓) = ω
)︄
𝑖𝐿 (𝑓) ≃ 𝑔

↘
𝐿

𝑚𝐿 (𝑓)

[︄
(4)

Where ω(·) is the cumulative distribution function of the standard
normal distribution, 𝑖𝐿 (𝑓) is the predicted mean of the Gaussian
process at 𝑓, and 𝑚𝐿 (𝑓) is the predicted standard deviation at 𝑓.

In all strategies, a 𝑗𝑊(0, 𝑅RBF) is used to learn the objective
function and predict the mean and variance at every 𝑓 → 𝒾 based
on the observed input-output pairs.

We formulate the car setup optimization problem in TORCS as
a hierarchical decision-making process, where decisions are made
at both the system and sub-system levels. At the system level,
the decision-making process involves allocating a fixed budget 𝑂
across the various subsystems of the car setup optimization prob-
lem. This budget allocation determines the resources (e.g., compu-
tational time, simulations) dedicated to optimizing each subsystem.
The available actions at the system level correspond to di!erent

combinations of budget allocation across the subsystems. Let 𝑍
be the total number of subsystems, and 𝑋𝑃 ,𝐿 denote the budget al-
location for subsystem 𝑌 at time step 𝑈, where 𝑌 → {1, 2, ..., 𝑍}. The
system-level actions are represented as arrays of length 𝑍 , with
each element specifying the budget allocation for the correspond-
ing subsystem. The budget allocations represented by these arrays
determine the resources available for optimizing each subsystem
during the design process. By strategically selecting the budget al-
location at each time step, the system-level decision-making aims
to maximize the overall performance of the car setup design while
adhering to the fixed budget constraint.

Let 𝑎𝑃 , 𝑀 denote the choice of information acquisition heuristic 𝑏

for subsystem at time step 𝑈, where 𝑏 → {1, 2, ...,𝑐} and 𝑐 is the
number of information acquisition heuristics. The subsystem-level
actions corresponding to selecting one of the available heuristics
(UCB, EI, or PI) for each subsystem 𝑌 within the allocated budget.
For selecting the next design point 𝑓𝐿+1, an acquisition function
assigns a value to every design based on the observed history.
We explore three decision models based on di!erent acquisition
functions.

In the TORCS car setup optimization environment, the reward
signal is derived from the performance of the car under the chosen
configuration. Specifically, the reward is defined as the normalized
average speed achieved by the car during a race, contingent upon
the absence of damage. If the car sustains damage during the race,
the reward is set to zero. Mathematically, the reward 𝑆𝑃 at time
step 𝑈 can be expressed as:

𝑆𝑃 =
]︄
𝑜𝑄𝑇𝑈 if no damage occurs
0 if damage occurs

(5)

where 𝑜𝑄𝑇𝑈 is the normalized average speed achieved by the car
during the race. The rewards are provided to the system and
subsystem-level decision-makers after the allocated budget has
elapsed, reflecting the overall performance of the car setup con-
figuration resulting from the selected actions. The goal is to learn
e!ective decision-making policies that maximize the cumulative
reward, thereby optimizing the car setup for high-speed perfor-
mance while avoiding damage.

In the context of the TORCS car setup optimization problem,
the conditions for the MAB framework mentioned in Section 2.3
are justified as follows:

• Stationary Reward Distributions: The reward distribution
for each action (i.e., budget allocation or heuristic selec-
tion) can be considered stationary. This is because the un-
derlying simulation environment, including the track char-
acteristics, car dynamics, and performance metrics, remains
fixed throughout the optimization process. While the agent’s
knowledge of the reward distributions evolves, the true distri-
butions themselves do not change, as they are determined by
the simulation environment.

• Independent Arms: The reward obtained from selecting a
specific budget allocation or heuristic for one subsystem (e.g.,
gearbox or aerodynamics) does not directly impact the re-
ward distributions of other subsystems. Each subsystem is
optimized independently within its allocated budget, and the
heuristic selections within a subsystem do not directly influ-
ence the performance of other subsystems.

To learn these policies, we employ Thompson Sampling, a
Bayesian approach to the multi-armed bandit problem. Thomp-
son Sampling leverages Bayesian inference to balance exploration
and exploitation, enabling e"cient learning of optimal car setup
configurations within the constrained budget environment. The
budget represents computational resources dedicated to evaluating
di!erent car configurations in The Open Racing Car Simulator
(TORCS). It indicates the total number of evaluations permissi-
ble during the optimization process of that subsystem. Subsystems
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must optimize their performance while adhering to the budget con-
straint. Each subsystem operates within its allocated share of the
overall budget. This allocation determines how much computa-
tional e!ort corresponding to the number of times TORCS can be
simulated on exploring its design space.

5 Results
We conduct experiments to evaluate the performance of our

approach across 50 runs, each starting with a random initialization
of the state. The total budget allocated for each episode is set
to 1250. We present the results and analysis of our experiments,
highlighting the impact of di!erent budget allocations, information
acquisition strategies, and subsystem-level decision models on the
performance of car setups in TORCS.

5.1 Reinforcement Learning. We consider the TORCS car
setup optimization problem with four subsystems (gearbox, aero-
dynamics, brake system, and suspension). The available actions at
the system-level are:

(1) 𝑋𝑃 ,1 = [50, 25, 25, 25] (High budget for gearbox subsystem)
(2) 𝑋𝑃 ,2 = [25, 50, 25, 25] (High budget for aerodynamics sub-

system)
(3) 𝑋𝑃 ,3 = [25, 25, 50, 25] (High budget for suspension subsys-

tem)
(4) 𝑋𝑃 ,4 = [25, 25, 25, 50] (High budget for brake system sub-

system)

The actions at the subsystem-level correspond to choosing one
of the following process heuristics for each subsystem 𝑌 within the
allocated budget:

(1) 𝑎
𝐿
𝑃 ,1 = EI

(2) 𝑎
𝐿
𝑃 ,2 = PI

(3) 𝑎
𝐿
𝑃 ,3 = UCB

The subsystem-level decision-making process operates as fol-
lows: At the start of each episode, the system-level RL agent
allocates a fixed budget for information acquisition to each sub-
system (e.g., [50, 25, 25, 25]). Subsystems optimize their parame-
ters within this budget while keeping others fixed. After complet-
ing their allocated steps using the chosen information acquisition
function, all subsystems are re-integrated, updating their parameter
values. This process repeats (10 times) within the episode, with
updated parameters used as fixed inputs for subsequent iterations.
Subsystem-level actions remain fixed throughout the episode. The
final parameter values for each subsystem are determined by their
optimized parameters after all iterations. The action taken by the
subsystem in each episode is determined by the subsystem level
multi-armed bandit. Figure 2 illustrates the learning process of
the RL agent by visualizing reward 𝑆𝑃 against episodes (𝑈) for 400
episodes. It is observed that the reward increases with the number
of episodes and plateaus after around 150, indicating convergence
of the RL algorithm.

5.2 Heuristics Learned.

5.2.1 System-level. Figure 3 illustrates the probability of
choosing each arm at the system level 𝑊(𝑋𝑃 ,𝐿) versus episodes
(𝑈) for 400 episodes. Here, 𝑌 denotes the subsystem, with Gear-
box (𝑉 = 5), Aerodynamics (𝑉 = 2), Brakes (𝑉 = 2), and Sus-
pension (𝑉 = 2). Initially, all probabilities start from 0.25 (ran-
dom). It is observed that the probability of picking the Gearbox
increases with the number of episodes, eventually reaching 1 after
around 150 episodes. Conversely, the probabilities for Aerody-
namics, Brakes, and Suspension reach 0. This is possibly due to
the higher-dimensional design space of the Gearbox subsystem,
requiring more budget allocation. The heuristic derived from the
system-level decision-making process is to prioritize budget allo-
cation to the Gearbox subsystem.

Fig. 2 RL agent reward over time averaged across 50

runs.

Fig. 3 Probability of choosing each arm at the system

level P (at ,i ).

5.2.2 Process-level. Figure 4 presents the probability of
choosing each arm at the subsystem level 𝑊(𝑋𝑃 , 𝑀 ) versus episodes
𝑈 for three di!erent heuristics: EI, PI, and UCB. For Gearbox
and Suspension, the probability of selecting UCB increases with
time, indicating it as the preferred information acquisition decision.
However, for Aerodynamics and Brakes, it remains inconclusive,
although the probability of selecting PI reduces with time in Aero-
dynamics.

The experimental results indicate the following heuristics:

(1) For the Gearbox and Suspension subsystems, employ the
Upper Confidence Bound (UCB) heuristic for information
acquisition.

(2) For the Aerodynamics subsystem, avoid using the Probabil-
ity of Improvement (PI) heuristic for information acquisition.

(3) For the Brake subsystem, there is insu"cient evidence to
formulate a definitive heuristic, as the probabilities for dif-
ferent information acquisition strategies do not show clear
convergence.

5.3 Analysis of Di!erent Subsystem Groupings. To further
investigate the impact of budget allocation on car setup optimiza-
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Fig. 4 Probability of choosing each arm at the subsystem level P (bt ,j ).

tion, we conducted experiments considering di!erent groupings
of subsystems. We represent the computations as a graph and
calculate the total number of nodes that need to be traversed to
complete a computation, as shown in Appendix A. This analysis
aims to understand how the subsystem complexity, represented by
the number of parameters and computational graph depth, a!ects
performance when budget priorities are shifted. We consider the
TORCS car setup optimization problem with two subsystems, the
available system-level actions are:

(1) 𝑋𝑃 ,1 = [50, 25] (High budget for first subsystem)
(2) 𝑋𝑃 ,2 = [25, 50] (High budget for second subsystem)

We perform experiments with four pairings of subsystems, con-
sidering di!erent combinations of subsystems with varying num-
bers of parameters and computational graph depths. Table 2 sum-
marizes the results for each pairing, showing the average speed
when one subsystem has a higher budget (50) than the other
(25). These experiments highlight the influence of subsystem
complexity (in terms of number of parameters and average depth
of the computational graph) on performance. Across all experi-
ments, we observe that when a subsystem with more parameters
and greater computational graph depth (e.g., Wheel with 5 pa-
rameters and depth 4) is allocated a higher budget, the average
speed tends to improve. For example, in the Wheel and Aero-
dynamics/Brake System/Suspension grouping, when the Wheel is
allocated a higher budget, the average speed decreases to 9.633
m/s, compared to 9.781 m/s when the Aerodynamics/Brake Sys-
tem/Suspension grouping receives a higher budget. This suggests
that subsystems with greater complexity benefit more from in-
creased resource allocation. Our analysis demonstrates that opti-
mizing the car setup requires a balance in budget allocation, partic-
ularly favoring subsystems with higher parameter counts and more
complex computational structures. The results suggest that, in gen-
eral, prioritizing budget to such subsystems leads to higher overall
performance, as they can better utilize the additional resources to
explore their larger design space more e!ectively.

6 Discussion
In the TORCS example, the RL agent recommends the system

designer focus on optimizing the higher-dimensional Gearbox sub-
system by allocating most resources to it, allocate fewer resources
to Aerodynamics, Brakes, and Suspension subsystems as they have
a lower impact, and adapt resource allocation based on evolving
knowledge of subsystem importance and impact on overall per-
formance. The RL agent recommends that Gearbox and Suspen-
sion subsystem designers use the Upper Confidence Bound (UCB)
heuristic for information acquisition and Aerodynamics subsystem
designers, and avoid using Probability of Improvement (PI).

6.1 Comparison with Bayesian Optimization. In this com-
parison, we evaluate the e!ectiveness of our hierarchical rein-

forcement learning approach in finding heuristics and the perfor-
mance of these heuristics against a Bayesian Optimization (BO)
method. Specifically, we compare our Multi-Armed Bandit (MAB)
based approach to full Bayesian Optimization where the entire 11-
dimensional design space is treated as a black box. The full BO
approach considers all 11 parameters (gearbox ratios, aerodynamic
settings, brake system parameters, and suspension characteristics)
as inputs 𝐿 , with the car’s performance (average speed in km/s)
as the output 𝑀 . This method employs a single Gaussian Process
model with Expected Improvement (GP-EI) as the acquisition func-
tion to navigate the entire design space simultaneously. In contrast,
our hierarchical MAB approach decomposes the problem into sys-
tem and subsystem levels, learning budget allocation strategies at
the system level while concurrently optimizing subsystem-specific
information acquisition heuristics. This approach both discovers
e!ective heuristics (e.g., prioritizing budget allocation to the gear-
box subsystem using UCB for certain subsystems) and applies these
heuristics to optimize the car’s performance.

The performance (average speed) versus time elapsed (in sec-
onds) is compared between Bayesian Optimization (BO) and Multi-
Armed Bandit (MAB) in Figure 5. The results in Figure 5 demon-
strate that our MAB-based approach outperforms full BO in achiev-
ing higher average speeds as the computational time increases.
This superior performance can be attributed to two factors: (i)
the e!ectiveness of the learned heuristics in guiding the optimiza-
tion process, and (ii) the computational e"ciency gained from
problem decomposition, where fitting and acquiring information
in multiple lower-dimensional Gaussian Processes (5-dimensional
for gearbox, 2D each for aerodynamics, brakes, and suspension)
is less expensive than fitting a single 11-dimensional GP in the
full BO approach. We include a non-learning-based method where
the policy is based on random sampling rather than Thompson
Sampling. This baseline serves as an intermediate comparison
between BO and our proposed method. The results as shown in
Figure 5 demonstrate that the non-learning-based random sam-
pling approach performs better than BO due to the computational
e"ciency gained from problem decomposition. By focusing on
smaller subsystems, even random sampling benefits from reduced
dimensionality compared to BO’s single high-dimensional Gaus-
sian Process. However, this method still underperforms compared
to our hierarchical reinforcement learning approach, which e!ec-
tively learns and exploits heuristics (e.g., prioritizing resource al-
location to critical subsystems like the gearbox) for improved per-
formance. This additional comparison highlights the advantages of
both the hierarchical structure and learning-based methods. Specif-
ically, The hierarchical structure reduces computational complex-
ity by breaking down the problem into manageable subsystems
and the learning-based approach further enhances performance by
adaptively refining strategies based on observed outcomes.
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Table 2 Performance when di!erent groupings of subsystems are considered for car setup optimization in TORCS.

Subsystem 1 Subsystem 2 Average speed
when subsystem 1
has higher budget

(m/s)

Average speed
when subsystem 2
has higher budget

(m/s)
Components Number of

parameters
Computational
graph average

depth
Components Number of

parameters
Computational
graph average

depth

Gearbox 5 6
Aerodynamics,
Brake System

and Suspension
6 4.33 9.778 9.623

Gearbox 5 6 Wheel 5 4 9.724 9.617

Wheel 5 4
Aerodynamics,
Brake System

and Suspension
6 4.33 9.633 9.781

Wheel 5 4 Aerodynamics 2 4 9.701 9.560

Fig. 5 Comparison between BO (GP-EI) and MAB.

6.2 Expanded Action Space. To further investigate the stabil-
ity and performance of our joint learning approach, we conducted
additional experiments with an expanded action space. Specifi-
cally, we increased the number of budget allocation actions from
4 to 16 while keeping the same 3 actions for information acqui-
sition. Considering the TORCS car setup optimization problem
with four subsystems (gearbox, aerodynamics, brake system, and
suspension), the new set of budget allocation actions includes com-
binations described as follows:

𝑋𝑃 ,1 = [50, 25, 25, 25], 𝑋𝑃 ,2 = [25, 50, 25, 25],

𝑋𝑃 ,3 = [25, 25, 50, 25], 𝑋𝑃 ,4 = [25, 25, 25, 50],

𝑋𝑃 ,5 = [65, 30, 15, 15], 𝑋𝑃 ,6 = [65, 15, 30, 15],

𝑋𝑃 ,7 = [65, 15, 15, 30], 𝑋𝑃 ,8 = [30, 65, 15, 15],

𝑋𝑃 ,9 = [30, 15, 65, 15], 𝑋𝑃 ,10 = [30, 15, 15, 65],

𝑋𝑃 ,11 = [15, 65, 30, 15], 𝑋𝑃 ,12 = [15, 65, 15, 30],

𝑋𝑃 ,13 = [15, 30, 65, 15], 𝑋𝑃 ,14 = [15, 30, 15, 65],

𝑋𝑃 ,15 = [15, 15, 65, 30], 𝑋𝑃 ,16 = [15, 15, 30, 65] .

We evaluated our approach over 50 independent runs for 5000
episodes. We observe that at the system level, no single action had
the highest probability of selection, and it kept varying between
𝑋𝑃 ,1, 𝑋𝑃 ,5, 𝑋𝑃 ,6, 𝑋𝑃 ,7 as seen in Figure 6. These actions allocate
a relatively higher budget to the gearbox (e.g., 65 in three cases
and 50 in one case) compared to other subsystems (e.g., budgets
of 15, 25, or 30). However, no single action among them domi-
nated as observed in smaller action spaces. At the subsystem level,
we observed that for the gearbox subsystem specifically (where
higher budgets are allocated), the UCB heuristic was preferred after

2000 episodes. However, for other subsystems no clear preference
emerged.

To address potential instability caused by joint learning and
ensure convergence to stable policies, we replace the Thomp-
son Sampling exploration strategy with an epsilon-greedy policy.
The epsilon value is defined as an exponential decay function:
𝑕 = exp(≃𝑅 · 𝑈) where 𝑈 is the episode number. For system-level
policies: 𝑅 = 0.05 (faster decay to stabilize budget allocation early).
For subsystem-level policies: 𝑅 = 0.01 (slower decay to allow su"-
cient exploration). This modification ensures that the system-level
policy stabilizes early in training to provide consistent budget al-
locations. We plot the 𝑕 values in Figure 8.

We run the 50 experiments for 5000 episodes and visualize the
resulting heuristics in Figure 6 for the system-level actions and
in Figure 7 for the gearbox subsystem-level actions. With this
modification, we observe that at the system level, Action 𝑋𝑃 ,𝐿=5
emerged as the dominant choice with the highest probability of
selection across runs. At the subsystem level, the heuristics fol-
lowed patterns observed in smaller action spaces. Specifically,
UCB was preferred for gearbox and suspension subsystems and PI
was consistently avoided for aerodynamics subsystem. The results
demonstrate that our proposed method can indeed handle a larger
action space, enabling more detailed exploration of budget alloca-
tion strategies. However, the expanded action space increases the
number of episodes required for the RL agent to converge to e!ec-
tive policies. This is due to the larger number of potential actions
that need to be explored and evaluated. The resulting heuristics
at the also become harder to interpret compared to those derived
from a smaller action space.

The results demonstrate that the proposed RL approach can ef-
fectively learn heuristics that facilitate the e"cient exploration of
complex design spaces under resource constraints. By strategically
allocating resources and selecting appropriate information acquisi-
tion strategies, the RL agent outperformed the Bayesian Optimiza-
tion (BO) method in rapidly converging to high-performing car
configurations. The learned heuristics allowed the agent to priori-
tize the most impactful subsystems and adapt its decision-making
processes based on evolving knowledge, thereby maximizing the
overall system performance within the given budget. The hier-
archical formulation aligns with complex system decomposition,
guiding resource allocation across subsystems while optimizing
localized processes within each subsystem. Automating heuristic
derivation alleviates designers’ cognitive burden and enables orga-
nizations to navigate complex design spaces, reducing development
cycles and costs while rapidly delivering innovative products.

The heuristics derived in this study demonstrate e"cacy across
the diverse track types available in the TORCS environment, in-
cluding dirt, oval, and road configurations. This adaptability sug-
gests that the learned strategies for budget allocation and informa-
tion acquisition are robust to varying racing scenarios, each pre-
senting distinct challenges in vehicle dynamics and performance
optimization. While these specific heuristics are tailored to the
TORCS simulation, the methodology employed for their identifi-
cation has broader applicability to a wide class of complex engi-
neering design problems.
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Fig. 6 Comparison of system-level policies using Thompson Sampling and epsilon-greedy with exponential decay.
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Fig. 7 Comparison subsystem-level policies using Thompson Sampling and epsilon-greedy with exponential decay.

The hierarchical reinforcement learning approach, which com-
bines system-level resource allocation with subsystem-level opti-
mization strategies, represents a generalizable framework for deriv-
ing heuristics. The generalizability of this approach is rooted in its
fundamental components: the multi-armed bandit (MAB) formu-
lation for both system and subsystem levels, the use of Thompson
Sampling for policy learning, and the hierarchical decomposition
of the problem space. These elements are not specific to vehicle
dynamics or racing simulations, but rather represent a general ap-
proach to solving complex, multi-level optimization problems. For
instance, the system-level MAB, which learns to allocate budget
across subsystems, could be analogous to resource distribution in
fields such as aerospace system design, where budgets must be
allocated across propulsion, structural, and avionics subsystems.
Similarly, the subsystem-level MABs, which learn optimal infor-
mation acquisition strategies, could be applicable in any domain
where di!erent optimization approaches (e.g., UCB, EI, PI) might
be more or less e!ective for di!erent components of the overall
system. The key strength of this approach lies in its ability to sys-
tematically uncover e!ective decision-making strategies in com-
plex, hierarchical design spaces, regardless of the specific domain.
Learning both resource allocation and optimization strategies con-
currently addresses a fundamental challenge in many engineering
design processes: how to e"ciently distribute limited resources
across interdependent subsystems while simultaneously optimiz-
ing within each subsystem.

Several opportunities for further research and improvements ex-
ist. One avenue for future work is to extract more comprehensive

subproblem heuristics from the learned decision policies. Similar
to the Solver-Aware System Architecting approach [11], inclusion-
ary and exclusionary heuristics for di!erent confidence thresholds
could be derived, providing insights into the most influential de-
sign variables and guiding principles for e!ective subproblem de-
composition. Additionally, incorporating a cost component for
evaluating process heuristics would enable a more nuanced trade-
o! analysis between exploration and exploitation strategies within
subsystems. This could lead to more e"cient resource allocation
and improved convergence rates. As design problems evolve and
requirements change over time, transitioning from the multi-armed
bandit framework to temporal di!erence methods [12] could fa-
cilitate the extraction of state-based heuristics. These heuristics
could capture the dynamic nature of design processes and adapt
to changing objectives or constraints. While the TORCS envi-
ronment provided a suitable testbed for our methodology, further
experiments with di!erent tracks, car models, and a broader range
of design parameters would enhance the generalizability of our ap-
proach. Increasing the number of design variables, for instance,
to the 22 parameters used in [38], would better reflect the high-
dimensional nature of real-world design problems. Mechanical
gearboxes typically o!er discrete gear ratios, whereas a belt drive
would o!er a continuous transmission ratio. While our approach
assumes continuous design parameters, some, like gear ratios in a
mechanical gearbox, are inherently discrete. In reality, the design
space for a mechanical gearbox would be discrete, limited by the
number of feasible gear ratio combinations. Our approach, while
assuming continuous variables, can be adapted to incorporate dis-
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Fig. 8 Exponential decay of epsilon values for system-

level (k = 0.05) and subsystem-level (k = 0.01) poli-

cies. Faster decay stabilizes system-level budget alloca-

tion early, while slower decay ensures su"cient explo-

ration at the subsystem level.

crete variables, which could simplify the optimization process by
reducing the search space. Future work could involve applying the
identified heuristics to other resource allocation scenarios, such as
project management tasks where subsystems di!er in complexity
or impact. This would test their applicability as starting points
for resource allocation strategies in diverse domains. Note that
the decomposition of design problems into subsystems is often an
arbitrary process that may not fully capture interdependencies be-
tween all variables. Approaches like turning black-box functions
into white functions [39] or cooperative co-evolution with di!er-
ential grouping [40] could be explored to identify more e!ective
problem decompositions. Moreover, our current approach lacks
communication mechanisms between subsystems and a centralized
knowledge database, which are crucial for resolving interdepen-
dencies and facilitating information exchange during the design
process. Finally, it is important to acknowledge that real-world
engineering organizations are often already decomposed based on
previous experience and domain knowledge.
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Appendix A: Computation Graph of TORCS
The computation graph shown in Figure 9 provides a high-level

abstraction of the car dynamics in the racing simulation system.
This model is developed by following the architecture and imple-
mentation of TORCS open-source code. The graph captures the
main physical components of a racing car and how various user
inputs, such as throttle, gear selection, steering, and braking, influ-
ence the car’s behavior on the track.

The engine block receives input from the throttle control. It is
modeled using factors such as fuel consumption, torque-RPM data,
and other engine-specific parameters (e.g., minimum and maxi-
mum RPM values). Based on the user throttle input and gear
selection, it produces torque, which is then transmitted to the en-
gine shaft. The engine shaft transmits the torque to the gearbox.
The gearbox is controlled by the user input for gear selection and
contains data about shift time, ratio, inertia, and e"ciency of the
gears. The di!erential governs the torque split between the wheels,
factoring in inertia, e"ciency, slip bias, and locking torque. In con-
junction with the drive shaft, the axle transfers the torque to the
wheels. The di!erential allows for varied wheel speeds, especially
while cornering. The wheels’ forces are influenced by their speeds,
the transmission torque, and external forces such as aerodynamic
drag. Additional parameters like the wheels’ dimensions, inertia,
and frictional properties (dynamic friction) a!ect the car’s traction
and handling. This subsystem models the car’s drag and down-
force, accounting for variables such as front area, drag coe"cient,
and the e!ects of front and rear wings on vehicle stability and
speed. The suspension system influences the car’s ride comfort
and handling. It is modeled based on spring, bump, and rebound
characteristics, allowing realistic reactions to track irregularities,
bumps, and turns. The environment introduces external forces and
conditions a!ecting the vehicle’s performance. Variables like track

temperature, wind, and road surface influence it. The primary user
inputs – throttle, gear, steering, and braking – directly a!ect the
car’s position, speed, and other variables.

At each time step during the simulation, the car’s position, speed,
and fuel consumption are updated based on the user inputs and the
internal states derived from the computational graph. The system
performs these updates using the predetermined design variables,
which remain constant for the duration of each race. The traversal
of the graph represents the series of calculations required to update
the car’s state at each time step. To estimate the computational load,
the average depth of the graph can be calculated by counting the
number of nodes traversed during each update cycle.
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