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—— Abstract

Recent research on computing the diameter of geometric intersection graphs has made significant
strides, primarily focusing on the 2D case [24, 17, 15] where truly subquadratic-time algorithms
were given for simple objects such as unit-disks and (axis-aligned) squares. However, in three or
higher dimensions, there is no known truly subquadratic-time algorithm for any intersection graph of
non-trivial objects, even basic ones such as unit balls or (axis-aligned) unit cubes. This was partially
explained by the pioneering work of Bringmann et al. [10] which gave several truly subquadratic
lower bounds, notably for unit balls or unit cubes in 3D when the graph diameter A is at least
Q(logn), hinting at a pessimistic outlook for the complexity of the diameter problem in higher
dimensions. In this paper, we substantially extend the landscape of diameter computation for objects
in three and higher dimensions, giving a few positive results. Our highlighted findings include:

1. A truly subquadratic-time algorithm for deciding if the diameter of unit cubes in 3D is at most
3 (DIAMETER-3 hereafter), the first algorithm of its kind for objects in 3D or higher dimensions.
Our algorithm is based on a novel connection to pseudolines, which is of independent interest.

2. A truly subquadratic time lower bound for DIAMETER-3 of unit balls in 3D under the Orthogonal
Vector (OV) hypothesis, giving the first separation between unit balls and unit cubes in the
small diameter regime. Previously, computing the diameter for both objects was known to be
truly subquadratic hard when the true diameter is Q(logn) [10].

3. A near-linear-time algorithm for DIAMETER-2 of unit cubes in 3D, generalizing the previous
result for unit squares in 2D [10].

4. A truly subquadratic-time algorithm and lower bound for DIAMETER-2 and DIAMETER-3 of
rectangular boxes (of arbitrary dimension and sizes), respectively.

This paper is one of the two papers in which we undertake a comprehensive study of computing
the diameter of geometric intersection graphs for various types of objects. The other paper focuses
solely on the 2D case, while this paper is devoted to higher-dimensional cases.

2012 ACM Subject Classification Theory of computation — Computational geometry
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1 Introduction

Computing the diameter of sparse graphs is quadratic hard: under the Strong Exponential
Time Hypothesis (SETH), there is no O(n?~¢) algorithm for distinguishing diameter 2 vs. 3
of graphs with n vertices and O(n)' edges [32]. That is, the trivial algorithm for computing
the diameter by doing BFS from every vertex is essentially optimal. Since then, the major
research focus has been on substantially beating the BFS-based algorithm for structural
families of graphs, especially planar/minor-free graphs and geometric intersection graphs.
For planar/minor-free graphs, truly subquadratic algorithms were known [11, 25, 22, 28, 15].
For geometric intersection graphs, the complexity of computing the diameter remains poorly
understood, due to the sheer diversity of geometric objects underlying the graphs and the
fact that geometric intersection graphs can have Q(n?) edges.

L O() hides polylogarithmic factors
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The pioneering work of Bringmann et al. [10] studied diameter of intersection graphs of
several types of objects. In dimension 3 and above, they considered (axis-parallel) hypercubes?
and balls. Let DIAMETER-A be the problem to decide if a given input graph has diameter at
most A or at least A + 1. They showed that it is quadratic hard to solve: (1) DIAMETER-2
for hypercubes in R'2 under the (3-uniform 6-)Hyperclique Hypothesis; (2) DIAMETER-3 for
(not necessarily axis-aligned) unit segments and equilateral triangles in R? under Orthogonal
Vector (OV) Hypothesis; and (3) DIAMETER-Q(logn) for unit balls and unit cubes in R3,
and axis-parallel line segments in R?, all under the OV Hypothesis.

The hardness results can be interpreted as the radius-A neighborhood balls of each
corresponding class of geometric shapes are sufficiently complex and expressive, capable
of encoding the hard instances used in various fine-grained reductions. One possible way
to quantify the complexity of the set system of neighborhood balls is the notion of VC-
dimension. Given a set system (U, F) with a ground set U and a family F of subsets of U, its
VC-dimension is the cardinality of the largest S C U such that S is shattered by F—for every
S’ C S, there is some X € F such that X NS = 5’. We say that a graph G has distance
VC-dimension at most d if the set system of neighborhood balls (Vg, {N"[v]},>0) has VC
dimension at most d. Planar graphs (more generally, minor-free graphs) [19, 9, 29, 23, 28]
and intersection graphs of pseudo-disks [2, 24, 17] both have bounded distance VC-dimension,
whereas intersection graphs of unit segments and equilateral triangles do not. Recently Chan
et al. [15] gave truly-subquadratic-time diameter algorithms for squares and unit-disks in
the plane, both being instances of pseudo-disks, thus with finite distance VC-dimension.
Together, these results hinted at finite VC-dimension as an overarching property.

We undertake a comprehensive study of computing diameter on geometric intersection
graphs. Our results are presented in a pair of papers. While the companion paper [7]
focuses solely on the 2D case, this paper is devoted to three or higher dimensions. In
the higher-dimensional case, there is no known truly subquadratic time algorithm for any
non-trivial type of objects, even for basic ones such as unit balls or unit cubes. Upper bound
techniques for the 2D cases [10, 24, 17, 15] heavily rely on planarity in various places, most
notably in bounding the VC dimension using the non-planarity of K5 [24, 17, 15]. These
planarity-specific techniques, in addition to the negative results by Bringmann et al. [10],
hint at a pessimistic outlook for the complexity of diameter problem in higher dimensions.

» Question 1. Does a truly subquadratic time algorithm for computing the diameter exist
for any natural class of geometric intersection graphs in 8D or higher dimensions?

As a starting point, the hardness landscape for unit cubes seems peculiar. Recall that
Bringmann et al. [10] showed that in 12D, distinguishing diameter 2 versus 3 is already
quadratic hard (under the Hyperclique Hypothesis). However for 3D, the quadratic hardness
does not kick in until A > Q(logn). Duraj, Konieczny, and Potepa [24] solves the 2D case in
time O(An"/*) for DIAMETER-A, which was later extended by [15] to solve DIAMETER in
O(n?~1/8) time for general A. What about unit cubes in 3D? The same question can be
asked about unit balls, which typically behave similarly to unit cubes.

» Question 2. What is the complexity landscape of DIAMETER-A for unit cubes and unit
balls in constant dimensions? Do radius-A neighborhood balls of their intersection graphs
have bounded VC-dimension, in particular in 3D?¢

2 In this paper, hypercubes and boxes are axis-parallel by default, unless noted otherwise.



103
104
105
106
107
108

82

83

84

85

109

110

111

112

113

114

115

116

117

118

119

120

121

122

Anonymous author(s)

Graph class Lower bound Upper bound
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O*(n?>~1/18) for general A [15]
O*(n?=1/9) for A = O(1) [15]

Unit balls 2D O(n*/3) for A =2 (2D Paper [7])
2%(n?) for general A (ov) [10]
3D 2%(n?) for A =3 (ov) (Thm. 8)
dD  2%(n?) for A=2& d =7 (combks) (Thm. 41)
O(nlog n) for A =2 T10]
0*(n"/4) for A = 0*(1) [24]
O(n?=1/8) for general A [15]
2D O*(n) for any constant A (2D Paper [7])
Unit O(n) for A =2 (Thm. 47)
hypercubes  3p 2% (n?) for general A (ov) [10] O(n?=1/13) for A =3 (Thm. 57)
4D 2*(n?) for A =3 (ov) (Thm. 26)
Q*(n?) for A =2 & d = 12 @ne) [10]
02%(n?) for A=2 & d =10 @ne) (Thm. 32)
dD  2%(n?) for A=2 & d =6 (combks) (Thm. 35)
2D O*(n?~1/12) for general A [15]
Cubes 02%(n?) for general A (ov) [10]
3D 2%(n?) for A =3 (ov) (Thm. 29) O(n?=1/5) for A =2 (Thm. 62)
Boxes 2D 2%(n?) for A =3 (ov) (Thm 30) ~(~)(n7/4) for A =2 (Thm 61)
3D O(n?>=1/%) for A =2 (Thm. 60)

Table 1. Previous and new time bounds for deciding whether an intersection graph of geometric objects
has diameter at most A. All hypercubes/boxes are axis-aligned. New results are shown in bold. Conditional
lower bounds marked “(OV)", “(3H6)"”, and “(combK4)"” assume the Orthogonal Vectors hypothesis, the
3-uniform 6-hyperclique hypothesis, and the combinatorial 4-clique hypothesis, respectively, where the latter is
for combinatorial algorithms (all upper bounds are obtained from combinatorial algorithms). See Appendix A
for definitions. “2D Paper” refers to the companion paper in the pair [7].

1.1 OQur Contributions

We provide a comprehensive study on basic objects in higher dimensions; our results are
summarized in Table 1. As corollaries, we make significant progress towards Question 1 and
Question 2. Below we discuss each of the contribution in more details.

Unit cubes versus unit balls. Our first result is a separation between unit (hyper)cubes
and unit balls: DIAMETER-3 for unit balls is hard, while DIAMETER-3 for unit cubes admits
a truly subquadratic time algorithm.

» Theorem 3. There is no O(n*>~¢) algorithm for DIAMETER-S for unit balls in R® under
the OV hypothesis for any e > 0, while for unit cubes in R? for d > 3, DIAMETER-3 and
DIAMETER-2 can be solved in O(n*>~/'3) and O(n) time, respectively.

Our lower bound for DIAMETER-3 of unit balls is by reducing from DIAMETER-2 of sparse
tripartite graphs G = (AU BUC, E), which is quadratic hard under the OV hypothesis. Our
first idea for the reduction would be creating a unit ball for each vertex in AU B U C and
encode each edge by intersection: a vertex u € AUBUC is incident to edge uv € FE if and only
if the unit balls corresponding to v and uv intersect. Then a length-2 path (¢ — b — ¢), in G
will correspond to a length-4 path in the intersection graph ((a) — (ab) — (b) — (bd) — (d)),
where (x) is the unit ball corresponding to (a vertex or an edge) x. With this idea, we could
obtain hardness of DIAMETER-4. To obtain a lower bound for DIAMETER-3, we do not create
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unit balls for the middle set of vertices B; the path would then be ((a) — (ab) — (bc) — (d)).
The difficulty is to guarantee that (ab) only intersects (bc), not (bc) for some other vertex
b € B; in the DIAMETER-4 case, this is enforced by the ball (b). Here, we achieve the
guarantee by introducing another angle parameter ¢ into the parameterization of the unit
balls. This new parameter gives us finer control over the intersections of the balls. See §2.

The algorithms for DIAMETER-3 and DIAMETER-2 for unit cubes in Theorem 3 are perhaps
most interesting. First, we show that the VC-dimension of the 2- and 3-neighborhoods of 3D
unit-cube graphs is bounded by a constant. Here we depart from existing techniques for the
2D case [24, 17, 15], which rely on the non-planarity of K5. In a small region, unit cubes
behave like orthants, and so intersection between unit cubes corresponds to a dominance
relation. We divide into a number of special cases, bound the VC-dimension in each case by 1
or 2 via direct arguments, and then bound the overall VC-dimension by carefully combining
subsystems together. See §3.1 and §4.1 for details.

Our VC-dimension bound, in combination with existing techniques [15], is enough to
imply truly subquadratic time algorithms for DIAMETER-2 and DIAMETER-3, but because of
large constants, the running time would be awfully close to quadratic (about O(n!-999998) for
DIAMETER-3). We further build on the proof ideas to give more efficient algorithms: In case
of DIAMETER-2, because the subsystems from various cases actually all have VC-dimension 1,
we are able to use orthogonal range searching, in combination with divide-and-conquer, to
achieve the surprising near-linear time. (Large constants appear in the logarithmic factors,
instead of in the main polynomial factor.) For DIAMETER-3, because the subsystems from
various cases actually turn out to be special kinds of 2-dimensional systems corresponding to
pseudoline arrangements, we are able to use known range searching techniques, in combination
with a grid approach, to achieve a more reasonable running time O(n?~1/13). (We find it
surprising that pseudolines turn out to be relevant for a problem about 3D unit cubes!) The
technical details are intricate, as we need to work with abstract pseudolines that are only
implicitly represented via certain oracles. See §3 and Appendix H for details.

Our constant bound on the VC-dimension of the 2- and 3-neighborhoods of 3D unit
cube graphs suggests an intriguing open question of independent interest to combinatorial
geometers: do r-neighborhoods similarly have bounded VC-dimension for all constant r > 37

» Conjecture 4 (VC-Dimension of Unit-Cube Graphs). There exist a function f such that
the VC dimension of (V,{N"[v]}vevr>0) is at most f(r), where N"[v] is the r-neighborhood
of v in the unit cube graph G = (V, E).

Combining with [15], Conjecture 4 would imply that unit-cube graphs of constant diameter
admit a truly subquadratic time algorithm for computing diameter, which will be the first
natural class of intersection graphs asked in Question 1.

Unit-hypercubes in 4*D. Our next result shows that for unit hypercubes in 4D, DIAMETER-
3 is quadratic hard. Therefore, there is no longer a meaningful separation between unit
hypercubes and unit balls in dimension 4. When the dimension is higher, say at least 6, we
can get hardness results for DIAMETER-2, under the 3-uniform 6-hyperclique hypothesis (3H6)
(Definition 24) or combinatorial 4-clique (combK/) hypothesis (Definition 25), by refining
Bringmann et al.’s previous proof [10] which required 12 dimensions.

Theorem 5. Let ¢ € (0,1) be any given parameter. There is no O(n*~¢)

. DIAMETER-3 for unit hypercubes in R* under the OV hypothesis.
. DIAMETER-2 of unit balls in R” under the CombK/ hypothesis.
. DIAMETER-2 for unit hypercubes in RS and R? under CombK/ / 3H6 hypotheses, resp.

algorithm for:

>
1
2
3
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Cubes and Boxes. In 2D, the intersection graphs of (non-unit) squares admit a truly
subquadratic-time algorithm for computing the diameter (of any value) [15]. In 3D, our
next result shows that for (non-unit) cubes, DIAMETER-3 is quadratic hard; this, along with
the algorithms in Theorem 3, gives a separation between cubes and their unit counterpart.
Somewhat surprisingly, we show that DIAMETER-2 of (non-unit) cubes is solvable in truly
subquadratic time. Even for the more general case of 3D boxes, we also obtain a truly
subquadratic time algorithm. (Note that this result is new even for 2D rectangles!) Instead of
relying on VC-dimension, this subquadratic algorithm uses a different, grid-based approach.
Grid-based approaches have been used before for solving other problems about boxes [14, 16],
but one challenge arises from the fact that 3D boxes (or cubes) have quadratic union
complexity, unlike 3D unit cubes or orthants. We show that in the case of diameter 2, some of
the sides are irrelevant and some boxes can actually be replaced by orthants. See Appendix I.

» Theorem 6. There is no O(n?—¢) algorithm for DIAMETER-S for (non-unit) cubes under
the OV hypothesis for any € > 0. On the other hand, DIAMETER-2 can be solved in time
O(n?=1/%) for cubes and O(n>~'/) for bozes.

Finite VC-dimension as an if-and-only-if condition? Our collection of results for many
types of objects in 2D (in the companion paper [7]) and higher-dimensional cases reinforces
the same pattern: truly subquadratic-time algorithms are mostly for graphs with bounded
VC dimension. We conjecture that these are special cases of a broader phenomenon.

» Conjecture 7 (VC-Dimension vs Diameter Conjecture). DIAMETER-A of the intersection
graph of low-complexity geometric objects (regardless of the dimension) can be solved in truly
subquadratic time if the VC dimension of A-neighborhoods is bounded by a constant.

Here, by low-complexity, we mean that the geometric object has constant description
complexity. A positive resolution of Conjecture 7 would provide a powerful algorithmic tool
for solving the diameter problem on geometric intersection graphs. A non-trivial test case for
Conjecture 7 is (non-unit) disks in 2D: the distance VC dimension is at most 4 [17] whereas
currently there is no known truly subquadratic algorithm even for DIAMETER-2.

It is tempting to strengthen Conjecture 7 to “if and only if”; however, our truly
subquadratic algorithms for DIAMETER-2 of boxes in Theorem 6 provides a counter-example:
the intersection graphs of diameter 2 for boxes and rectangles have unbounded VC-dimension.
(For proof of unbounded VC-dimension, see Remark 31 in Appendix D.)

Graph preliminaries. Throughout this paper, G = (V, E) be a geometric intersection graph
on n geometric objects O. The input will be O and the graph will be implicit. We use d(u, v)
to denote the distance between two vertices u,v € V in G. We denote the 1-hop neighborhood

of a vertex v € V by N|[v], and the r-neighborhood ball of v by N"[v] == {u € V : d(u,v) < r}.

Shatter Dimension. For a set system (U, F), define Sh(n):= max|g—, {SNF : F € F}|.

The shatter dimension of the set system is the minimum d such that Sh(n) = O(n?). By
Sauer-Shelah lemma, If the VC-dimension is d, then shatter dimension is d. The converse
partially holds: if the shatter dimension is d, then the VC-dimension is O(dlogd).

2 Diameter-3 for Unit Balls in 3D

» Theorem 8. Assuming the OV hypothesis, there is no O(n?=¢) time algorithm for deciding
if the intersection graph of a given set of n unit balls in R3 has diameter at most 3.

23:5
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The reduction is from diameter-2 for n-vertex sparse tripartite graphs G = (AUBUC, E),
where the number of edges m is O(n). It is well-known that solving DIAMETER-2 for sparse
tripartite graph in truly subquadratic time would break OV hypothesis [32].

» Lemma 9 (DIAMETER-2 sparse tripartite graphs). There is no O(n?~¢) time algorithm for
deciding if a given sparse tripartite graph has diameter at most 2 assuming OV.

Let G = (AUBUC, E) be a tripartite graph with n vertices and m = O(n) edges. It
will be more convenient for our construction to work with balls of radius 1/2 instead of 1,
and therefore, all balls in this section have radius 1/2. Let ¢ = ©(1/n*) and § = ©(1/n?).

First, we map every vertex v in AUC to a distinct number, also denoted by v, in [e, 2¢], such
that ming, a,cA: a; 24, |@1 — @2| > Q(e/n) and mine, ¢,cc:er e, [€1 — €2 > Q(e/n). Vertices
of B are mapped to distinct numbers in [0.9, 1] such that ming, p,eB: b, 25, |b1 — b2| > Q(1/n).
Then we create four sets of balls as follows.

1. For every vertex a € A, we add a ball centered at s, = (14 acosd,asind,0).

2. For every edge (a,b) € (A x B)N E, we add a ball centered at psp, = (1 + acosd —
bsind, asind + beos§,v/1 — b?).

3. For every edge (b,c) € (B x C) N E, we add a ball centered at gy. = (—c,b,v/1 — b2).

4. For every vertex ¢ € C, we add a ball centered at t. = (—¢,0,0).

Let B; be the set of balls created in step ¢ for i € [4] and B := U;B;. Observe that:

Observation 10. Let (p) be the ball of radius 1/2 centered at a point p. We have:
(sa) N (pas) # O if and only if a = a.

(pab) N (g5,) # O if and only if b = b.

(o) N (te) # O if and only if ¢ = ¢.

Every two balls in B; intersect for every i € [4].

For any two balls by € B; and by € B; such that |i — j| > 2, by Nby = 0.

R wNEY

Proof. For item 1, observe that

|50 — pabl|3 = ((a — @) cos 6 + bsin§)? + ((a — @) sind — beos§)? +1 — v?
= (a — a)*(cos® § +sin?d) + b*(sin? 6 + cos?§) +1 —b* = (a—a)* +1,

which is exactly 1 if a = @, and at least 1 + Q(1/n1%) if |[a — a| > Q(g/n).

For item 2, observe that

||pab—q50||§:(1—|—aCOS(5—bsiné—&—c)Q—i—(asin(S—l—bcosé—l}2—1— \/1—b2—\/1—l~)2)2
= (14 06(c) — O(5) + O(c))? (@(55)+b 0(82) = b)% + (V1 =02 — V1 —1?2)?
= (1—0(1/n?)2 + (|b—b| £ O(1/n%))2 + (V1 — b2 — \/1—b2)

which is 1 — ©(1/n?%) if b= b, and at least 1+ Q(1/n?) if |b — b| > Q(1/n).

For item 3, observe that ||gs. — tz]|3 = (¢ — ¢)? + 1, which is exactly 1 if ¢ = & and at
least 1+ Q(1/n'%) if |c — & > Q(e/n). Item 4 is easy to check. For item 5, observe that
|sa —tella > 1+ acosd + ¢ > 1+ Q(1/n?), whereas ||s, — qpell2 and |[pap — tel2 are both

V24 o(1). <
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In the real RAM model, balls B can clearly be constructed in O(n +m) = O(n) time. In
the RAM model, it suffices to approximate all coordinates up to O(1/n'%) additive error,
which can be done in O(1) time (we could actually pick “nice” choices of b € B so that b and
V1 — b2 are both rational, and also a nice § so that cosd and siné are both rational). Thus,
the reduction can be done in O(n) time. Theorem 8 follows from the following lemma.

» Lemma 11. Let K be the intersection graph of the set of balls B. Then G has diameter at
most 2 if and only if K has diameter at most 3.

Proof. Observe by item 4 of Observation 10 that the balls in the same set B; induce a clique
in K. By item 5 of Observation 10, there is no edge between two balls in B; and B; when
|7 —i| > 2. Thus, K has diameter at most 3 if and only if for every ball [sq] € By and every
ball [t.] € Ba, di(sq,te) < 3. Here we slightly abuse the notation by using the center of the
ball to denote the corresponding vertex in K.

Suppose that G has diameter at most 2. Let P = (a,b,¢) be any path of length 2 in G.

Then by Observation 10, (Sq, Pab, Gbe, te) is a path of length 3 in K. Thus, K has diameter
at most 3 by the above observation. For the other direction, if K has diameter at most 3,
then for any two vertices s, and t. (such that [s,] € By and [t.] € B4), a path of length 3
between s, and ¢, in K must be of the form (s, pas, gj,, tc). Then again by Observation 10,
a=a and b= b, and therefore, (a,b,¢) is a path of length 2 in G. <

3 Near-Linear Diameter-2 Algorithm for 3D Unit Cubes

In this section, we present an O(n)—time algorithm for testing whether the diameter of a 3D
unit cube graph is at most 2. This shows that the near-linear diameter-2 result of Bringmann
et al. [10] for 2D unit squares surprisingly extends to 3D (ignoring logarithmic factors). It
also complements our lower bound result from Theorem 39, which shows conditionally that
there are no similar, near-linear combinatorial diameter-2 algorithms for 4D unit hypercubes.

In Section 3.1, we study the combinatorial problem of bounding the VC-dimension of the
distance-2 neighborhoods of 3D unit cube graphs as a warm-up. In Appendix G, we use ideas
from the combinatorial proof to design a near-linear-time divide-and-conquer algorithm.

For a point p € R3, denote [p] the unit cube centered at p. For simplicity, we assume
that the input is in general position, e.g., all coordinate values are distinct. We will solve
the problem in a slightly more general setting for 3 point sets P, @, R, testing whether all
distances between [p] and [r] for (p,r) € P x R are exactly 2 in the tripartite intersection
graph of the unit cubes centered at P,Q, R. The original problem reduces to the case when
P, Q, R are identical sets (or almost identical, if we want to ensure general position).

3.1 VC-dimension bound

For two points p,q € R3, write p <, ¢ if p has smaller z-coordinate than ¢, and p >, ¢ if p
has larger z-coordinate than g. Define <, >, <., > similarly. Define the trivial relation
T which is always true. A generalized dominance relation is a relation < where p < ¢ iff
p <z q and p <, ¢ and p <, g, for some choices of <, € {<,, =4, T}, <y € {<y, >y, T}, and
<, € {<., =, T}

The motivation for considering generalized dominance relations is this: Consider a uniform
grid with unit side length. Inside a grid cell, any unit cube is equivalent to an orthant. If p
lies in a grid cell and ¢ lies in a neighboring grid cell, then the condition that [p] and [q]
intersect corresponds precisely to p < g for some generalized dominance relation.
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Let P, Q, R be 3 point sets in R3. Let <1, <l be 2 generalized dominance relations in
R3. For each r € R, we can write N2[r] as {p € P : 3¢ € Q with p <y ¢ and ¢ <I3 7}. Define
the set system So, 4,(P,Q, R) :== (P, {N?[r] : r € R}). We first prove that this set system
has bounded VC-dimension by bounding its shatter dimension.

Previous proofs of bounded distance VC-dimension usually involve planarity arguments
(avoidance of K35), but for the 3D problem here, we use a different strategy. We divide into
easier cases based on the separability of the given point sets—in the following, we say that
two sets are z-separated if they are separated by a plane orthogonal to the z-axis; we define
y- and z-separation similarly. We first show how to handle the case when P and @ are both
z- and y-separated by a simple direct argument:

» Lemma 12. If P and Q are both z- and y-separated, then Sq, «,(P,Q,R) has VC-
dimension 1.

Proof. First, for any <;, we define <;;, <y, and <;, to be the z-, y-, and z-coordinate
dominance relation, respectively.

Consider 2 points p,p’ € P. Suppose {p} and {p'} are both shattered. Then there exist
r,r’ € Rwith p € N%[r], p’ & N2[r], p' € N2[r'], p & N?[r']. Let q,¢' € Q with p <y ¢ <o 7
and p’ <11 ¢ < 1.

Because P and () are z- and y-separated, we already know that p <15 ¢’, p <1, ¢/, and
P <1z ¢, p' <1y ¢'. Note that p<iy. ¢’ or p’ <1, ¢, because otherwise, ¢’ <1, p<l1.¢<1.p <1.¢"
a contradiction. Thus, p <1 ¢’ or p’ <y ¢, implying p € N2[r'] or p’ € N?[r]. <

We then handle the case when P and R are separated along all 3 axes.

» Lemma 13. If P and R are x-, y-, and z-separated, then Sq, 4,(P,Q, R) has shatter
dimension at most 6.

Proof. W.Lo.g., say P C (—00,0)3 and R C (0,00)3. Consider the following 6 set systems of
the form Sq, «,(P,Q N A, R), where A can be one of

((0,00) x (0,00) x R), (R x (0,00) x (0,00)), ((0,00) x R x (0,00)),

((=00,0) X (=00,0) x R), (R x (=00,0)) x (=00,0)), ((—00,0) xR x (—00,0)).

Each set system has VC-dimension at most 1 by Lemma 12 (or symmetric variants).
Each set in Sq, «,(P,Q, R) can be expressed as the union of 6 sets (one of each) from
these 6 set systems (since a point ¢ € ) must has two positive coordinates or two negative
coordinates). So, the number of distinct sets in Sq, <, (P, @, R) is at most O(|P|%). <

It remains to reduce the general case to the case when P and R are separated along all 3
axes. We accomplish this by a simple grid idea:

» Lemma 14. For any P,Q,R C R3, S, 4, «,(P,Q, R) has shatter dimension at most 51.

Proof. Build a (non-uniform) grid formed by the z-, y-, and z-coordinates of all the points
of P. The grid has O(|P|3) cells. For each grid cell 7, consider the 8 octants at an arbitrary
point inside +; for each such octant 7, the set system Sq, «,(P N7,Q, RN ) has shatter
dimension at most 6 by Lemma 13. For each » € RN+, the set N*[r] is the union of 8 sets
(one of each) from the set systems for the 8 octants. So for each 7, the number of distinct
sets in {N3[r] : r € RNy} is O((|P[%)®), giving [{N3[r] : 7 € R}| = O(| P2 - (|P|%)®). <

We can now bound the shatter dimension for unit cubes.
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» Lemma 15. For any P,Q, R C R? with R C (0,1), rewrite N*[r] as
{p € P:3q € Q with [q] intersecting both [p] and [[r]]} .

Then the set system (P,{N?[r] : r € R}) has shatter dimension at most 4131.

Proof. Fix a = (ap,ag) € (Z3)? with ||ag/e, lap — agllee < 1. For p € ap + (0,1)® and
q € ag + (0,1)3, [p] intersects [q] iff p — ap <1 ¢ — ag, where we define <y, to be =,
if z(ag) = z(ap) + 1, and <, if z(ag) = z(ap) — 1, and T if z(ag) = z(ap), and we
define <17, and <, in the same way. Similarly, for ¢ € ag + (0,1)% and r € (0,1)3, [q]
intersects [r] iff ¢ — ag <o 7 for some generalized dominance relation <ls. Define the set
system S, = Sq, <, (PN (ap +(0,1)3),(QN (agn (0,1)3)) + ap — ag, R+ ap).

Each set N2[r] is the union of at most 92 sets (one of each) from the set systems S, for
the at most 92 choices of a. By Lemma 14, we have [{N2[r] : v € R}| = O((|P]?})?"). =

» Theorem 16. For any P,Q,R C R3, the set system (P,{N?[r] : r € R}) has shatter
dimension at most 4131.

Proof. Build a uniform grid of side length 1. For each grid cell ag + (0,1)% (with ag € Z3),
the number of different N2[r| sets over all r € RN (ar+(0,1)3) is O(|PN(ag+(—2,3)3)|31)
by Lemma 15. Since each point p € P belongs to O(1) number of expanded cells ag+(—2, 3)3,
the sum over all ag is O(|P[*31). <

In the interest of simplicity, we have not optimized the above constant (which admittedly
is quite large, but fortunately will not matter in our final algorithm).

3.2 Algorithm

Knowing that the VC-dimension is bounded, we could at this point apply the framework
of Chan et al. [15] to obtain a subquadratic algorithm for DIAMETER-2 of 3D unit cubes.
However, the exponent would be very close to 2 (much worse than our more general result for
arbitrary 3D boxes in Theorem 60). We present a faster, direct algorithm that runs in near-
linear time. The key observation is that although the final shatter dimension bound is large,
the proof in Section 3.1 tells us that the set system is in some sense “made up of” a constant
number of simpler subsystems with much smaller VC-dimension, namely, VC-dimension 1
(Lemma 12)! We can’t just solve the problem for each subsystem separately—the diameter
problem isn’t decomposable that way. Instead, we “encode” each subsystem by adding a
single coordinate value to each element, and in the end reduce the whole problem to an
orthogonal range searching problem for vectors in a sufficiently large constant dimension.
Due to lack of space, the details of the algorithm will be given in Appendix G.

4 Subquadratic Diameter-3 Algorithm for 3D Unit Cubes

In this section, we present a subquadratic algorithm for testing whether the diameter of
a 3D unit cube graph is at most 3. This complements our lower bound results, which
show conditionally that there are no similar diameter-3 algorithms for 3D unit ball graphs
(Theorem 8) nor for 4D unit hypercube graphs (Theorem 26). This result is more challenging
than our result for diameter 2 in Section 3. As before, we warm up by studying the
corresponding combinatorial problem of bounding the VC-dimension of the 3-neighborhoods of
3D unit cube graphs (Section 4.1). The combinatorial proof will reveal a surprising connection
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to 2D pseudolines. We review known techniques about pseudolines in Appendix H.1, as
preparation towards our final subquadratic algorithm, presented in Appendix H.2.

For a point p € R3, recall that [p] denotes the unit cube centered at p. For simplicity,
we assume that all coordinate values are distinct. Like before, we will solve the problem
in a slightly more general setting for 4 point sets P, @, R, S, testing whether all distances
between [p] and [s] for (p,s) € P x S are exactly 3 in the 4-partite intersection graphs of
the unit cubes centered at P,Q, R, S.

4.1 VC-dimension bound

Following Section 3.1, we begin with the corresponding problem for generalized dominance
relations. Let P,Q, R, S be 4 point sets in R3. Let <i;, <I, <I3 be 3 generalized dominance
relations in R3. For each s € S, we can write N3[s] as {p € P : I(q,7) € Q x R with p <y
g and g<la7 and r <i3 s}. Define the set system S, 4, «,(P,Q, R, S) :== (P, {N®[s] : s € S}).
We first prove that this set system has bounded shatter dimension.

As in Section 3.1, we do not use planarity arguments like previous proofs. Instead,
we divide into cases based on separability of the given point sets. As we go from 2- to
3-neighborhoods, we face more challenges. The first case turns out to be the most crucial
(and interesting), where as the one that follows it is similar to Lemma 13:

» Lemma 17. If P and Q are z-separated, QQ and R are y-separated, and R and S are
z-separated, then the set system Sq, 4,.«4(P,Q, R, S) has VC-dimension at most 2.

Proof. Suppose p <, ¢ iff p <, ¢ and p <, ¢ and p Q;, ¢ with <j, € {<5, >4, T}, Qjy €
{<y, >y, T}, and ;. € {<;,>., T}. We may assume that <1, # T (because if not, we can
shift all the z-coordinates of P sufficiently far downward and replace <11, with <), and
similarly, all other <, <1y, <, are not T. We first prove the following property:

Property: Let p,p’ € Pand s,s' € S. If pe N3[s], p' € N3[s'], p & N3[s], p’ & N3][s],
then p <, p’ implies s’ <4, s, where €,€ {=<,, >, } is a relation determined solely from
the choices of <1, <z, <3.

Proof: Let q,¢' € Q and r,7" € R with p <1 ¢ <o 7 <13 s and p’ <1 ¢/ <o 7’ <3 s'. We may
assume neither p <1 ¢/ nor p’ < ¢, because otherwise, p € N3[s'] or p’ € N3[s]. Because P
and (Q are z-separated, we already know p <11, ¢’ and p’ <1, q. So, there are two remaining
possibilities: (i) p <1y ¢ <1y P’ <1y ¢ and p’ <1, ¢’ <1, p <1z ¢, or (ii) p' <1y ¢ <1y P <1y ¢
and p <1, ¢ <1 p' <12 ¢ (See Figure 1')

Define «1.€ {=<.,>.} to be <y, iff <y, is <,. Then p <, p’ implies ¢’ . ¢.

Similarly, we may assume neither ¢ <l 7’ nor ¢’ <la 7, because otherwise, p € N3[s'] or
p' € N3[s]. Because Q and R are y-separated, ¢ <lo, 7" and ¢’ <z, r. There are two remaining
possibilities: (1) ¢ <2, 7 <2, ¢’ <2, ' and ¢’ <oy 1 <op ¢ Jog 7, o1 (ii) ¢/ <o, 7 <2, ¢ <o 7
and g <lg, 7 <9, ¢’ <a, 1.

Define d2,€ {<., >} to be <, iff <9, is «1,. Then ¢’ 4y, q implies 7 4o, 7.

Similarly (and lastly), we may assume neither r <3 s’ nor r’ <3 s, because otherwise,
p € N3[s'] or p’ € N3[s]. Because R and S are z-separated, r <I3, s’ and 1’ <13, s. There
are two remaining possibilities: (i) 7 <3, § <3y 1’ <3, 8" and 1’ <3, 8" g, r <3y s, or (ii)
T’ <3y 8" <347 <3z s and r gy, s <3y 17 gy .

Define 4,€ {<y, =, } to be <3, iff <3, is d2;. Then r 42, r’ implies s’ <, s. O
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(i) (i)

Figure 1. In the yz plane, if p is dominated by ¢ and p’ is dominated by ¢’, but p is not dominated by ¢’
and p’ is not dominated by g, then (i) and (ii) depict the only two possibilities.

Now, consider 3 points p,p’,p” € P, with p <, p’ <, p”. Suppose {p,p”} and {p'}
are both shattered. Then there exist s,s’ € S with p,p” € N3[s], p’ &€ N3[s], p’ € N3[s'],
p,p” & N3[s'|. Applying the property twice yields s’ 4, s and s 4, s": a contradiction. <«

» Lemma 18. If (a) P and Q are both x- and y-separated, or (b) Q and R are both x-
and y-separated, or (¢) R and S are both x- and y-separated, then Sq, «, «,(P,Q, R, S) has
VC-dimension 1.

Proof. Consider 2 points p,p’ € P. Suppose {p} and {p’} are both shattered. Then there
exist s,s' € S with p € N3[s], p’ & N3[s|, p’ € N3[s'], p & N3[s']. Let ¢,¢' € Q and r,7" € R
with p<i g <ar <3 sand p’ <1 ¢’ <27’ 38’

For (a), p <1z ¢, p <1y ¢, and p’ Q15 ¢, p’ <1y ¢’ by the separation assumptions. Note
that p <11, ¢’ or p’ <11 ¢, because otherwise, ¢’ <11, p <1, ¢ <1, p’ <1 ¢’: a contradiction. Thus,
p <1 ¢ or p’ <y q, implying p € N3[s'] or p’ € N3]s].

Claims (b) and (c) follow from a similar argument. <

We now handle the case when P and S are separated along all 3 axes, by invoking the
previous cases some constant number of times:

» Lemma 19. If P and S are x-, y-, and z-separated, then Sq, 4, «,(P,Q, R, S) has shatter
dimension at most 21.

Proof. W.lo.g., say P C (—00,0)3 and S C (0,00)3. Consider the following 15 set systems.

Say <z, (P Qﬂ ((0,00) x (=00,0) xR), RN (R x(0,00) x (=0,0)), 5)
Sar,<,45(Py - QN (R X (0,00) % ( ,0)), N ((=00,0) xR x (0,00)), 5)
Sar<a,3 (P, QN ((=00,0) x R x (0, 00)), n((o, ) (=00,0) xR), S)
Saranas (P @N((=00,0) x (0, ) R), n((o, )XRX( ,0), 5)
Saranas (P QN (R ( ,0) x(0,00)), N ((=00,0) x (0,00) xR), 5)
Saran.as (P @N((0,00) X R x (—00,0)), N (R x ( ,0) % (0,00)), 5)
Saran,as (P, @N((0,00) x (0,00) x R), R, S)
Say <1z,<15 (P, N ((0,00) x R x (0, 00)), R, S)
Sar<z,3 (P, @N (R x (0,00) x (0,00)) R, S)
Sar<a,3 (P, @N((=00,0) X (=00,0) xR), RN ((0,00) x (0,00) xR), 5)
Sy <1z« (P, N ((—00,0) x R x ( 00,0)), RN((0,00) xR x (0,00)), S)
Saranas (P @O (R X (=00,0) x (=00,0)),  RNO(Rx (0,00) x (0,00)),  5)
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Say <5 (Py @, RN ((—00,0) X (—00,0) xR), S5)
Say <5 (Py @, RN((—00,0) xR x (—00,0)), S)

S<]1,<]2’<]3 (P, Q, RN (R X (_OO, 0] X (_O0,0)), S)
The first 6 set systems have VC-dimension at most 2 by Lemma 17 (or symmetric variants);
the next 9 have VC-dimension 1 by Lemma 18(a,b,c) (or symmetric variants).

Each set in Sq, «,,«, (P, @, R, S) can be expressed as the union of 15 sets one from each
of these 15 set systems.? So, |Sq, <, 5 (P, Q, R, S)| = O((|P|*)¢ - |P|°). <

We can now reduce the general case to the case when P and S are separated along all 3 axes.

» Lemma 20. For any P,Q,R,S C R3, S84, 4, «,(P,Q, R, S) has shatter dimension < 171.

Proof. Build a (non-uniform) grid formed by the 2-, y-, and z-coordinates of all the points
of P. The grid has O(|P|?) cells. For each grid cell 7, consider the 8 octants at an arbitrary
point inside «y; for each such octant 7, the set system Sq, <, <, (PN7,Q, R, SN~) has shatter
dimension at most 18 by Lemma 19. For each s € S M+, the set N3[s] is the union of 8 sets
(one of each) from the set systems for the 8 octants. So for each -y, the number of distinct sets
in {N3[s] : s € SNy} is O((|P|?1)®). Thus, we have |[{N3[s] : s € S}| = O(|P|?-(|P|*!)?). =

As before, unit cubes reduce to generalized dominance relations:

» Lemma 21. For any P,Q, R, S C R® with S C (0,1)3, rewrite N3[s| (again) as
{p € P:3(q,r) € Q X R s.t. [p] intersects [q], [q] intersects [r], and [r] intersects [[s]]}

Then the set system (P,{N?3[s] : s € S}) has shatter dimension at most 124659.

Proof. Fix a = (ap,aq,ar) € (Z*)® with ||ar| s, lag — arlle, llap — agll < 1. For
p € ap + (0,1)% and ¢ € ag + (0,1)3, [p] intersects [¢] iff p — ap <1 ¢ — ag, for some
generalized dominance relation <; as in the proof of Lemma 15. Similarly, for ¢ € ag+(0,1)3
and r € ag + (0,1)3, [g] intersects [r] iff ¢ — g <2 7 — g for some generalized dominance
relation <i5. Similarly, for r € ag + (0,1)% and s € (0,1)3, [r] intersects [s] iff r — ag <i3 s
for some generalized dominance relation <i3. Define the set system S, = Sq, «5,<5 (PN (ap +
0,1)%),(Q N (ag N (0,1)*) + ap —ag, (RN (ar N (0,1)%)) + ap — ar, S + ap).

Each set N3[s] is the union of at most 93 sets (one of each) from the set systems S, for
the at most 9% choices of . By Lemma 20, we have [{N3[s] : s € §}| = O((|P|'™)?"). =

» Theorem 22. For any P,Q,R,S C R3, the set system (P,{N3[s] : s € S}) has shatter
dimension at most 124659.

Proof. Build a uniform grid of side length 1. For each grid cell ag + (0,1)% (with ag € Z3),
the number of different N3[s] sets over all s € SN(as+(0,1)3) is O(|PN(as+(—3,4)3)|124659)
by Lemma 21. Since each point p € P belongs to O(1) number of expanded cells ag+(—3,4)3,
the sum over all ag is O(|P|124659). <

3 In any point sequence (p,q,r,s) with p € (—o0,0)% and s € (0,00)3, there must be a consecutive pair
going from negative to positive xz-coordinate, and a consecutive pair going from negative to positive
y-coordinate, and a consecutive pair going from negative to positive z-coordinate; all 3 such pairs could
be distinct, or 2 of them could be the same.
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4.2 Algorithm

Knowing that the VC-dimension is bounded, we could at this point apply the framework
of [15] to obtain a subquadratic algorithm for diameter-3 in 3D unit cubes. However, the
exponent would be extremely close to 2 (around 2 —1/(4 - 124660) ~ 1.999998). We present a
faster, direct algorithm with a more reasonable exponent smaller than 2. The key observation
is that although the final shatter dimension bound is large, the proof in Section 4.1 tells us
that the set system is in some sense “made up of” a (very large but) constant number of
simpler subsystems with much smaller VC-dimension, of 1 and 2 (Lemma 17 and Lemma 18).
As in our diameter-2 algorithm, we can’t just solve the problem for each subsystem separately,
because the diameter problem isn’t decomposable. Instead, we “encode” each subsystem as an
extra “2-dimensional constraint”, and in the end reduce the whole problem to a “multi-level”
range searching problem in a sufficiently large constant dimension.

Multi-level range searching [3, 31] is usually solved by sampling-based geometric divide-
and-conquer techniques, e.g., via so-called “cuttings”, but unfortunately analogs of cuttings
provably do not exist for abstract set systems, even with VC-dimension 2 (e.g., see [8,
Remark 4.7]). Fortunately, our proof of VC-dimension 2 in Lemma 17 reveals a stronger
property, namely, that the 3-neighborhoods there actually form a point-pseudoline system—
see Appendix H.1. (It is quite unexpected that 3D unit cubes could naturally produce
pseudoline arrangements.) As noted in Lemma 50, cuttings and multi-level range searching
exists for pseudolines. Due to lack of space, details of the algorithm are given in Appendix H.
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A Fine Grained Complexity Hypothesis

Recent development of fine-grained complexity has identified a few hypothesis that we include
here for completeness. We use them to prove our lower bounds.

» Definition 23 (Orthogonal Vectors (OV) hypothesis). Given sets A, B of n vectors in {0,1}4,
d =w(logn), deciding whether there exists an orthogonal pair a € A, b € B requires n2—e)
time.

The OV-hypothesis is implied [33] by the Strong Exponential Time Hypothesis [26].

» Definition 24 (3-uniform 6-hyperclique (3H6) hypothesis). Given a 6-partite 3-uniform
hypergraph G = (V,E) where V is the disjoint union of vertex set VO, VO each
containing n vertices, and E C (‘3/) such that each edge connects three vertices from different
vertex sets. The problem is to decide whether there are 6 vertices S = {v1,va,...,ve} with
v, e V@ i =1,...,6, forming a 6-clique, i.e., {vi,vj,vx} € E for all {i,j,k} € (‘g) The

6—o(1)

3H6 hypothesis says that the problem requires n time.

More information about the hyperclique hypothesis can be found in [30].

» Definition 25 (Combinatorial 4-clique (combK4) hypothesis). Any combinatorial algorithm
detecting whether a graph of n vertices contains a 4-clique requires n*=°1) time.

More information about the combinatorial 4-clique problem and connections to other
hypothesis can be found in [12, 1].

B Diameter-3 Lower Bounds for Unit Hypercubes in 4D

In this and the next two sections, we follow the same proof approach as in Section 2 to
establish conditional lower bounds for DIAMETER-3 for other types of objects: 4D unit
hypercubes, 3D cubes, and 2D rectangles. The details are a little simpler than in the proof
for 3D unit balls.
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» Theorem 26. Assuming the OV hypothesis, there is no O(n?~¢) time algorithm for deciding
if the intersection graph of a given set of n unit hypercubes in R* has diameter at most 3.

We provide a O(n)—time reduction from DIAMETER-2 for sparse tripartite graphs. Let
G = (AUBUC,E) be a sparse tripartite graph. For every point ¢, we denote by [c] the
unit hypercube centered at c. First, we map vertices of AU B U C to (arbitrary) distinct
numbers in [0, 0.1]. We abuse the notation by using v to denote the value that a vertex v is
mapped to. Then we create hypercubes in the following steps:
1. For every vertex a € A, we add a hypercube centered at s, = {a, —a,0,0}.
2. For every edge (a,b) € (A x B) N E, we add a hypercube centered at pg, = {1+ a,1 —
a,0.5+b,0.5—b}.
3. For every edge (b,¢) € (B x C') N E, we add a hypercube centered at g, = {1 +¢,1 —
¢,1.5+b,1.5 —b}.
4. For every ¢ € C, we add a hypercube t. = {¢, —c, 2, 2}.

Let Q; be the set of hypercubes created in step i for ¢ € [4]. Let @ = Q1 U Qo U Q3 U Q4
be the set of resulting hypercubes. The following observation explains our design of Q.

» Observation 27. We have:

1. [sa] N [pas] # 0 if and only if @ = a.

2. [pgl N [avel # 0 if and only if b =b.

3. [tz N [ave] # O if and only if ¢ = c.

4. Any two cubes in Q; intersects for every i € [4].

5. Any two cubes (z,y) € Q; x Q; fori,j € [4] such that |i — j| > 2 are disjoint: x Ny = 0.

Clearly Q can be constructed in O(n +m) = O(n) time. Thus, Theorem 26 follows from
the following lemma.

» Lemma 28. Let K be the intersection graph of Q. Then G has diameter at most 2 if and
only if K has diameter at most 3.

Proof. By the same argument in Lemma 11 using Observation 27. |

C Diameter-3 Lower Bound for 3D Cubes

» Theorem 29. Assuming the OV hypothesis, there is no O(n?~¢) time algorithm for deciding
if the intersection graph of a given set of n cubes (all “close” to unit) in R® has diameter at
most 3.

The reduction is again from DIAMETER-2 for sparse tripartite graphs. Let G = (AU B U
C, E) be a tripartite graph with n vertices and m = O(n) edges.

First, we map every vertex v in AU C to a distinct number, also denoted by v, in (0, ],
and every vertex v in B to a distinct number in [1 —€,1). Then we create sets of cubes as
follows.

1. For every vertex a € A, we add a cube s, = [a,a+ 1] X [a — 1,a] x [1,2].

2. For every edge (a,b) € (A x B)N E, we add a cube p,, = [2a — b, a] X [a,b] x [b,2b — a]
(with side length b — a).

3. For every edge (b,c) € (B x C)NE, we add a cube g, = [2¢ — b, ¢] X [b,2b — ¢] X [c, b]
(with side length b — ¢).

4. For every vertex ¢ € C, we add a cube t. = [c,c+ 1] x [1,2] X [e — 1, ¢].

The result follows as before.
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D Diameter-3 Lower Bound for 2D Rectangles

» Theorem 30. Assuming the OV hypothesis, there is no O(n?~%) time algorithm for deciding
if the intersection graph of a given set of n rectangles (all “close” to unit squares) in R? has
diameter at most 3.

The reduction is again from DIAMETER-2 for sparse tripartite graphs. Let G = (AU B U
C, E) be a tripartite graph with n vertices and m = O(n) edges.

First, we map every vertex v in AU B U C' to a distinct number, also denoted by v, in
(0,¢]. Then we create sets of rectangles as follows.

1. For every vertex a € A, we add a rectangle s, = [—1 + a,a] X [2+ a,3 + a].

2. For every edge (a,b) € (A x B)N E, we add a rectangle pap, = [a, 1+ b] x [1 +b,2 + a].
3. For every edge (b,c) € (B x C)N E, we add a rectangle gy = [1 +,2 4 ¢] X [¢,1 + b].
4. For every vertex ¢ € C, we add a rectangle t. = [24¢,3 4+ ¢] X [-1 + ¢, ¢].

» Remark 31. A slight modification of this construction shows that diameter-2 rectangles
have unbounded VC-dimension. Consider any set system (S, X) and define a bipartite
graph G = (AU B, E) where A = §, B = X, and there is an edge from the vertex of
A corresponding to every set S € S to the vertex of B corresponding to elements = € S.
Consider the rectangles s, and pgp from the first two steps of the above construction, and
additionally rectangles g, = [1 + b,2 + b] x [b, 1 4 b] for every b € B. The diameter-2 balls
centered at s, restricted to the squares g, corresponds exactly to (S, X).

E Diameter-2 Lower Bound for Hypercubes

We next turn to conditional lower bounds for DIAMETER-2, using the hyperclique hypothesis
instead of OV. We revisit Bringmann et al.’s result for 12D hypercubes [10], and show how
to slightly lower the number of dimensions to 10, by a more careful construction that uses
some of the dimensions in a more economical way.

» Theorem 32. Assuming the S-uniform 6-hyperclique hypothesis, there is no O(n*~¢) time
algorithm for deciding if the intersection graph of a given set of n unit hypercubes in R'® has
diameter at most 2.

We provide a reduction from 3-uniform 6-hyperclique to DIAMETER-2 for 10D unit

hypercubes. Let G = (VAUVpU Ve UVpUVEUVE, E) be a 6-partite 3-uniform hypergraph

1/3

with n'/° vertices.

First, we map every vertex v in V4 U Vi U Ve to a distinct number, also denoted by v,
in [0.3,0.4], and every vertex v in Vp U Vg U Vp to a distinct number in [0,0.1]. Then we
create the following sets of O(n) unit hypercubes in RV of side length 1 as follows.

1. For every hyperedge (a,b,c) € (V4 x Vg X Vo) N E, we add a hypercube centered at
Sabe = (a,1+a, b,1+b, ¢,1+¢ 0.5,0.5, 0.5,0.5).

2. For every hyperedge (d,e, f) € (Vp x Vg x V) N E, we add a hypercube centered at
taef = (1+d,d, 14+d,d, 1+d,d, 1 +e.e, 1+ f, f).

3. For every non-hyperedge (a,b,d) € (Va4 x Vg x Vp) \ E, we add a hypercube centered at

Pavda = (1 +a,a, 1+b,b, d,1+d, 0.5,0.5, 0.5,0.5).
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4. For every non-hyperedge (a,b,e) € (V4 x Vg x Vi) \ E, we add a hypercube centered at
DPave = (1 +a,a, 1+b,b, 0.5,0.5, e,1+¢, 0.5,0.5).

5. For every non-hyperedge (a,b, f) € (Va x Vg x Vr) \ E, we add a hypercube centered at
pavf = (1+a,a, 14+b,b, 0.5,0.5, 0.5,0.5, f,1+ f).

6. Similarly do the last 3 steps with a, b replaced by b, ¢ or a, c.
7. For every non-hyperedge (a,d,e) € (Va x Vp x Vg) \ E, we add a hypercube centered at

Pade = (1 +a,a, 0.5,0.5, d,1+d, e,1+e, 0.5,0.5).

8. For every non-hyperedge (a,d, f) € (V4 x Vp x Vi) \ E, we add a hypercube centered at
Pagg = (1+a,a, 0.5,0.5, d,1+d, 0.5,0.5, f,1+ f).

9. For every non-hyperedge (a,e, f) € (Va x Vg x Vr) \ E, we add a hypercube centered at
Pacf = (1 +a,a, 0.5,0.5, 0.5,0.5, e,1+e, f, 1+ f).

10. Similarly do the last 3 steps with a replaced by b or c.
11. We add an extra hypercube centered at zo = (0.8,0.2, 0.8,0.2, 0.8,0.2, 0.8,0.2, 0.8,0.2).

It is not difficult to verify the following:

» Observation 33. We have:

1. [Sape] N [Pa34] # 0 if and only if @ = a and b = b.
2. [taes] N [Papal # 0 if and only if d = d.

3. [paval N [20] # 0.

. [[Sabcﬂ N [[tdefﬂ =0 and [[Sabcﬂ N [[ZO]] = 0.
Similar statements hold for pgpe, etc.

IS

» Lemma 34. G contains a 6-hyperclique if and only if the intersection graph of the above
boxes has diameter greater than 2.

Proof. If G contains a 6-hyperclique (a,b,c,d, e, f) € V4 x Vg X Vo x Vp x Vg X Vg, then
[sabc] and [tg4er] have distance more than 2 in the intersection graph, since according to
Observation 33 the only possible common neighbors of [sap] and [taer] are [paval, [Pavel,
[pavf], etc., but all these cubes are not present because (a,b,d), (a,b,€), (a,b, f),... € E.
Conversely, if two vertices have distance more than 2, then according to Observation 33
they must be of the form [squc] and [tqer] with (a,b,¢), (d,e, f) € E. Since [pabdl, [Pavel,

[Pabsl, ete. are not common neighbors of [sape] and [t4es], we have (a,b,d), (a,b, e), (a,b, f), ...

E, and so (a,b,¢,d, e, f) is a 6-hyperclique in G. <

Thus, if DIAMETER-2 for 10D unit hypercubes could be solved in truly subquadratic

time, then we would have an algorithm for 6-hyperclique in a 3-uniform graph with n'/3

vertices running in O((n'/3)%=¢) time, violating the 3H6 hypothesis.

S
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E.1 Variant 1

We can modify the above proof to lower the dimension further to 6 for combinatorial
algorithms, if we work under the combinatorial 4-clique hypothesis instead:

» Theorem 35. Assuming the combinatorial 4-clique hypothesis, there is no O(n?~¢) time
combinatorial algorithm for deciding if the intersection graph of a given set of n unit hypercubes
in RS has diameter at most 2.

We reduce from the 4-clique problem instead. THe reduction can be viewed as a
simplification of our previous reduction from 3-uniform 6-hyperclique. Let G = (AUBUC U
D, E) be a 4-partite graph with /n vertices.

First, we map every vertex v in AU B to a distinct number, also denoted by v, in [0.3,0.4],
and every vertex v in C' U D to a distinct number in [0,0.1]. Then we create the following
sets of O(n) unit hypercubes in RS of side length 1 as follows.

1. For every edge (a,b) € (A x B)N E, we add a hypercube centered at
Sab = (a,1+a, b,1+b, 0.5,0.5).

2. For every edge (¢,d) € (C x D)N E, we add a hypercube centered at
tea = (14c¢,c¢, 1+c¢e 14+d,d).

3. For every non-edge (a,c) € (A x C) \ E, we add a hypercube centered at
Pac = (1 +a,a, ¢,1+¢, 0.5,0.5).

4. For every non-edge (a,d) € (A x D)\ E, we add a hypercube centered at
Pad = (1 +a,a, 0.5,0.5, d,1+d).

5. For every non-edge (b,¢) € (B x C)\ E, we add a hypercube centered at
Poe = (¢, 14+¢, 14+b,b, 0.5,0.5).

6. For every non-edge (b,d) € (B x D)\ E, we add a hypercube centered at
ppa = (0.5,0.5, 14+ b,b, d,1+d).

7. We add an extra hypercube centered at zp = (0.8,0.2, 0.8,0.2, 0.8,0.2).

It is not difficult to verify the following:

» Observation 36. We have:

1. [8a5] N [Pac] # 0 if and only if a = a.

2. [teal N [pogl # 0 if and only if d = d.

3. [pac] N [z0] # 0.

4. [sap] N [teal =0 and [sap] N [20] = 0.
Similar statements hold for pad, Poc, and Ppq.

» Lemma 37. G contains a 4-clique if and only if the intersection graph of the above boxes
has diameter greater than 2.

Proof. Similar to the proof of Lemma 34, using Observation 36. <
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Thus, if DIAMETER-2 for 6D unit hypercubes has a truly subquadratic time, combinatorial
algorithm, then we would have a combinatorial algorithm for 6-hyperclique in a 3-uniform
graph with \/n vertices running in O((y/n)*~¢) time, violating the combinatorial 4-clique
hypothesis.

» Remark 38. For non-combinatorial algorithms, the above reduction still implies a non-trivial
Q(n3/%-¢ ) lower bound, under the hypothesis that 4-clique for graphs with n vertices requires
near-cubic time. (The fastest 4-clique algorithm known needs at least cubic time, even if the
matrix multiplication exponent were to be 2.)

E.2 Variant 2

Even more substantially, we can lower the dimension down to 4, but with a catch: the lower
bound is weaker (though still superlinear for combinatorial algorithms).

» Theorem 39. Assuming the combinatorial 3-clique (or equivalently combinatorial BMM)
hypothesis, there is no O(n3/2’5) time combinatorial algorithm for deciding if the intersection
graph of a given set of n unit hypercubes in R* has diameter at most 2. The same holds for
deciding if the mazimum eccentricity of a given subset of size \/n in the intersection graph is
at most 2.

We reduce from the 3-clique problem, i.e., triangle detection. The reduction can be
viewed as a further simplification of the reduction from the previous subsection. Let
G = (AUBUC,E) be a tripartite graph with /n vertices.

First, we map every vertex v in AU B to a distinct number, also denoted by v, in [0.3,0.4],
and every vertex v in C' to a distinct number in [0,0.1]. Then we create the following sets of
O(n) unit hypercubes in R* of side length 1 as follows.

1. For every edge (a,b) € (Ax B)NE, we add a hypercube centered at s., = (a,14a, b, 1+b).

2. For every vertex ¢ € C, we add a hypercube centered at t. = (1 +¢,¢, 1+ ¢,c).

3. For every non-edge (a,c) € (A x C)\ E, we add a hypercube centered at p,. = (1 +
a,a, ¢,1+c).

4. For every non-edge (b,c) € (B x C) \ E, we add a hypercube centered at py. = (¢, 1 +
¢, 14+b,0).

5. We add an extra hypercube centered at zo = (0.8,0.2, 0.8,0.2).

As before, we can then show that G contains a triangle if and only if the intersection
graph of the above boxes has diameter greater than 2. The second statement in the theorem
also follows because the number of the t.’s is only /n.

» Remark 40. Interestingly, although the first statement of Theorem 39 may not be tight, the
second is: we can compute the eccentricity of v/n vertices by running BFS y/n times, in total
O(n?/?) time (since one can implement BFS in the intersection graph of unit hypercubes in
near linear time via orthogonal range searching data structures).

F Diameter-2 Lower Bound for Unit Balls

We can adapt our conditional lower bound proof for DIAMETER-2 for 6D unit hypercubes in
Appendix E.1 under the combinatorial 4-clique hypothesis, to the case of 7D unit balls:

» Theorem 41. Assuming the combinatorial 4-clique hypothesis, there is no O(n?=¢) time
combinatorial algorithm for deciding if the intersection graph of a given set of n unit balls in
R” has diameter at most 2.
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Let G=(AUBUCUD, E) be a 4-partite graph with \/n vertices.

Let ¢ = ©(1/n?). First, we map every vertex v in AU BUC to a distinct number, also
denoted by v, in [0, 0.1], such that ming, a,ecA: a; 24, |a1 —a2| > Q(1/n), ming, p,eB: by £b, [b1 —
ba| > Q(1/n), and ming, c,ec: ey ¢, |€1 — 2| > Q(1/n). Vertices of D are mapped to distinct
numbers in [1 — ¢, 1] such that ming, g,ep: d,2d, |d1 — d2| > Q(e/n). Then we create the
following sets of O(n) balls in R” of radius v/2 as follows.

1. For every edge (a,b) € (A x B)N E, we add a ball centered at
sab = (a,V/1— a2, b,v/1—12, 0,0, 0).

2. For every edge (¢,d) € (C x D)N E, we add a ball centered at
tea = (0,0, 0,0, ¢,v/1—¢2, d).

3. For every non-edge (a,c) € (A x C)\ E, we add a ball centered at
Dac = (a, m, 0,0, ¢, V1 —c2, 0).

4. For every non-edge (a,d) € (A x D)\ E, we add a ball centered at
Pad = (a,v/1—a2, 0,0, 0,0, d).

5. For every non-edge (b,¢) € (B x C) \ E, we add a ball centered at
poe = (0,0, b,v/1—12, ¢,\/1—¢c2, 0).

6. For every non-edge (b,d) € (B x D)\ E, we add a ball centered at
poa = (0,0, b,\/1—12, 0,0, d).

7. We add an extra ball centered at z; = (0,0, 0,0, 0.5,0.5, 0.5).

It is not difficult to verify an analog of Observation 36, and so the rest of the proof
proceeds as before.

G Near-Linear Diameter-2 Algorithm for 3D Unit Cubes (Continued)

As in Section 3.1, we begin with the corresponding problem for generalized dominance
relations. As in Lemma 12, we first consider the special case when P and ) are both z- and
y-separated:

» Lemma 42. We can preprocess a point set Q@ C R3 in O(|Q|) time so that the following
holds. Given point sets P C (—oo, jiz) x (—00, py) X R and R C R? for some piz, j1,y, and
given generalized dominance relations <1 and <2, we can compute mappings ¢ : P — R and
¥ : R— R in O(|P| +|R|) time, satisfying the following property for every (p,r) € P x R:

(Fg € Q@ N ((1ta,00) X (pty,00) X R) with p <1 q and g <2 7r) <= &(p) < ¥(r).

Proof. We may assume that <1, € {<;, T} and <1, € {=<,, T} (because if not, we can
trivially set ¢ = 1 and ¢ = 0). We may assume that <i;, # T (because if not, we can replace

all z-coordinates of P with a sufficiently small negative number and replace <z, with <.).

If €1, ==, we define ¢(p) to be the z-coordinate of p, and define 1(r) to be the largest
z-coordinate among all points ¢ € Q N (g, 00) X (py,00) x R) with ¢ <13 7. The property is
obviously satisfied. Furthermore, ¢ can be evaluated in O(1) time each by an orthogonal
range max query [3], assuming that Q has been preprocessed in O(|Q|) time (and ¢ is trivial
to evaluate). The case when <1y, =, is similar (by negating all z-coordinates). <
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850 Next, as in Lemma 13, we consider the case when P and R are separated along all 3 axes:

s > Lemma 43. We can preprocess a point set Q C R in O(|Q|) time so that the following holds.
sz Given point sets P C (—00, fig) X (—00, ftyy) X (—00, ttz) and R C (g, 00) X (thy, 00) X (pt, 00)
w3 for some iz, [y, Iz, and given generalized dominance relations <1; and <2, we can compute
s mappings ¢ : P — RS and ¢ : R — RS in O(|P| + |R|) time, satisfying the following property
s for every (p,r) € P X R:

as6 (3g € Q with p<1 q and ¢ <2 1) <= ¢(p) does not dominate P (r).

sz Proof. We compute mappings ¢1,...,¢6 : P — R and v¥1,...,%s : R — R satisfying the
ss  following properties:

sso 1. (3¢ € QN ((1g, 0) X (tby,00) X R) with p <ty g and ¢ <o 1) <= ¢1(p) < 1(7);
o 2. (3g € QN (R X (py,00) X (pz,00)) with p <91 g and ¢ <2 7) <= ¢a2(p) < Pa(r);
s 3. (g€ QN ((pg,0) X R X (uy,00)) with p<ty gand g <o 1) <= é3(p) < ¥3(r);
s 4. (g € QN ((—00, o) X (=00, p1y) x R) with p <y g and ¢ <2 7)) <= ¢a(p) < Yu(r).
s 5. (g€ QN (R X (—o0, py) X (—o0, 1)) with p<ty g and ¢ <o) <= ¢5(p) < Y5(r);
e 0. (Jg € QN ((—00, ) X R X (=00, ) with p <ty g and g <271) <= ¢s(p) < ¥s(r).

ss Fach such mapping can be computed by Lemma 42 (possibly with z-, y-, z-coordinates
ss permuted and /or negated, and/or P and R swapped). Finally, we define ¢(p) = (é1(p), - . ., d6(p))

7 and P(r) = (P1(r), ..., Pe(r))- <
868 We now transform the result from dominance to unit cubes:

w B Lemma 44. We can preprocess a point set Q C R in O(|Q|) time so that the following holds.
s Given point sets P C ap+((0, f1z) X (0, f1y)) X (0, 1)) and R C ag+((ftz, 1) X (g, 1) X (122, 1))
sn for some g, oy, 1. € (0,1) and ap,ar € 73, we can compute mappings ¢ : P — R and
o2 ¥ R— R in O(|P| + |R)|) time, satisfying the following property for every (p,r) € P x R:

873 (3q € Q with [q] intersecting both [p] and [r]) <= ¢(p) does not dominate 1 (r).

su  Proof. For each ag € Z* with Lo-distance at most 1 from both ap and ag, we compute a
o5 mapping ¢(“@) satisfying the following property:

o765 (3¢ € QN (ag + (0,1)%) with [q] intersecting both [p] and [r]) <= ¢@@)(p) <
877 IZJ(QQ)(T).

s Bach such mapping can be computed by Lemma 43. This is because for p € ap + (0,1)3
s and g € ag + (0,1)3, [p] intersects [q] iff p — ap <11 ¢ — ag, for some generalized dominance
s relation <Ij as in the proof of Lemma 15. Similarly, for ¢ € ag + (0,1)% and r € ag + (0,1)3,
1 [q] intersects [r] iff ¢ — ag <2 r — ar for some generalized dominance relation <i2. Finally,
s we define ¢ and v as the Cartesian products of ¢(®@) and (@) respectively over all at most
3 9 choices of agq. <

884 We then solve the problem by orthogonal range searching:

ws > Lemma 45. We can preprocess a point set Q C R® in O(|Q|) time so that the following holds.
s Given point sets P C ap+((0, fz) X (0, fy)) X (0, p22)) and R C ag+ ((pa, 1) X (pyy, 1) X (122, 1))
s for Some fig, fy, bz € (0,1) and ap,ar € Z*, we can decide whether for all (p,r) € P x R,
we there exists ¢ € Q with [q] intersecting both [p] and [r], in O(|P|+ |R|) time.

s Proof. After constructing the mappings from Lemma 44, we can test for the non-existence of
g0 a pair (p,r) € P X R with ¢(p) dominating ¢(r) and p not intersecting r, by 54-dimensional
s orthogonal range searching in O(|P| + |R|) time. <
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Having solved the problem for the case when P and R (modulo 1) are separated along all 3
axes, we still need to reduce the general problem to this case. To this end, we could mimic the
grid approach in the proof of Lemma 14, but this would increase the running time (although
this type of grid approach will still be useful in later sections, we more ambitiously aim for
near-linear running time in this section). Instead, we adopt a divide-and-conquer algorithm
to reduce to the separable case, which increases the running time only by a polylogarithmic
factor. The divide-and-conquer is similar in style to that of range trees [21, 4], and may
appear standard, but one unusual and interesting feature is that we are reducing only the
sizes of P and R during recursion, while @) stays the same. This might seem problematic,
but luckily in our setting, the cost at every recursive step is dependent only on |P| and |R|
and not on |Q)|, after an initial global preprocessing of @ (we are not so lucky in our later
algorithms).

» Lemma 46. We can preprocess a point set Q C R® in O(|Q|) time so that the following
holds. Given point sets P C ap + (0,1)% and R C ag + (0,1)3 for some ap,ar € Z3, we
can decide whether for all (p,7) € P X R, there exists q € Q with [q] intersecting both [p]
and [r], in O(|P| + |R|) time.

Proof. We use “range-tree-style” divide-and-conquer. First consider the special case when
P Cap+ ((0,ps) x (0,1y) x (0,1)) and R C ar + ((pg, 1) X (py, 1) x (0,1)), for a given
iz, [ty. To solve the problem in this special case:

1. Let p, be the median z-coordinate in (P —ap)U(R—ag). Let P~ = PN (ap+((0, pg) X
(0, ) % (0, 122))), P+ = PO (p + (0, 12) x (0, ) % (12, 1)), B~ = R (e + (0, )
(0, ty) x (0, p2))), and R* = RN (ar + (0, pa) x (0, 11) X (2, 1))).

. Solve the problem for P~ and R" by Lemma 45.

. Solve the problem for P+ and R~ by Lemma 45 (after negating all 2-coordinates).

. Recursively solve the problem for P~ and R~.

a b WODN

. Recursively solve the problem for P™ and R™.

The running time for m = |P| + |R| satisfies the recurrence T;(m) = 2T (m/2) + O(m),
which solves to T} (m) = O(m). (Note that |Q| is not reduced during recursion, but luckily,
the complexity does not depend on |Q|, excluding the initial preprocessing.)

Next consider the special case when P C ap + ((0, pz) X (0,1)?) and R C apg + ((fta, 1) ¥
(0,1)2), for a given p,. By a similar recursive algorithm via the median y-coordinate, we
obtain running time T5(m) = 2T»(m/2) + O(T1(m)), which solves to Th(m) = O(m).

Finally, the general case can be solved by another similar recursive algorithm via the
median z-coordinate, with running time T'(m) = 27T(m/2) + O(T3(m)), which solves to
T(m) = O(m). <

» Theorem 47. Given 3 sets P,Q, R of O(n) points in R, we can decide whether for all
(p,7) € P x R, there exists ¢ € Q with [q] intersecting both [p] and [r], in O(n) time.

Proof. Build a uniform grid of side length 1. For each nonempty grid cell ap + (0,1)% (with
ap € 7Z2) and for each ap € Z3 with L. -distance at most 2 from ap, we solve the problem
for PN (ap +(0,1)3), QN (ap +(—1,2)3), and RN (ag + (0,1)%) by Lemma 46 in time
near-linear in the sizes of these three subsets. Each point participates in only a constant
number of subproblems. |

The number of logarithmic factors is admittedly huge (in the 50s), though we have not
attempted to optimize it.
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H Subquadratic Diameter-3 Algorithm for 3D Unit Cubes (Continued)

H.1 Tools about pseudolines

Before describing our subquadratic algorithm, we digress with some known combinatorial
and computational facts about pseudoline arrangements.

» Definition 48. An abstract point-pseudoline system consists of a pair of sets (P, L). Each
element p € P is a point in R?, and each element ¢ € £ is a curve, where the curves form a
pseudoline family, i.e., each vertical line intersects each curve once, and each pair of curves
intersect at most once. The curves are not explicitly given, but we assume that there are
oracles to perform the following operations:

(O1) Given p € P and ¢ € L, decide whether p is below /.
(02) Given p € P and /41,5 € L, decide whether ¢; is below £5 at the z-coordinate of p.

» Lemma 49. Consider a set system (X,S), where X = {p1,...,pn} and S = {S1,...,Sm},
satisfying the following condition:

() if p € S;\'S; and pr, € S; \'S; and k < h, then i < j.

Then we can form an abstract point-pseudoline system (P, L) and mappings ¢ : X — P and
v : 8 = L, such that px, € S; iff the point ¢(py) is below the pseudoline 1(S;).
Furthermore, operations (01) and (02) reduce to operations (01') and (0O2') respectively:

(O1") Given i and k, decide whether py € S;.
(02') Given i < j, find the smallest index k with py € S; \ S;.

Proof. The connection between set systems satisfying (x) and pseudolines is known before;
for example, see a work by Keszegh and P&lvolgyi [27], who called such systems A BA-free
hypergraphs. For completeness, we sketch a quick proof, so that one can see how operation
(02') relates to (02). (A similar construction also appeared in a paper by Agarwal and
Sharir [?], in a different context about dualization of pseudoline arrangements.)

We define the points simply by ¢(px) = (k,0). We construct the curves ¥(S1),...,¥(Sm)
from left to right, while ensuring that ¥ (S;) has positive y-coordinate at x = k iff p € S;.
In (—o0,0] x R, the curves ¢(S;) are non-intersecting and have negative y-coordinates in
increasing order of . For kK = 1,...,n, we do the following. Consider four groups of
curves: Ay = {(S;) : pr—1,pk € Si}, Br = {¥(S:) : pr—1 € Si, pr & Si}, Cr = {¥(S) :
pr—1 € Si, pr € S;}, and Dy = {(S;) : pg—1,pr € Si}. Each group is non-intersecting
in [k —1,k] x R. At z = k, we make Dy below By, below 0, below Cf, below Aj. In
[k —1,k] xR, a curve 8 € By, intersects only the curves in Ay that are below 8 at z = k — 1,
and intersects all the curves in C, but intersects none of the curves in Dy; similarly, a curve
v € C}, intersects only the curves in Dy that are above v at © = k — 1, and intersects all the
curves in By, but intersects none of the curves in Ayg.

The construction satisfies the following property: if ¢(S;) is below ¥(S;) at x =k — 1,
then (S;) intersects (S;) in [k — 1,k] x R iff py, € S; \ S;. It follows that if i < j, then
¥(S;) stays below 1(S;) at all integer xz-coordinates up to the smallest k with p, € S; \ S,
then stays above at all larger x-coordinates, because of (x). Hence, the constructed curves
¥(S;) form a pseudoline family. Furthermore, for i < j, 1(S;) is below 9(S;) at « (operation
(02)) iff x is less than the smallest k with py € S; \ S; (the index found by (02)). <
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» Lemma50. Let (Py,Ly),...,(Pp, Lp) be abstract point-pseudoline systems for a constant D.

Given a set P of size m, a set S of size n, and mappings ¢; : P — P; and v; : S — Lj,
we can decide whether there exists (p,s) € P x S such that ¢;(p) is above v;(s) for all
j€{l,...,D}, in O*(ny/C1Cam + Com) expected time, where Cy and Cy are the costs of
operation (0O1) and (02) respectively, with C1 < Cy. Furthermore, we can report all such
(p, 8) pairs in O(K) additional time where K is the output size.

Proof. This follows from standard “multi-level” range searching techniques via “cuttings”
[18, 5] for pseudolines. We re-sketch the approach below, and in particular, work out the
dependence on Cy and Cy (which will be important in our application):

Take a random sample R C S of size cyplog p, and consider the vertical decomposition
of the arrangement of the curves in 1p(R), which has O(p?log? p) size. Each cell in the
decomposition is a pseudo-trapezoid whose left and right sides are vertical and the top and
bottom sides are parts of the curves. We shrink the pseudo-trapezoid inward so that the
left and right sides pass through points in ¢p(P). This simplifies primitive operations. (For
example, two points in ¢p(P) are in the same pseudo-trapezoid iff they have the same
set of curves below it, as well as the same curve immediately below it and the same curve
immediately above it. Thus, we can assign points in ¢p(P) to pseudo-trapezoids using
O(pm) number of operations (O1) and (02). Furthermore, we can test whether a curve in
¥p(R) intersects a pseudo-trapezoid by making O(1) number of operations (O1) and (02).)

Standard Clarkson—Shor analysis [20] tells us that with good probability, every pseudo-
trapezoid intersects at most |S|/p curves, assuming that ¢ is a sufficiently large constant
(we can re-sample when the condition is not met, for an expected O(1) number of trials). By
additional vertical cuts, we can ensure that every pseudo-trapezoid contains at most |P|/p?
points, while increasing the number of pseudo-trapezoids by O(p?). For each pseudo-trapezoid
T, we recurse for the subset of all points inside 7 and the subset of all curves intersecting 7;
we also recurse for the subset of all points inside 7 and the subset of all curves completely
below 7, but with D decremented. This yields the following recurrence for the expected
running time:

Tp(m, n) < O(p* Iog® ) Tp (m/p*,n/p) + O(p*To_1(m,n) + p>Co(m + n)).

For the base case, when m < O(Cy/Cy), we switch to the naive bound Tp(m,n) <
O(Cimn) < O(Cyn). Setting p to be an arbitrarily large constant, the recurrence solves to
Tp(n,n) = O*(ny/C1Cam + Cym) by induction on D.

(Derandomization is possible via known techniques. One could also get a better bound
of the form m?/3n?/3 + m + n, ignoring dependence on C; and Cs, if a dual pseudoline
arrangement is available, but we will not need such an improvement.) |

H.2 Algorithm

As in Section 4.1, we begin with the corresponding problem for generalized dominance
relations. As in Lemma 17, we first consider the most crucial special case when P and @ are
z-separated, @ and R are y-separated, and R and S are z-separated:

» Lemma 51. Given point sets P,Q, R, S in R? of total size n, where P and Q are x-separated,
Q@ and R are y-separated, and R and S are z-separated, and given generalized dominance
relations <1, <la, <3, we can form an abstract point-pseudoline system (P, L) mappings
¢:P—=Pandp:S— L, satisfying the following property for every (p,s) € P X S:

(Fg,r) €EQxR:p<1qand g<z2r andr <3 s) <= ¢(p) is below P(s).
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After preprocessing P,Q, R, S in O(n|P|%/10) expected time, operation (01) takes O(1) time
and operation (02) takes O(|P|*/%) time.

Proof. The proof of Lemma 17 actually shows the property (x) from Lemma 49, if we order
P by increasing y-coordinate and order S by increasing/decreasing y-coordinate. So, by
Lemma 49, we obtain the point-pseudoline system (P, £) and mappings ¢, with the desired
property.

To implement the oracles, we apply the diameter computation technique by Chan et
al. [15], knowing that the VC-dimension of the neighborhood sets is 2. For each ¢ € Q, let
N'gl={p€ P:p<yq}. Foreachr € R, let N2[r] ={p € P:p<iq, q<27}. For each
s€ S, let N3[s]={pe€ P:p<iq, q<ar, r<s3s}. The algorithm computes the interval
representations of the Np[q] sets, and then the interval representations of the N2[r] sets from
all the N1[q] sets, and finally the interval representations of all the N3[s] sets from the all
N2[r] sets. The adaptation of Chan et al’s technique here is straightforward:

The algorithm needs to work with intermediate set systems that have the VC-dimension

doubled to 4, because our VC-dimension bound is for the neighborhood sets of a fixed

radius, not all radii simultaneously.

We use a version of the algorithm via rainbow colored intersection searching: for

3D dominance, it is straightforward to obtain such a data structure with near-linear

preprocessing time and polylogarithmic query time, since union of orthants has linear
complexity (this is similar to the rainbow intersection searching data structure for 2D

squares from [15, Appendix C.2]).

Plugging into the analysis from [15], we get the following expected time bound when the

diameter is constant:

O(np +n(|P|/p+ p")b+n|P|/b),
for parameters b and p. Setting p = |P|*/® and b = |P|"/'C yields O(n|P|%/1?).

At the end, we have obtained interval representations of all the N3[s] sets. The total size
of the interval representations is O(|S|- (|P|/p + p*)) = O(|S| - | P|*/®). (With more steps,
we could lower it to O(|S| - 1/|P|) since the actual VC-dimension of the 3-neighborhoods is
2, but this will not be important.) Operation (O1') is easy to support in O(1) time: we just
store the intervals of each N3[s] set in a binary search tree during preprocessing.

Operation (02') requires more effort. First, we store all the y-values of the elements
along the stabbing path in a binary search tree for 1D range min/max queries. For each
N3[s] set, we precompute the min/max y-value of the points in each interval of N3[s], and
stores these values in another binary search tree; we do the same of the complement of
N?3[s]. Note that the interval representation of N?[s] has size O(|P|*/%) for at least half of
the elements s € S—call these elements good. We recursively solve the problem for the bad
(i.e., non-good) elements of S (keeping P, @, R the same). This increases running time by a
logarithmic factor. (O2') asks for the min/max y-value of elements in N3[s] \ N3[s'] for two
given s,s" € S. If both s and s’ are bad, we recurse. Suppose one of s and s’ is good—say
it is s. For each interval I in N3[s], we find the min/max y-values for the intervals in the
complement of N3[s] that are completely inside I; this takes O(l) time. There may still be
two remaining subintervals in I\ N3[s], and we can find the min/max y-values there in O(1)
time. The overall query time is O(1) times the number of intervals, which is O(|P|*/?) since
s is good. The case when s’ is good is similar. |

Next, we consider the (easier) cases from Lemma 18:
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» Lemma 52. Given point sets P,Q, R, S in R? of total size n, where P and Q are both
x- and y-separated, or Q and R are both x- and y-separated, or R and S are both x- and
y-separated, and dominance relations <y, <o, <3, we can compute mappings ¢ : P — R and
¥ : S = R in O(n) time, satisfying the following property for every (p,s) € P x S:

(3g,r) €Q@XxR:p<iqandq<ar andr<3s) <= ¢(p) <Y(s).

Proof. This is similar to the proof of Lemma 42.

Consider the case when P and @ are both z- and y-separated. W.l.o.g., say P €
(—00,0)? x R and @ € (0,00)? x R. We may assume that <i1, € {<,, T} and <11, € {<,, T}
(because if not, we can trivially set ¢ = 1 and ¢ = 0). We may assume that <1y, # T
(because if not, we can replace all z-coordinates of P with a sufficiently small negative
number and replace <1;, with <.). Suppose <11, ==,. For each p € P, we define ¢(p) to
be the z-coordinate of s. Next, we define the weight of each point € R to be the largest
z-coordinate among all points ¢ € @ with ¢ <11 r; these weights can be computed by O(n)
orthogonal range max queries; finally, for each s € S, we define ¥(s) to be the largest weight
among all points r € R with r <; s; again these values can be computed by orthogonal range
max queries. The property is then satisfied. The case when <11, => is similar (by negating
all z-coordinates).

The case when R and S are both z- and y-separated is similar.

Finally consider the case when @ and R are both z- and y-separated. W.l.o.g., say
Q € (—00,0)2 x R and R € (0,00)? x R. As before, we may assume that <lp, € {<,, T}
and <g, € {<,, T}. We may assume that <z, # T (because if not, we can shift all the
z-coordinates of R and S upward by a large number and replace <1, with <,). Suppose
g, ==. For each p € P, we define ¢(p) to be the smallest z-coordinates among all points
q € Q with p <1 g; these values can be computed by orthogonal range min queries. For each
s € S, we define ¥(s) to be the largest z-coordinates among all points r € R with r <3 s;
again, these values can be computed by orthogonal range max queries. The property is then
satisfied. The case when <ly, =, is similar (by negating all z-coordinates). |

Following Lemma 19, the natural next step would be to consider the case when P and
S are separated along all 3 axes. However, we will actually need to handle a slightly more
general case. For a box v = (u;, pif) x (s, 41y ) % (i, pf ), define

shadow (7) == ((uz, 17 ) X R X R) U (R x (py, 1)) x R) U (R x R x (7, ] ).
The case we will consider is when P C « and not all of ¢, r, s are in shadow(~):

» Lemma 53. Given point sets P,Q, R, S in R® of total size n, where P C v for some box
v, we can form O(1) abstract point-pseudoline systems (P;, L;) and mappings ¢; : P — P;
and ¥; : S — L;, satisfying the following property for every (p,s) € P x S:

(3(g,7) € QX R: p<1q and g<2r and r <3 s, and not all of q,r,s are in shadow(y)
< ¢;(p) is below ¢;(s) for some j.

After preprocessing P,Q, R, S in O(n|P|%/10) expected time, operation (01) takes O(1) time
and operation (02) takes O(|P|*/°) time for each system.

Proof. The planes through the 6 faces of + divide R? into 9 box cells. Consider a triple
T = (7g, TR, Ts) of cells such that not all of 7¢, 7g, 75 are in shadow(y); there are a (large)
constant number of such triples. Then one of the pairs (7p, 7q), (7g,Tr), or (7q, Ts) must be
z-separated, and one of them must be y-separated, and one of them must be z-separated. We
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form a point-pseudoline system (P, £;) and mappings ¢, : P — P, and ¢, : (SN7g) — L,
satisfying the following property for every (p,s) € P x (SN 7g):

(Fg,m) e (@NTg) X (RN7TR):p<igand ¢<ar and r 3 s) <= ¢,(p) is below
Pr(s).

Such a system and mappings for each 7 can be obtained from either Lemma 51 or Lemma 52
(in the latter case, numbers in R can be viewed as pseudolines in R? trivially). |

We now transform the result from dominance to unit cubes:

» Lemma 54. Given point sets P,Q,R,S in R? of total size n, where P C v for some
box v C (0,1)3, we can form O(1) abstract point-pseudoline systems (P;,L;) and mappings
¢;j: P —Pjand ;: S — L;, satisfying the following property for every (p,s) € P x S:

(3(q,7) € Q x R : [p] intersects [q], [q] intersects [r], [r] intersects [s], and not all
of q,r, s are in shadow(y) modulo 1)

< ¢;(p) is below ¢;(s) for some j.

After preprocessing P,Q, R, S in O(n|P|%/19) expected time, operation (01) takes O(1) time
and operation (02) takes O(|P[*/®) time for each system.

Proof. Consider a triple o = (g, ar, as) € (Z3)3 with ||ag| s, [[ap —g]|cos |ar —asloo <
1; there are a (large) constant number of such triples. We form point-pseudoline systems
(PJ(-Q), E;-a)) and mappings qﬁ;a) P — 73](-0‘) and z/JJ(-O‘) (SN (as+(0,1)3) — £§-a), satisfying
the following property for every (p,s) € P x (SN (as + (0,1)3)):

(3(g,r) € (QN (ag +(0,1)3)) x (RN (g + (0,1)3)) : [p] intersects [g], [¢] intersects
[r], [r] intersects [s], and not all g, r, s are in shadow(y) modulo 1)

= ¢§a)(p) is below 1/J§a)(s) for some j.

Such systems and mappings for each « can be obtained from Lemma 53 by defining appropriate
generalized dominance relations as in the proof of Lemma 15. |

We then solve the problem by multi-level range searching:

» Lemma 55. Given point sets P,Q, R, S in R? of total size n, where P C v for some box
v C (0,1)3, we can decide whether for all (p,s) € P x S, there exists (q,7) € Q X R such that
[p] intersects [q], [q] intersects [r], [r] intersects [s], and not all of q,r,s are in shadow(y)
modulo 1, in O*(n|P|%/1%) expected time. Furthermore, we can report all pairs (p,s) not
satisfying the property in O(K) additional time, where K is the output size.

Proof. The problem can be solved by combining Lemma 54 with Lemma 50, where C; = O(1)
and Cy = O(|P[*/?), in O*(n|P|%/* + n\/|P[*/3|P|) = O*(n|P|*/'°) expected time. <

We remark that the way we use range searching above is rather unusual (and interesting),
as we are dealing with ranges/pseudolines that are not explicitly generated but implicitly
represented via oracles to (O1) and (02). (For one prior example, an algorithm by Chan on
selection in totally monotone matrices [13] similarly dealt with “abstract” pseudolines, but
there oracle costs are O(1). The closest example is perhaps Agarwal and Sharir’s usage of
abstract pseudo-disks to solve the 2D discrete 2-center problem.) In the recursive algorithm
in the proof of Lemma 50, even though the number of objects corresponding to P and S
may decrease, the oracle costs C and C5 stay fixed, as we cannot afford to re-preprocess
(besides, @ and R never change). Even if there might be room for improvement in the range
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searching part, the bottleneck for the 9/10 exponent above lies in the simulation of the
diameter algorithm of Chan et al. [15] in Lemma 51.

Finally, we reduce the general case to the case in Lemma 55. It is tempting to try a
range-tree-style divide-and-conquer approach similar to the proof of Lemma 46, but it does
not seem to work, primarily because the size of @ and R do not necessarily decrease during
recursion. Instead, we switch to a grid approach (not exactly the same as that in Lemma 20);
this worsens the exponent, but not by much (from 2 —1/10 to 2 — 1/13).

» Lemma 56. Given point sets P,Q, R, S in R® of total size n, where P C (0,1)3, we can
decide whether for all (p,s) € P x S, there exists (q,r) € Q X R such that [p] intersects [q],
[q] intersects [r], and [r] intersects [s], in O* (n>~1/13) expected time.

Proof. Build a g X g x g (nonuniform) grid over (0, 1)?, where every two consecutive parallel
grid planes contain O(n/g) points in PUQ U RU S modulo 1. For each grid cell v, let
P, = PN+ and do the following:

1. Run the algorithm in Lemma 55 to report the list L, of all pairs (p, s) € P, x S violating
the following property: there exists (¢,7) € @ x R such that [p] intersects [q], [¢]
intersects [r], [r] intersects [s], and not all of ¢, r, s are in shadow(y) modulo 1. This
takes O*(n|P,|*/** +|L,|) time.

2. Next, find the list L, of all pairs (p,s) € P, x S satisfying the following property: there
exists (¢,7) € @ X R such that [p] intersects [q], [¢] intersects [r], ] intersects [[s], and
q,r, s are all in shadow(y) modulo 1. Since shadow(y) contains only O(n/g) points, we
can solve the problem naively, by computing the 1-neighborhoods of each point p € P,
then the 2-neighborhoods, and finally the 3-neighborhoods, via orthogonal range searching,
in O(|P,|-n/g) total time.

3. Verify that L, C L, in O(|L' ) < O(|P,| - n/g) time.

Note that since |L’ | < O(|P |-n/g), as soon as the number of elements in L., we have found

during step 1 exceeds a constant times |P,|-n/g, we can stop and return false.

The total expected running time over all O(g?) grid cells v is O*(Zw(n\Pﬂg/lo + | Pyl -

n/g)) = O*(n**/10(g*)1/10 1-n?/g), which is O*(n?~1/13) by setting g = n'/13, <

» Theorem 57. Given point sets P,Q, R, S in R® of total size n, we can decide whether for
all (p,s) € P x S, there exists (q,r) € Q X R such that [p] intersects [q], [q] intersects [r],
and [r] intersects [s]), in O*(n*~ 1/13) expected time.

Proof. Build a uniform grid of side length 1. For each nonempty grid cell ap + (0,1)3
(with ap € Z3), we solve the problem for PN (ap + (0,1)3), Q N (ap + (—1,2)3), and
RN (ap+(-2,3)3), and SN (ap + (—3,4)3), by Lemma 56. Each point participates in only
a constant number of subproblems. |

» Remark 58. We do not know how to generalize our subquadratic algorithm for 3D unit
cubes to diameter 4 and larger constants—this is perhaps one of the most intriguing questions
we leave open. However, for the related problem of designing efficient distance oracles,
one could obtain nontrivial results for distances up to 6: namely, there is a data structure
with subquadratic preprocessing time and space, which can answer distance queries in

0.999996)) time. This follows from our VC-dimension bound for

sublinear (albeit, around O(n
3-neighborhoods and the interval representation techniques from [15], since two vertices have

distance at most 6 iff their 3-neighborhoods intersect.
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ws || Subquadratic Diameter-2 Algorithm for 3D Boxes

nos In this section, we present a subquadratic algorithm for testing whether the diameter of
ues  an intersection graph for 3D boxes is at most 2. This complements our lower bound result
uss  (Theorem 29), showing conditionally that there are no similar diameter-3 algorithms (this
uer  lower bound holds even in the special case of 3D cubes). The running time of our algorithm
us is O(n''/8). Afterwards, we mention improvements in the special cases for 2D rectangles
uee and 3D cubes (even in these special cases, subquadratic algorithms were not known before).
1200 As before, we will solve the problem in a slightly more general setting for 3 sets P,Q, R
vo  of objects, testing whether all distances between P and R are exactly 2 in the tripartite
o2 intersection graph.

1203 In past sections, we started by bounding the VC-dimension of the corresponding set
s system, as warm-up to the design of a subquadratic algorithm. However, for 3D boxes (or even
s 2D rectangles or 3D cubes), the VC-dimension is unbounded for distance-2 neighborhoods—
16 thus, it is somewhat surprising that subquadratic algorithms are possible for objects as
o general as 3D boxes.

we 1.1 Algorithm

120 We use an approach based on a g X g X g nonuniform grid for some choice of parameter
0 g; this type of approach has been used before to obtain subquadratic algorithms for other
v problems (e.g., Lo, discrete 3-center problem [16], or finding small-size independent set
v among rectangles or boxes [14]). For our problem, we face technical challenges due to the
3 fact that 3D boxes may have quadratic union complexity. To resolve this issue, we show how
214 to divide into a constant number of cases, so that in some cases, the boxes in the set R can
215 be replaced by orthants, and in the remaining cases, the boxes in the set P can be replaced
s by orthants (exploiting the symmetry of the diameter problem). Orthants in 3D are known
1217 to have linear union complexity.

1218 For a box ¢ C R3, let 27 (q), ¥y~ (¢), and 2~ (g) denote its min -, y-, and z-coordinate
o respectively, and x1(q), ¥y (q), and 21 (g) denote its max x-, y-, and z-coordinate respectively.
1220 For simplicity, we assume that all coordinate values are distinct.

1221 Map each box ¢ C R? to a point ¢(q) = (7~ (¢), =7 (q),y™ (¢), —y" (@), 2~ (q), 2" (q)) €
2 R® Map each box p C R? to another point 1 (p) = (2 (p), —x~ (p), ¥y (p), —y~ (p), 27 (p), =2~ (p)) €
s R®. Observe that p and ¢ intersect iff ¢(q) < 1 (p), where < denotes dominance.

1224 For each I C {1,...,6}, let m; : R® — Rl denote the projection map where we keep only
1225 the coordinate positions in I.

1226 » Lemma 59. Let I C {1,...,6} be of size 3. Given 3 sets P,Q, R of O(n) bozes in R3,
vy we can decide whether for all (p,r) € P x R with wr((p)) < wr((r)), there exists ¢ € Q
ws  intersecting both p and r, in O(n'/%) time.

1220 Proof. Form an g x g X g (nonuniform) grid over R?, where there are O(n/g) box vertices
1230 between any two consecutive parallel grid planes, for a parameter g to be set later. A grid
1 box refers to a box whose sides lie on grid planes; there are O(g®) possible grid boxes. For
1»p  each box p, let p be the largest grid box contained in p.

1233 For each grid box p, precompute a set

1234 R(p) = {r € R: 3q € Q intersecting both p and r}.

s We can do so by first computing Q(p) = {q € @ : ¢ intersects p} naively in O(n) time per
ws P, and then computing R(p) = {r € R : r intersects some ¢ € Q(p)} by performing O(n)
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orthogonal range intersection queries on Q(p), in O(n) total time per p. The total time so
far is O(g%n).
Fix p € P. We want to check the following condition:

Vr € R\ R(p) with 77(p(p)) < mr(v(r)): Jq € Q intersecting both p and r.

Let L(p) := {q € Q : q intersects p but does not intersect p} = {q € Q : dq intersects p \ p},
which has cardinality at most O(n/g). The condition is then equivalent to:

Vr € R\ R(p) with m;(¢(p)) < m1(¢(r)): Jq € L(p) intersecting 7.

If we already know ¢ intersects p, then g intersects r <= ¢(q) < ¥(r) < 7r(0d(q)) <
wre((r)), where I¢ = {1,...,6}\ I (which has size 3). This is because 7;(é(q)) < 71 (¥ (p)) <
m1(¢(r)). Thus, the above condition can be rewritten as:

¥r € R\ R(p) with m(v(p)) < 71(4(r)): mre(sh(r)) € U(p), where
Up) = |J {€erR mrele) <&

q€L(p)

Now, U(p) is a union of O(n/g) orthants in R3, forming a “staircase” polyhedron of O(n/g)
complexity. We can compute U (p) and decompose the complement of U(p) into O(n/g) box
cells, in O(n/g) time [6]. To check the above condition, it suffices to examine each such cell

~ and test whether there exists r € R\ R(p) with 77(¢(p)) < 77 (¢(r)) and wre(1(r)) € 7.

This can be done by performing O(n/g) constant-dimensional orthogonal range queries, in
O(n/g) time, after preprocessing R — R(p) in O(n) time. The total preprocessing time for
the range queries is O(¢g°n), and the total query time over all s € S is O(n - n/g). Setting

1T gives an O(n'*/7) time bound.

g=n

To improve the bound, we use bottomless grid bozes, i.e., grid boxes that are unbounded
from below in the z-direction. There are only O(g®) bottomless grid boxes. For each box p,
define p; to be the bottomless grid box formed by extending p downward. For each bottomless
grid box p;, compute a weighted point set Q(p;) = {¢ € @ : ¢ intersects p; } naively in O(n)
time, where the weight of ¢ is the largest z such that ¢ intersects p; N (z,00). Compute
a weighted point set R(p;) = {r € R : r intersects some ¢ € Q(p;)}, where the weight of

r is the largest weight of all ¢ € Q(p,) intersecting r; this can be done by performing

orthogonal range max queries, in O(n) time per p;. The time for this step is O(g5n).

These O(g°) weighted point sets provide an implicit representation of R(p) for all O(g°)
grid boxes p, since R(p) is just the subset of all points of R(p,) with weight greater than
2z~ (p). After preprocessing R\ R(p,), we can proceed as before, testing each p € P using
O(n/g) range queries—these are now range min/max queries. The overall time bound is now
O(g°n +n-n/g), which is O(n''/%) by setting g = n'/6. <

» Theorem 60. Given 3 sets P,Q, R of O(n) boxes in R3, we can decide whether for all
(p,r) € P x R, there exists q € Q intersecting both p and r, in O(n''/%) time.

Proof. For any two boxes p and r, we must have (i) 7;(¢(p)) < mr(3(r)) for some I C
{1,...,6} of size 3, or (ii) m;(¥(r)) < mr(¢(p)) for some I C {1,...,6} of size 3. (This
is because if ¥(p) is less than ¢(r) in fewer than 3 coordinate positions, then ¢(r) is less
than ¢(p) in more than 3 coordinate positions.) Thus, it suffices to run the algorithm in
Lemma 59 for each I of size 3, for P and R, and also for P and R swapped. <
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1.2 Special cases

» Theorem 61. Given 3 sets P,Q, R of O(n) rectangles in R?, we can decide whether for
all (p,7) € P x R, there exists q € Q intersecting both p and r, in O(n"/*) time.

Proof. The algorithm is similar (and simpler), except that with a 2-dimensional grid, the
number of bottomless grid rectangles is O(g®). The overall time bound is now O(g3>n+n-n/g),
which is O(n"/*) by setting g = n'/%. <

» Theorem 62. Given 3 sets P,Q, R of O(n) cubes in R3, we can decide whether for all
(p,7) € P x R, there exists q € Q intersecting both p and r, in O(n®/®) time.

Proof. The algorithm is the same (but without the improvement via bottomless grid boxes
P1), We observe that for boxes p that are cubes, the number of possible choices of grid boxes
p is actually O(g*) instead of O(g%). To see this, map the boxes p to points ¢(p) in R®. Boxes
p with a common p map to points in a common grid cell in R®, for a (non-uniform) grid
defined by O(g) (axis-parallel) grid hyperplanes. Boxes p that are cubes map to points lying
on a 4-dimensional flat h = {(z, —(z + w),y, —(y + w), z, — (2 + w)) € R® : 2, y, z,w € R}.
The O(g) grid hyperplanes form a 4-dimensional arrangement of complexity O(g*) inside h.
Thus, the number of grid cells intersecting h is only O(g*). The overall time bound is now
O(g*n +n-n/g), which is O(n/%) by setting g = n'/5. <
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