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A B S T R A C T

While physics models for predicting system states can reveal fundamental insights owing to their parsimonious
structure, they may not always yield the most accurate predictions, particularly for complex systems. As an
alternative, neural network (NN) models usually yield more accurate predictions; however, they lack interpret-
able physical insights. To articulate the advantages of both physics and NN models while circumventing their
limitations, this study proposes a physics-enhanced residual learning (PERL) framework that adjusts a physics
model prediction with a corrective residual predicted from a residual learning NN model. The integration of the
physics model preserves interpretability and tremendously reduces the amount of training data compared with
pure NN models. We apply PERL to a vehicle trajectory prediction problem with real-world trajectory data of both
a human-driven vehicle (HV) and an autonomous vehicle (AV), using an adapted Newell car-following model as
the physics model and four kinds of neural networks (Gated Recurrent Unit (GRU), Convolution long short-term
memory (CLSTM), Variational Autoencoder (VAE), and the Informer model) as the residual learning model. We
compare this PERL model with pure physics models, NN models, and other physics-informed neural network
(PINN) models. The results reveal that PERL yields the best prediction when the training data are small. The PERL
model converges quickly during training. Moreover, compared with the NN and PINN models, the PERL model
requires fewer parameters to achieve similar predictive performance. A sensitivity analysis revealed that the PERL
model consistently outperforms the physics models, NN models and PINN models with different physics and
residual learning models given a small training dataset. Among these, the PERL model based on CLSTM achieved
the most accurate predictions.
1. Introduction

The prediction approach in recent decades has undergone a revolu-
tionary change with the development of computer technology. Tradi-
tionally, researchers have used theoretical derivation combined with
experimental verification to study natural phenomena and then make
predictions on the basis of the theory they have learned. Physics models
are constructed from fundamental laws and principles governing physical
systems for system state prediction (Fig. 1a). As it intuitively reveals
fundamental insights into the system's nature, a physics model's parsi-
monious structures may not always accurately describe complex
nonlinearity, high dimensionality, or latent patterns, thus limiting its
predictability.

The parsimony of physics models is sometimes compromised when
only limited data and computational resources are available. The advent
485@wisc.edu (X. Li).

m 4 December 2024; Accepted 6

vier Ltd on behalf of Tsinghua U
of data science has led to a prolific accumulation of data across various
fields. Concurrently, neural network (NN) models, along with numerous
data-driven machine learning methods, have emerged to enhance pre-
dictability, as NN models are capable of approximating any continuous
function (Fig. 1b) (Hornik et al., 1989). NNmodels have been extensively
utilized in domains such as medical forecasting (Gulshan et al., 2016),
weather forecasting (Salman et al., 2015), and road traffic prediction
(Bates et al., 2024; Xu et al., 2023; Zhong et al., 2023), the third being the
focused domain of this study.

Despite the superior predictability of NN models, they suffer from
several limitations in real-world applications, including a lack of inter-
pretability, lack of robustness, and dependence on vast amounts of data
(Karniadakis et al., 2021; Li et al., 2022). To overcome these shortcom-
ings, the physics-informed neural network (PINN) model has emerged
(Karniadakis et al., 2021; Zhang et al., 2024). To enhance interpretability
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Fig. 1. General structure of the PERL model and three existing models: the physics model, NN model, and PINN model.
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and ensure the stability of models beyond the domains of their training
data, the PINN model encodes physics prior to the NN. The widely
adopted PINN for road traffic prediction, such as vehicle trajectory pre-
diction, integrates physics priors into the NN's loss function (Long et al.,
2024b; Mo et al., 2021; Naing et al., 2022; Yao et al., 2023). This
approach strikes a balance between the physics model and NN by
modulating the weight of the deviation from the physics model predic-
tion and that of the NN's loss function during training, as shown in
Fig. 1c. Despite their advantages, deviation correction toward often less
accurate physics model predictions may compromise the PINN's pre-
dictability. Another concern arises from unstable training due to the
different scales and convergence rates between the NN loss and the
physics model deviation. Thus, tuning the weights of the physics model
within the loss function is proven to be challenging (Krishnapriyan et al.,
2021; Wang et al., 2021, 2022). Furthermore, without sufficient data,
PINNs may underperform since the efficacy of PINNs heavily leans to-
ward the relatively inferior predictability of the physics model.

To exploit the advantages of all these models while circumventing
their limitations, we propose a novel physics-enhanced residual learning
(PERL) framework (Fig. 1d) (Long et al., 2024c). Instead of a compromise
between the two models, PERL further improves the prediction of the
physics model with a residual term learned from the NN model. The
physics model component alone can yield a reasonably accurate (albeit
not the best) prediction with only a parsimonious structure specified by a
few parameters. Then, as opposed to a pure NN model starting from
scratch, the residual learning model component only needs to improve an
already reasonably accurate prediction to a higher accuracy comparable
to the pure NN model, which likely requires much less training data and
computational resources and thus only needs fewer parameters and less
training data. Moreover, unlike the PINN, which may draw predictions
toward relatively less accurate physics model predictions, PERL pushes
the prediction away from the physics model prediction to the most ac-
curate value that a data-driven model can ever reach. With this, PERL
better integrates the merits of both physics and NNmodels to achieve the
best and uncompromised predictability and the fastest convergence rate
with the fewest parameters and inherited interpretability. While the
concept of a residual term has been explored in various fields, such as
physics systems modeling (Brunton et al., 2016), robotic manipulation
tasks (M€ollerstedt et al., 2024; Silver et al., 2018), and electromagnetic
modeling (Shan et al., 2023), to the best of the authors’ knowledge, re-
sidual learning has rarely been explored for system state prediction,
which motivated us to develop the PERL model.

To demonstrate the effectiveness of the PERL model, we applied the
PERL model to the vehicle trajectory prediction problem via a real-world
dataset. Vehicle trajectory prediction in the context of road traffic is a
2

procedure that uses the observed motions of road vehicles to predict their
near-future trajectory attributes, such as speed and acceleration. It is
necessary for an automated vehicle to predict the motion paths of its
surrounding vehicles and ensure safety control. Furthermore, with the
development of high-resolution traffic sensing technologies, vehicle
trajectory prediction can be applied to predict future traffic states and
potential traffic conflicts for safer, faster, and greener traffic operations.
Road traffic dynamics are a representative example of complex systems
with partially known physics. For example, some general physics rules in
which the behavior of the preceding vehicle influences the following
vehicle's behavior are already considered in widely recognized car-
following models (Jiang et al., 2001; Treiber et al., 2000). In this appli-
cation, we first obtain a calibrated physics model on the basis of the
next-generation simulation (NGSIM) dataset (Dong et al., 2021). The
residuals obtained from this physics model component are utilized to
train a residual learning model component of the PERL model. The final
prediction of the PERL model is the summation of the physics prediction
and the learned residual. The performance of the PERL model is
compared with that of the pure physics model, the pure NN model, and
the PINN model. To further validate the generalizability of the PERL
model, we conducted a sensitivity analysis to assess the performance of
PERL when paired with alternative residual learning models via
state-of-the-art NN models and physics car-following models. Addition-
ally, we tested the model on autonomous vehicle (AV) trajectories to
emphasize its robustness in diverse vehicular contexts.

This paper is organized as follows. Section 2 describes the prediction
problem and the methodology employed in the study, including the PERL
model framework and the baseline models. Section 3 presents the use
case of vehicle trajectory prediction for the validation of the PERL model.
Section 4 provides an example of the application of the PERL model,
including details of the physics and residual learning components and the
baseline models. Section 5 presents the results of the comparative anal-
ysis, including multistep prediction comparisons, convergence compari-
sons, and sensitivity analysis. Finally, Section 6 concludes the paper with
a summary of findings and future research directions.

2. Methodology

This section describes the prediction problem and the PERL model.
The input state (e.g., traffic states) space and the output response (e.g.,
set of longitudinal accelerations of the subject vehicle) space of a physics
system are denoted byS andY , respectively, whereM andN denote the
numbers of dimensions of these two spaces and where R is the set of real
numbers. Let gð �Þ : S → Y denote the ground-truth system that has
response gðsÞ for each input state s 2 S .
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The prediction problem involves constructing a prediction function
f ð�jθÞ : S → Y such that f ðsjθÞ is the prediction of gðsÞ, 8s 2 S , where
θ 2 Θ represents a tunable parameter vector in a parameter space Θ. The
predictability of function f ð�jθÞ is evaluated by the prediction error be-
tween f ðsjθÞ and gðsÞ;8s 2 S , e.g., the mean squared error (MSE). Solving
a prediction problem usually involves finding the optimal θ to minimize
the prediction error or maximize its predictability. The interpretability of
f ð�jθÞ is characterized by the ability of this function to reflect compre-
hensible physics rules and relationships, e.g., how elements in θ can be
interpreted as certain physics rules and relationships.
2.1. PERL

Built upon the defined prediction problem, the PERL model can be
described as follows. PERL prediction is the combination of a physics
model component and a residual learning component, formulated as
f PERLð�jθPERLÞ :¼ f PhyðSPhyð �Þ��θPhyÞþ fRLð�jθRLÞ. The components of this

formulation are specified as follows. f PhyðSPhyðsÞ��θPhyÞ : S Phy → Y Phy is
the physics model component that makes an initial prediction of an input
state s 2 S . Here, SPhyðsÞ 2 S Phy denotes the projection of s 2 S to S Phy

as a subspace of S . Note that, owing to parsimony, the input state to the
physics model component f Phy may not include all the dimensions in S

and can be a projection to its subspace S Phy. θPhy is the parameter vector
for f Phy in parameter space ΘPhy, which is often a low-dimensional space
due to the parsimony of the physics model. Y Phy is the range of
component f Phy with domain S Phy and has the same cardinality as Y
since f Phy also predicts g. f RLð�jθRLÞ : S → Y RL :¼ Y � Y Phy is the re-
sidual learning component such that fRLðs��θRLÞ predicts the residual from
the physical model prediction to the ground truth, i.e., gðsÞ�
f PhyðSPhyðsÞ��θPhyÞ, 8s 2 S . θRL is the parameter vector for the residual
learning component f RL in parameter space ΘRL. With this, the PERL
model prediction f PERLðs��θPERLÞ 2 Y is the summation of the physics

model prediction f PhyðSPhyðsÞ��θPhyÞ and the residual prediction fRLðs��θRLÞ;
8s 2 S , where the parameter vector θPERL is a simple concatenation of
those for the physics and residual learning components, i.e., θPERL :¼
½θPhy;θRL� 2 ΘPhy � ΘRL.

In a real-world application, let I :¼ f1;⋯; Ig denote the index set of
observed samples, where I 2 Rþ is the total number of samples. I is
randomly divided into three sets, i.e., I Train [ I Val [ I Test ¼ I ,
I Train \ I Val ¼ ∅; I Train \ I Test ¼ ∅;, and I Val \ I Test ¼ ∅ . ωTrain

and ωVal are defined as the proportions of the total dataset allocated for
training and validation purposes:

��I Train��¼ �
ωTrain �I

�
and

��I Val�� ¼�
ωVal � I

�
, where ⌊: � ⌋ denotes the floor function. The testing set index

I Test consists of the remaining indices, which are calculated as
��I Test�� ¼

jI j � ��I Train��� ��I Val��. θPhy is obtained via calibration via a set of

observed states S Train :¼ fsi 2 S gi2I Train :

θPhy :¼ arg min
θPhy2ΘPhy

X
s2S Train

�
f Phy

�
SPhyðsÞ��θPhy�� gðsÞ�2 (1)

where θRL is obtained by training with the training dataset:

θRL ¼ arg min
θRL2ΘRL

X
s2S Train

�
f RL

�
s
��θRL�� �

gðsÞ � f Phy
�
SPhyðsÞ��θPhy���2 (2)

2.2. Baseline models

For comparative analysis, we also evaluate the performance of a pure
neural network (NN) prediction model, a pure physics-based prediction
model, and a physics-informed neural network (PINN) model. The model
descriptions are as follows.
3

2.2.1. Physics model
A physics model (e.g., a car-following model) is denoted as

f PhyðSPhyðsÞ��θPhyÞ : S Phy → Y Phy. Here, SPhyðsÞ 2 S Phy denotes the pro-

jection of s 2 S to S Phy as a subspace of S . Y Phy is the range of
component f Phy with domain S Phy and has the same cardinality as Y .
θPhy is the parameter vector for f Phy in a low-dimensional parameter
space ΘPhy and is determined through calibration as specified in Eq. (1).

2.2.2. NN model
An NN model is denoted as fNNðs��θNNÞ : S → Y NN , which makes a

prediction of an input state s 2 S . Y NN is the range of component fNN

with domain S and has the same cardinality as Y . θNN is the parameter
vector for fNN in parameter space ΘNN and is obtained by training via the
training dataset:

θNN ¼ arg min
θNN2ΘNN

X
s2S Train

�
f NN

�
s
��θNN�� gðsÞ�2 (3)

2.2.3. PINN model
A PINNmodel denoted as f PINNðs��θPINNÞ : S → Y PINN that predicts an

input state s 2 S .Y PINN is the range of component f PINN with domain S
and has the same cardinality as Y . During training, the physics model
f PhyðSPhyðsÞ��θPhyÞ enhances the loss function of the NN component

fNNðs��θNNÞ, aiming to align the NN predictions closely with both the
physics model predictions and the ground truth. Thus, the loss function of
the NN component contains two parts, LOSS1 and LOSS2:

LOSS1 :¼
�
f NN

�
s
��θNN�� gðsÞ�2 (4)

LOSS2 :¼
�
f NN

�
s
��θNN�� f Phy

�
SPhyðsÞ��θPhy��2 (5)

θPINN ¼ argmin
θPINN2ΘPINN

X
s2S Train

μ ⋅ LOSS1 þ ð1� μÞ ⋅ LOSS2 (6)

where μ represents the weight hyperparameters to be tuned. The
parameter vector θPINN 2 ΘPINN is a concatenation of the physics
component and NN component, i.e., θPINN :¼ ½θPhy; θNN� 2 ΘPhy � ΘNN.
During prediction, the NN component fNNðs��θNNÞ is responsible for the
prediction result.

3. PERL use case: vehicle trajectory prediction

Section 2 introduces the PERLmodel methodology. In this section, we
apply the PERL model to a specific prediction problem, vehicle trajectory
prediction, as described below. As shown in Fig. 2, an input state stems
from a set of K consecutive vehicle trajectories, indexed by k 2 K :¼
f1;2;⋯;Kg from the upstream lead vehicle indexed by 1 through the
downstream ego vehicle by K, at Tb historical time points
T b :¼ ft0 �ðTb �1Þδ;⋯; t0 �δ; t0g separated by time interval δ. The input
state is defined as s ¼ ½akt ; vkt ;Δdkt �8k2K ;t2T b , where akt , vkt , and Δdkt are
the acceleration, speed, and spacing (from the preceding vehicle) of
vehicle k at time t, respectively. With this, jS j ¼ 3jK jTb. The corre-
sponding output response gðsÞ is the ground-truth trajectory of ego
vehicle K at future time points T f :¼ ft0 þ δ; t0 þ 2δ;⋯; t0 þ T fδg, i.e.,
gðsÞ ¼ ½aKt �t2T f , where aKt is the ground-truth acceleration of ego vehicle
K at a future time point t. With this, jY j ¼ T f .

In the physics component, SPhyð �Þ projects s to a much lower-
dimensional space, i.e., SPhyðsÞ ¼ ½aktk ; vktk ;Δdktk �k2K ;tk2½t0�τk ;⋯;t0 � or its
subset, where τk is a short reaction time depending on the specific physics
model t0 � τk 2 T b. With this,

��ΘPhy
�� is on the order of

��SPhyðsÞ��, i.e.,
Oð��SPhyðsÞ��Þ, and thus much smaller than jS j. Y Phy is the predicted ac-



Fig. 2. Workflow of the PERL model (examples of vehicle trajectory prediction).
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celeration of vehicle K: ½baPhy
Kt ðθPhyÞ�8t2T f ¼ f

PhyðSPhyðsÞ��θPhyÞ. Therefore,
we obtain the residual acceleration predicted by the physics model

rKtðθPhyÞ :¼ gðsÞ� baPhy
Kt ðθPhyÞ;8t 2 T f .

In the residual learning component,
��ΘRL

�� is generally polynomial in
relation to jsj and the architecture of the model; thus,

��ΘRL
�� is likely much

greater than
��ΘPhy

��. Y RL is the predicted residual of vehicle K: rKt , i.e.,

½brRLKt ðθRLÞ�8t2T f ¼ f
RLðs��θRLÞ. Therefore, the output of the PERL model is

f PERLðs��θPERLÞ ¼ ½baPhy
Kt ðθPhyÞ þ brRLKt ðθRLÞ�8t2T f .

4. PERL application example

On the basis of the above defined PERL vehicle trajectory prediction
use case, this section provides a detailed example that demonstrates the
application of the PERL model to vehicle trajectory prediction, including
data preparation, model component adoption for the physics component
and residual learning component, and baseline model adoption.

4.1. Data and metrics

We utilized two types of data in our study. For the validation of the
PERL model, we adopted the NGSIM US101 data (Dong et al., 2021),
focusing on human-driven vehicles (HVs). In the sensitivity analysis, we
employed data on purely autonomous vehicle (AV) platoons from
OpenACC (Makridis et al., 2021) to validate the model's generalizability
across different vehicle trajectory types.

To ensure sufficient training and comprehensive evaluation, we
thoroughly prepared the data and evaluated methods on the basis of
different scenarios. A total of I ¼ 20,000 samples, δ ¼ 0:1s, ωTrain ¼
0:6, ωVal ¼ 0:2. Each sample comprises K ¼ 4 consecutive vehicles. We
evaluated two typical prediction scenarios, one-step and multistep
predictions, in this study. For one-step prediction, Tb ¼ 50, T f ¼ 1; for
multistep prediction, Tb ¼ T f ¼ 50. The predicted speed of vehicle K at
time t in sample i 2 I is calculated as bviKt ¼ viKt0 þ

Pt
t 0 ¼t0

baiKt 0 δ; 8t
0 2

T f . The evaluation for one-step and multistep prediction on the test set
I test includes two metrics: the MSEs of acceleration and speed pre-
diction: MSEa

test ¼ 1
jI TestjT f

P
i2I Test ;t2T f

ðaiKt � baiKtÞ2 and MSEv
test ¼

1
jI TestjTf

P
i2I Test ;t2T f

ðviKt � bviKtÞ2. The convergence of the training process

is measured by the change in the MSE of acceleration and speed pre-
diction on the validation set: MSEa

val ¼ 1
jI ValjTf

P
i2I Val ;t2T f

ðaiKt � baiKtÞ2 and

MSEv
val ¼ 1

jI ValjT f

P
i2I Val ;t2T f

ðviKt � bviKtÞ2.
4

4.2. PERL physics component

A model adapted from Newell's car-following model is adopted as the
physics component of the PERL model. Additionally, for sensitivity
analysis, the intelligent driver model (IDM) (Treiber et al., 2000) and the
full velocity difference (FVD)model (Yao et al., 2019) serve as alternative
physics components for validation.

Initially, we utilized an adapted Newell model characterized by a
single parameter w denoting the wave speed, as shown in Fig. 3. The

physics model output Y Phy ¼ ½baPhy
iKt ðθPhyÞ�8t2T f ;i2I is given by

baPhy
iKt ¼ a

ik0 t�
D
iKk

0
t

w

;8k0 2 f1; 2;…;K � 1g; t 2 T f ; i 2 I (7)

where DiKk’t represents the position distance between vehicle K and
vehicle k

0
at time t 2 T f in sample i 2 I .

The IDM and FVD models are adopted for sensitivity analysis as
alternative physics models. The IDM model provides a model accelera-
tion function as a continuous function of speed, gap, and speed difference
and is expressed as

baPhy
iKðt0þ1Þ ¼ a

"
1�

�viKt0
vf

�4
�
	
SðviKt0 ;ΔviKt0 Þ

ΔxKt0


2
#
; 8i 2 I (8)

SðviKt0 ;ΔviKt0 Þ ¼ S0 þ TgviKt0 �
viKt0 ⋅ ΔviKt0

2
ffiffiffiffiffi
ab

p ;8i 2 I (9)

where Δdi;n;t is the relative distance between two adjacent vehicles,
SðviKt0 ;ΔviKt0 Þ is the desired space headway function and is calculated
from the speed vn;t and the relative speedΔviKt0 :¼ viKt0 � viðK�1Þt0 ;8i 2 I ,

vf is the free flow speed, a is the maximum acceleration, b is the
Fig. 3. Adapted Newell model for vehicle trajectory prediction.
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comfortable deceleration, and S0 is the minimum space. Tg is the desired
time gap.

The FVD model focuses on the speed difference between vehicles,
considering both relative speeds and spatial gaps. This model compre-
hensively represents car-following dynamics, especially in high-density
traffic scenarios where speed differences play a pivotal role.

baPhy
iKðt0þ1Þ ¼ κ½VðΔdiKt0 Þ � viKt0 � þ λΔviKt0 ; 8i 2 I (10)

VðΔdiKt0 Þ :¼ V1 þ V2 tanh½C1ðΔdiKt0 � lcÞ � C2�; 8i 2 I (11)

where κ and λ are sensitivity parameters and where VðΔdiKt0 Þ is the
optimal speed that the drivers prefer. We adopted the calibrated pa-
rameters for VðΔdiKt0 Þ as V1 ¼ 6:75 m=s;V2 ¼ 7:91 m=s;C1 ¼ 0:13 m�1,
and C2 ¼ 1:54.

We employed the Monte Carlo method for physics model calibration,
which randomly selects a certain number of samples from the dataset.
The calibrated parameters of the physics models are shown in Table 1. As
the training data size increased, the calibration results tended to stabilize
(Long et al., 2024a), and the calibrated parameter was near the value in
the literature (Duret et al., 2011; Laval and Leclercq, 2010). The cali-
brated parameters of the physics model are used as initial values in the
PINN model and PERL model.

4.3. PERL residual learning component

For the residual learning component, we compared four groups of
learning-based models—the RNN model, convolution model, generation
model, and attention model—to validate the robustness and generaliz-
ability of the PERL model.

For the RNN model, we choose the gated recurrent unit (GRU) model
(Fig. 4a). GRU models are a type of recurrent NN that allows connections
between neurons to form a directed cycle, thus making it possible to
exhibit dynamic temporal behavior. The GRU has also been applied in
car-following behavior modeling (Wang et al., 2018).

For the convolution model, we selected CLSTM, a model that com-
bines convolutional layers with long short-termmemory (LSTM) (Fig. 4b)
(Lee et al., 2017; Pereira et al., 2022) and is suitable for spatiotemporal
data.

For the generation model, we choose the variational autoencoder
Table 1
Calibrated parameters of the physics models with different training sample sizes.

Model Parameter Training sample size

300 500

Adapted Newell model w ðm =sÞ 4.044 4.150
(variance) 0.088 0.017

IDM vf (m/s) 22.821 22.512
(variance) 0.035 0.095
a ðm =s2Þ 0.682 0.475
(variance) 0.095 0.090
b ðm =s2Þ 2.562 2.271
(variance) 0.205 0.141
S0 (m) 1.712 1.703
(variance) 0.010 0.021
Tg (s) 1.200 1.216
(variance) 0.005 0.002

FVD k 0.108 0.073
(variance) 0.003 0.003
λ 0.498 0.397
(variance) 0.019 0.041
V0 (m/s) 19.779 18.814
(variance) 15.982 10.059
b ðm =s2Þ 10.084 10.746
(variance) 4.935 14.088
β 2.561 3.011
(variance) 1.338 1.600

5

(VAE) (Fig. 4c), a generativemodel used to learn the latent distribution of
data (De Miguel et al., 2022; Ivanovic et al., 2021). VAE offers two ad-
vantages: First, it exhibits stable training dynamics, and second, its
interpretable latent space facilitates understanding of the learned rep-
resentations by the model.

For the attention model, we opt for the Informer model (Fig. 4d),
which is a transformer-based architecture (Zhou et al., 2021). It in-
troduces a masking mechanism in the self-attention mechanism to ensure
that the model only attends to information preceding the current time
step, preventing leakage of future information when processing sequen-
tial data. Additionally, it employs a multistep input representation
method to better capture long-term dependencies in time series data.

Fig. 4 illustrates the structures of the four models, which focus only on
the primary model layers; the activation layers are omitted for clarity.
The detailed model configurations and parameters are listed in
Tables 2–5. The input to each model includes Tb time steps of accelera-
tion, speed, and spacing data from K consecutive vehicles (Table 6).

4.4. Baseline model adoption

With respect to the three baseline models, the physics model employs
the adapted Newell model, which aligns with the physics component of
PERL. The NN model structure aligns with the residual learning
component of PERL but with more parameters. Its prediction target is not
the residuals but the future acceleration of the subject vehicle over T f

steps. The PINN model combines the adapted Newell model for its
physics component and mirrors the NN model structures in its NN
component.

5. Results

On the basis of the methodology and application example introduced
in Section 2 and 3, this section presents a detailed comparative analysis of
the multistep prediction performance of various learning-based models,
including the PERL, NN, PINN, and baseline models, under different
training data sizes and conditions.

5.1. Multistep prediction comparison

Fig. 5 compares the prediction performance on acceleration and
1000 2000 5000 10,000 12,000

4.122 4.027 4.030 4.010 4.010
0.016 0.018 0.001 0.000 0.000

22.084 22.377 22.125 22.125 22.495
0.013 0.129 0.003 0.003 0.217
0.626 0.540 0.613 0.613 0.911
0.175 0.099 0.192 0.192 0.000
2.473 2.262 2.478 2.478 2.859
0.246 0.087 0.237 0.237 0.003
1.627 1.608 1.615 1.615 1.627
0.013 0.006 0.010 0.010 0.013
1.230 1.162 1.266 1.266 1.132
0.000 0.020 0.003 0.003 0.017

0.088 0.044 0.108 0.076 0.007
0.002 0.003 0.005 0.006 0.000
0.478 0.452 0.445 0.284 0.137
0.041 0.076 0.029 0.037 0.000

19.647 23.034 21.542 22.093 24.158
19.536 26.672 17.456 14.257 5.000
9.637 8.406 10.327 11.243 7.954
5.636 10.330 8.447 11.241 4.340
2.824 2.449 2.383 2.133 1.724
1.585 0.733 2.388 3.520 0.079



Fig. 4. Model structures of (a) GRU model, (b) CLSTM model, (c) VAE model, and (d) Informer model.

Table 2
Model structure and parameter setting of the GRU-based models.

NN PINN PERL

GRU layer Units ¼ 128 Units ¼ 128 Units ¼ 96
Dropout layer 0.3 0.3 0.3
GRU layer Units ¼ 128 units ¼ 128 Units ¼ 64
Dropout layer 0.3 0.3 0.3
Activation layer Relu Relu Relu

Table 3
Model structure and parameter setting in CLSTM-based models.

NN PINN PERL

Convolution
layer

Filters ¼ 64,
kernel_size ¼ 3,
ReLU

Filters ¼ 64,
kernel_size ¼ 3,
ReLU

Filters ¼ 64,
kernel_size ¼ 3,
ReLU

LSTM layer Units ¼ 128 Units ¼ 128 Units ¼ 96
Dropout layer 0.3 0.3 0.3
LSTM layer Units ¼ 128 Units ¼ 128 Units ¼ 64
Dropout layer 0.3 0.3 0.3
Activation
layer

Relu Relu Relu
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speed of PERL and the baseline using different learning-based models in
multistep prediction. For all four groups of learning methods, the results
show that the PERL model exhibits superior predictability with less
training data. In scenarios characterized by very limited data availability
(e.g., 300 training data points), both the PERL and PINN models
outperform the NN model in terms of predictability. As the dataset ex-
pands beyond 1000 training samples, the performance differential be-
tween the PERL model and the baseline models, including the NN model,
becomes markedly less pronounced (in Fig. 3). In this context, all the
6

models demonstrate remarkable predictability, achieving acceleration
prediction errors as low as MSEa

Test ¼ 0:07 m2=s4. Notably, the PINN
model slightly outperforms the NN and physics models when the training
dataset size is limited to 300. This underperformance is likely because
each model underwent 30 independent training sessions with randomly
selected samples, potentially leading to instances where the PINN results



Table 4
Model structure and parameter setting in VAE-based models.

NN PINN PERL

Encoder Convolution
layer

Filters ¼ 64,
kernel_size ¼ 3,
ReLU

Filters ¼ 64,
kernel_size ¼ 3,
ReLU

Filters ¼ 64,
kernel_size ¼ 3,
ReLU

LSTM layer Units ¼ 128 Units ¼ 128 Units ¼ 96
Dropout layer 0.3 0.3 0.3
LSTM layer Units ¼ 128 Units ¼ 128 Units ¼ 64

Latent
Space

Demention ¼
20

Demention ¼
20

Demention ¼
20

Decoder Activation
layer

Relu Relu Relu

Table 5
Model structure and parameter setting in VAE-based models.

NN PINN PERL

Encoder Self-attention
layer

n_heads ¼ 12 n_heads ¼ 8 n_heads ¼ 8

Convolutional
layer

Down
convolution
layer
kernel_size ¼ 3
Activation ¼
ELU

Down
convolution
layer
kernel_size ¼ 3
Activation ¼
ELU

Down
convolution
layer
kernel_size ¼ 3
Activation ¼
ELU

Feed-forward
network

Convolutional
layer1
kernel_size ¼ 1
Convolutional
layer2
kernel_size ¼ 1

Convolutional
layer1
kernel_size ¼ 1
Convolutional
layer2
kernel_size ¼ 1

Convolutional
layer1
kernel_size ¼ 1
Convolutional
layer2
kernel_size ¼ 1

Decoder Self-attention
layer

n_heads ¼ 12 n_heads ¼ 8 n_heads ¼ 8

Cross-
attention layer

n_heads ¼ 12 n_heads ¼ 8 n_heads ¼ 8

Feed-forward
network

Convolutional
layer1
kernel_size ¼ 1
Convolutional
layer2
kernel_size ¼ 1

Convolutional
layer1
kernel_size ¼ 1
Convolutional
layer2
kernel_size ¼ 1

Convolutional
layer1
kernel_size ¼ 1
Convolutional
layer2
kernel_size ¼ 1

K. Long et al. Communications in Transportation Research 5 (2025) 100166
in exceptionally poor predictive performance and adversely affects its
average performance relative to the NN and physics models.

When comparing the four groups of learning methods with a small
training dataset size of 300, the models based on the Informer architec-
ture (NN, PINN, and PERL) performed notably well. This can be attrib-
uted primarily to two advantages of the Informer model. First, the
Informer's outputs are relatively stable, ensuring reliable predictions
even with limited data. Second, unlike traditional recurrent neural net-
works such as CLSTMs and GRUs, which depend on the output and
hidden states of previous time steps, the Informer model processes data in
a nonsequential manner, reducing the accumulation of prediction errors.

With larger datasets, the models based on CLSTM exhibited the best
performance, achieving acceleration prediction errors as low as
MSEa

Test ¼ 0:056 m2=s4 at a dataset size of 15,000. The convolutional
layers preprocess the data, and the LSTM is sufficient for managing the
relatively straightforward car-following dynamics in our study, whereas
the attention mechanism of the Informer is more challenging to train and
Table 6
Comparison of the prediction performance on the HV trajectory and AV trajectory vi

Training data size Trajectory data MSEa
test ðm2 =s4Þ

Physics NN PIN

1000 HV data 0.256 0.123 0.1
CAV data 0.195 0.088 0.0

15,000 HV data 0.251 0.058 0.0
CAV data 0.194 0.047 0.0

7

offers limited benefits for this specific scenario. Moreover, the GRU-
based NN model performs worse than the LSTM-based NN model does,
primarily because of the simpler structure of the GRU, which struggles
with issues such as vanishing or exploding gradients, particularly in
longer sequences. This simplicity may prevent the GRU from capturing
complex sequence patterns or long-term dependencies as effectively as
the LSTM. Additionally, the GRU-based PERL model (GRU þ Adapted
newell) also underperformed compared with the LSTM-based PERL
(LSTM þ Adapted newell) model. The VAE model was less suited to this
prediction task because data are assumed to be generated from latent
variables following a Gaussian distribution, which may restrict the
model's ability to fit the trajectory data.

One contributing factor to PERL's superior performance in predicting
acceleration residuals, as opposed to the NN model's ability to predict
acceleration, is the different distribution patterns of acceleration re-
siduals and acceleration. The variance in acceleration is greater than that
in acceleration residuals across all samples, as depicted in Fig. 5, This
difference is further highlighted by comparing the distributions of ac-
celeration and acceleration residuals in a single sample, as illustrated in
Figs. 6 and 7. The observed lower variance in the acceleration residual
suggests that in scenarios with limited data, the distribution of the ac-
celeration residual may more accurately mirror the actual distribution,
facilitating better prediction outcomes. On the other hand, the higher
variance in acceleration might lead to a less accurate representation of
the true distribution in small sample scenarios, thereby potentially
diminishing the prediction accuracy. These findings align with the
operational principles of the PERL model, which chiefly involves pre-
dicting the residual of the physics model, a task seemingly well suited for
situations with restricted data availability. This stands in contrast to the
PINN model, which aims at the prediction of acceleration, a process that
could be adversely affected by the noted higher variance, especially in
data-scarce conditions. Hence, this visual representation further un-
derscores the sample efficiency and effectiveness of the PERL model in
acceleration prediction, particularly when data resources are limited.

Fig. 5 shows that when the training data size is 12,000, the prediction
accuracies of the PERL, PINN, and NN models are comparable, and all of
them are superior to those of the physics model. This is validated by the
six examples in Fig. 8. The results indicate that both the PINN and NN
models can predict the overall trend of acceleration changes, but they fail
to fit the local acceleration oscillation. The physics model can account for
local acceleration oscillation on the basis of physical principles, but as the
physics model is calibrated with multiple vehicle trajectories, its results
deviate significantly from real-world values. Only the PERL model can
predict the overall trend of acceleration change and keep the local ac-
celeration oscillation results from its physics model component.

5.2. Convergence comparison

To ensure a fair comparison of convergence among different models,
we aligned the number of parameters in the NN, PINN, and PERL models.
Specifically, we standardized the LSTM architecture within the NN
component of the NN and PINN models and the residual learning
component of the PERL model, setting both LSTM layers to 128 and 64
units, respectively. The results indicate that PERL converges more rapidly
than both the NN and the PINN models do with various training data
sizes (Fig. 9). In scenarios with limited data (300 training data points),
a the CLSTM model.

MSEv
test ðm2 =s2Þ

N PERL Physics NN PINN PERL

30 0.091 0.682 0.530 0.358 0.319
89 0.086 0.516 0.191 0.217 0.190
59 0.056 0.653 0.201 0.177 0.194
46 0.047 0.512 0.176 0.176 0.176



Fig. 5. PERL and baseline prediction performance of different learning-based models.

Fig. 6. Differences in the distributions of acceleration aiKt and acceleration re-
sidual riKt of all samples.
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the PINN model converges at approximately 80 epochs, and the NN
model converges at approximately 140 epochs, whereas the PINN model
requires a substantially shorter time, approximately 1000 epochs
(Fig. 10). This unstable training behavior of the PINN arises because
different parts of the loss function dominate the decrease at various
times: Sometimes, it is influenced by the neural network, and other times,
it is influenced by the physics rules. This unbalanced back-propagated
gradient results in an unstable learning process (Wang et al., 2022).
The NN model also converges slower than PERL despite having a nearly
identical number of parameters (Fig. 10). This is because the NN model
needs to learn all the kinematic rules, whereas PERL only has to learn the
features of the residuals. The convergence speed of the PINN is also
slower than that of the NN model because its objective function includes
terms from both the neural network and the physics model, making the
gradient search process more challenging.

This result highlights the advantage of the PERL model, which
Fig. 7. Differences in the distributions of (a) acceleration

8

employs the same LSTM architecture and nearly identical number of
parameters as the NN and PINN models but uses a more focused pre-
diction approach that enables faster convergence and more efficient
computation using fewer parameters.

5.3. Sensitivity analysis

In the sensitivity analysis, we first examined the impact of different
physics models on the results. We subsequently validated the model's
generalizability across various vehicle types.

5.3.1. Impact of physics car-following models
In single-step prediction tasks, which are relatively straightforward

tasks, it is feasible to employ car-following models that consider only the
information of the preceding vehicle, such as the IDM and FVD models.
We integrate the PERL model with the IDM and FVDmodels, utilize them
as the physics model, and pair them with an LSTM for residual learning.

PERL (LSTM þ IDM) outperforms the physics model, the NN model
(LSTM), and the PINN (LSTM þ IDM) when the training data size is
smaller than 10,000, as shown in Fig. 11. This suggests the versatility of
the PERL model, highlighting its compatibility with the IDM physics
model. The IDM model effectively captures certain physics laws, and the
residuals in acceleration prediction from the IDM model can be profi-
ciently learned by the LSTM. The convergence of the IDM-based PERL
(LSTM þ IDM) is faster than that of both the NN (LSTM) and the PINN
(LSTMþ IDM)models, as shown in Fig. 12. This emphasizes the ability of
the IDM model to delineate a significant portion of the physics laws.
Moreover, the IDM model can learn the acceleration residuals with less
data, and its training convergence is faster than directly learning the
acceleration residuals via the NN model and PINN model.

The performance of PERL (LSTM þ FVD) is less effective than that of
aiKt and (b) acceleration residual riKt in one sample.



Fig. 8. Comparison of real-world acceleration and predicted results of the PERL (Newell þ CLSTM) model and baseline models under four different driving scenario:
(a) acceleration, (b) deceleration, (c) cruise, and (d) deceleration.

Fig. 9. Training processes of the NN, PINN, and PERL structure using various models with a sample size of 1,000, utilizing various learning-based models: (a) GRU
model, (b) CLSTM model, (c) VAE model, and (d) Informer model.

Fig. 10. Training processes of the NN, PINN, and PERL structure using various models with a sample size of 15,000, utilizing various learning-based models: (a) GRU
model, (b) CLSTM model, (c) VAE model, and (d) Informer model.
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PERL (LSTM þ IDM) with small amounts of data, as shown in Fig. 13.
This mainly results from the poor performance of the FVD model as a
physical model when it is calibrated with small amounts of data. How-
ever, even though the physical model is not predictive, PERL (LSTM þ
FVD) still has a comparative prediction with the NN model and is better
than the PINN model. The results also show that the PERL model exhibits
quick convergence rates for both small and large training datasets, as
9

shown in Fig. 14.

5.3.2. Prediction results on AV data
The proposed method is tested on AV data to validate the model's

generalizability. Table 2 compares the prediction results for acceleration
and speed across different training data sizes via the physics model,
LSTM-based NN, PINN, and PERL models. We observed that the



Fig. 11. PERL (LSTM þ IDM) and baseline prediction performance: (a) accel-
eration prediction result and (b) speed prediction result.

Fig. 12. Training processes of PERL (LSTM þ IDM) and baseline models: (a)
training data seize ¼ 500 and (b) training data seize ¼ 1,500.

Fig. 13. PERL (LSTM þ IDM) and baseline prediction performance: (a) accel-
eration prediction result and (b) speed prediction result.

Fig. 15. Comparison of the acceleration distributions in the CAV and HV tra-
jectory datasets.
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predictive performance for AV data is generally better than that for HV
data. One reason for this is that AV behaviors are governed by specific
control algorithms, making their actions more rational and predictable,
whereas HV trajectories exhibit many unstable and random behaviors.
Another reason is that the range of acceleration distribution in AVs is
much tighter than that in HVs. Fig. 15 compares the distribution of ac-
celeration in the AV and HV trajectory datasets, showing that 50% of
accelerations are contained within the range of �0.17–0.17. This
Fig. 14. Training processes of PERL (LSTM þ FVD) and baseline models: (a)
training data seize ¼ 500 and (b) training data seize ¼ 1,500.
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narrower variance in the prediction target makes the prediction task
easier.

6. Conclusions and future work

This study presented the novel PERL model as a potent tool for tra-
jectory prediction, aiming to address inherent limitations found in
existing physics models and NN models. The PERL model leverages the
power of residual learning, a relatively unexplored concept in the traffic
domain, providing the research community with a new perspective on
traffic modeling and prediction.

We compared the predictive performance of the PERL model with
that of traditional physics and NN models using both HV and AV tra-
jectory data. The results demonstrated the superiority of the PERL model
in both one-step and multistep acceleration prediction tasks. Notably, the
PERL model consistently outperformed all the other tested models across
different data sources and vehicle types. PERL also has faster initial
convergence during the training process than the traditional NN model
and PINN. For the sensitivity analysis, we assessed the performance of
PERL via a diverse array of residual learning models: the GRU, CLSTM,
VAE, and transformer models. Each model represents a different neural
network approach—GRU and CLSTM for temporal dynamics, VAE for
generative capabilities, and Informer for attention mecha-
nisms—highlighting the versatility of PERL across various data process-
ing contexts. Additionally, we integrate various physics-based car-
following models, including the IDM and FVD, to further validate the
adaptability and robustness of the PERL framework.

Future research could focus on further exploring the advantages of
the PERLmodel structure and addressing potential limitations to enhance
its practical applicability. First, the model introduced in this study does
not include residual terms in the inputs of the residual learning model.
This design choice ensures that the model can be broadly applicable to
nontime series scenarios. In fact, in time series forecasting scenarios,
incorporating residuals from historical periods of the physics model into
the inputs can further enhance the predictive performance of the model.
The application of the proposed method in nontime series contexts and
the potential benefits of using residual terms as inputs will be further
explored in future research.

Second, the robustness of PERL against biased physics models pre-
sents an exciting area for exploration. This characteristic was not thor-
oughly investigated in this study, but it presents a promising avenue for
future research. Systematic evaluations of the performance under
different bias levels can provide valuable insights, along with developing
techniques to mitigate or correct bias in the physics model (Li et al.,
2024). Furthermore, the flexibility of the PERL framework allows for the
adaptation of its physics model to various types and the extension of its
neural network component to include advanced models such as large
language models (LLMs) (Qu et al., 2023), thus improving the accuracy
and generalizability of PERL across different domains.

Third, it is important to recognize a potential constraint of the PERL
model: its robustness against noisy data. Future work should conduct
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comprehensive investigations to assess its performance under noisy data
conditions. Moreover, we explore and develop novel techniques and
methodologies to enhance its ability to handle and mitigate the adverse
effects of noisy data effectively.

Fourth, future studies could update the PERL model to capture sto-
chastic driving behaviors by first collecting synthetic data reflecting
varying traffic densities, driver behaviors, and environmental conditions
(Han et al., 2023). Then, expanding the residual learning component to
predict distributions of residuals, rather than single values, could further
refine its effectiveness. Techniques such as Bayesian neural networks or
Gaussian processes enable this probabilistic modeling, which is crucial
for applications such as CAV trajectory planning. By utilizing predictive
distributions, PERL can support more robust and informed
decision-making under uncertainty, thereby increasing safety and oper-
ational efficiency in autonomous driving scenarios.
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