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Abstract
We study new types of dynamic allocation problems the Halting Bandit models. As

an application, we obtain new proofs for the classic Gittins index decomposition

result compare Gittins (Journal of the Royal Statistical Society, Series B, 1979, 41,

148–177), and recent results of the authors in Cowan and Katehakis (Probability in

the Engineering and Informational Sciences, 2015, 29, 51–76).
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1 INTRODUCTION

We investigate a class of Halting Bandit models, where at

every time step a controller must choose which project out of

a fixed collection to activate, and at some (stochastic) time,

when sufficient time and effort has been invested in a given

project or process, it will be completed or “halt.” Addition-

ally, halting may be considered a catastrophic event, such as

a project breaking down. These halting events allow bandits

to be “singled out”—receiving rewards from successful ban-

dits and paying costs for unsuccessful bandits. This singling

out of projects based on state status is novel; prior results

focused mainly on maximizing cumulative collective payouts

compare model (CCP) of Section 5.

In this article, we consider the following models for maxi-

mizing terminal rewards (or minimizing terminal costs): two

versions of expected terminal solo payout, taken to be a

reward dependent on the last (ultimate) or second to last

(penultimate) state of the first bandit to halt successfully; the

terminal collective payout reward, taken to be a reward depen-

dent on the final states of all bandits at the first halting; the

terminal non-halting costs, taken to be a cost incurred by all

bandits that failed to halt; the terminal collective profit, taken

to be a reward from the successfully halted bandit less the

cost incurred by bandits that failed to halt. After establishing

these results, we consider the same model in the framework

of cumulative rewards, rather than terminal, when bandits

are taken to generate rewards each time they are activated

until halting. We use a standard technique to reduce these

models to corresponding terminal halting models and in this

way, we recover prior results in Cowan and Katehakis (2015)

and hence the celebrated Gittins’ decomposition compare

Gittins (1979).

The central results presented here, the derivation of optimal

policies for the terminal solo payout and terminal collec-

tive payout models, rests on establishing a correspondence

between the two payout models; essentially, the game where

every bandit contributes to the total reward can be replaced

by an equivalent game where only a single bandit con-

tributes to the terminal reward. This gives further insight

into why classical bandit decomposition results work com-

pare Chakravorty and Mahajan (2014), Gittins et al. (2011),

Mahajan and Teneketzis (2008), Ishikida and Varaiya (1994),

Weber (1992).

For related work we first note that for the finite state Markov

chain version of the CCP model of Section 5, Sonin (2008)

introduced an equivalent formulation of the indices derived

herein in order to derive an efficient algorithm for the calcu-

lation of the indices for all states of the Markov chain. The

basic idea of this article’s generalized indices was to use a
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common Markov decision processes theory interpretation of

of the expected discounted total reward with a discount fac-

tor 𝛽 where the state space is complemented by an absorbing

state x∗ and new transition probabilities that are defined as

follows. The probability of entering an absorbing state x∗ in

one step for any state y ≠ x∗ (“probability of termination”)

is equal to 1 − 𝛽, and all other initial transition probabilities

are multiplied by 𝛽. In other words, 𝛽 is the probability of

“survival,” or not “halting” herein. Sonin (2008) considered

variable probabilities of survival 𝛽(x) and defined a general-

ized index 𝛼(x) taken to be the maximum ratio of the expected

discounted total reward up to the time 𝜏 of halting (“termina-

tion”) per chance of termination at the time 𝜏 of halting. He

established that for nonconstant discount factors the the equal-

ity of the new generalized index with the retirement index of

Whittle (1980) and the restart index of Katehakis and Veinott

Jr. (1987), thus he argued that the true meaning of the Git-

tins index is given by its expression as a ratio of the expected

discounted total reward up to the time 𝜏 of halting (“termi-

nation”) per chance of termination at the time 𝜏 of halting,

and pointed out its relation with the work in Mitten (1960).

These results can be extended along the lines of El Karoui and

Karatzas (1994) who established the restart representation

of the Gittins index in a continuous time framework without

making further use of it. Additional results connecting the

Sonin indices with other problems of stochastic optimization

are given in Bank and El Karoui (2004) and in Sonin and

Steinberg (2016).

For other related work we refer to Szepesvári (2010),

Slivkins (2019), Dumitriu et al. (2003), Katta and Sethu-

raman (2004), and to Stadje (1995), Pinedo and Ram-

mouz (1988), Pinedo (2012), Glazebrook et al. (2007),

Negoescu et al. (2018), Villar et al. (2015) Glazebrook

et al. (2014), Denardo et al. (2007), Katehakis and Roth-

blum (1996), Katehakis and Derman (1986), and Skitsas

et al. (2022), Talebi et al. (2021), Cowan et al. (2018).

The article presents a collection of results, organized

sequentially to build off each other to the final result. It is

worth outlining this explicitly at the start, with a roadmap:

Section 2 gives the underlying mathematical framework

of the discussion to follow, to guarantee the necessary pro-

cesses and control processes are well defined. Ultimately,

the key point of these results is this: the relation between

the “single payout” model and the “collective payout” model

reveals why the contributions of each bandit in the original

formulation can be considered individually, by expressing

the total game in terms of an equivalent one where only one

bandit gives rewards. Section 3 considers a simplified or

“solo-payout” model, where only the bandit that halts (or

breaks) yields a reward to the controller. These solo payout

model bandits have a simple optimal policy. In Section 4, we

consider a collective-payout model (rewards from all bandits)

and derive equivalent (or bounding) solo-payout models. The

optimal solo-payout policy on the equivalent (or bounding)

model is then shown to give an equivalent reward to a simple

index policy on the collective-payout model, yielding a proof

of optimality. In Section 5, a number of alternative payout

models are introduced, and all are shown to be equivalent

to the solved collective-payout model. The classical Gittins

formulation is recovered herein. Some proofs, technical and

uninstructive, are relegated to Section 6.

2 PROBLEM FORMULATION

2.1 Probability framework

A controller is presented with a finite collection of N ≥ 2

probability spaces, (Ωi
, i,Pi,Fi), for 1 ≤ i ≤ N, rep-

resenting N environments in which experiments will be

performed or rewards collected—the “bandits,” or “projects.”

To each space, we associate an Fi
-adapted reward process

Xi = {Xi
t}t≥0. For t ∈ {0, 1, …}, we take Xi

t(= Xi
t(𝜔i)) ∈ R

to represent the reward (or state) attained from the ith ban-

dit on its tth activation. We denote the collection of these

processes as X.

Additionally, to each bandit, we associate an Fi
-stopping

time 𝜎i > 0, the “halting time” of the bandit, so that at the

𝜎i
th activation of bandit i, we take the bandit to be stopped,

and no longer capable of being activated. Note, 𝜎i
represents

the number of times bandit i can be activated, so the last acti-

vation of bandit i occurs at bandit-time 𝜎i − 1, and at bandit

time 𝜎i
, the bandit is permanently stopped. On every activa-

tion prior to halting, we assume there is a positive probability

of halting. We take the first of any bandit halting to halt the

entire decision process (game).

In what follows, we reserve the term “round” to differ-

entiate global controller time (denoted with s), when the

controller must decide which bandit to activate, from local

bandit times (denoted by t), indicating the current total activa-

tions of a given bandit. In each round, the controller activates

a bandit, advancing both its local time and the global time by

one time step. All bandits begin at local time 0, and advance

only on activation, that is, in every round unactivated bandits
remain frozen. As stated, the game halts upon the first halt-

ing of any bandit. The controller needs a control policy 𝜋,

that specifies, at each round s of global time, which bandit to

activate.

We embed these bandits in a larger product space

(Ω,,P) = (⊗N
i=1

Ωi
, ⊗N

i=1
 i, ⊗N

i=1
Pi), a standard

product-space construction, representing the environment

of the controller—aware information from all bandits. This

“global” probability space is necessary for making sure

processes at the controller level (e.g., the policy for bandit

activation) are well defined. This construction captures the

first key aspect of the model: the bandits are mutually inde-
pendent (e.g., Xi,Xj

are independent relative to P for i ≠ j).
Expectations relative to the local space, that is, bandit i, will

be denoted Ei
, while expectations relative to the global space

are simply E.
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COWAN ET AL. 641

Remark 1. We adopt the following notational

liberty, allowing a random variable Z defined

on a local space Ωi
to also be considered as a

random variable on the global space Ω, taking

Z(𝜔) = Z(𝜔i), where 𝜔 = (𝜔1, … , 𝜔N) ∈
Ω. Via this extension, we may take expectations

involving a process Xi
, or Fi

-stopping times, rel-

ative to P or Pi
, without additional notational

overhead.

We make the following assumptions.

Assumption 1. For each bandit i

E
i
[

sup

n≥0

|Xi
n|
]
< ∞. (1)

Assumption 2. For each bandit i the following

are true.

a) P
i(𝜎i < ∞) = 1, (2)

b) P
i(𝜎i = t + 1| i(t)) > 0, for all t < 𝜎i,

(Pi,P-a.e.). (3)

Remark 2. Note, the above assumptions, while

technical in statement, have natural interpreta-

tions: (2.a) each bandit will halt after finite acti-

vations, almost surely; (2.b) at any time prior to

halting, there is non-zero probability of halting

on the next activation.

A control policy 𝜋, is a stochastic process on (Ω,,P) that

specifies, at each round s of global time, which bandit to

activate and collect from, for example, 𝜋(s)(= 𝜋(s, 𝜔)) = i
activates bandit i at round s. We restrict attention to the set of

policies  defined to be non-anticipatory, that is, the choice

of which bandit to activate at round s does not depend on

outcomes that have not yet occurred, or information not yet

available.

A policy 𝜋 defines Ti
𝜋(s) the 𝜋-local time of bandit i just

prior to the sth round under it, that is, Ti
𝜋(0) = 0, and for s > 0,

Ti
𝜋(s) =

s−1∑
s′=0

1{𝜋(s′) = i}. (4)

Note, this gives as a result that at global time s, the sum of

all the local times must be s, that is,

T1
𝜋(s) + T2

𝜋(s) + … + TN
𝜋 (s) =

N∑
i=1

s−1∑
s′=0

1{𝜋(s′) = i}

=
s−1∑
s′=0

N∑
i=1

1{𝜋(s′) = i} =
s−1∑
s′=0

1 = s, (5)

where the inner sum reduces to 1 since exactly one bandit is

activated each round.

It is convenient to define the global time analog,

T𝜋(s) = T𝜋(s)
𝜋 (s) to denote the current 𝜋-local time of the

bandit activated at round s under policy 𝜋. This will allow us

to define concise global time analogs of several processes.

An important example of such a process is the global reward
process X𝜋 on (Ω,,P) defined as

X𝜋(s) = X𝜋(s)
T𝜋 (s)

,

giving the reward available from collection X under policy

𝜋, which is to be received if the game halts at round s.

To be able to translate between global time and local times,

when the controller operates according to a policy 𝜋, we

define the random variables Si
𝜋(t) to represent the round at

which bandit i is activated for the tth time, that is,

Si
𝜋(0) = inf{s ≥ 0 ∶ 𝜋(s) = i},

Si
𝜋(t + 1) = inf{s > Si

𝜋(t) ∶ 𝜋(s) = i}.
(6)

Utilizing this notation, we may define a global halting time
𝜎𝜋 , that is, the first round under policy 𝜋 at which one of the

bandits has halted, ending the game:

𝜎𝜋 = min
i
{Si

𝜋(𝜎i − 1)} + 1. (7)

Remark 3. To clarify the above definition, note

that Si
𝜋(0) is the time that a policy first activates

bandit i, advancing it from local time 0 to local

time 1. So Si
𝜋(𝜎i − 1) is the global time round at

which the policy 𝜋 advances bandit i from local

time 𝜎i − 1 to local time 𝜎i
, halting that bandit.

The expression above for 𝜎𝜋 therefore identifies

the first global round at which no further activa-

tions will be made, because one bandit has been

halted.

In what follows, for a given policy 𝜋, we take the final

reward the controller receives to be a function of the last

rewards of the game, generally a linear combination of

{Xi
Ti
𝜋
(𝜎𝜋 )

}1≤i≤N , or in the penultimate model a function of the

second to last rewards. To maximize her expected reward, in

every round the controller’s decision of which bandit to acti-

vate must balance not only the current rewards of each bandit,

but also the probability of halting that bandit and in doing so

ending the game—losing all potential future rewards.

2.2 Global information versus local information

One of the intricacies of the results to follow is in properly

distinguishing and determining what information is available

to the controller to act on at a given time. The following

statements are somewhat technical, but necessary for the pur-

pose of making sure all relevant processes are mathematically

well-defined, and that our control processes do not depend on

information they should not have access to. Ultimately, the

optimal policy results of Theorems 1 and 4 (essentially stating

the simplicity of the optimal policy) demonstrate that in the

optimal policy, any decision to activate a given bandit depends

only on information from other bandits individually, thus ren-

dering these filtrations unnecessary under an optimal policy.

However, these extended filtrations are a technical necessity

for the proof of Theorem 4.
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642 COWAN ET AL.

For each bandit i, the filtration Fi = { i(t)}t≥0

represents the progression of information available about that

bandit—the 𝜎-algebra  i(t) representing the local informa-

tion available about bandit i at local time t, such as (but not

limited to) the process history of Xi
. Taking Xi

as Fi
-adapted

as we do, we have 𝜎(Xi
0
,Xi

1
, … ,Xi

t) ⊂  i(t).
At round s, all information available to the controller is

determined by the state of each bandit at that round, that

is, acting under a given policy 𝜋 until round s, the global

information available at round s is given by the 𝜎-algebra

⊗N
i=1

 i(Ti
𝜋(s)). We may therefore refine the prior definition

of non-anticipatory policies to be the set of policies  such

that for each s ≥ 0, 𝜋(s) is measurable with respect to the

prior 𝜎-algebra, that is, determined by the information avail-

able at round s. Weaker definitions of non-anticipatory, such

as dependence on random events, for example, coin flips,

are addressed in Section 6. It is convenient to define the ini-

tial global 𝜎-algebra 0= ⊗N
i=1

 i(0), representing the initial

information available from each bandit, which is independent

of policy 𝜋.

Additionally, given a policy 𝜋, it is necessary to define a

set of policy-dependent filtrations in the following way: let

H
i
𝜋 = { i

𝜋(t)}t≥0, where  i
𝜋(t)= ⊗N

j=1
 j(Tj

𝜋(Si
𝜋(t))) repre-

sents the total information available to the controller about

all bandits, prior to the tth activation of bandit i under 𝜋. It

is indexed by the local time of bandit i, but at each time t
gives the current state of information of each bandit. Note

that, since Ti
𝜋(Si

𝜋(t)) = t, i
𝜋(t) contains the information avail-

able in  i(t). This filtration is necessary for expressing local

stopping times, that is, concerning Xi
, from the perspective

of the controller—Fi
-stopping times no longer suffice, since

the controller has access to information from all the other pro-

cesses as well. Note though, Fi
-stopping times may be viewed

as H
i
𝜋-stopping times, compare Remark 1.

Notation. When discussing stopping times, we will utiliz-

ing the following notation. For a general filtration J (e.g.,

J = Fi,Hi
𝜋), we denote by Ĵ(t) the set of all J-stopping times

strictly greater than t (Pi,P-a.e.). For a J-stopping time 𝜏, Ĵ(𝜏)
is similarly defined.

The following simple example illustrates the random vari-

ables we have defined in this section.

Example 1. Take N = 2 bandits, independent

geometric stopping times 𝜎i
with

P
i(𝜎i > t) = 𝛽 t

i , for t = 0, 1, …

for some constants 𝛽i ∈ (0, 1), i = 1, 2, and con-

sider a cyclic policy 𝜋1(t) = 1 for t = 0, 2, … ,

and 𝜋1(t) = 2 for t = 1, 3, … Under the pol-

icy 𝜋1
for any sample path for which 𝜎1 > 2 and

𝜎2 > 2 we will have:

Thus is easy to see that under 𝜋1
the expected

total reward received from the two bandits is

V𝜋1(X) = E
[
X1

0
+ 𝛽1X2

0
+ 𝛽1𝛽2X1

1
+ 𝛽2

1
𝛽2X2

1

+𝛽2

1
𝛽2

2
X1

2
+ · · ·

]
.

Note also that:

S1

𝜋1
(0) = inf{s > 0 ∶ 𝜋1(s) = 1} = 0, S1

𝜋1
(1) =

inf{s > S1

𝜋1
(0) ∶ 𝜋1(s) = 1} = 2, S1

𝜋1
(2) = 4

and

S2

𝜋1
(0) = inf{s > 0 ∶ 𝜋1(s) = 2} = 1, S2

𝜋1
(1) =

inf{s > S2

𝜋1
(0) ∶ 𝜋1(s) = 2} = 3 and so forth.

Finally note that under policy 𝜋1
on the event

{𝜎1 ≥ 2, 𝜎2 = 1} bandit 2 causes the game to

end at round s = 2 that is, the global halting
time is

𝜎𝜋1 = min{S1

𝜋1
(𝜎1 − 1), S2

𝜋1
(0)} + 1 = 1 + 1 = 2,

since S1

𝜋1
(𝜎1 − 1) ≥ S1

𝜋1
(1) = 2.

s T1
𝝅

1 T2
𝝅

1 𝝅
1(s) Reward Probability of not stopping at s

0 0 0 1 X1

0
𝛽1 = Pi(𝜎1 > 1)

1 1 0 2 X2

0
𝛽1𝛽2 = Pi(𝜎1 > 1, 𝜎2 > 1)

2 1 1 1 X1

1
𝛽2

1
𝛽2 = Pi(𝜎1 > 2, 𝜎2 > 1)

3 2 1 2 X2

1
𝛽2

1
𝛽2

2
= Pi(𝜎1 > 2, 𝜎2 > 2)

4 2 2 1 X1

2
𝛽3

1
𝛽2

2
= Pi(𝜎1 > 3, 𝜎2 > 2)

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

3 MAXIMIZING SOLO PAYOUTS:
NON-INCREASING REWARDS

In this section, we consider the problem of maximizing the

expected penultimate reward from the bandit that halts and

ends the game. That is, if a bandit is activated and halts,

stopping the game, the controller receives the reward that ban-

dit offered prior to its last activation. Additionally, in this

section, we assume that the reward processes of each ban-

dit are non-increasing. In fact, under this restriction, we may

even maximize the reward almost surely. This result, while

intuitive, acts as the basis of all future optimality results

herein.

We define the penultimate solo payout value of a policy 𝜋

as,

VPSP
𝜋 (X) = E[X𝜋(𝜎𝜋 − 1)|0]

=
N∑

i=1

E

[
1{i = 𝜋(𝜎𝜋 − 1)}Xi

Ti
𝜋
(𝜎𝜋−1)|0

]
.

(8)

Theorem 1 (A greedy, almost-sure result for

non-increasing solo payout processes). Given a
collection of reward processes X such that for
each i, Xi is almost surely non-increasing for t <
𝜎i

, there exists a policy 𝜋∗ ∈  such that for any
policy 𝜋 ∈  ,

X𝜋(𝜎𝜋 − 1) ≤ X𝜋∗ (𝜎𝜋∗ − 1) (P-a.e.). (9)

In particular, such a 𝜋∗ is given by the follow-
ing greedy rule: In each round s ≥ 0, activate
the bandit with the largest current value of Xi

,

that is,

𝜋∗(s) = arg maxi Xi
Ti
𝜋∗ (s)

.
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COWAN ET AL. 643

Proof. The proof proceeds by incremental

improvements on an arbitrary policy.

Let Xi
0
= maxj Xj

0
. Let 𝜋 ∈  be arbitrary, and

define S = Si
𝜋(0), the first round bandit i is acti-

vated under 𝜋. If i is never activated, we take S to

be infinite.

From 𝜋, we construct a policy 𝜋′ ∈  as fol-

lows: 𝜋′
activates bandits in the same order as 𝜋,

but it advances the first activation of bandit i from

round s = S to round s = 0. That is,

𝜋′(s) =
⎧⎪⎨⎪⎩

i for s = 0,

𝜋(s − 1) for s = 1, 2, … S,
𝜋(s) for s ≥ S + 1.

(10)

That is, after the initial round policy 𝜋′
activates

the bandit that policy 𝜋 activated in the previous

round, continuing this through the first round that

𝜋 activates bandit i, then making the same choice

in each round as does 𝜋. Policy 𝜋′
is well-defined

and in  , as at every round s, the information

available under 𝜋′
about each bandit is greater

than or equal to the information available under

𝜋 at that round.

We next compare the performance of these two

policies by cases.

In the case that 𝜎𝜋 > S + 1 (= Si
𝜋(0) + 1),

that is when the game halts under 𝜋 after the first

activation of bandit i, then there is no difference

between the rewards returned by either policy,

since both policies perform the same activations

after time S (sample path-wise).

Similarly, if 𝜎𝜋 = S + 1, that is 𝜋 halts due to
the first activation of bandit i, the reward returned

under 𝜋 is Xi
0
, and as bandit i halted on its first

activation, the reward returned under 𝜋′
is also

Xi
0
.

Finally the only situation in which 𝜋 and 𝜋′
dif-

fer in their returned rewards is when 𝜎𝜋 ≤ S and

𝜎i = 1.

Therefore, it follows from the above cases that:

X𝜋′ (𝜎𝜋′ − 1) − X𝜋(𝜎𝜋 − 1) = (X𝜋′ (𝜎𝜋′ − 1) − X𝜋(𝜎𝜋 − 1))
1{𝜎𝜋≤S}1{𝜎i=1}

= (Xi
0
− X𝜋(𝜎𝜋 − 1))

1{𝜎𝜋≤S}1{𝜎i=1}

≥ 0 (P-a.e.).
(11)

The last step follows taking Xi
0

as the ini-

tial largest reward, and that all bandits are

non-increasing.

It follows that advancing the activation of the

initial maximal bandit improves or at least does

not change the value of a policy. This same argu-

ment can be applied at every round that follows,

that is, at every round, activation of the current

initial maximal bandit is an improvement over

(or at least does not change the value) of any

other policy. Note, collisions may occur if at a

given round two bandits have equal rewards. This

may be resolved at the discretion of the con-

troller, such as by always taking the bandit with

the smaller index i.
As each bandit halts in a finite time, almost

surely, for sufficiently many greedy improve-

ments as outlined above, the resulting improve-

ment of any policy 𝜋 will return the same value

as the completely greedy strategy 𝜋∗
. Hence,

X𝜋∗ (𝜎𝜋∗ − 1) ≥ X𝜋(𝜎𝜋 − 1) (P-a.e.). (12)
▪

Remark 4. The Necessity of finite 𝜎i
. Note that

Assumption 2.a: 𝜎i < ∞ almost surely, for each

bandit i, is employed to exclude cases such as the

following, in which no optimal policy exists.

Consider two bandits, Bandit A offering a

potential reward of $100 in each time step, and

Bandit B offering a potential reward of $50 in

each time step. Further, suppose that PA(𝜎A <

∞) = 0.5, and 𝜎B = 1 almost surely—that is,

Bandit B halts after its first activation.

This choice of 𝜎B
implies that any policy on

these bandits may be described in the following

way: for any a.s. finite FA
-stopping time 𝜏 ≥ 0, 𝜋𝜏

activates Bandit A until 𝜏, then Bandit B, ending

the game. The value of such a policy is given by

VPSP
𝜋𝜏

(A,B) = $100 P
A(𝜎A < 𝜏) + $50 P

A(𝜎A ≥ 𝜏) ≤ 75.

(13)

This upper bound may be achieved within an

arbitrary amount by choosing a finite, sufficiently

large 𝜏—the larger the 𝜏, the closer to achieving

the upper bound. However, taking 𝜏 to be infinite,

the $100 is only collected with probability 0.5,

and Bandit B is never activated at all, yielding a

total expected value of $100 × 0.5 = $50 < $75.

In this case, there exist 𝜖-optimal policies, but

no optimal policy. This phenomenon appears in

all versions of the problems discussed herein

and its investigation is an avenue of interesting

additional research.

4 MAXIMIZING COLLECTIVE PAYOUTS

In this section, we consider a model where rewards are col-

lective, that is, received from all bandits, at the halting of the

game. Thus, the expected collective payout value of a policy

𝜋 is

VCP
𝜋 (X) =

N∑
i=1

E

[
Xi

Ti
𝜋
(𝜎𝜋 )

|0

]
. (14)
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644 COWAN ET AL.

In the following subsections, we develop a policy 𝜋∗ ∈ 

such that for all 𝜋 ∈  ,

VCP
𝜋 (X) ≤ VCP

𝜋∗ (X)(P-a.e.). (15)

Remark 5. For algebraic convenience in the

remainder of this section we take Xi
0

= 0 for

all i. For a more arbitrary reward processes {X̂i},

recall that the initial X̂i
0 are taken to be constant

and known at the initial round by assumption.

Hence, defining Xi
t = X̂i

t − X̂i
0, maximizing the

total expected reward from the {X̂i} processes

is equivalent to maximizing the total expected

reward from the {Xi} processes.

4.1 Block values

This section introduces a way of considering the “value” of a

set of activations of a bandit. The “true” value of a decision

to activate a bandit is not simply the potential reward gained

through that decision, but instead it must balance the immedi-

ate potential reward with the incurred risk of halting the game

through that decision, and the resulting loss of potential future

rewards.

For each bandit i, for a given policy 𝜋 we define 𝜏 i
𝜋 to be

the first activation of bandit i that does not occur under 𝜋.

That is,

𝜏 i
𝜋 = min{t ≥ 0 ∶ Si

𝜋(t) ≥ 𝜎𝜋}. (16)

Note, the above makes use in its definition of 𝜋 “after the halt-

ing time 𝜎𝜋 ,” but we simply mean to observe here that at the

global halting time, we can observe what the next activation

of each bandit would have been—this is 𝜏 i
𝜋 .

With this, we state the following definitions.

Definition 1 (Process blocks and their values).

Given times t′ < t′′ with t′ < 𝜎i
, and a policy

𝜋 ∈  with Si
𝜋(t′) < 𝜎𝜋 :

1 The solo-payout value of the [t′, t′′)—block
of Xi

as:

𝜌i(t′, t′′) =
Ei
[
Xi
𝜎i∧t′′ − Xi

t′
||| i(t′)

]

Pi
(

t′ < 𝜎i ≤ t′′||| i(t′)
) . (17)

2 The 𝜋-value of the [t′, t′′)—block of Xi
as:

𝜈i
𝜋(t′, t′′) =

E

[
Xi

Ti
𝜋
(𝜎𝜋 )∧t′′ − Xi

t′
||| i

𝜋(t′)
]

P

(
t′ < 𝜎i ≤ 𝜏 i

𝜋 ∧ t′′||| i
𝜋(t′)

) .
(18)

Remark 6. Due to Equation (3) compare

Assumption 2, the denominators of both block

values are non-zero. The above quantities are all

measurable with respect to the indicated 𝜎-fields,

and finite (Pi,P-a.e.), due to Equation (1)

compare Assumption 1.

Notionally, 𝜌i
can be thought of as the value of a block under

consecutive activation, while 𝜈i
𝜋 is, correspondingly, the value

of a block potentially “diluted” or broken up by activations of

other bandits under 𝜋. The denominator of 𝜈i
𝜋 may be inter-

preted as the probability that the game halts due to bandit i,
halting during activation of the [t′, t′′)-block.

Remark 7. The above might be justified as the

“value” of a block of activations in the following

way: even if the incremental reward gained due

to an activation block (the numerators) is small,

if the probability of halting due to those acti-

vations (the denominators) is sufficiently small,

there is very little risk in attempting to gain that

increment through that activation. In fact, there

might be more to gain in such a case than if

the incremental reward were slightly larger, but

the probability of halting were also larger. The

above values captures this trade-off between risk

of halting and reward gained.

The following theorem illustrates the relationship between

𝜌i
and 𝜈i

𝜋 , essentially stating that the value of any block under

some policy 𝜋 is at most the value of some block activated

consecutively.

Theorem 2 (Block value comparison). For
bandit i under policy 𝜋, for any time t0 such
that Si

𝜋(t0) < 𝜎𝜋 , the following holds for any
H

i
𝜋-stopping time 𝜏 with t0 < 𝜏:

𝜈i
𝜋(t0, 𝜏) ≤ ess sup

𝜏∈F̂
i(t

0
)
𝜌i(t0, 𝜏)(P-a.e.). (19)

Proof. Note that it follows from Equations (1),

(3) that the essential supremum is finite

(P-a.e.).
For each bandit i and any 𝜋 ∈  , it can be

shown by cases (whether the game does or does

not halt due to an activation of i) that Ti
𝜋(𝜎𝜋) =

𝜎i ∧ 𝜏 i
𝜋 .

Therefore, for a given 𝜏 ∈ Ĥ
i
𝜋(t0),

𝜈i
𝜋(t0, 𝜏) =

E

[
Xi
𝜎i∧𝜏 i

𝜋
∧𝜏 − Xi

t
0

||| i
𝜋(t0)

]

P

(
t0 < 𝜎i ≤ 𝜏 i

𝜋 ∧ 𝜏
||| i

𝜋(t0)
)

=
E

[
Xi
𝜎i∧(𝜏 i

𝜋
∧𝜏) − Xi

t
0

||| i
𝜋(t0)

]

P

(
t0 < 𝜎i ≤ (𝜏 i

𝜋 ∧ 𝜏)||| i
𝜋(t0)

)

≤ ess sup

𝜏∈Ĥ
i
𝜋
(t

0
)

E

[
Xi
𝜎i∧𝜏 − Xi

t
0

||| i
𝜋(t0)

]

P

(
t0 < 𝜎i ≤ 𝜏

||| i
𝜋(t0)

) (P-a.e.). (20)

The last step above follows as, given that 𝜏 i
𝜋 and 𝜏

are both in Ĥ
i
𝜋(t0) by assumption, so too is 𝜏 i

𝜋 ∧𝜏,
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COWAN ET AL. 645

and the term on the right hand side is the ess sup

over all such stopping times.

Defining a “global” 𝜋-analog of 𝜌i
,

𝜌i
𝜋(t′, t′′) =

E

[
Xi
𝜎i∧t′′ − Xi

t′
||| i

𝜋(t′)
]

P

(
t′ < 𝜎i ≤ t′′||| i

𝜋(t′)
) , (21)

we have the following relations:

𝜈i
𝜋(t0, 𝜏) ≤ ess sup

𝜏∈Ĥ
i
𝜋
(t

0
)
𝜌i
𝜋(t0, 𝜏) ≤ ess sup

𝜏∈F̂
i(t

0
)
𝜌i(t0, 𝜏)(P-a.e.).

(22)

The first inequality above is simply a restate-

ment of Equation (20). The second inequality, the

exchange from H
i
𝜋-stopping times to Fi

-stopping

times, is intuitive: as the Xi
process and 𝜎i

are

independent of the non-i bandits, information

about those independent bandits (through the

H
i
𝜋-stopping times) cannot assist in maximizing

the quotient. Rigorously, this amounts to integrat-

ing out the independent bandits; this is done in

detail as Proposition 1. ▪

Proposition 1. For bandit i under policy 𝜋, for
any time t0 such that Si

𝜋(t0) < 𝜎𝜋 , the following
holds:

ess sup

𝜏∈Ĥ
i
𝜋
(t

0
)
𝜌i
𝜋(t0, 𝜏) ≤ ess sup

𝜏∈F̂
i(t

0
)
𝜌i(t0, 𝜏)(P-a.e.). (23)

See Section 6 for its proof.

The following proposition provides, using 𝜌i
and 𝜈i

𝜋 , expres-

sions for the incremental reward gained through consecutive

or under 𝜋 activation of a block.

Proposition 2. For each bandit i, the following
relations hold for any Fi

-stopping times 𝜏′ < 𝜏′′

where the quantities are well defined. Equality
also holds when conditioning with respect to the
initial information,  i(0), 0 respectively via the
tower property.

E
i
[
Xi
𝜎i∧𝜏′′ − Xi

𝜏′
||| i(𝜏′)

]

= E
i

[
𝜏′′−1∑
t=𝜏′

𝜌i(𝜏′, 𝜏′′)1{𝜎i=t+1}
||| i(𝜏′)

]
, (24)

E

[
Xi

Ti
𝜋
(𝜎𝜋 )∧𝜏′′

− Xi
𝜏′
||| i

𝜋(𝜏′)
]

= E

[
𝜏′′−1∑
t=𝜏′

𝜈i
𝜋(𝜏′, 𝜏′′)1{𝜎𝜋=Si

𝜋
(t)+1}

||| i
𝜋(𝜏′)

]
. (25)

Proof. The above equations follow directly from

Equations (17), (18), observing the following

relations:

P
i
(

t′ < 𝜎i ≤ t′′||| i(t′)
)
= E

i

[t′′−1∑
t=t′

1{𝜎i=t+1}
||| i(t′)

]
,

P

(
t′ < 𝜎i ≤ 𝜏 i

𝜋 ∧ t′′||| i
𝜋(t′)

)

= E

[t′′−1∑
t=t′

1{𝜎𝜋=Si
𝜋
(t)+1}

||| i
𝜋(t′)

]
. (26)

▪

4.2 Solo payout indices and times

Theorem 2 indicates the significance of the following quan-

tity.

Definition 2 (The Solo-Payout Index). For any

t < 𝜎i
, the incremental Solo-Payout Index at t is

defined to be

𝜌i(t) = ess sup

𝜏∈F̂
i(t)

𝜌i(t, 𝜏). (27)

This index can be interpreted as the maximal quo-

tient of “incremental reward” over “probability of termina-

tion/halting” as in Equation (17). Sonin (2011) defined this

index for the case of finite state Markov chain reward pro-

cesses, in order to provide an efficient computation of the

Gittins indices of all states.

The following result demonstrates that 𝜌i(t) is realized as

the value of some block from time t, that is, for some 𝜏 > t,
𝜌i(t) = 𝜌i(t, 𝜏)(Pi

-a.e.). As such, 𝜌i(t) represents the maximal
block value achievable from process i from time t.

Proposition 3. For any time t0 < 𝜎i
, there exists

a 𝜏 ∈ F̂
i
(t0) such that 𝜌i(t0) = 𝜌i(t0, 𝜏)(Pi

-a.e.).

The proof is relegated to Section 6, since it specialized and

not the focus of this article.

The solo-payout indices and their realizing blocks provide

a natural time scale with which to view a process, in terms of

a sequence of blocks. In particular, we define the following

sequence:

Definition 3 (Solo-Payout Index Times).

Define a sequence of Fi
-stopping times {𝜏 i

k}k≥0

in the following way, that 𝜏 i
0
= 0, and for k > 0,

𝜏 i
k+1

= arg ess sup{𝜌i(𝜏 i
k, 𝜏) ∶ 𝜏 ∈ F̂

i
(𝜏 i

k)}. (28)

In the case that 𝜏 i
k = 𝜎i

for some k, then 𝜏 i
k′ is taken to

be infinite for all k′ > k. In the case that 𝜏 i
k < 𝜎i

, we

have that 𝜌i(𝜏 i
k) = 𝜌i(𝜏 i

k, 𝜏
i
k+1

). The question of whether the

“arg ess sup” exists is resolved in the positive by Proposi-

tion 3; if there is more than one stopping time that attains the

“arg ess sup,” we take 𝜏 i
k+1

to be the one demonstrated by the

application of Lemma 1 in the proof of Proposition 3.

Using this sequence of stopping times, we partition the

local process times Ni = {0, 1, 2, …} into

N
i = [0, 𝜏 i

1
) ∪ [𝜏 i

1
, 𝜏 i

2
) ∪ [𝜏 i

2
, 𝜏 i

3
) ∪ … .

One important property of this partition is the following:
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Proposition 4 (Solo-Payout Indices are

Non-Increasing over Index Times). For any
k > 0 such that 𝜏 i

k < 𝜎i
, the following is true:

𝜌i(𝜏 i
k−1

) ≥ 𝜌i(𝜏 i
k)(P

i
-a.e.).

For intuition, recall the {𝜏 i
k}k are meant to realize succes-

sively the maximal indices of the process {Xi
t}t. If 𝜌i(𝜏 i

k−1
) =

𝜌i(𝜏 i
k−1

, 𝜏 i
k) < 𝜌i(𝜏 i

k), the index from 𝜏 i
k−1

may be increased by

taking a block that extends from 𝜏 i
k−1

past 𝜏 i
k. This contradicts

the idea of the {𝜏 i
k}k as realizing the maximal indices. The

proof is relegated to Section 6, as technical, and not the focus

of this article.

4.3 Equivalent solo payout processes

For each bandit, we have developed a partition of local time

into blocks of activations via the solo payout index stopping

times. With Proposition 2 in mind, we use these blocks to

define a set of reward equivalent penultimate solo payout

processes, and 𝜋-equivalent solo payout processes.

Definition 4. Given the collection of reward

processes X = (X1, … ,XN), and {𝜏 i
k}k≥0 for

each i as in Definition 3, we define:

1 The reward-equivalent solo payout collec-

tion YX = (Y1, … , YN) by

Yi(t) = 𝜌i(𝜏 i
k), if 𝜏 i

k ≤ t < 𝜏 i
k+1

. (29)

2 For 𝜋 ∈  , the 𝜋-equivalent solo payout
collection Y

X
𝜋 = (Y1

𝜋, … , YN
𝜋 ), by

Yi
𝜋(t) = 𝜈i

𝜋(𝜏 i
k, 𝜏

i
k+1

), if 𝜏 i
k ≤ t < 𝜏 i

k+1
.

(30)

Like Xi
, the process Yi

is defined on (Ωi
, i,Pi,Fi) and is

Fi
-adapted, as the 𝜌i(𝜏 i

k) is defined by the information avail-

able locally at time 𝜏 i
k. However, as the 𝜈i

𝜋(𝜏 i
k, 𝜏

i
k+1

) depend on

the specifics of policy 𝜋, so do the Yi
𝜋 processes; the Yi

𝜋 pro-

cesses are H
i
𝜋-adapted, but not Fi

-adapted. Note, Yi
is only

really defined for t < 𝜎i
, and Yi

𝜋 is only defined for t such

that Si
𝜋(t) < 𝜎𝜋 . However, since no rewards are collected

from bandit i after these times, this lack of definition is of no

consequence.

The following are simple, but important properties of the

YX ,YX
𝜋 processes.

Proposition 5. For 𝜋 ∈  , for each i, and any k
where the following quantities are defined,

E
i
[
Xi
𝜎i∧𝜏 i

k+1

− Xi
𝜏 i

k

||| i(𝜏 i
k)
]

= E
i
⎡⎢⎢⎣
𝜏 i

k+1
−1∑

t=𝜏 i
k

Yi(t)1{𝜎i=t+1}
||| i(𝜏 i

k)
⎤⎥⎥⎦
, (31)

E

[
Xi

Ti
𝜋
(𝜎𝜋 )∧𝜏 i

k+1

− Xi
𝜏 i

k

||| i
𝜋(𝜏 i

k)
]

= E

⎡⎢⎢⎣
𝜏 i

k+1
−1∑

t=𝜏 i
k

Yi
𝜋(t)1{𝜎𝜋=Si

𝜋
(t)+1}

||| i
𝜋(𝜏 i

k)
⎤⎥⎥⎦
. (32)

As with Proposition 2, equality also holds when
conditioning with respect to  i(0),0.

Proof. This follows as an application of Proposi-

tion 2 and the definitions of Yi
, Yi

𝜋 . ▪

The following proposition serves as justification of the term

“equivalent” in describing the YX ,YX
𝜋 collections.

Proposition 6. For each i, for any policy 𝜋 ∈  ,

E
i
[
Xi
𝜎i
||| i(0)

]
= E

i
[
Yi(𝜎i − 1)||| i(0)

]
, (33)

E

[
Xi

Ti
𝜋
(𝜎𝜋 )

|||0

]
= E

[
1{i=𝜋(𝜎𝜋−1)}Yi

𝜋(Ti
𝜋(𝜎𝜋 − 1))|||0

]
. (34)

Proof. Each follows from the corresponding

equation in Proposition 5, summing over k and

taking expectations from the initial time, via the

tower property. On the right hand sides, the Xi

terms telescope in the sum, and Xi
0

is taken to be

0. On the left hand sides, the sums over Y may be

expressed as single terms, due to the indicators.▪

Proposition 7. For each i, and any time t > 0

such that Yi(t) is well defined,

Yi(t − 1) ≥ Yi(t)(Pi
-a.e.). (35)

Proof. This follows immediately from Proposi-

tion 4, and Definition 4.1. ▪

Theorem 3 (Comparison of Equivalent,

π-Equivalent Solo Payout Processes). For any
𝜋 ∈  , for each i and all time t where both are
defined, we have:

Yi
𝜋(t) ≤ Yi(t) (P-a.e.). (36)

Proof. For such a t, we have for some k that 𝜏 i
k ≤

t < 𝜏 i
k+1

, and as an application of Theorem 1,

Yi
𝜋(t) = 𝜈i

𝜋(𝜏 i
k, 𝜏

i
k+1

) ≤
ess sup

𝜏′∈Ĥ
i
𝜋
(𝜏 i

k)
𝜈i
𝜋(𝜏 i

k, 𝜏
′) ≤ ess sup

𝜏∈F̂
i(𝜏 i

k)
𝜌i(𝜏 i

k, 𝜏)

= 𝜌i(𝜏 i
k) = Yi(t) (P-a.e.). (37)

Note in the above that the first and the last rela-

tions are just definitions, the second follows natu-

rally by comparing one instance of the function to

an ess sup of the same function, the third is due

to Theorem 2, the fourth is due to the definition

of the 𝜌i
function. ▪
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COWAN ET AL. 647

4.4 The optimal policy

The derivation of the optimal control policy for an arbitrary

collection of reward processes X under a collective reward

structure is all but immediate now.

Theorem 4 (The Optimal Collective Payout

Control Policy). For a collection of reward pro-
cesses X = (X1,X2, … ,XN), and the associated
stopping times {𝜎i}i=1,… ,N , there exists a strategy
𝜋∗ ∈  such that for all 𝜋 ∈  ,

VCP
𝜋 (X) ≤ VCP

𝜋∗ (X)(P-a.e.). (38)

In particular, such an optimal policy 𝜋∗ can
be described in the following way: successively
activate the bandit with the largest current solo
payout index,

𝜌i(t) = ess sup

𝜏∈F̂
i(t)

Ei
[
Xi
𝜎i∧𝜏 − Xi

t
||| i(t)

]

Pi
(

t < 𝜎i ≤ 𝜏
||| i(t)

) , (39)

for the duration of the corresponding index block.

Before giving the proof of this theorem, we give a corol-

lary, which gives a useful alternative characterization of the

policy 𝜋∗
.

Corollary 1. An alternative characterization of
the policy 𝜋∗ in Theorem 4 is the following: at
every round, activate the bandit with the largest
current solo payout index.

Proof. From Theorem 4, it follows that the

optimal first activation is to activate a bandit

with the largest current solo payout index. If

that activation does not halt the bandit and end

the game, the controller is faced with a struc-

turally identical decision problem. It follows that

again, the optimal activation is to activate a ban-

dit with the largest current solo payout index.

This argument may be iterated until halting,

which will occur in finite time by assumption

on the {𝜎i}. ▪

Proof of Theorem 4. For an arbitrary policy 𝜋,

and 𝜋∗
as indicated above, we establish the fol-

lowing relations:

VCP
𝜋 (X) = VPSP

𝜋 (YX
𝜋 ) ≤ VPSP

𝜋 (YX) ≤ VPSP
𝜋∗ (YX)

= VCP
𝜋∗ (X)(P-a.e.), (40)

that is, for any policy 𝜋, we have that VCP
𝜋 (X) ≤

VCP
𝜋∗ (X)(P-a.e.) and therefore 𝜋∗

is an optimal

policy.

In the following steps we prove relations (40).

Step 1: VCP
𝜋 (X) = VPSP

𝜋 (YX
𝜋 ), (P-a.e.).

We have, via Proposition 6, Equation (34),

VCP
𝜋 (X) =

N∑
i=1

E

[
Xi

Ti
𝜋
(𝜎𝜋 )

|||0

]

=
N∑

i=1

E

[
1{i=𝜋(𝜎𝜋−1)}Yi

𝜋(Ti
𝜋(𝜎𝜋 − 1))|||0

]

= VPSP
𝜋 (YX

𝜋 ).

Note, because the Yi
𝜋 processes are defined in

terms of 𝜋, they are not Fi
-adapted, and can-

not be utilized under any other policy. However,

the value VPSP
𝜋 (YX

𝜋 ) is well defined via the above

equation.

Step 2: VPSP
𝜋 (YX

𝜋 ) ≤ VPSP
𝜋 (YX)(P-a.e.).

This follows from the point-wise inequality of

Theorem 3, Yi
𝜋(t) ≤ Yi(t) for all t. Note that for

any t where Yi
𝜋(t) is not defined, the tth activation

of i does not occur under 𝜋, and no comparison

is necessary.

Step 3: VPSP
𝜋 (YX) ≤ VPSP

𝜋∗ (YX)(P-a.e.).
This follows simply from Theorem 1 as, by

construction, the terms of each Yi
process are

equal to the solo payout indices of Xi
, piecewise

constant over blocks, and non-increasing.

Step 4: VPSP
𝜋∗ (YX) = VCP

𝜋∗ (X)(P-a.e.).
Note that 𝜋∗

activates bandits consecutively

over the duration of their index blocks. For a

given i, define

k∗i = min
k≥0

{Si
𝜋∗ (𝜏 i

k) ≥ 𝜎𝜋}, (41)

the first block of i that is not activated under 𝜋∗
.

Note then that for each i, we have the following

relation

Ti
𝜋∗ (𝜎𝜋∗ ) = 𝜎i ∧ 𝜏 i

k∗i
. (42)

Expressing the value of policy 𝜋∗
relative to

activations over blocks, and utilizing the tower

property, we have the following equivalences:

VPSP
𝜋∗ (YX) =

N∑
i=1

∞∑
k=0

E

⎡⎢⎢⎣
1{k∗i >k}

𝜏 i
k+1

−1∑
t=𝜏 i

k

Yi(t)1{𝜎i=t+1}
|||0

⎤⎥⎥⎦
=

N∑
i=1

∞∑
k=0

E

⎡⎢⎢⎣
1{k∗i >k}E

⎡⎢⎢⎣
𝜏 i

k+1
−1∑

t=𝜏 i
k

Yi(t)1{𝜎i=t+1}
||| i

𝜋(𝜏 i
k)
⎤⎥⎥⎦
|||0

⎤⎥⎥⎦
=

N∑
i=1

∞∑
k=0

E

[
1{k∗i >k}E

[
Xi
𝜎i∧𝜏 i

k+1

− Xi
𝜏 i

k

||| i
𝜋(𝜏 i

k)
]|||0

]

=
N∑

i=1

E

[
Xi
𝜎i∧𝜏 i

k∗i

− Xi
0

|||0

]

=
N∑

i=1

E

[
Xi

Ti
𝜋∗ (𝜎𝜋∗ )

|||0

]
= VCP

𝜋∗ (X). (43)
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648 COWAN ET AL.

Note the exchange over blocks of the Yi

rewards for the Xi
rewards is due to Proposition 5,

Equation (31), taking the extension to  i
𝜋∗ (𝜏 i

k) in

place of  i(𝜏 i
k). ▪

Remark 8. The above theorem demonstrates a

policy 𝜋∗ ∈  that is P-a.e. superior (or equiva-

lent) to every other policy 𝜋 ∈  . However, the

set of non-anticipatory policies  was defined in

a fairly restrictive sense in Section 2.2, so that

the decision in any round was completely deter-

mined by the results of the past. This might be

weakened to allow for randomized policies, so

that the decision in a given round might depend

on the results of independent events, for example,

coin flips. However, such a construction simply

amounts to placing a distribution on  . Since 𝜋∗

is P-a.e. superior to any 𝜋 ∈  , 𝜋∗
would be sim-

ilarly superior to any policy sampled randomly

from  .

The structure of the proof of Theorem 4 above is based on

deriving an optimality result for the collective payout model

by reducing it to an instance of the a solo payout model.

It suggests an interesting correspondence between the two.

Under the collective payout model, in any period the con-

troller wishes to achieve via bandit activation high collective

rewards of all bandits on halting. Under a solo payout model,

in any period the controller wishes to achieve via bandit acti-

vation high rewards of a given bandit on halting. However,

since (under either model) the controller can only activate

one bandit at a time, under the collective payout model the

controller essentially seeks in every period to maximize the

change in collective reward due to a single bandit should
that bandit halt, or equivalently to maximize the change in

reward of that single bandit should that bandit halt. The col-

lective payout model can therefore be cast as a penultimate

solo payout model, where the payout on halting is based on

the change in reward of the activated bandit rather than the

final collective rewards of all bandits. This can be further

seen in the following section, where optimal index policies

for the general (penultimate and ultimate) solo payout model

are given.

5 ADDITIONAL PAYOUT SCHEMES

Utilizing the results of the previous section, we next pro-

vide index policies for optimizing the rewards/costs from a

number of additional payout models, by reducing them to

the collective payout model compare Equation (14) of the

previous section, and utilizing Theorem 4. We construct the

models below, specified by different ways in which rewards

are received and/or costs are paid. We note that analogous

results can be obtained for the penultimate solo payout model

without the monotonicity restriction of Section 3 on the

underlying reward processes. They are omitted for brevity.

1. The Ultimate Solo Payout model (SP). In this

model, the controller aims to maximize the

expected final reward from the bandit that halts the

game, that is, the value of a policy 𝜋 is defined as,

VSP
𝜋 (X) = E[X𝜋(𝜎𝜋)|0]

=
N∑

i=1

E

[
1{i=𝜋(𝜎𝜋−1)}Xi

Ti
𝜋
(𝜎𝜋 )

|0

]
. (44)

2. The non-halting cost model (NH). In this model,

the controller pays a cost based on the bandits that

did not halt the game, and wishes to minimize this

expected cost. The halting cost of a policy 𝜋 is

VNH
𝜋 (X) = E

[ ∑
i≠𝜋(𝜎𝜋−1)

Xi
Ti
𝜋
(𝜎𝜋 )

|0

]

=
N∑

i=1

E

[
1{i≠𝜋(𝜎𝜋−1)}Xi

Ti
𝜋
(𝜎𝜋 )

|0

]
. (45)

3. The total profit model (TP). In this model to each

bandit i we associate a reward process {Ri
t}t≥0 and a

cost process {Ci
t}t≥0. The controller gains a reward

from the bandit that halts the game, and pays a cost

for each bandit that does not halt. The controller

wishes to maximize her expected total profit, that

is, the value of a policy 𝜋 is now defined as,

VTP
𝜋 (R,C) =

N∑
i=1

E

[
1{i=𝜋(𝜎𝜋−1)}Ri

Ti
𝜋
(𝜎𝜋 )

−1{i≠𝜋(𝜎𝜋−1)}Ci
Ti
𝜋
(𝜎𝜋 )

|0

]
. (46)

4. The cumulative collective payout (CCP) model and

the Gittins index. In this model, the controller gains

a bandit’s current reward each time that bandit is

chosen to be activated. Bandits that are never acti-

vated give no rewards. The controller wishes to

maximize her expected total payout, that is, the

value of a policy 𝜋 is now defined as,

VCCP
𝜋 (X) =

N∑
i=1

E

⎡⎢⎢⎣
Ti
𝜋
(𝜎𝜋 )−1∑
t=0

Xi
t
|||0

⎤⎥⎥⎦
. (47)

Note, in the above expressions we take empty sums

to be 0.

For all these models, we will provide an index policy to

maximize the corresponding value function as follows.

1. For the SP model, define a collection of reward

processes Z = {Zi}1≤i≤N by for each i, each t ≥ 0,

Zi
t = 1{𝜎i=t}Xi

t . (48)

Notice that at round 𝜎𝜋 , Zi
t = 0 for all bandits that

did not halt the game, and Zi
t = Xi

𝜎i for the bandit
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COWAN ET AL. 649

that did halt the game. Hence the collective pay-

out under Z is equal to the solo payout under X,

VCP
𝜋 (Z) = VSP

𝜋 (X). Applying Theorem 4, the opti-

mal policy for the collective payout under Z yields

an optimal policy for the solo payout under X, and

it is given by a policy that always activates bandits

according to the maximum solo payout index:

𝜌i
SP(t) = ess sup

𝜏∈F̂
i(t)

Ei
[
1{𝜏≥𝜎i}Xi

𝜎i
||| i(t)

]

Pi
(

t < 𝜎i ≤ 𝜏
||| i(t)

) . (49)

It is interesting to observe that the policy based

on the above index has a very natural interpreta-

tion, viewing the index as the maximal conditional

expected payout of a bandit on its halting, that

is, the policy always activates the bandit with the

largest potential payout—should it pay out. Addi-

tionally, comparing the above index to the optimal

index for the collective payout model, it is clear

that the collective payout index emphasizes the

“change in reward on halting” of a single bandit,

while the solo payout index emphasizes only the

final reward of a single bandit on halting. This

again highlights the correspondence between these

two models, as discussed at the end of Section 4.4.

2. We reduce the non-halting cost model, to the col-

lective payout model in the following way. Define

a collection of reward processes Z = {Zi}1≤i≤N by

for each i, each t ≥ 0,

Zi
t = −1{𝜎i≠t}Xi

t . (50)

Notice that at round 𝜎𝜋 , if bandit i was activated

to halt the game (i.e., 𝜋(𝜎𝜋 − 1) = i), Equation

(50) implies that Zi
t = 0 and Zj

t = −Xj
t , for j ≠ i.

Hence, the collective payout under Z is equal to

the negative of the halting cost under X: VCP
𝜋 (Z) =

−VNH
𝜋 (X); it follows that maximizing the collective

payout under Z minimizes the halting cost under

X. Applying Theorem 4, the optimal policy for the

collective payout under Z yields an optimal pol-

icy for the non-halting cost model under X, and it

is given by a policy that always activates bandits

according to the minimum non-halting cost index:

𝜌i
NH(t) = ess sup

𝜏∈F̂
i(t)

Ei
[
1{𝜎i>𝜏}Xi

𝜏 − Xi
t
||| i(t)

]

Pi
(

t < 𝜎i ≤ 𝜏
||| i(t)

) .

(51)

3. For the total profit model (TP) model, in order to

provide an index policy to maximize its value func-

tion, we reduce it to the collective payout model

in the following way. Define a collection of reward

processes Z = {Zi}1≤i≤N by for each i, each t ≥ 0,

Zi
t = 1{𝜎i=t}Ri

t − 1{𝜎i≠t}Ci
t. (52)

Notice that at round 𝜎𝜋 , Zi
t = −Ci

t for all bandits

that did not halt the game, and Zi
t = Ri

t for the

bandit that did halt the game. Hence the collec-

tive payout under Z is equal to the collective profit

solo payout under (R,C), VCP
𝜋 (Z) = VTP

𝜋 (R,C),
compare Equation (14). Thus, as before, the opti-

mal policy for the collective payout under Z

yields an optimal policy for the total profit under

(R,C), given by a policy that always activates

bandits according to the maximum total profit
index:

𝜌i
TP(t) = ess sup

𝜏∈F̂
i
(t)

Ei
[
1{𝜎i≤𝜏}Ri

𝜎i − 1{𝜎i>𝜏}Ci
𝜏 + Ci

t
||| i(t)

]

Pi
(

t < 𝜎i ≤ 𝜏
||| i(t)

) .

(53)

4. For the CCP model the controller gains a bandit’s

current reward each time that a bandit is chosen to

be activated. Bandits that are not activated give no

rewards. To provide an index policy to maximize

this value function, we reduce it to the collec-

tive payout model, in the following way. Define a

collection of reward processes Z = {Zi}1≤i≤N by

Zi
t =

t−1∑
t′=0

Xi
t′ , for each i, eacht ≥ 0. (54)

It follows easily that the collective payout model

value under Z is equal to the collective cumulative

payout under X, that is, VCP
𝜋 (Z) = VCCP

𝜋 (X). Thus,

applying Theorem 4, the optimal policy for the col-

lective payout under Z yields an optimal policy for

the collective cumulative payout under X, given

by a policy that always activates bandits accord-

ing to the maximum collective cumulative payout
index:

𝜌i
CCP(t) = ess sup

𝜏∈F̂
i(t)

Ei
[∑𝜎i∧𝜏−1

t′=t Xi
t′
||| i(t)

]

Pi
(

t < 𝜎i ≤ 𝜏
||| i(t)

) . (55)

This extension of the collective payout model is

interesting in its own right, because it allows us to

readily recover and provide new simple proofs for

the classic result of Gittins (1979) and the recent

results in Cowan and Katehakis (2015).

Indeed, consider the case in which each time the controller

activates a bandit, all future expected rewards are effectively

discounted by a factor equal to the probability of that decision

not halting the game.

In the special case that each halting time 𝜎i > 0 is a geo-

metric random variable with a constant parameter 0 < 𝛽 < 1,

independent of the reward processes X, that is, Pi(𝜎i = t +
1| i(t)) = 1 − 𝛽. This results in every activation discounting

all future rewards by a factor of 𝛽.
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650 COWAN ET AL.

It is easy to see that

VCCP
𝜋 (X) =

N∑
i=1

E

⎡⎢⎢⎣
Ti
𝜋
(𝜎𝜋 )−1∑
t=0

Xi
t
|||0

⎤⎥⎥⎦
= E

[ ∞∑
s=0

𝛽sX𝜋(s)
|||0

]
.

(56)

It follows from Equation (56), that maximizing the VCCP
𝜋 (X)

under this model (with Pi(𝜎i = t + 1| i(t)) = 1 − 𝛽, for all t
and all i) is then equivalent precisely the framework outlined

by Gittins (1979), that is, total expected discounted reward of

X for a constant discount factor 𝛽. In this case, the collective

cumulative payout index reduces to

𝜌i
CCP(t) = ess sup

𝜏∈F̂
i(t)

Ei
[∑𝜏−1

t′=t𝛽
t′−tXi

t′
||| i(t)

]

Ei
[
1 − 𝛽𝜏−t||| i(t)

]

= 1

1 − 𝛽
ess sup

𝜏∈F̂
i(t)

Ei
[∑𝜏−1

t′=t𝛽
t′Xi

t′
||| i(t)

]

Ei
[∑𝜏−1

t′=t𝛽
t′ ||| i(t)

] , (57)

where the essential sup on the right is precisely the Gittins

index for bandit i. As 1∕(1 − 𝛽) is a constant, positive fac-

tor, activating according to the maximal collective cumulative

payout index and activating according to the maximal Git-

tins index result in equivalent, optimal policies. We also note

that in this 𝜌i
CCP(t) is the restart index compare Katehakis and

Veinott Jr. (1987) and the generalized index of Sonin (2008).

The above is a well known interpretation of the Gittins

index problem in terms of halting bandits, but its treatment

herein provides a new interesting implication. In its classi-

cal form, it is not intuitively clear why the decision problem

decomposes into indices that treat each bandit separately.

However, framing it as a collective payout halting problem,

we may make use of the previously described correspondence

with the solo payout model. Reducing the Gittins model to

a solo payout model, where in every period the controller

wishes to realize the largest change in value of a single bandit

on halting, provides additional insight into why the decom-

position of the decision process into treating each bandit

independently holds.

We additionally note that the above arguments can be

extended to generalized sequences of discount factors, for

which Pi(𝜎i = t+1| i(t)) = 1−𝛽 i
t , and thus recover the main

results of Cowan and Katehakis (2015).

6 PROOFS OF AUXILIARY
PROPOSITIONS

We start with the following.

Proof of Proposition 1. Without loss of general-

ity, we may take t0 = 0. Recall the definition of

𝜌i
𝜋, 𝜌

i
:

𝜌i
𝜋(t′, t′′) =

E

[
Xi
𝜎i∧t′′ − Xi

t′
||| i

𝜋(t′)
]

P

(
t′ < 𝜎i ≤ t′′||| i

𝜋(t′)
) ,

𝜌i(t′, t′′) =
Ei
[
Xi
𝜎i∧t′′ − Xi

t′
||| i(t′)

]

Pi
(

t′ < 𝜎i ≤ t′′||| i(t′)
) . (58)

Letting R denote the R.H.S. of Equation (23),

observe (by the definition of the ess sup) that

for any 𝜏 ∈ F̂
i
(0),

E

[
Xi
𝜎i∧𝜏 − Xi

0
− R1{0 < 𝜎i ≤ 𝜏}||| i(0)

]
≤ 0(P-a.e.). (59)

To prove the proposition, it suffices to show that

for any 𝜏 ∈ Ĥ
i
𝜋(0),

E

[
Xi
𝜎i∧𝜏 − Xi

0
− R1{0 < 𝜎i ≤ 𝜏}||| i

𝜋(0)
]
≤ 0(P-a.e.). (60)

For compactness of argument, we take N = 2 and

i = 1, though the following argument generalizes

to arbitrary bandits in the obvious way. For nota-

tional compactness, we define Wi
t = Xi

𝜎i∧t −Xi
0
−

R1{0 < 𝜎i ≤ t}.
Note that for any set A ∈ 1

𝜋(0), and any 𝜏 ∈
Ĥ

1

𝜋(0),

E

[
1AE

[
W1

𝜏
|||1

𝜋(0)
]]

= E
[
1AW1

𝜏

]
. (61)

Taking A as a rectangle in 1
𝜋(0), A = A1 × A2,

observe that A1 ∈ 1(0). The indicator may

be decomposed as 1A(𝜔) = 1A
1
(𝜔1)1A

2
(𝜔2).

It follows as a result of the initial integrability

assumptions on the bandits, Equations (1), (3),

that we may exchange the expectation over the

product space for an iterated expectation:

E
[
1AW1

𝜏

]
= E

2
[
E

1
[
1A

1
1A

2
W1

𝜏

]]
= E

2
[
1A

2
E

1
[
1A

1
W1

𝜏

]]
= E

2

[
1A

2
E

1

[
1A

1
E

1

[
W1

𝜏
|||1(0)

]]]
. (62)

Observe that, while 𝜏 (begin an H
1
𝜋-stopping

time) may have a dependence on Ω2
, inside the

iterated integral with the dependence onΩ2
fixed,

it is an Fi
-stopping time. Hence, as an application

of Equation (59), we have the bound

E
[
1AW1

𝜏

]
= E

2

[
1A

2
E

1

[
1A

1
E

1

[
W1

𝜏
|||1(0)

]]]

≤ E
2
[
1A

2
E

1
[
1A

1
0
]]

= 0. (63)

Hence, for all rectangles A ∈ 1
𝜋(0),

E

[
1AE

[
W1

𝜏
|||1

𝜋(0)
]]

≤ 0. This extends via

the usual monotone-class type argument to

all A ∈ 1
𝜋(0). Hence, it follows that for all

𝜏 ∈ Ĥ
1

𝜋(0),

E

[
W1

𝜏
|||1

𝜋(0)
]
≤ 0(P-a.e.). (64)

This establishes the result. ▪
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The proof of Proposition 3 below requires the following

technical lemma. Its proof follows along the lines of the proofs

of Theorems 4.1–4.3 in Snell (1952), see also the optimal

optional stopping lemma in Derman and Sacks (1960).

Lemma 1. In an arbitrary probability space
with a filtration J = {𝒥t}t≥0, consider an
adapted discrete-time process {Zt}t≥0 such that
E

[
sup

N
|Zt||||𝒥0

]
< ∞. If the J-stopping time

𝜏∗ ∈ Ĵ(0) defined by

𝜏∗ = inf{n > 0 ∶ ess sup

𝜏∈Ĵ(n)
E

[
Z𝜏
|||𝒥n

]
≤ Zn}, (65)

is almost surely finite, then

E

[
Z𝜏∗

|||𝒥0

]
= ess sup

𝜏∈Ĵ(0)
E

[
Z𝜏
|||𝒥0

]
(P-a.e.). (66)

Proof of Proposition 3. Recall that we need to

show that for any time t0 < 𝜎i
, there exists a

𝜏 ∈ F̂
i
(t0) such that 𝜌i(t0) = 𝜌i(t0, 𝜏)(Pi

-a.e.).
We have that for all 𝜏 ∈ F̂

i
(t0), 𝜌i(t0, 𝜏) ≤

𝜌i(t0)(Pi
-a.e.). Taking

P
i(t0 < 𝜎i ≤ 𝜏

||| i(t0)) = E
i
[
1{t

0
<𝜎i≤𝜏}

||| i(t0)
]
,

we have in parallel with Equation (24),

E
i
[
Xi
𝜎i∧𝜏 − Xi

t
0

− 𝜌i(t0)1{t
0
<𝜎i≤𝜏}

||| i(t0)
]
≤ 0(Pi

-a.e.). (67)

Defining

𝜖 = − ess sup

𝜏∈F̂
i(t

0
)

E
i
[
Xi
𝜎i∧𝜏 − Xi

t
0

− 𝜌i(t0)1{t
0
<𝜎i≤𝜏}

||| i(t0)
]
,

(68)

we have that 𝜖 ≥ 0(Pi
-a.e.). We may use −𝜖 as

an improved upper bound in Equation (67). This

may be rearranged to yield

𝜌i(t0, 𝜏) ≤ 𝜌i(t0) −
𝜖

Ei
[
1{t

0
<𝜎i≤𝜏}

||| i(t0)
]

≤ 𝜌i(t0) − 𝜖(Pi
-a.e.). (69)

Since the above property holds for all such 𝜏,

it extends to the essential supremum, yielding

𝜌i(t0) ≤ 𝜌i(t0) − 𝜖(Pi
-a.e.), (70)

or equivalently that 𝜖 ≤ 0(Pi
-a.e.). In conjunction

with the first observation, that 𝜖 ≥ 0(Pi
-a.e.), we

have 𝜖 = 0(Pi
-a.e.), that is,

ess sup

𝜏∈F̂
i(t

0
)

E
i
[
Xi
𝜎i∧𝜏 − Xi

t
0

− 𝜌i(t0)1{t
0
<𝜎i≤𝜏}

||| i(t0)
]

= 0(Pi
-a.e.). (71)

Define Zi
t = Xi

𝜎i∧t − Xi
t
0

− 𝜌i(t0)1{t
0
<𝜎i≤t}. Note

that the integrability condition of Lemma 1 is

satisfied due to Equation (1). For t ≥ 𝜎i
, Zi

t is con-

stant, hence 𝜏∗ ≤ 𝜎i < ∞ almost surely. Hence

we may apply Lemma 1 here to yield a stopping

time 𝜏∗ ∈ F̂
i
(t0) such that

E
i
[
Xi
𝜎i∧𝜏∗ − Xi

t
0

− 𝜌i(t0)1{t
0
<𝜎i≤𝜏∗}

||| i(t0)
]
= 0(Pi

-a.e.),
(72)

or

𝜌i(t0) =
Ei
[
Xi
𝜎i∧𝜏∗ − Xi

t
0

||| i(t0)
]

Pi
(

t0 < 𝜎i ≤ 𝜏∗
||| i(t0)

) = 𝜌i(t0, 𝜏∗)(Pi
-a.e.). (73)

Hence, the solo-payout index 𝜌i(t0) is realized

(Pi
-a.e.) for some Fi

-stopping time 𝜏∗ > t0. ▪

Proof of Proposition 4. For k > 0, let 𝜏 i
k < 𝜎i

,

and therefore 𝜏 i
k−1

< 𝜎i
. Defining

Zi
t = Xi

𝜎i∧t − Xi
𝜏 i

k−1

− 𝜌i(𝜏 i
k−1

)1{𝜏 i
k−1

<𝜎i≤t},

note that for t > 𝜏 i
k: Zi

t − Zi
𝜏 i

k
= Xi

𝜎i∧t − Xi
𝜏 i

k
−

𝜌i(𝜏 i
k−1

)1{𝜏 i
k<𝜎

i≤t}.

It follows from the proof of Proposition 3 that

the solo-payout index from time 𝜏 i
k−1

is realized

by a 𝜏 i
k such that

ess sup

𝜏′∈F̂
i(𝜏 i

k)
E

i
[
Zi
𝜏′
||| i(𝜏 i

k)
]
≤ Zi

𝜏 i
k
(Pi

-a.e.), (74)

or

ess sup

𝜏′∈F̂
i(𝜏 i

k)
E

i
[
Xi
𝜎i∧𝜏′ − Xi

𝜏 i
k
− 𝜌i(𝜏 i

k−1
)1{𝜏 i

k<𝜎
i≤𝜏′}

||| i(𝜏 i
k)
]

≤ 0(Pi
-a.e.). (75)

From the above, for any 𝜏′ ∈ F̂
i
(𝜏 i

k), we have

Ei
[
Xi
𝜎i∧𝜏′ − Xi

𝜏 i
k

||| i(𝜏 i
k)
]

Pi
(
𝜏 i

k < 𝜎i ≤ 𝜏′
||| i(𝜏 i

k)
) ≤ 𝜌i(𝜏 i

k−1
)(Pi

-a.e.). (76)

Taking the essential supremum over such 𝜏′

establishes that 𝜌i(𝜏 i
k) ≤ 𝜌i(𝜏 i

k−1
), (Pi

-a.e.). ▪
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