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1 Introduction

Many important policy decisions involve discrete choices. Examples include whether or not
to treat an aggregate population or large sub-population, firm or worker decisions at the
extensive margin, and pricing policies when, in practice, prices must be expressed in whole
currency units. Suppose a decision maker must choose a policy from a discrete choice set.
The decision maker has data that may be used to bound, but not point identify, the payoffs
associated with some choices. How should they proceed?

In this paper, we propose an approach for making asymptotically optimal discrete sta-
tistical (i.e., data-driven) decisions when the payoffs associated with some choices are only
partially identified. We assume the decision maker observes data which may be used to learn
about a vector of parameters p. The decision maker then chooses a policy from a finite set.
The distribution of payoffs associated with the different policies depends on a parameter 6.
A key assumption underlying the analysis in this paper is that 6 is possibly set-identified,
but the parameters ;1 may be used to deduce restrictions on §. The decision maker there-
fore confronts both ambiguity (the payoff distribution is not point-identified) and statistical
uncertainty (x must be estimated from the data).

We propose a theory of optimal statistical decision making in this setting, building on a
line of research going back to Manski (2000). We depart from this body of work by combining
a minimax approach to handle the ambiguity that arises from partial identification of 6
given p and average (or integrated) risk minimization for p. This asymmetric treatment of
parameters is in the spirit of the generalized Bayes-minimax principle of Hurwicz (1951).
The resulting optimal decision rules are “robust” in the sense that they minimize maximum
risk or regret over the identified set ©¢(u) for 6 conditional on u, and use the data to learn
efficiently about features of i germane to the choice problem.

Our optimal decision rules can be implemented very easily in realistic empirical settings.
All we require is that, for every choice, the maximum risk (or regret) over 6 € Oy(u) condi-
tional on p can be computed. The maximum risk is averaged across a bootstrap distribution
for an efficient estimator fi of u, a posterior distribution for x4 in parametric models, or a
quasi-posterior based on a limited-information criterion for p in semiparametric models. Our
optimal decision is then simply to choose whatever choice has smallest average maximum
risk. We refer to this rule as a bootstrap decision when the maximum risk is averaged over a
bootstrap distribution, a Bayes decision when averaged over a posterior,! and a quasi-Bayes

decision when averaged over a quasi-posterior. Despite its simplicity, we provide a formal

!These are not Bayes decision rules in the usual sense, but rather hybrid Bayes-minimax rules which, as
we explain below, also have an interpretation as a type of robust Bayes (or conditional I'-minimax) rules.
For simplicity, we refer to them as Bayes decisions and drop the robust/minimax qualifiers.



asymptotic optimality theory to justify our approach.

As running example, we show how to implement optimal decisions in the context of a
treatment assignment problem under partial identification of the average treatment effect
(ATE). In an empirical illustration, taken from Ishihara and Kitagawa (2021), a decision
maker decides whether or not to adopt a job-training program based on several RCT es-
timates from other studies and their standard errors. The identified set ©¢(u) is defined
through intersection bounds derived by extrapolating multiple studies. In addition to treat-
ment assignment problems, we discuss how our framework can be used for optimal pricing
decisions in an environment with rich unobserved heterogeneity, where revealed preference
arguments may be used to derive bounds on demand responses under counterfactual prices.
In both contexts, the maximum risk of different choices is available in closed form or can be
computed by solving a standard optimization problem, e.g., a linear program.

To elaborate on practicality a little, consider the two competing paradigms: Bayes and
minimax. In our setting, the usual Bayes decision rule requires specifying a prior on the
parameter space for (0, ut), computing the posterior for (6, 1) having observed the data, then
choosing the decision that minimizes posterior risk. A common criticism of Bayes decisions
(see, e.g., Manski (2021)) is that they are only justified if one can elicit a credible subjective
prior, which can be difficult in practice, and that the resulting decision will depend, to some
extent, on the decision maker’s choice of prior. While this is true under both point- and
partial identification, the problem is more severe under the latter because the prior for 0 is
not updated by the data (e.g., Moon and Schorfheide (2012)). Thus, even asymptotically,
the decision will depend on the prior for §. By contrast, our (quasi-)Bayesian rules only
require specifying a prior for p and our decisions are asymptotically independent of this
choice of prior. Moreover, our bootstrap rules sidestep the choice of a prior altogether.

Minimax decisions minimize the maximum risk over the parameter space for (6, ). While
this may be desirable, it is often not feasible. To derive minimax decisions one usually has
to make strong assumptions on the data-generating process and restrict the dependence of
payoffs on parameters to be of a very simple form. Indeed, we are not aware of any work
deriving a minimax treatment rule under partial identification even in the simplest case of a
binary outcome and binary treatment when randomization is not permitted and bounds on
the ATE must be estimated from data. Algorithms such as that of Chamberlain (2000) may
be used to compute approximate minimax decisions, but the performance gap between these
and the true minimax decision can be difficult to quantify. Adopting a minimax approach
with respect to € and a Bayes approach with respect to p lends a great deal of tractability,
allowing us to derive asymptotically optimal rules for a very broad class of empirically

relevant settings where minimax rules are intractable.



We develop an asymptotic optimality theory for decisions based on parametric and semi-
parametric models. For parametric models, our optimality criterion extends the asymptotic
average risk criterion introduced by Hirano and Porter (2009) for point-identified settings to
partially identified settings. We further extend this notion to semiparametric models via a
least favorable parametric submodel. Both of these extensions represent new contributions
to the literature on asymptotic optimality for statistical decision rules. Our main results
show formally that the proposed (quasi-)Bayesian rule is asymptotically optimal. Moreover,
any decision rule that is asymptotically equivalent to the (quasi-)Bayes rule is optimal as
well. This includes an implementation that replaces averaging under a (quasi-)posterior
by averaging under a bootstrap approximation of the sampling distribution of an efficient
estimator i of u, in cases in which these two distributions are asymptotically equivalent.

Importantly, we show asymptotic equivalence to the (quasi-)Bayes or bootstrap rules is
necessary for optimality: any decision whose asymptotic behavior is different from these
is sub-optimal. It follows that “plug-in” rules, which plug an efficient estimator i into the
oracle decision rule if y were known, can perform sub-optimally.? Manski (2021, 2023) shows
in numerical experiments that plug-in rules may perform poorly under finite-sample minimax
regret criteria. Our necessity result provides a complementary and quite general theoretical
explanation for why plug-in rules may perform poorly, albeit under a different (but related)
optimality criterion.® In our empirical application to the adoption of a job-training program,
our optimal decision produces different treatment recommendations than the plug-in rule for
some sub-populations.

On the technical side, partial identification often leads to non-differentiability of key
components of the maximum risk function in p. We address this challenge by extending
arguments in Hirano and Porter (2009) for models with smooth welfare contrasts to settings
with directional (but not full) differentiability. An important technical building-block is
the derivation of the asymptotic distribution of the (quasi-)posterior mean of directionally
differentiable functions in both parametric and semiparametric models (see Propositions 2
and 3 in Appendix C). These results are of independent interest. While Kitagawa, Montiel
Olea, Payne, and Velez (2020) derived the asymptotic behavior of the posterior distribution
of directionally differentiable functions, we instead characterize the large-sample (frequentist)

distribution of the posterior mean of such functions. Our results offer a novel contribution to

2Manski (2021, 2023) refers to plug-in rules as “as-if” optimization, because estimators i are treated as
if they are the true parameters.

3For the intuition, consider a treatment assignment problem under partial identification of the ATE.
Oracle rules depend on a robust welfare contrast b(u) formed from bounds on the ATE. The bounds are
non-smooth functions of p in many empirically relevant settings reviewed in Section 6. This non-smoothness
leads to a failure of the §-method that breaks the asymptotic equivalence between plug-in rules, which depend
on b(f1), and optimal rules, which depend on the average of b(-) across a bootstrap or posterior distribution.



the literature on asymptotics for non-smooth functions (Diimbgen, 1993; Fang and Santos,
2019). We also introduce the concept of g-optimality to handle settings in which the average
(under Lebesgue measure) maximum risk is infinite at the optimal decision.

Our paper complements prior work on treatment assignment under partial identification,
including Manski (2000, 2007a, 2020, 2021, 2023), Chamberlain (2011), Stoye (2012), Russell
(2020), Ishihara and Kitagawa (2021), and Yata (2021). Except for Chamberlain (2011),
these works seek decision rules that are optimal under finite-sample minimax regret criteria.
We depart from these works in two respects. First, our asymptotic framework allows us to
relax restrictive parametric assumptions and accommodate a much broader class of data-
generating processes, including semiparametric models. Our optimality results apply to
settings where the decision maker cannot confidently assert that the data are drawn from
a given parametric model, or where bounds on the ATE are estimated using a vector of
moments or summary statistics (e.g. regression or IV estimates from observational studies)
whose finite-sample distribution is unknown.* Second, except for Chamberlain (2011), these
works use optimality criteria that (in our notation) are minimax over (6, u), whereas our
criterion is minimax over the partially-identified parameter # and averages over the point-
identified parameter pu, reflecting the asymmetric parameterization of the problem.

Our approach is related to the multiple priors framework of Gilboa and Schmeidler (1989)
and a particular form of robust Bayes decision making, called conditional I'-minimax; see
DasGupta and Studden (1989), Betro and Ruggeri (1992), and the recent survey by Giaco-
mini, Kitagawa, and Read (2021). We show how, under specific informational assumptions,
our decision rule arises from a two-player zero-sum game between a decision maker and an
adversarial nature. In the conditional I'-minimax version of this game, nature chooses a prior
for 6 € ©y(u) conditional on the reduced-form parameter p and the data that are available
for estimation of .

In the optimal pricing application we consider an environment in which a monopolist is
choosing to set a price but faces ambiguity about the true distribution of demand. As in
Bergemann and Schlag (2011), we assume the decision maker has a preference for robustness.
However, we use revealed preference demand theory to derive bounds on demand, rather
than assuming true demand is in a neighborhood of a pre-specified distribution. Moreover,
in our setting the decision maker must estimate the bounds from data. This application
builds on prior work on revealed-preference demand theory, including Blundell, Browning,
and Crawford (2007, 2008), Blundell, Kristensen, and Matzkin (2014, 2017), Hoderlein and

4Finite-sample results are sometimes developed for this case assuming Gaussianity of the statistics, by
arguing that the studies are sufficiently large that the sampling distribution of the statistics is approximately
normal. In these cases, it seems logically consistent to use a large-sample optimality criterion.
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Stoye (2015), Manski (2007b, 2014), and Kitamura and Stoye (2018, 2019). These works
are primarily concerned with testing rationality or deriving bounds on demand. We instead
focus on using bounds to solve an optimal pricing problem, and using demand data efficiently
in that context.

The remainder of the paper is structured as follows. Section 2 presents an application
to treatment assignment based on extrapolating meta-analyses. We first discuss the oracle
decision based on a known g, then describe our proposed optimal decision rule in this context,
and finally provide an empirical illustration. Section 3 outlines our general framework for
optimal decision making, discusses Bayesian and bootstrap implementations, and provides
comparisons to minimax and conditional I'-minimax decisions. The large sample optimality
theory is presented in Section 4 for parametric models and Section 5 for semiparametric
models. Further applications to other treatment assignment problems and optimal pricing
are discussed in Sections 6 and 7, respectively. Finally, Section 8 concludes. Proofs and

additional results and lemmas are relegated to the Appendix.

2 Treatment Assignment

To set the stage, we will present a specific treatment assignment application in Section 2.1,
describe the proposed decision rule in Sections 2.2 and 2.3, and implement it numerically for

the application in Section 2.4.

2.1 The Basic Problem and an Application

Suppose a social planner is choosing whether or not to introduce a treatment in a target
population. The social planner does not know the target population’s ATE, defined as
0 = E[Y], where Y := Y] — Y} is the treatment effect associated with any individual, Y] is
the outcome under treatment and Yj the outcome in the absence of treatment. Instead, the
social planner observes a meta-analysis consisting of estimates /i of the ATE py, in several
related populations £ = 1,..., K, their standard errors si, characteristics x; of the related
populations, and characteristics xy of the target population.

For concreteness, we revisit Example 2 of Ishihara and Kitagawa (2021). The authors
consider a subset of K = 14 studies from the database of Card, Kluve, and Weber (2017),
each of which is an RCT looking at the impact of job training programs on employment.
Studies are implemented in a number of different countries and in groups that differ by
characteristics . consisting of gender (males, females, or both), age (youths, adults, or both),

OECD membership status, GDP growth (standardized) and unemployment (standardized).



We consider the hypothetical question of whether to roll out a job-training program in two
populations: German male youths in 2010 and German female youths in 2010 (with GDP
growth of 3.48% and an unemployment rate of 9.45%).

To connect the RCT studies to the ATE 6 associated with the target population, suppose

that treatment effects are Lipschitz in the distance between size-specific covariates:
]uk—G\SC’ka—on, k‘zl,...,K, (1)

where C' is a pre-specified constant. We refer to p := (u1,...,pux) as the reduced-form
parameter. It is assumed to be consistently estimable from the data and its estimate is

denoted by fi. We obtain the following lower (L) and upper (U) bounds for 6:

br(p) = max (u — Cllzo — ) < < min (p + Cllwo — aill) =-bu(p) . (2)

The bounds in (2) define an identified set for € as a function of pu:
Oo(p) := [br (), bu (). (3)

2.2 Oracle Decision

For now we will assume that p is known. Following Manski (2000, 2004), it is common to
derive treatment rules under a utilitarian social welfare function that is linear in the target

population’s ATE. Interpreting negative utility as loss, we write
I(d,8) = —do,

where d € {0,1} indicates treatment. The loss function is minimized by the treatment
decision I[0 > 0], where I[-] is the indicator function that is equal to one if its argument
is true and zero otherwise. Following Manski (2000, 2004), we subsequently use the regret
criterion

r(d,0) = 1(d. 6) — min(d’, 6) = (1|9 > 0] - d)e. (4)

Failure to treat (d = 0) incurs zero regret when 6 < 0, otherwise the regret is 6. Similarly,
treating (d = 1) incurs zero regret when 6 > 0, otherwise the regret is —6.

If the social planner knows g, they can choose the decision that minimizes maximum
regret over Og(u), defined as

R(d,p) = sup r(d,0).
€00 (1)



In our specific application we obtain

R(0, ) = (bu(p)y  and  R(L p) = = (be(p)_ (5)
where (a); := max{a,0} and (a)_ := min{a,0}. This leads to the oracle decision
5 = I[b() > 0] (6)

that assigns treatment if the robust welfare contrast

b(p) == (bu(w)), + (br(p))_

is non-negative, and non-treatment otherwise.

Notice from plugging (2) into (5) that the max and min operators make R(0,x) and
R(1, ) only directionally differentiable with respect to p. Directional differentiability of the
maximum risk function is a generic feature of all the applications discussed in this paper. It
generates technical challenges that we tackle in our large sample analysis and distinguishes

our analysis from that in Hirano and Porter (2009).

2.3 Optimal Decision Rule

The oracle rule is an infeasible first-best as it requires knowledge of the true p. In practice
1 is unknown and any practical rule must also confront sampling uncertainty about u. One

option is to simply plug /i into (6), which leads to the plug-in rule
grtug — ]I[b(ﬂ) > 0]. (7)

However, this rule does not account for the precision of ji. Manski (2023) explores how
different estimates of parameters affect the performance of plug-in rules.

We develop an optimality theory in Sections 3 to 5 below to guide decision-making in
situations such as these where a payoff-relevant parameter 6 is partially identified and its
identified set O¢(p) is indexed by a parameter p which can be estimated from data. In the
context of the treatment assignment application, the procedure amounts to replacing b(p)
in (6) by its average b, under a posterior for i (in parametric models) or quasi-posterior for
w0 (in semiparametric models):

5t = H[En > o] (8)

We show formally in Sections 4 and 5 that this decision is more efficient than the plug-in
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Figure 1: Distribution of the robust welfare contrast b(u) for u ~ N(fi, X)), its quasi-posterior
mean b, and the plug-in value b(1).

rule, as it takes into account the sampling uncertainty in f.

2.4 Empirical Illustration

We use a limited-information quasi-posterior distribution for y that interprets the sampling
distribution fi, “~" N(u,sz) as a quasi-likelihood. The estimates ji; are independent as
they come from independent RCTs. Following Doksum and Lo (1990), Kim (2002), and

Miiller (2013), we combine the N(u,) quasi-likelihood for g with a flat prior for p to
obtain a N(j,%) quasi-posterior for p, where 3 denotes a diagonal matrix with (s2)K
down its diagonal. The quasi-posterior mean of b(y), denoted by b,,, is computed by drawing
independent p ~ N(j1,3), computing b(y), then averaging across a large number of draws.
The efficient decision from (8) is then to treat if b, is non-negative, and not treat otherwise.

We compute the optimal decision as described above using data from Ishihara and Kita-
gawa (2021). We increase the Lipschitz constant in (1) from C' = 0.025 in their paper to
C = 0.25 so that the bounds on 6 are non-empty. Figures 1a and 1b plot the quasi-posterior
distribution of b(x) under p ~ N(fi, %) for males and females, respectively. Both figures
display the mean b, whose sign determines the optimal treatment decision 67 in (8). We also
display the plug-in value b(j1) whose sign determines the plug-in rule 6?9 in (7).

In Figure la (male youths) we see that the distribution has a pronounced right-skew.
Recall that the lower bound is max<x<g (p — Cl|zo —zk||). When evaluated at fi, the largest
value of fip — C||zg — x| is —0.3190 (corresponding to a US study) and the second-largest
is —0.3298 (corresponding to a Brazilian study). As the maximum is not well separated

relative to sampling uncertainty (the average s; across the studies is 0.034), the distribution



of the lower bound is right-skewed because it behaves like a maximum of two Gaussians. The
upper bound is less skewed because the minimum (corresponding to a Colombian study) is
better separated. As a consequence of this asymmetry, the mean b, is positive and the
optimal decision is to treat. By contrast, the plug-in value b(f1) is negative so the plug-in
decision is to not treat. In Section 4 we show this difference between the two rules, where
the optimal rule predicts treatment more aggressively than the plug-in rule, is as predicted
by our optimality theory.

The situation is different for female youths (Figure 1b). Here the minima and maxima are
relatively better separated, so the distribution of b(y) for p ~ N(ji, ) is close to Gaussian.
In consequence, the mean b,, and the plug-in value b(j1) are almost identical, and the optimal

and plug-in decisions are both to treat.

3 Optimal Decisions and Their Implementation

The treatment assignment application in the previous section imposed a lot of structure which
we will now relax. We begin by stating the general decision problem in Section 3.1. Many
empirical examples are covered by our framework: see Sections 6 and 7 for applications to
treatment assignment and optimal pricing and Christensen, Moon, and Schorfheide (2020) for
an application to forecasting. We develop our concept of optimal decision rules in Section 3.2.
Bayesian and bootstrap implementations are presented in Sections 3.3 and 3.4. Finally,
in Section 3.5 we discuss a two-player zero-sum game representation of our setup and its

relationship to minimax and robust Bayesian decision making.

3.1 Decision Problem

A decision maker (DM) observes X™ ~ P, , taking values in a sample space X™. Often X"
may be a sample (X7,...,X,) of size n with joint distribution P, ,. But X" may also be
a vector of estimators (e.g., OLS or IV estimators) with sampling distribution P, ,. The
distribution P, , is indexed by a reduced-form parameter p € M.

After observing X", the DM chooses an action d in the action space D = {0,1,...,D}. A
statistical decision rule 6, : X™ — D maps realizations of the data into actions.” The DM’s
utility u(d, Y, 6, ) from choosing d depends on a random variable Y ~ Gy independent of X™,
a structural parameter 6 € O, and u. In a treatment assignment problem, X™ may represent

data or summary statistics from an experiment, ¥ may represent the treatment effect for an

5We consider nonrandomized rules as opposed to randomized rules where the action space is the set of
all distributions over {0,1,..., D}.



individual sampled at random from the remaining population (hence independent of X™),
and Eg[Y] may represent the average treatment effect. Both Gy and Eq| - | can be conditional
on covariates but we suppress this to simplify notation.

We interpret negative utility as loss and write I(d,Y,0,u) = —u(d,Y,0,u). The DM
incurs this loss once Y is realized. Here it is helpful to draw a distinction between the ez-
post problem that the DM faces after observing X™ but before Y is realized, and the ez-ante
problem the DM faces before X™ is realized. In the ex-post problem, the DM faces risk

T(d, 97 M) = EG [l(d7 Yv 87 :LL)]

from choosing d € D, where the expectation is taken with respect to Y ~ Gy.¢ We refer to
r as “risk” because it involves taking an expectation with respect to the random outcome
Y in the ex-post problem. One can equally view r as a loss function in the DM’s ex-ante
problem of choosing a decision rule ¢,, before X™ is observed.

An important aspect of this paper is that we allow the payoff-relevant parameter 6 to
be set-identified. That is, the most that the DM can infer about 6 is that 6 € Oy(u) C O,
where ©g(-) is a known set-valued mapping from M to ©. While X" can be used to learn

about y, it contains no information about the identity of the true 6 within O¢(u).

Example: Treatment Assignment. Consider the setup in Section 2: d € {0,1} is a
binary treatment indicator, 6 is the ATE, and r(d,0, ) = r(d,0) is given in display (4).
The DM has bounds by, (1) and by (1) on 6 as a function of u and observes data or summary
statistics X" ~ P,, that may be used to learn p. In the application from Section 2,
the statistics were the vector of ATE estimators X" = (fu, ..., fix), Py, is their sampling
distribution, the reduced-form parameter is the vector of ATEs p = (u1, ..., 1), and by (u)
and by (p) are given in (2). We review other methods for constructing bounds in different

empirical settings in Section 6. The identified set is O () = [br (1), by (p)]. O

3.2 Optimality

Our setup features two types of parameters: a point-identified parameter p and a set-
identified parameter #. We adopt a minimax approach to handle the ambiguity that arises
from the partial identification of 6 conditional on p and average (or integrated) risk mini-
mization to estimate p. Our asymmetric treatment of parameters is in the spirit of Hurwicz

(1951); we discuss the connection in more detail in Section 3.3. We first consider the case in

6This notation nests welfare regret by setting I(d, y, 0, 1) = maxgep Eo[W(d',Y,0, 1) —W(d,y,0, i) for
a welfare function W. Hence, we do not distinguish between “risk” and “regret” in what follows.
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which p is known and then extend the analysis to the case of unknown g, which will lead us

to the definition of our optimality concept.

Known pu. If the DM knows g, then the data are irrelevant and the germane problem is
the ex-post problem in which d is chosen. To handle the ambiguity about 6 € ©¢(u), the

DM evaluates actions by their maximum risk

R(d,p) == sup r(d,0,p). (9)
0€Oo (1)
Define

6° (1) = argmin R(d, p),
deD

if the argmin is unique, otherwise 6°(u) is chosen randomly from argmin, ., R(d, ). This
choice can be interpreted as the equilibrium in a two-player zero-sum game in which an ad-
versarial nature chooses 6 in response to the DM’s choice of d to minimize Ey[u(d,Y, 0, u)].
We call §°(p) the oracle decision: it represents the DM’s optimal choice if p was known.
The oracle decision is infeasible in any practical application because u will need to be esti-
mated. Nevertheless, it serves as a useful benchmark because R(9,,(X"), ) > R(6°(n), 1) =
mingep R(d, ) for any data-dependent decision rule d,,(X™).

Unknown p. Here the DM uses the data X to learn about p before choosing d € D. We
treat R(d, ) as a loss function for the DM’s ex-ante problem. For a decision rule 4, the

DM incurs ex-ante risk
E,[R(0,(X™), )], (10)

where E,[-] denotes expectation with respect to X" ~ P, ,. Our goal is to construct se-
quences {d, } of decision rules that use the data efficiently, so that criterion (10) is minimized
in large samples over a range of data-generating processes.

To simplify exposition, we consider parametric models in the rest of this section and defer
discussion of semiparametric models to Section 5. Following Hirano and Porter (2009), we
work in a local asymptotic framework centered at a fixed pg € M C R¥ and parameterized
by a local parameter h = /n(u — o) ranging over R¥. As h is not consistently estimable,
this asymptotic framework is designed to mimic the finite-sample problem faced by the
researcher, where f is not known with certainty. We let P, ; denote the distribution of X"
when p = pg + h//n and let E, , denote expectation under P, .

We rank decision rules by their ex-ante risk in excess of the oracle. We scale excess risk

11



by v/n so that the large-sample limit is not degenerate. This leads to the criterion

R({0n}; o, h) = limsup v/n (En,h [R(6(X"); o + 1/ v/n) | = min R(d, o + h/\/ﬁ)) :
n—oo
(11)
As there is no a priori reason to assign more weight to one local parameter than another, we

integrate with respect to Lebesgue measure over h to arrive at the criterion

R({6.}: 10) = / RU{6): 1o, 1) dh. (12)

We rank sequences of decision rules by criterion (12). For now we assume R({d,}; uo) is
finite for at least one sequence of decisions {4, }, so that criterion (12) provides a meaningful
ranking. Section 4.4 discusses extensions to settings where this criterion is infinite and the
improper Lebesgue prior on h is approximated by a sequence of proper priors.

Before introducing our definition of optimality, we first define a class D of sequences of

decision rules for which the above criteria are well defined. Let

D, = argmin R(d, j1)
deD
denote the set of optimal choices at . Note that D, will be a non-singleton at values of

o where there are multiple choices that minimize R(d, jo).

Definition 1 D consists of all sequences {0, } such that, for all ug € M,
(i) lim,, o0 P4 (0,(X™) = d) exists for all d € D and h € RY;
(1) limy, o0 /1 Pop, (5n(X”) ¢ Quo) =0 for all h € R¥.

Definition 1(i) requires that the sequence of random variables {d,(X™)} converges in
distribution along {P,}. Definition 1(ii) is a minor technical condition requiring d,, to
choose among D, with high probability under small perturbations of u around pyg. For
the intuition, by the maximum theorem we know that optimal actions under u near g
should belong to D, If d,, chooses actions outside this set, then it makes mistakes: it
chooses actions that should be easy to identify as sub-optimal. Condition (ii) requires the
probability of these mistakes vanishes sufficiently fast. Bayes decisions satisfy this condition:
their mistake probabilities vanish at rate n~! (see Lemma 11 in Appendix D).

We refer to sequences {0, } as optimal if they satisfy the following definition:

Definition 2 Say {0,,} € D is optimal if R({0,}; po) = infysryen R({6),}; 10) for all po €
M.
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This is a non-standard problem and there are different notions of optimality that may lead
to different rankings over sequences of decision rules, as we discuss in Section 3.5 below. An
attractive feature of our optimality criterion is that the DM only needs to be able to compute
R(d, pt) in order to implement optimal decisions. This makes our approach broadly applicable
including in scenarios when R(d, i) has no closed-form expression, such as those in Sections 6

and 7. In the next subsections we present Bayesian and bootstrap implementations.

3.3 Bayesian Interpretation and Implementation

Integrating criterion (10) with respect to a prior 7 yields the integrated mazimum risk cri-

terion

[ B0y ), (13)

After observing X", the DM can form a posterior m,(u) = m,(u|X™) for p. Standard
arguments (e.g. Wald, 1950, Chapter 5.1) imply that (13) can be minimized by minimizing

the posterior maximum risk

Ra(d) = [ R(d ) dma() (14)

with respect to d € D for almost every realization of the data. This leads to the Bayes rule

55 (X" ) = argmin R, (d) (15)

deD

if the argmin is unique, otherwise 6 (X"; ) is chosen randomly from argmin, p R,(d). We
include 7 as an argument to indicate that the decision depends on 7 in finite samples.
Bayes decisions ¢ (X™; w) are optimal under criterion (12) for any prior m whose density
is positive, bounded, and continuous (Theorem 1). To see the connection between (12)
and (13), use a change-of-variables to express the prior for h as o< (o + h/+/n). This prior

becomes uniform as n — oo, which is the weight function underlying (12).

Example: Treatment Assignment. Recall from Section 2 that the maximum risks of

d € {0, 1} are the positive and negative parts of the bounds on the ATE:

R(0, ) = (bu(p))+, R(L,p) =—(be(p))-.

Averaging R(1, ) and R(0, 1) across 7, yields

M@z/wmmmmm,mm:/%mm>wmm
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We have R,(1) < R,(0) if and only if b, := [b(u)dm,(p) > 0 with b(x) = (by(u))4 +
(br(w))-. Hence, the Bayes rule is 6;(X™;7) = I [b, > 0].” We discuss implementation in a

number of different empirical settings in Section 6. [

3.4 Bootstrap Implementation

Let i denote an efficient estimator of 1 and let E¥ denote expectation with respect to the

bootstrap version * of ji conditional on X™. Define the bootstrap average maximum risk
R, (d) = E;, [R(d, i7)] .

The bootstrap rule is
O (X™) = argmin R; (d)

deD
if the argmin is unique (with a random selection from the argmin otherwise). We show in
Theorem 1 below that as long as 0* behaves asymptotically like ¢ it inherits the optimality
property of the Bayes decision.

Example: Treatment assignment. Here we have

Ry (1) = B [=(bo(47)-], R,(0) = E;, [(bu(7)+] -

Therefore, the bootstrap rule is 6;*(X™) = L[E? [b(2*)] > 0]. O

3.5 Further Discussion

The first distinguishing feature of our analysis is that we separate two groups of parameters,
6 and p, and apply the minimax reasoning only to 6 because only it is partially identified.
The approach of treating groups of parameters differently dates back to Hurwicz (1951). He
argued that one might consider multiple priors for some parameters and referred to it as a
generalized Bayes-minimax principle. He provided a two-parameter example in which the
marginal prior for one of the parameters, p in our notation, is fixed, whereas a family of
priors is considered for the conditional distribution of the second parameter 6 given .

Recall that 67 (-;7) minimizes criterion (13) over all decision rules é,, : X" — D. By the

"This rule deterministically chooses treatment when there is a tie (i.e., when b, = 0). Any (possibly
randomized) tie-breaking rule leads to decision which is optimal under our optimality criteria.
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definition of R(d, ;1) and the discussion in Section 3.3, we see that 6 (z";7) solves

min / ( sup r(d, 9,,u)) dmp, (p|x™) (16)
d€D  Jaq \ 000 (p)

for almost every realization ™ of X", where r(d, 0, 1) = Eg[—u(d,Y, 0, u)]. Unlike the usual
minimax framework, we allow the adversary (“nature”) to choose 6 conditional on X™. This
is the second distinguishing feature of our analysis. It creates a more adversarial setting than
usual, but it is disciplined by restricting nature’s choice to the identified set ©¢(u) rather
than the whole parameter space ©.

In this regard, our approach is closely related to the derivation of conditional I'-minimax
decision rules in the Bayesian literature, e.g., DasGupta and Studden (1989), Betro and
Ruggeri (1992), and Giacomini, Kitagawa, and Read (2021). One difference is that we keep
the marginal prior distribution of u fixed, which alleviates concerns about the conservative-
ness of the approach. Suppose one combines the unique prior 7w for p with a family A of
conditional priors A := {\(-|p) : p € M} for 6, where \(0|u) has support contained in O (1)
for each ;1 € M. Then one can define I' = {m @ A : A € A}, where each v € I is a prior
over (0, 11).® The conditional I-minimax decision solves the following min-max problem for

almost every realization x™ of X™:

min sup / r(d, 0, 1) dvy, (0, ulz"™), (17)
d€P yer Joxm

where ~,, (6, pu|z™) is the posterior for (0, u) given X™ = z™ for the prior v € I". This is a

robust Bayes criterion for the DM’s ex-post problem faced after observing X". Accordingly,

X" is treated as fixed: the DM and nature know X" when choosing their actions.

In responding to the DM’s choice of d in (17), nature has to choose a set of conditional
priors {\(0|u) : u € M} where each A(+|x) has support contained in ©y(u). For each pn € M,
define 0.(u;d) € argsuppee, () 7(d, 0, 1), assuming that the arg sup is non-empty, and let
Ae(0]11, d) be a point mass at 6,(u;d). In combination, 7 and {\.(0|y, d) : p € M} define a
joint prior 7, = ™ ® As over (6, ). Then, by construction, the posterior risk of d under the

4 prior equals the posterior maximum risk

/@XM 7(d, 8, 1) dvin (0, pt)z™) :/M( sup r(d,e,ﬂ)) dr(pa|2™).

0€0O0 (1)

8We use the notation m ® A to denote the conditional probability measures A\ = {A(:|u) : p € M}
integrated against a marginal probability measure 7 for p. Thus, for y =7 ® Aand g : © x M — R, we

define [g, v 900, )dy(0, 1) = [y Jo 9(0, 1) AN(O| 1) d (1)
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Because the supremum over 6 € O(u) is weakly larger than the average under any A\(0|u),

we can deduce that, provided ~, € T,

sp [ oo = [ (s o )an ). a9
yel' Joxm M\ 0€6¢(p)
Combining (16) and (18), we see that the decision rules that are considered optimal under
Definition 2 can be viewed as solutions to a conditional I'-minimax problem.

As is well known, criterion (17) can lead to different optimal decision than the worst-case
Bayes risk (or unconditional I'-minimax) criterion for the DM’s ex-ante problem faced before

X" is realized:
inf sup / EH [r((sn(Xn)u 67 :u)] d7(07 M)? (19>
OxM

on el
where the infimum is over all measurable d,, : X" — D; see Giacomini, Kitagawa, and Read
(2021) and Aradillas Fernandez, Montiel Olea, Qiu, Stoye, and Tinda (2024) for discussions.
Thus, decision rules that are optimal under criterion (19) may not align with optimal actions
in the conditional I-minimax problem (17). Further, optimal decisions under criterion (19)
are, in general, intractable (see, e.g., Giacomini, Kitagawa, and Read (2021)).

Our proposal—namely, to use criterion (13) for the ex-ante problem—circumvents both
of these problems. Optimal decisions under criterion (13) are tractable, align with optimal
actions under the conditional I'-minimax criterion (17), and are asymptotically efficient in a
frequentist sense that we formalize in Section 4.

Finally, we note our approach departs from the textbook Wald approach in two regards.

The Wald approach would seek a minimax decision rule that solves

inf sup sup E, [r(6,(X"),0,1)].

on peEM 9€O (1)
Comparing with criterion (13), we see that our approach moves the supremum over 6 inside
the expectation, potentially making the criterion more conservative. But as we discussed
above, this conservativeness is constrained by the identified set ©y(u). Moreover, this conser-
vativeness is offset, at least in part, by the fact that we average across a prior 7 for p rather
than taking a supremum over u. These departures seem reasonable given the asymmetric
nature of the identification problem. They also buy tractability, allowing the derivation of

optimal decisions in a much broader class of problems than the standard Wald approach.
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4 Optimality Theory for Parametric Models

We now present the main optimality results for parametric models. We first outline the
assumptions in Section 4.1. Section 4.2 presents two main results. Theorem 1 establishes
that Bayes decision rules 07 ( -; ), defined in (15), are optimal. Theorem 2 shows that any
decision whose asymptotic behavior is different from ¢ (-;m) is sub-optimal. In particular,
we prove in Section 4.3 that plug-in decisions 6?'“9 are sub-optimal when the maximum risk
R(d, 1) is a non-smooth function of p. As we documented in the empirical illustration in
Section 2.4, this finding can have important implications for treatment assignment under
partial identification. Finally, in Section 4.4 we provide a refinement of our analysis for

settings in which the average maximum risk at the optimal decision not finite.

4.1 Assumptions

We first place some assumptions on the risk functions. Say f : M — R* is directionally

differentiable at pg if there is a continuous map fuo[ -] RE — R* such that

lim f(po + tohn) — (o)

N—00 tn

= fﬂo [h]

for all sequences {t,} C Ry and {h,} C R¥ with ¢, | 0 and h,, — h € RE. If so, we refer to
fuol -] as the directional derivative of f at . Note that f,,[-] is positively homogeneous of

degree one but not necessarily linear. If fuo[ -] is linear, then f is (fully) differentiable at .

Assumption 1 (i) R(d, -) is bounded and continuous on M for each d € D;
(ii) For every po € M for which |D,, | > 1, R(d, -) is directionally differentiable at g for
eachd €D, .

We note that R(d, -) may be directionally but not fully differentiable in many empirically
relevant cases of treatment assignment under partial identification (see Sections 2 and 6).
We only require directional differentiability to hold when |D, | > 1. In this case, optimal
actions can differ for different y close to 1o and the problem of distinguishing between optimal
actions remains nontrivial as the sample size increases. In these scenarios, we use directional
differentiability to derive asymptotic approximations for different decision rules.

We also place some regularity conditions on the statistical model P = {P, : p € M}. We
present assumptions for a random sample to simplify exposition — so X" = (X3,..., X,,)
where each X; is an independent draw from P, — though it is straightforward to extend our

theory to weakly dependent data. We assume implicitly that each P, admits a density p,
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with respect to a common dominating measure v. Say that P is differentiable in quadratic

mean (DQM) at p if there exists a vector of measurable functions £, such that

/( i i b pM)Qdy:oumn%

as h — 0. Under DQM, the Fisher information matrix is [, := [ ﬁuff dP,. Let D (pullpyw) =

[ pulog(pu/pu)dv if P,(p(X) = 0) = 0 and Dgr(pullpw) = +oo if P,(py(X) = 0) > 0.
Say that P is locally quadratic for Dy if for all py € M,

Dir(pullpw) < 2(p— 1) L (1 — 1t')

holds for all g, ¢/ in a neighborhood of . Following Clarke and Barron (1990), we say that

P is sound if weak convergence of P, to P, is equivalent to convergence of 1 to p'.

Assumption 2 (i) M is an open subset of RE;

(i1) P is differentiable in quadratic mean at each py € M;
(1it) 1, is finite and nonsingular at each py € M;

(iv) P is locally quadratic for Dgr;

(v) P is sound.

Assumptions 2(i)-(iii) are similar to the conditions for parametric models in Hirano and
Porter (2009). DQM and local quadraticity hold under standard smoothness and integra-
bility conditions. These conditions rule out certain “irregular” models, such as those with
parameter-dependent support and parameters on the boundary. Assumption 2(iv) holds un-
der conditions similar to those used to establish asymptotic normality of maximum likelihood
estimators. Soundness is a minimal identifiability condition. Following Schwartz (1965), pos-
terior consistency is typically established in the weak topology. Soundness converts this to
consistency for the parameter p. This condition trivially holds: (i) in exponential families
(Clarke and Barron, 1990, p. 470); or (ii) if 4 is identified (i.e., P, = P, if and only if

= '), M is precompact, and p — P, is weakly continuous on the closure of M.”

Example: Treatment Assignment. Consider Assumption 1. In the empirical appli-

cation, the lower bound for male youths behaved approximately like the maximum of two

9 Alternatively, one could assume the existence of uniformly consistent tests of Hy : u = po against
Hy @ ||p — poll > € (Schwartz, 1965; van der Vaart, 1998). Soundness is a weak sufficient condition for the
existence of such tests (Clarke and Barron, 1990). It also allows us to control the error rate of tests along
{P,.1n}, for which the usual classical testing condition seemed inadequate.
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independent Gaussian random variables (corresponding to estimates from US and Brazilian
RCTs) while the upper bound behaved approximately like a third independent Gaussian
random variable (corresponding to the estimate from a Colombian RCT). We can mimic

this setting with the following stylized example. Let

o= (p1, p2, i), br(p) = (Vv p2),  bu(p) = ps. (20)

As the bounds from the three studies are roughly the same magnitude, let pg = (—c, —c, ¢)
for ¢ > 0. Then R(0,p) = (ps3)+ and R(1, u) = —(p1 V p2)—, and so R(0, po) = R(1, po) = ¢
and D, = {0,1}. We deduce that R(d,u) is bounded (provided M C R? is bounded)
and continuous in p. Here R(0, p1) is smooth at po with Ry ,,[h] = hs. However, R(1, u) is
only directionally differentiable at po with Ry ,,[h] = —(h1 V hy). Overall, R(d, u1) satisfies
Assumption 1.

Assumption 2 places restrictions on the family of probability distributions {P, : p € M}.
One formalization of the application described in Section 2.4 is to regard the published
estimates, rather than the observations upon which these estimates are based, as data.
So X" = fi. Using the Normality assumption underlying our empirical illustration, P,
is a multivariate Normal distribution with mean g and a diagonal covariance matrix with
elements s2. The Normal family clearly satisfies Assumption 2. In Section 5 we will relax

the strict Normality assumption and cast the paper in a semiparametric framework. [

4.2 Main Results

We first introduce some terminology. Let II denote the class of all priors on M with positive,
continuous, and bounded Lebesgue density. We say that {d,},{d/,} € D are asymptotically
equivalent if

lim Py (0,(X") = d) = lim Py (8,(X") = d)

n—oo n—o0

for all d € D, h € RE and uy € M. Proposition 2 in Appendix C shows that /n(R,(d) —
R(d, j19)) converges in distribution along P, to E*[Ra,,[Z* + Z]|Z], where Ry, is the
directional derivative of R(d,u) at po, Z ~ N(h, ') represents the asymptotic behavior
of an efficient estimator of u, Z* ~ N(0, 1 M’Ol) independently of Z represents asymptotic
uncertainty about the local parameter h, and E* denotes expectation with respect to Z*,
which integrates over the uncertainty in the local parameter. We say there are no first-order
ties if for each i € M the minimizer of d +— E*[Ry,,[Z* + 2]] over D, is unique for almost
every z. This condition trivially holds if D, "is a singleton. To interpret the condition when

|Qu0| > 1, suppose that R is differentiable at po, which is analogous to the case of smooth
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welfare contrasts studied in Hirano and Porter (2009). Then E*[Ry,,[Z* + 2]] = Jdo?
with g4, = %fo). In that case, a sufficient condition for no first-order ties is that the
derivatives are different: gq,, # gar ., for d,d' € D, .

Our first main result establishes optimality of Bayes decisions {3} (-;7)} for 7 € II.

Theorem 1 Suppose that Assumptions 1 and 2 hold, R({,}; po) is finite for at least one
{6,} € D, and there are no first-order ties. Then

(i) {65(-;m)} is optimal for any 7 € 11;

(i1) {05(-;m)} and {6}(-;7")} are asymptotically equivalent for all m, 7" € I1;
(iii) {6} € D is optimal if it is asymptotically equivalent to {6} (-;m)} for some m € 11.

According to Theorem 1, Bayes decisions with priors 7 € II are asymptotically equivalent
and optimal. All such Bayes decisions are asymptotically independent of 7. Part (iii) implies
that any decision that is asymptotically equivalent to a Bayes decision under a prior 7 € II
is optimal. Optimality of the bootstrap implementation discussed in Section 3.4 follows
from (iii) under suitable regularity conditions.

We now show that asymptotic equivalence to a Bayes decision is necessary for optimality.
Say {0,},{0,,} € D fail to be asymptotically equivalent at g if

lim P, (5,(X") = d) # lim P, (5,(X") = d)

n—oo

for some h € REX and some d € D.

Theorem 2 Suppose that Assumptions 1 and 2 hold, R({,}; po) is finite for at least one
{6,} € D, and there are no first-order ties. Suppose that {6,} € D is not asymptotically
equivalent to {65 (-;m)} for some (equivalently, all) m € I1. Then at any uo at which asymp-

totic equivalence fails,

R({dn}; 10) > R, (-;7m)}510)  for allm € T1.

In the next subsection we discuss further implications of Theorem 2 with respect to

decision rules based on plugging-in efficient estimators of p.

4.3 Plug-in Rules

A natural alternative to &% (X"™;7) is to plug in an efficient estimator i = (X") of p into
the oracle decision rule, yielding the “plug-in” rule 6?"*9(X™) = §°(f1). Manski (2021, 2023)
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refers to this approach as “as-if” optimization: the estimator ji is treated “as if” it is the
true parameter.'® We show that asymptotic equivalence of the Bayes and plug-in rules can
fail when the maximum risk does not depend smoothly on p; if so, Theorem 2 implies plug-in
rules are sub-optimal. We illustrate this difference within the context of the application to
treatment assignment from Section 2.

To understand when asymptotic equivalence holds, we turn to Lemma 1 in Appendix B,

which characterizes the asymptotic behavior of sequences of decision rules. Lemma 1 implies

o ey iy Pormins, 2 [fuulz+ 2] 2] =), e,
n—00 0, otherwise,

where P, is the probability measure of Z ~ N(h, I ;01). One can similarly show

lim P, (6£lug<Xn> _ d) _ Py, (argmmieguo R; 2] = d), deD,,, 21)
e 0, otherwise.

Asymptotic equivalence of the Bayes and plug-in rules holds when the right-hand side prob-
abilities in the above two displays are equal.
Suppose R(d, p) is fully differentiable at ji for all d € D, . Then each R[] is linear,
and
E* | Ry [2* + Z]( Z} = R [E* (2] + Z] = Ra|2)-

Hence, the plug-in and Bayes rules are asymptotically equivalent, and therefore optimal by

Theorem 1. Formally:

Corollary 1 Let the conditions of Theorem 1 hold, let the plug-in rule 6?9 satisfy (21),
and let R(d, ju) be fully differentiable at po for all d € D, and all po € M. Then {oPlug} s

optimal.

Corollary 1 is consistent with Theorem 3.2 of Hirano and Porter (2009), which shows
plug-in rules are optimal when welfare contrasts depend smoothly on a point-identified,
regularly estimable parameter.

If R(d, ;1) is only directionally differentiable at 119, then Rg,,[ -] is not linear and the above
reasoning no longer applies. In this case, asymptotic equivalence of the Bayes and plug-in

rules cannot be guaranteed. If it fails, Theorem 2 implies the plug-in rule is sub-optimal.

10This approach also has connections to anticipated utility (Kreps, 1998; Cogley and Sargent, 2008).
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Example: Treatment Assignment. We continue the calculations for the stylized exam-

ple introduced in Section 4.1. By Jensen’s inequality,

Py (argminge o B* [ Rugl2” + 21| 2] =1) = Pa(E'[(Z0 + 20) v (Z3 + 2)|2) + 25 2 0)
> ]P’h<(Zl V Zo) + Zy > 0)

=P, <argmind€{071}Rd,uo [Z] = 1).

Hence, asymptotic equivalence fails and the plug-in rule is sub-optimal: the Bayes rule
recommends treatment more aggressively than the plug-in rule. This is reflected in the
empirical application, where the optimal rule recommends treatment but the plug-in rule
does not. [

4.4 Finiteness of the Criterion

Criterion R({d,}; t0) in (12) is formed by integrating R({d, }; 10, h) with respect to Lebesgue
measure on R¥. This raises the possibility that R({d, }; po) = +oo for all {6,,} € D, in which

case it does not produce a meaningful ranking. We first note this is not possible if K = 1:

Proposition 1 Suppose that K = 1 and Assumptions 1 and 2 hold. Fix any g € M for
which there are no first-order ties. Then R({05(-;m)}; o) < oo for all m € 11.

If K > 1, however, we may have R({d,}; o) = +oo for all {6,} € D. For instance, one
could take the K = 1 case and augment the parameter space with redundant parameters.
To handle cases where criterion (12) is infinite, we approximate the improper Lebesgue prior
on h by a sequence of proper priors. We used Lebesgue measure on R¥ in criterion (12)
because there is no a priori reason to view one local parameter as more likely than another.
A similar effect is achieved for a N(0,0/) prior with large 0. However, for any finite o the
integrated risk under this proper prior is also finite because R(d,-) is bounded according to
Assumption 1(i). Let 7, denote the N(0,0l) density. Define

Ro({6u}: 110) = / RU6.}: 1o, 1) (1) dhn. (22)

Lemma 1 implies R, ({d,}; 1o) is finite for all {6,} € D. Analogously to Definition 2, we

define the concept of o-optimality:

Definition 3 Say {0,} € D is o-optimal if R,({d,}; 10) = infsyep Ro ({6}, }; pto) for all
to € M.
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As we are using the large-o limit of the N (0, o) prior to approximate Lebesgue measure,
we are really interested in the behavior of o-optimal decisions as ¢ — oo. The following

result shows Bayes and o-optimal decisions lead to the same choices in large samples.

Theorem 3 Suppose that Assumptions 1 and 2 hold and there are no first-order ties. Let
{65 ,} € D be o-optimal at juy. Then for all d € D and h € R¥,

nh—>nolopnh(5 (X )_d)_ah_{gogl_{gopnh((s (X ):d)
The proof of Theorem 3 shows that Bayes and o-optimal decisions are identical in large
samples, for almost every realization of the data, provided o is sufficiently large. We omit
the details here to avoid introducing additional technicalities, and instead illustrate the idea

within the context of our running example.!!

Example: Treatment Assignment. We continue with our discussion of the stylized ex-
ample from (20) that mimics the empirical application. We have \/n(fi—p) —q4 Z ~ N(h,X)
along P, j,, where ¥ = diag(si, s2,s3), say, since the RCTs are independent. Lemma 1 in

Appendix B implies that asymptotically, any Bayes decision behaves like
050(2) = IET[(Z] +21) V (25 + 22)] + 23 = 0],

for almost every realization z of Z, where E* denotes expectation taken with respect to
Z* ~ N(0,%). The expectation can be computed in closed-form (see, e.g., Nadarajah and
Kotz (2008)) to give

650(2) = 1[f(z;81,82) > 0],

21 — %9 Z9 Z9
where f(z;51,82) = 210 | ——= | + 2@ +vs1+s + 23,
s = (5 ) o (G5 ) +virme (G )

and ¢ and ¢ are the standard normal CDF and PDF, respectively. Similarly, Lemma 2 in
Appendix B implies that asymptotically, the o-optimal decision behaves like

0g(2) = Il fo(z;51,82) 2 0],

where f,(2;51,52) = f ((I‘Hf_lz) a(j—gls UTZ ) :
1 2

HHere is some intuition: in many Bayesian settings posterior distributions of parameters are proper even
under improper priors. But integrated risk is typically only finite under a proper prior. As long as the
likelihood function asymptotically dominates the prior, posteriors, and decisions derived from them, under
an improper prior are very close to those obtained from a prior with a large variance.
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The difference between the two arises because in the o-optimal decision the posterior mean is
shrunk from z to (I4+071X)~12z and the posterior variance is shrunk from ¥ to (X! +o~11)71.
There are no first-order ties because the set of z values for which f(z; s1, so) = 0 has measure
zero. For any z outside this negligible set, we have sign(f(z;s1, s2)) = sign(f,(z; s1, s2)) for
o sufficiently large. Hence, for almost every realization z of Z, there is a minimal value of o

above which the Bayes and o-optimal decisions are identical. [

5 Optimality Theory for Semiparametric Models

This section extends our approach to semiparametric models, which is relevant in many
empirical contexts. For example, the data may not follow a specific parametric model, or
X" may be a vector of summary statistics with unknown finite-sample distribution, as in the
empirical application in Section 2. We present the model in Section 5.1 then generalize our
optimality concept in Section 5.2. Section 5.3 describes a quasi-Bayesian implementation
of optimal decisions. Section 5.4 presents the main optimality results. Theorem 4 shows
that quasi-Bayes decision rules are optimal, while Theorem 5 shows that any decision whose

asymptotic behavior differs from quasi-Bayes rules is sub-optimal.

5.1 Model

Let X" ~ P, .y with p € M C RX and n € H, an infinite-dimensional space. In a
GMM model, p is a finite-dimensional parameter vector, n is the marginal distribution of
each observation X; € X, and H = {n € M(X) : [ g(z, pu)dn(z) = 0 for some p € M}
for a vector of moment functions g, where M(X) is the set of all probability measures on
X. We again assume that, given p, the structural parameter 0 takes values in a set ©g(u).
Therefore, the set of payoff distributions is indexed only by the parametric component y and
the nonparametric component 7 is a nuisance parameter. For instance, 4 may be a vector of
population moments used to construct bounds on #. The nuisance parameter 1 represents

other features of the distribution of X" that are irrelevant for the DM’s decision problem.

5.2 Optimality Criterion

Our optimality criterion (12) integrates the excess maximum risk of d,,(X") relative to the
oracle using Lebesgue measure on the local perturbations h € R¥ of uy. This approach does
not extend to perturbations of (1, 7) due to measure-theoretic complications in infinite-
dimensional spaces. We therefore form our optimality criterion using local perturbations of

1o within a least favorable submodel in which X™ carries the least information about u of all
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parametric submodels. The problem of parameter estimation in the least favorable submodel
is asymptotically equivalent to the problem of estimating y in the full semiparametric model.

To simplify exposition, we present the following discussion and results within the context
of a random sample — so X" = (X1,...,X,) where each X; is an independent draw from
P, — though it is straightforward to extend our theory to weakly dependent data. We
say that P = {Py, : o € M,n € H} has a least favorable submodel at (yu,n) if there
exists an open neighborhood M, of i and a map ¢ — 7, from M, into H such that
{Pswy : t € My} with 5(t) = (t,1;) have densities pg() with respect to a common

dominating measure v that satisfy the DQM condition

1. ... 2
/ (\/pﬁ(u+h) — /DB — §hT£(Mm)\/p6(u+h)> dv = o(||h]?)

as h — 0, where lf(%n) : X — R¥ is the efficient score for p and I, ;) = fé(um)éa,n)dp(um)
is the semiparametric information bound. In other words, there is a regular parametric
submodel {Psu) : t € M(,,)} whose information matrix at ¢ = g is the semiparametric
information bound at (u,n). The path t — 7; and dominating measure v can depend on
(1, m), but we suppress this to simplify notation. We note that our approach only requires the
least favorable model to exist: the researcher doesn’t need to derive it in order to implement
optimal decisions. The least favorable model also needn’t be unique, but any such model
satisfying the above conditions will lead to the same optimality criterion.

Our optimality criterion is analogous to the parametric case. For each (pg,n0) € M X H,
we reparametrize the least favorable submodel {Ps) 1 t € M09} Using t = po + h//n
for h € R¥. Let P, ;, denote the distribution of X™ under Py, 14/ m With 8(po +h/v/n) =
(10 + h/\/, 100/ ym) and Eq j, denote expectation under P, . Define

R({5n}§ (1o, 770)7 h)

n—o0

and let
RU{B.Y: (10, 10)) = / RUG.Y: (0, o), h) dh.1? (24)

The class D is defined analogously to the parametric case (cf. Definition 1). Recall that

D,, = argmin,.p R(d, p1o) denotes the set of optimal choices at p.

12Note that R({,}; (110, m0), k) and R({6,}; (110,70)) remain well defined despite the fact that pg+h/\/n
may be outside M,y »,) for small n.
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Definition 4 D consists of all sequences {8,} such that, for all (po,n0) € M x H,
(i) lim,, o0 P4 (0,(X™) = d) exists for all d € D and h € RY;
(1) limy, o0 /1 Pop, ((Sn(X”) ¢ QMO) =0 for all h € RX.

Finally, we say a sequence of decision rules {4, } is optimal if it minimizes the criterion

R(+; (po,m0)) in (24) over D for all (pg,no) € M x H (cf. Definition 2):

Definition 5 Say {d,} € D is optimal if R({6n}; (10,70)) = infisyen R({0),}; (10, m0)) for
all (po,m0) € M x H.

If R({0,}; (120, m0)) is infinite for all {d,,} € D, then a similar approach to Section 4.4 can

be followed whereby the Lebesgue prior on h is approximated by a sequence of proper priors.

5.3 Quasi-Bayesian Implementation

Optimal decisions are formed similarly to the parametric case, but we replace the posterior
with a quasi-posterior formed from a limited-information criterion for p. Following Doksum
and Lo (1990), Kim (2002), and Miiller (2013), consider a limited information N (i, (nd)™?)
quasi-likelihood for p, where [ is an efficient estimator of ;¢ and I~ is a consistent estimator
of its asymptotic variance, namely I ! /. Combining the quasi-likelihood with a prior 7 on

(m)”
M yields the quasi-posterior

(1] X™) oc e~ 2T D= (), (25)

The quasi-posterior mazimum risk R,(d) is calculated by averaging R(d, j1) across the quasi-
posterior, as in (14). The quasi-Bayes decision 0} (X™; ) is chosen to minimize the quasi-
posterior maximum risk R, (d), as in (15).

Unlike the parametric case, here the optimal decision cannot be justified on the basis
of robust Bayes analysis. A formal Bayesian approach would require specifying a prior on

M x H then forming a marginal posterior for ;.

Example: Treatment Assignment. In Section 4.1 we rationalized the empirical illustra-
tion in Section 2.4 through the assumption that the vector ji is exactly Normally distributed.
The semiparametric extension allows us to relax this assumption. Treating the estimates /i as

data, the semiparametric model allows for more general distributions of the form ji ~ P, (.

13Gee, for instance, the Bayesian exponentially tilted empirical likelihood approach of Schennach (2005) or
the Bayesian GMM approaches of Shin (2015) and Walker (2025). Our approach is computationally simple
and avoids the delicate issue of specifying priors in infinite-dimensional parameter spaces.
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satisfying the moment restriction [(fi — p)dP, (., = 0. The density in (25) is identical to
the one implied by the Normal model in Section 4.1, but the interpretation changes from an

exact posterior to a quasi-posterior. []

5.4 Optimality of Quasi-Bayes Decisions

We first state and discuss regularity conditions, then present our optimality results. Let Ammin
. . Pru (o
and Apax denote the smallest and largest eigenvalues of I. Let “970) denote convergence

P, . N .
in probability under {P, (4o} Let <% denote convergence in distribution under {P, ;}.

Assumption 3 (i) M is an open subset of RE;
(ii) P has a least favorable submodel at each (po,n0) € M X H;
(iii) I(0n0) s finite and nonsingular at each (po,m0) € M x H;
(iv) For each (pg,m0) € M x H and h € RE:
(a) \/nP,p(||ft — poll > €) — 0 for each € > 0;
(b) there exists ¢ € (0,1) such that /nP, (c < Xmin, Ao < c) = 0;
(v) For each (po,mo) € M x H:
(a) il — o) 2 Z with Z ~ N(h, I-2 ) for all h € RE;

(ko,m0)
() 7™ Ty

Assumptions 3(i)-(iii) are analogous to Assumptions 2(i)-(iii). We do not require versions
of Assumptions 2(iv) and 2(v) because the quasi-likelihood here has a particular quadratic
structure. But we need to ensure that the estimators i and I used in the quasi-likelihood
are sufficiently well behaved, which is the role of Assumptions 3(iv) and 3(v). These may
be verified for a wide variety of estimators ji and I under suitable regularity conditions that

cover the RCT estimators ji of the empirical illustration in Section 2.4.

Example: Treatment Assignment. FEach subpopulation corresponds to an independent
randomized experiment. In each subpopulation k& we observe a random sample of (X;,Y;)
of size n drawn from a distribution 7;,'* where X; is a binary treatment indicator and
Y = X;Ya + (1 — X;)Y,o with Y}; and Yy denoting the treated and untreated outcomes for
individual 4. Recall g = (ug)i_, and ft = (jix)~_;, where we estimate the subpopulation-
k ATE puy by, for example, using the slope coefficient ji;, in an OLS regression of Y; on
X;. Let s, denote the heteroskedasticity-robust standard error of ji,. Then Iis given by

(nd)~' = diag(s?,...,s%). The nuisance parameter is the joint distribution n = x< n,

14Tt is straightforward to extend the analysis to have different sample sizes nj in each subpopulation,
provided the ny all grow at the same rate.
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across the independent subpopulations. We have P, = B, = n. We similarly drop
dependence of p in quantities such as the score and information matrix that follow.
Each fi; is semiparametrically efficient (Hahn, 1998) with influence function

x< 3 ) l1—=x
Y— M1k 1—

Yr(r,y) = (y — fog),

Dk
where pg, 1, and g represent the means of X;, Y;;, and Y}y in subpopulation £ and
are available from the moments of X, XY and (1 — X)Y under n,. We construct a least
favorable submodel as follows. For each subpopulation k, fix any 7y, with 0 < p < 1 and
0 < [9idnos < co. Let
lppo(T,y) = —5——.

Without confusion we also let 7y, denote the density of 1y with respect to some dominating
measure v. We define a smooth parametric model 7,  passing through 7 at ¢ = jo 5 with

score {j ,, by

v((ty — ﬂ(),k)ék,(,uo,no)(xa Y))
f U(<tk - Mo,k)gk,(#omo)(xa y))dﬁo,k(% y) ’

Mook (2,Y) = Mok (7,y)

where v(u) = 2(1 + e72%)~! satisfies v(0) = v'(0) = 1 (van der Vaart, 1998, Example 25.16).
Letting 1, = x5 m,, & for t = (t)i_,, we have a smooth parametric family passing through
no at t = pp whose score fyy = (fr.,)K satisfies fénoégodno = diag(0;,?,...,05°) = It
where of = [ idnoy is the (efficient) asymptotic variance of fiy.

By Le Cam’s third lemma (van der Vaart, 1998, Example 6.7), for any h € RF we
may deduce that /n(fi — o) converges in distribution to a N(h, I, ;') random vector under
{P.1}, where P, is the product measure formed by drawing n copies of (X,Y’) under
Ny x+hy/v/mk for each subpopulation. This verifies Assumption 3(v)a. Assumption 3(v)b
holds by standard consistency arguments for heteroskedasticity-robust standard errors. It is

also straightforward to verify, for instance by using suitable concentration inequalities, that

Assumption 3(iv) holds. O

We now present analogues of Theorems 1 and 2 for the semiparametric case. Recall that
IT denotes the class of all priors on M with positive, continuous, and bounded Lebesgue
density. Similar to the parametric case, we say that {J,},{0,} € D are asymptotically
equivalent if

lim P, ,(6,(X"™) =d) = lim P, (0, (X") = d)

n—oo n—o0

for all d € D, h € RE | and (ug,n9) € M x H.
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Theorem 4 Suppose that Assumptions 1 and 3 hold, R({0,}; (o, m0)) is finite for at least
one {0,} € D, and there are no first-order ties. Then

(1) {0;(-;m)} is optimal for any © € I1;

(i) {6:(-;m)} and {05(-;7")} are asymptotically equivalent for all m, 7" € 11;

(117) {0,} € D is optimal if it is asymptotically equivalent to {0)(-;m)} for some m € II.

It follows from Theorem 4 that quasi-Bayes decisions with priors m € Il are asymptoti-
cally equivalent and optimal. Moreover, any decision that is asymptotically equivalent to a
quasi-Bayes decision under a prior m € II is optimal. In particular, bootstrap rules will be
asymptotically equivalent to quasi-Bayes rules (and hence optimal) provided the bootstrap
distribution for an efficient estimator i of x and the quasi-posterior are sufficiently close.

Similar to the parametric case, we say {0,}, {0, } € D fail to be asymptotically equivalent

at (po, o) if
lim P, ,(0,(X") = d) # lim P, ,(8,(X") = d)

n—oo

for some h € REX and some d € D.

Theorem 5 Suppose that Assumptions 1 and 3 hold, R({d,}; (10,m0)) is finite for at least
one {0,} € D, and there are no first-order ties. Suppose that {6,} € D is not asymptotically
equivalent to {0:(-;m)} for some (equivalently, all) m € II. Then at any (po,n0) at which

asymptotic equivalence fails,
R({dn}: (1o, m0)) > R({5,(-:7)}; (ko m0))  for allw € 11

As in the parametric case, asymptotic equivalence to {0(-;m)} for some 7 € II is neces-
sary for optimality whenever there are no first-order ties. Thus, as discussed in Section 4.3,
plug-in rules may fail to be optimal in settings where the maximum risks R(d, x) is only
directionally differentiable at pg. This includes the empirical application from Section 2 and
the further examples to treatment assignment and optimal pricing that we discuss in the

next two sections.

6 Treatment Rules: Further Applications

This section expands on our running example of treatment assignment under partial identi-
fication. We first review several empirically relevant approaches for constructing bounds on
the ATE in Section 6.1. Each of these constructions leads to bounds by () and by (p) that

will in general be only directionally differentiable in a vector of reduced-form parameters .
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We then discuss implementation of the optimal decision rules in these settings in Section 6.2.
As far as we are aware, ours is the first work to propose optimal decisions for these realistic

empirical settings.

6.1 Examples of Treatment Effect Bounds

Intersection Bounds. This setting generalizes the empirical application from Section 2.
Suppose X" consists of data from K observational studies. In each study k we can consis-
tently estimate lower and upper bounds by, x(p) and by k() on the ATE as a function of

population moments ;. We then obtain the intersection bounds

br(p) = maX brk(fie) by () = éT}GiSHK buk(pix),

with y = (,uk),[f:l. While the bounds b5 and by may themselves be smooth in puy, the
presence of the min and max operations makes the intersection bounds by, (1) and by (p) only

directionally differentiable in .

Bounds via IV-like Estimands. Mogstad, Santos, and Torgovitsky (2018) present an
approach for bounding the ATE and other causal effects using IV-like estimands from ob-
servational studies. Suppose treatment is determined by D = I[U < v(Z)] where U ~
Uniform(0, 1) and Z = (X, Zy) collects control variables X and instrumental variables Z;.
According to Heckman and Vytlacil (1999, 2005), the ATE may be expressed as a functional

Lo(m), where m = (mg, m;) are the marginal treatment response (MTR) functions
mag(u, ) = E[Yy|U =u, X =2z], de{0,1},

and

To(m) = E {/Olmlm,)() du — /01 (1, X) du] |

Mogstad, Santos, and Torgovitsky (2018) show the MTR functions, and hence the iden-
tified set for the ATE, can be disciplined if we know the value of certain IV-like estimands.

For ease of exposition, consider a single IV estimand

COV(Y, Zo)

v = oD Zo)
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resulting from using Zj as an instrument for treatment status dummy D in the observational

study. The IV estimand may be expressed as Gy = I'z(m) where
1 1
[g(m)=E [/ mo(u, X)s(0, Zo)I[u > p(z0)] du +/ ma(u, X)s(1, Zo)I[u < p(z0)] du
0 0

with s(d, z) = %Z[Ozg) and where p(zg) = E[D|Zy = 2| is the propensity score. In this case,

the bounds of Mogstad, Santos, and Torgovitsky (2018) are

br(p) = inf Co(m), by(p) = sup Co(m),
mES:T s (m)=Frv mES:Ta(m)=Brv
where S is a class of functions and p = (Cov(Y, Zy), Cov(D, Zy), E[Zy], p), which is finite-
dimensional if Z; has finite support (e.g. binary Z,). They show that by (x) and by (u) may
be expressed as the optimal values of linear programs parameterized by pu. It is known from
Milgrom and Segal (2002) (see also Mills (1956) and Williams (1963) for linear programs) that

the value of optimization problems may only be directionally differentiable in parameters.

Non-separable Panel Data Models. Suppose the outcome for individual ¢ at date ¢ is
of the form Y;; = g(Xy, ai,e;) where X, is a vector of covariates, a; is a latent individual
effect, and e;; is a vector of disturbances, which are independent across individuals and time.
Consider an intervention that changes in covariates from z° to #!. The ATE associated with

the intervention is

/ (9(" 0v€) — g(a°, 0, €)) dQ(ar, ),

where @ is a distribution over (a,e). When outcomes and covariates are discrete, paramet-
ric restrictions on the distribution of ¢ and functional form restrictions on g are generally
insufficient to point identify the ATE without parametric restrictions on the distribution of
a. A leading example is dynamic panel data models in which X;; collects lagged values of a
discrete outcome Y;;—see, e.g., Honoré and Tamer (2006) and Torgovitsky (2019a). Build-
ing on Honoré and Tamer (2006), Chernozhukov, Fernandez-Val, Hahn, and Newey (2013)
and Torgovitsky (2019b) derive bounds on the ATE without parametric assumptions on Q.
Their bounds may be expressed as the value of optimization problems (linear programs)
parameterized by a finite-dimensional vector of choice probabilities p. As in the previous

example, by (u) and by (u) may therefore only be directionally differentiable in p.
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6.2 Implementation

The first two examples are semiparametric and we can take X" to be a vector of estimators [
of u. Assuming ji is asymptotically efficient and the DM has available a consistent estimator
I~ of the asymptotic variance of i, then the optimal decision can be implemented based on
a N(ji, (n)™") quasi-posterior as in (25).

In the third example with discrete outcomes and covariates, the distribution P, , of the
data ((Yi, Xi) ;)™ can be identified with a multinomial distribution parameterized by .

In this case our parametric theory applies and the optimal decision can easily be implemented

using either the bootstrap or Bayesian methods.

7 Optimal Pricing with Unobserved Heterogeneity

Our methods can also be applied to make optimal pricing decisions in models with rich
unobserved heterogeneity using revealed-preference demand theory. Section 7.1 provides the
model and empirical setting. Section 7.2 presents techniques for computing sharp bounds
on functionals of counterfactual demand using linear programming. Finally, we discuss how

to implement our methods in Section 7.3.

7.1 Model

B

The DM observes repeated cross sections of individual demands X" = (ijl, o ,Xbm)b:l,

where each X;; € R™ is the demand of individual 7 for m goods under prices gp:

X = arg max ui(z),
where B, = {z € R™ : 2/q, = 1} is the budget set (expenditure is normalized to one).
Individuals are heterogeneous in their utility functions u;. We assume the demand system is
rationalized by a random utility model with a probability distribution F’ over utility functions
u. The demand under ¢, of a randomly selected individual may therefore be interpreted as

stochastic. The mass py(s) of individuals whose demand is in a set s C B, at price g, is
po(s) = /]I[argmaxwegbu(:c) €s|dF(u), se By, b=1,...,B (26)
(see, e.g., Kitamura and Stoye (2018), henceforth KS18).

The DM wishes to choose a new price vector ¢4 for d € D = O UC. The price vectors
{qa : d € O} are a subset of the observed prices ¢, ..., qp, while each {qq : d € C} is a set
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Figure 2: Choices and Budget Lines

of counterfactual price vectors. In principle, the set C of new price vectors could be large,
representing prices rounded to nearest currency units or tax rates rounded to the nearest
percentage. Let wq(X,) represent a functional of demand (e.g., revenue or welfare) under
prices gq. The DM’s goal is to choose d € D to maximize the average of wy(X,). For
d € O the average demand E[wy(X,)] is identified from observed choice behavior under gg.
However, the observed choice behavior is only sufficient to bound, but not point-identify,

E[wq(Xy4)] for counterfactual prices qq, d € C.

7.2 Bounds on Functionals of Counterfactual Demand

Kitamura and Stoye (2019) present a general approach using linear programming to bound
functionals of counterfactual demand. We introduce their approach with an example. Con-
sider Figure 2. There are two goods, and the DM has observed the demand for two price
vectors ¢; and g9, which generate the budget sets By and B,. The counterfactual price vector
is qo which generates the counterfactual budget set By.

The budget lines in Figure 2 are divided into segments sj, called “patches” in KS18.
Patch sq; is the segment of B; from the y-axis to the intersection of By and Bs, patch so is
the segment of B; between By and By, and so forth.'> There are 9 potential combinations
of patches consumers may choose from among B; and Bs: (s11,12), (S11,522), (S11,532),
(821, 812), (S21,S22), (S21,S32), (S31,512), (S31,822), (S31,S32). Each combination corresponds

to a consumer type. By revealed preference we know a consumer will never choose (21, $12)

15Like KS18, we suppose for simplicity that the distribution of demand is continuous so we can disregard
the “intersection patches” formed at the intersections of budget lines.
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or (s31,s12). This leaves a total of 7 rational types of consumer. Let

(111000 0]
0001100
4,_|0o0000 1
1000000
0101010
(001010 1]

The rows of A correspond to i1, S21, S31, S12, S22, S32 and the columns of A correspond to
the 7 rational types. Let p = (p1(s11),p1(821), p1(S31), P2(S12), P2(S22), P2(s32)) collect the
corresponding choice probabilities. KS18 showed that the demand system p is rationalizable
if and only if

p=Af,

for some f € A®, the unit simplex in R”, representing the probabilities of the 7 rational
types. These probabilities constrain the distribution F' of utilities.

Now consider choice behavior on the counterfactual budget set By. Each of the 7 rational
types may choose a counterfactual demand in patch siq, S99, or S39, for a total of 21 potential
types. By revealed preference, a consumer who chose s3; must choose sgg or s3p, and a

consumer who chose s3; must choose s3y. This leaves a total of 16 rational types. We may

p
p*

where p* = (po(s10), Po(S20), Po(S30)) collects the counterfactual choice probabilities for patches

represent the system as

— AT f* (27)

510, S20, and ssg, f* € A'® collects the probabilities of observing each rational type, and

11111111100O0O0O0O00O0
00000O0O0OO0OO0O1T1TT1T1O0QO0O0
0o000O0O0OO0OO0OO0OO0OO0OO0OO0OT1T71
1110000O0O0O0O0OO0OO0OGO0OO0QO0
A=l0001110001110110],
0o0000O0O1110O0O01O0O0T1
10010010O01O0O0O0O0OO0T© O
01 0010010O0T1O0O0T1QO0O0
1001001001001 T1O0T1T1]
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where the rows correspond to choosing si1, Sa1, S31, S12, S22, S32, S10, S20, S30. Partition A* as

A*
* obs
A" = *
unobs

*
obs

where A%, collects the first 6 rows of A* (corresponding to the observed budget sets) while

*
Aunobs

Following Kitamura and Stoye (2019), we may deduce sharp bounds on E[wy(Xj)] as

collects the rows of A* corresponding to the patches sig, S29, and s3q.

follows. Let (w,,w,,w;) and (w;,ws, ws3) denote row vectors which collect the smallest and

largest values of wy(x) for = in sy, s20 and s3p. Then the bounds on E[wg(X,)] are

U)L(p) = min {(whw%wi})TAZnobsf* -p= A:bsf*u f* € A15} )
’lUU(p) = max {(wlaw%w?))TA:mObsf* ‘p= Astf*7 f* € A15} .

More generally, the preceding argument applies with a collection of B observed budget
sets and multiple goods. In that case, representation (27) holds for observed choice proba-
bilities p of patches on the B observed budget sets and counterfactual choice probabilities
p* of patches on the counterfactual budget set B, generated by ¢4 for d € C. Suppose there
are J patches across B, and T rational types. Then letting row vectors w, and w, collect
the smallest and largest values of wy(z) for z in each of the J patches, sharp bounds on
E[wq(Xq4)] are

wa,r(p) = min {wg A}, " p = Ay f* [F e AT
wau(p) = max {Wg Ay f* 1 0 = A f*, [ € AT

where we have partitioned the A* matrix analogously to the simple 3 budget example.

(28)

7.3 Implementation

As in Bergemann and Schlag (2011), we assume the DM has a preference for robustness.
That is, the DM wishes to choose d to minimize maximum risk, where the maximum is
taking over the identified set of counterfactual demand responses.

The DM’s problem maps into our framework as follows. For each d € O, the value
E[wq(X4)] is identified from observed choice behavior under ¢;. The remaining reduced-form
parameters are the patch probabilities p. Thus, u = (p, (E[wq(X4)])iseco). Here § = F and
©p(p) is all F' that rationalize the patch probabilities p consistent with revealed preference.
The vector Y = (wy(Xy))aec collects functionals of demand under the counterfactual prices.
Each § = F € Oy(u) induces a distribution Gy for Y. Although we suppressed it in the previ-

ous subsections, we now write Ey[wy(Xy)] for d € C to denote that the average counterfactual
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demand functional depends on the structural parameter 6.

For d € O, the DM incurs risk
r(d,0, p) = —Elwa(Xa)],
which is point identified from pu = (p, (E[wgq(Xq4)])aeo). For d € C, the DM incurs risk
r(d, 0, p) = —Eolwa(Xq)],

which is set-identified and may be bounded as described in the previous subsection. The

maximum risk is

—Elwq(Xq)] d€O,
—wg,r(p) deC,

R(d, p) =

where w, 1 (p) was defined in (28).

This is a semiparametric model and our implementation follows the steps described in
Section 5.3. Partition p = (p1,...,up) where p, collects the parameters corresponding to
budget set B,. As we have assumed that each of the B observed budgets is sampled in
a repeated cross section, we can estimate each p, by just-identified GMM. As we observe
repeated cross sections under B different price vectors, we can simply take n = xZ m,
where 7, is the distribution of Xj;. We can then form a quasi-posterior 7, (1| X™) based on
a limited-information Gaussian quasi-likelihood as in (25). For d € O, the expected value

E[wy(X,)] is an element of y and so R, (d) is simply its quasi-posterior mean:

fwwz—/mwmmmwm.

For d € C, the posterior maximum risk is

JM®=—/WAMWWW

This may be computed by sampling p from the quasi-posterior, solving the linear pro-
gram (28) defining wg 1 (p) for each draw of p, then taking the average across draws.

The optimal decision minimizes R, (d) for d € D = OUC. As the value of a linear program
is typically directionally differentiable, the asymptotic distribution of the posterior mean
R, (d) for d € C may be different from that of the corresponding plug-in values —wg r,(p). In

this case, the optimal decision ¢} may outperform the plug-in rule.
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8 Conclusion

We derived optimal statistical decision rules for discrete choice problems when payoffs depend
on a set-identified parameter # and the decision maker can use a point-identified parameter p
to deduce restrictions on 6. Our notion of optimality combines a minimax approach to handle
the ambiguity from partial identification of 8 given p with average risk minimization for pu.
In many empirically relevant applications, the maximum risk depends non-smoothly on u,
making plug-in rules sub-optimal. We provided detailed applications to optimal treatment
choice under partial identification and optimal pricing with rich unobserved heterogeneity.
Our asymptotic approach is well suited for empirical settings in which the derivation of finite-
sample optimal rules is intractable. While continuous decisions fall outside the scope of our
theory and analysis, it would be interesting to study asymptotic efficiency in the continuous

case as well.

Data Availability Statement

The data and code underlying this article is available on Zenodo at https://dx.doi.org/
10.5281/zenodo.18157514.
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Online Appendix

A  Preliminaries

We first introduce relevant concepts on limit experiments and asymptotic representations.
We refer the reader to van der Vaart (1991, 1998) for comprehensive treatments.

An experiment is a measurable space equipped with a family of probability measures.
Let &, = (X", B, Pop : h € RX) where B, denotes the Borel o-algebra on X™. Each
&, corresponds to observing a random sample X,..., X, from P, .}/ m with parameter
h € R¥. Also let &€ = (R*, Bk, N(h,I,') : h € RF) where B denotes the Borel o-algebra
on RE. This experiment corresponds to observing a single Z ~ N(h, I ;01) with unknown h.
We suppress dependence of &,, £, P, 5, and N, on p to simplify notation.

The sequence of experiments {€,} is said to converge to the limit experiment £ if for all
finite subsets H of RX and every hy € R¥, we have

dN(h, I}
(grpem) e (SR L))
P 1o e dN(ho, ) )

where Ty denotes convergence in distribution along {P, }. This convergence holds under
Assumption 2(i)-(iii) (van der Vaart, 1998, Example 7.15 and Corollary 9.5).

Because £ is dominated,'® we can invoke an asymptotic representation theorem of van der
Vaart (1991). For each {0,} € D there exists a matching decision 6-(Z,U) given by a
measurable map d, : RE x [0,1] — D, the observation Z ~ N(h, I /;01), and an independent
randomization U ~ Uniform|0, 1], with the property that for each h € R¥,

lim P, ;,(6,(X") = d) = Py(0u(Z,U) = d), deD,

n—oo

where P, is the product of the N(h,I') and U[0,1] distributions. Although d(Z,U) de-
pends on the randomization U in general, under our regularity conditions this randomization

is unnecessary and any optimal decision depends only on Z.

'%In particular, each N(h,I!) distribution has density with respect to Lebesgue measure.
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B Proof of Main Results

B.1 Proofs for Section 4

We first state and prove a lemma which is used to prove Theorems 1 and 2. The first part
shows that if 7 € II, then {6}(-;7)} € D and its matching decision is independent of the
prior m and nonrandomized. Thus, we drop dependence of the matching decision on 7 and
U and simply write 6% (Z). In the second part, we derive expressions for criteria (11) and
(12) in terms of the limit experiment. Finally, in the third part, we show that our optimality
criterion (12) is minimized for matching decisions corresponding to {6;(-;7)} for = € II.
Recall that R,,, denotes the directional derivative of R(d,u) at po, Z ~ N(h,I.")

)

represents the asymptotic behavior of an efficient estimator of u, Z* ~ N(0, I ;01) indepen-
dently of Z represents asymptotic uncertainty about the local parameter h, and E* denotes

expectation with respect to Z*.

Lemma 1 Suppose that Assumptions 1 and 2 hold. Fiz any g € M for which there are no
first-order ties.
(1) If m € I, then {3}(-;m)} € D and the matching decision of {55(-;m)} is 6% (Z) with

6> (z) = argmin E* [Rd#o [Z* + 2]
deD,,,

for almost every z € RE.
(ii) For any {6,} € D,

R({0n}; po, h) = Z (Rd,uo [h] — ile%in Ri,uo [h]) Pr(6(Z,U) = d),

—H0
deD,,

R({b.3i) = | ( 5 (Frapalt] - i Fl]) m(aoow,w:d))dh, (29)

deQuo ZEQHO
where 05 (Z,U) is the matching decision of {6, }.

(iii) The matching decision 85 (Z) in (i) minimizes the right-hand side of (29) over all
matching decisions 0o,(Z,U) of sequences {6, } € D.

Proof of Lemma 1. Part (i): Let A, denote the event ¢} (X";7) € D, . By Lemma 11,
we have lim,, o v/1 B (AS) = 0 for all h € RE. Hence, condition (ii) in Definition 1 holds.
In particular, if D, C D, then

lim Pp(05(X"m) =d) =0 allheRX andd ¢ D,,. (30)

n—oo
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Hence, if D, = {d} we have lim, o P x(6;(X";7) =d) =

It remains to characterize lim,, ;oo Pop(0;(X™;7m) = d) for d € D, when D, | > 2.
We require a rule to break ties when argmin,., R, (d) is not a singleton. We shall take
the smallest index d among the set of minimizers, though it will be seen below that the
matching decision doesn’t depend on the tie-breaking rule. Thus, any (possibly randomized)
tie-breaking rule would lead to the same matching decision. Under this tie-breaking rule, we

have

0oy (X™m)=d] =1 [Rn(d) < min R,(i), and R,(d) < min Rn(z)} on A,

i€2H0:1<d iEQuO:iZd

where the minimum over an empty set is +00. Since | Pr(A) — Pr(B)| < 2Pr(C°) it A= B

holds on C', we obtain

Popn(05(X™ 1) =d) — Py, (Rn(d)< min R, (i), and R,(d) < min én(z)>’

iEQuO:i<d iEQMO:iZd

As R(d, o) = R(d', jio) for all d,d" € D, , we have

iEQ#O:i<d 1€D z>d

P, (Rn(d) < min R,(i), and R,(d) < min R, ())

— n,h(/\/ﬁ(R(d,u)—R(d,,uo))dﬂn < min /\/_ i, ) — R(, po)) dmn(p),

ZED z<d

nd [ V(R p) = R o)) dmalp) < _in_ [ V(RG.10 - RG uo»dm(m).

’LED z>d

Now by Proposition 2, we have

(/ Vn(R(d, ) = R(d, o)) dwnm)) - (E* oo 27+ 2|21 >

deD deD

0] —H0

Define Uy = {(ui>i62uo Sug < minieQHO;Kd u;, and ug < minieguozigd u;} C RZxol for d € D,
These sets form a partition of R'P«!. Evidently, int(Uy) 2 {(ui)iep t g < Milep, Jiid (7
Thus, boundary points of U, are points at which argmin, ep,, Ui is not a smgleton Since

argmingep ~E* (R0 Z* + 2]] is a singleton for almost every z it follows that

P, ((E [Rd,m 1z + Z]) ZD c aUd> —0.

deD,,,
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Hence, by the Portmanteau theorem and the preceding four displays, for all d € D, we have

Tim Pop(05(X7"7) = d) = P (B [Rap[2°+ Z)12) < _min B[Ry 2" +2]|2]), and

iEQuO:i<d

(B lfragl 2" + 2)12) < _pin_ E'[Ri[2" + Z)|2]) ). (31)
i€D,, 11>
Thus, we have shown that {0%(-;7)} € D.
We can now invoke Theorem 3.1 of van der Vaart (1991) to guarantee existence of the
matching form 0% (Z,U;m) of {5%(-;7)}. By (30), we see that §% (z,u;7) must take values
in D, for almost every (z,u). Moreover, as argmingep E* (R0 Z* + 2]] is a singleton for

almost every z, we may restate (31) as

lim P, ,(6%(X"7) = d) = P, <d — argmin B*[R; ., [Z* + Z] |Z]>.

n—00 ;
ZEQNO

Hence, we may take 0% (z,u;7w) = argmin;cp B [R; [ Z* + 2]] for almost every (z,u). As
—HO0

0% (z,u;m) doesn’t depend on u or 7, we simply write 0% (z).

Part (ii): By Assumption 1(i), mingep R(d, po + h//n) = mingep, R(d, o + h/+/n) holds

for all n sufficiently large. Hence, for all n sufficiently large,

Vi (En,h [R (0u(X"™), po + h/v/n)] = min R (i, po + h/ﬁ))
= 3" P (6u(X") = d) /i (R(d, po + h/v/0) = min R, uo +h/v/))

4<D,,

+ 37 VAP (0(X™) = d) (R(d, o + h/v/m) — min R(i, o+ h/V)),
gD, =ho

where the second sum is zero if D = D, ; otherwise, it converges to zero as n — oo by

Definition 1(ii) and Assumption 1(i). For the first sum, Theorem 3.1 of van der Vaart (1991)
implies
lim P, ,(0,(X") =d) =Pn(00(Z,U) =d), deD

)
n—yoo Ho

where 0o, (Z, U) is the matching decision of {4, }. As R(d,uo) = R(d', jio) for all d,d' € D, ,
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we have

Vit(R(d, po + /) = min R(i, a0 + b/ V)
= VA (R, i+ /YR) = () = v i BG4 /)~ i G )

o )

= Rd#o [h] — min RZ sHo [h]

E’D

where the final line follows from the fact that if {f;}icz is a finite set of functions that are
directionally differentiable at py with f;(uo) = fir(uo) for all 4,7 € Z, then min;ez f;(p) has

directional derivative min;cz fwo [h] at pyp.

Part (iii): Let gau,[h] = Raulh] — miniep, R; o[h]. By part (ii), we have

R({6n}; o) /( > GapoPIPL(S (Z,U)zd))dh

deD,,,
x 3. /// () = dJe 30 du d (g 1]
deD,,,
/ / Z [[0oo (2, u) = d] (/gduo[h] —2(z=h)T Iy (2—h) dh> dz du.
deD,,,

Changing the order of integration in the final line above is justified by Tonelli’s theorem,

which only requires non-negativity of the integrand. Define

1(z) = argmin/Ri,uo [h}e_%(z W o (=h) gh = argmin E* [RZ wol 2"+ 2| . (32)

ieQuo ZGD

Evidently, any o with 6 (z,u) € Z(2) for almost every (z,u) minimizes the criterion. Since
there are no first-order ties at pg, the set Z(z) is a singleton for almost every z and the

criterion is minimized by 07 (z) derived in part (i). m
Proof of Theorem 1. By Lemma 1, for any {d,} € D, we have
R({0n}; o) = / ( Z (Rdvﬂo [h] — iggn Rivuo [h]) Pp(000(2Z,U) = d)) dh
deQ}J‘O —H0

Z / < > (Rd#o (] — min R, [h}) Pr(65(2) = d)>dh =R (-;m)}; po)-

€D
Dy
dEQuO
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Result (i) now follows by taking the infimum over {0,} € D and noting that {05(-;7)} € D
by Lemma 1(i).

Result (ii) follows from the fact that the matching forms 6% of {6} (-;m)} derived in
Lemma 1(i) do not depend on the prior 7 € II.

Finally, if {d,} € D is asymptotically equivalent to {d;(-;m)}, then {d,,} must also have
matching form §%_(Z). Hence, by similar arguments to the above, we have R({0/,}; po) >
R({0n}; po) for any {0/} € D. Taking the infimum over {0/} € D yields result (iii). =

Proof of Theorem 2. First note that asymptotic equivalence cannot fail if \Quol =1,
since if D, = {d}, say, then lim,, ,o, P, 1(6,(X") = d) = 1 must hold for any {4, } € D.
Now suppose |D,, | > 2. Let gau,[h] = Rau,lh] — miniep, Ry [h]. By Lemma 1(ii)-(iii),

it suffices to show

/( Z gd,uo[h]Ph((;OO(Z7 U) = d)) dh > /( Z gd,#o[h]Ph(ézo(Z) :d)> dhv

deD,, deD,,,

where 0o (Z, U) is the matching form of {9, } and §* (Z) is the matching form of {0(-;7)}
from Lemma 1(i). Since both integrands are non-negative, by Tonelli’s theorem we may

restate this inequality as

1
/ / D I[0e(z,u) = d] ( / GauoP] €2 Tuo (=) dh) dz du
0 deD,,
1
> / / Z 103, (2) = d] (/ 9a,uo[P] ™3 g (1) dh) dz du.
0

deD,,

As {0,} and {6*(-;m)} are not asymptotically equivalent, we have

lim P, (6,(X") =d) # lIm P, (0, (X" 7) = d)
for some hy € R and some d € D. As {§,} and {§}(-;7)} are both elements of D, we can
use Theorem 3.1 of van der Vaart (1991) and restate this in terms of their matching forms
doo(Z,U) and 0% (Z):

Phy(000(Z,U) = d) # Py, (05,(Z) = d).

Hence, it must be the case that d.(z,u) and &7 (2) disagree on a set S of positive Lebesgue
measure. As 0% (z) € Z(z) for almost every z, and Z(z) is a singleton for almost every z

as there are no first-order ties, we must have that do(z,u) € Z(z) on a set S’ of positive
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Lebesgue measure. Now by definition of Z(z), we also have that

5 1) = [ aulile e e an)

dte‘O
> ¥ ) =l ([ aalil et an).

deD,,,

holds for almost every (z,u), with strict inequality for (z,u) in a set of positive measure.

Integrating with respect to (z,u) yields the strict inequality above. m

Proof of Corollary 1. Immediate from Theorem 1 and the argument given in the text

preceding the statement of this corollary. m

Proof of Proposition 1. Let gq ., [h] = Ra,u[h] — miniep, R;[h]. Note ga,[h] > 0. By

Lemma 1, we have

R({5(5m)}s po) < Z /gd,uo [h] Py (argmini@%Ri,m Z] = d) dh,

d€D,,

where interchanging summation and integration is justified by Tonelli’s theorem. Since

h € R, we split the integral into an integral over [0,00) and an integral over (—oo0,0).

Suppose h > 0. For each d € D, , note ga,u,[h] = hga,,[1] by positive homogeneity. Suppose

Gaue[1] > 0 for some d € D, , else the integral is zero. Then d = argmin;ep R; 0 2] implies
—HO

Ga 2] = 0. And since gq,,[1] > 0 and gg4,,[ -] is positively homogeneous, g4,,[2] = 0 in

turn implies z < 0. Hence,
Ph(argminieguol?iyuo [Z] =d) <Pp(Z <0) =P(—h/o),
where ¢ = I,"* > 0, and ® is the CDF of the N(0,1) distribution. Then
/000 Gapo [P P, (argminiGQMORi,uO Z] = d> dh < gq[1] /000 h®(—h/o)dh < cc.

One may similarly show the integral over (—oo,0) is finite. m

We first present a preliminary result before turning to the proof of Theorem 3.

Lemma 2 Suppose that Assumption 1 and 2 hold. Then {6,} € D is o-optimal at ug if its

AT



matching decision is 6.(Z,U) with

32, u) € argmin By | FgyZ; + (1 + (01,0) ™) 2]
€D,

2

for almost every (z,u) € RE x [0,1], where E} denotes expectation with respect to Z*
N0, (I, +o 1)),

Proof of Lemma 2. By Lemma 1(ii), for any {d,,} € D we have

Ro((8}is0) 5 [ 3 gaualh Bal6(2.0) = d)e#1 dn,

dED

where ga 0[P = Ra o [h] — miniep, R; 0[h] and 6,,(Z,U) is the matching decision of {4, }.

By Tonelli’s theorem, we have

Ro({6.}; o) / / Z I[0oo (2, u) = d (/gd,uo[h] g(zh)mo(zh);ghzdh) o du.

deD,,,

Therefore, R ({05 }; f10) is minimized when

doo(2,u) € argmin/Rim[h]e 3 (=1 Lug (z=h) =5 IBI1* gp,

i€D,,

for almost every (z,u). The result follows by completing the square. ®

Proof of Theorem 3. Lemma 1(i) implies

lim P, (6;(X™;7) =d) =P,(0"(Z) = d),
n—o0
for all d € D and h € RX, where
0 (2) =Z(2) :== argminiEQHOE* [R,-m [Z* + z]]

for almost every z, since there are no first-order ties. Similarly, Lemma 2 implies

lim P, (55, (X™) = d) = Py(65(Z,U) = d),

n—o0
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for all d € D and h € RX, where
55 (2,0) € T,(2) = avgminep, B [RiglZ; + (14 (01,0)7) ']

for almost every (z,u) € RX x [0,1].
For almost every z, we have by dominated convergence that
Tim B} | Ryl Z] + (1 + (01) ™) 72| = B [Ri[27 +2]]

Hence, lim, , Z,(2) = Z(2) for almost every z, and so lim,_,o, 0%(z,u) = §*(z) for almost

every (z,u). Hence, by dominated convergence and Theorem 3.1 of van der Vaart (1991),

lim P, q(35(X"7) = d) = B4(6%(2) = d)

n—o0

= lim P,(0;(Z,U) =d) = lim lim P, (5;';70(X") = d) ,

ag—00 T—00 N—r00

as required. m

B.2 Proofs for Section 5

Once we fix (19, 70), the least favorable model {Pg) : t € M0} s @ parametric model.
By Assumption 3(i)-(iii) and Example 7.15 and Corollary 9.5 of van der Vaart (1998), the
sequence of experiments {&, }, with &, = (X", B,,, P, : h € R¥) and P, ;, denoting the distri-
bution of X™ under Pg(,, 44/, /m), converges to a limit experiment & = (RE, By, N(h, ](Li),no)) :
h € RE). Because £ is dominated, the asymptotic representation theorem of van der Vaart
(1991) implies that each {d,} € D is matched by a 0,(Z,U) given by a measurable map
s : RE x[0,1] — D, the observation Z ~ N(h, I ), and an independent randomization

(“07770)
U ~ Uniform[0, 1], with the property that for each h € RX,

lim P, 4 (0,(X") =d) =Pp(0c(Z,U) =d), deD,

n—oo

where PPy, is the product of the N(h, I, Em)) and U|0, 1] distributions
Once these modifications are made, the proofs of Theorems 4 and 5 follow identical
arguments to the proofs of Theorems 1 and 2, using Lemma 12 in place of Lemma 11 and

Proposition 3 in place of Proposition 2.
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C Asymptotic Distribution of the Posterior Mean of

Directionally Differentiable Functions

In this section we derive the asymptotic distribution of the posterior mean of directionally
differentiable functions. Let f : M — R* be a directionally differentiable function of ;. The
first main result is Proposition 2, which presents the asymptotic distribution of the centered

and scaled posterior mean

ﬂ;3/¢aﬂm—fm@me>

along sequences of local parameters P, . In Proposition 3 we then extend this result to
semiparametric models. Both results are of independent interest. The most closely related
work is Kitagawa, Montiel Olea, Payne, and Velez (2020), which characterizes the asymptotic
behavior of the posterior distribution of directionally differentiable functions. We instead
characterize the (frequentist) asymptotic distribution of its posterior mean. For both results,

we assume the following:

Assumption 4 (i) f is integrable with respect to the prior  for u;
(ii) f is directionally differentiable at .

C.1 Parametric Models

We first consider parametric models as described in Section 4. We present some regularity
conditions and preliminary lemmas before giving the main result.
Recall the notation from Section 4. Define Z,, ,,, = \/iﬁ Yoy I;foléuo (X;). Let 7, denote the

posterior induced by m,(x) under a change of variables from p to h = /n(p—f10) — Zn 1y Let

P* denote the distribution of Z* ~ N(0, 1) and let || - |7y denote total variation distance.

Lemma 3 Suppose that Assumptions 2(i)-(iii) and (v) hold, Assumption 4(ii) holds, and
7w € Il. Then there exists a sequence {B,} C R, with B, T 400, B, = o(y/n), such that for
all n sufficiently large,

sup ||V (£ (0 + h/v/m) = (o) = Fulh)|| < -

)
hel|h||<2By, B,

and

- . 1 1
P o (||7Tn - P ||TV > B_%> < B_n
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Proof of Lemma 3. By Assumption 4(ii) and Proposition 3.3 of Shapiro (1990), for each
a € N there exists n, s € N such that n > n, y implies

Vi (F(o + h/V) = F(o)) — Fuolh]]| < &

sup
hi|hl<2a

Under Assumptions 2(i)-(iii) and since 7 € II, we may invoke Theorem 10.1 of van der
Vaart (1998), using Assumption 2(v) and Proposition 6.2 of Clarke and Barron (1990) to
deduce existence of tests with the desired properties. Further, we may use invariance of total
variation under location changes to deduce that for all a € N there exists n, . € N such that

n > ng, . implies
- 1 1
Pasa (10 = Pl > ) < 3

The result follows by setting B,, = sup{a € N:n > (n, sV ng )} for n > (ny ¢V ny ), then

letting B, increase slower if necessary so that B, = o(y/n). ®

Pr . e .
Let ~3° denote convergence in probability under {P, ,,}. Let E* denote expectation
with respect to Z* ~ N(0, 1, ') independent of Z, ,,.

Lemma 4 Suppose Assumptions 2 and 4 hold and m € 11. Then

fn_E* [fuo [Z*—i_Zn:uo] — 0

‘ Pryig

Zn».u'O:|

as n — 0.

Proof of Lemma 4. Let {B,} be as in Lemma 3. By a change of variables, we have

- / i (F(tt0 4 17 Y2(Zo g + 1)) — [(110)) dion(B)
h:||h||<Bn,

+f VA ) = (1) da() = Ti + Trn
willvn(p—p10)=Zn,pg | >Bn

Let A, denote the event ||Z, || < B, and |7, — P*|l;, < B,? Assumption 2(iii) and

Lemma 3 imply lim,,_, B 4, (AS) = 0. Again by Lemma 3, on A,, we have

<1—>O
_B .

n

Hjl,n - / f/Jo [Z'fl,,uo + h] dﬁ-n<h)
h:||R||<Bn

Note that f,,[-] is continuous under Assumption 4(ii) (Shapiro, 1990, Proposition 3.1) and
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hence that
Crim sup | fuofulll < oo. (33)

willuf| =1

Moreover, fu0[~] is positively homogeneous of degree one (Shapiro, 1990, p. 478). It therefore

follows by Lemma 3 that on A, we have

Now, as || Zy .|| < By, holds on A,,, we have by the triangle and Chebyshev inequalities that

[l Hdnm = [ g+ a0
BBl < Bn e l1hl| < Bn

2C
< 2B,Cf||7tp — P*|l7v < Bf

n

— 0.

[ alzariar | <o [ zal+ i ar
> By \

HhH>Bn

<o (BP0l >80+ [
h

< QCftI‘(]‘JOl)
=~ —Bn

HthP*(h))

(|plI>Bn

by Assumption 2(iii). Combining the preceding three displays, we see that

HJL” —E [fﬂo [Z* + Zn,uo]

Zn,#o} H —0 on A,.

It follows that || J1,, — E* [f,m (Z* 4+ Zn )| Zpio )| Pn—’@ 0 because P, ,,(AS) — 0.

Pr . . N
“£%0. First note that by Assumptions 2(i)-(iii) we may

It remains to show that || 72|
invoke Lemma 10.3 of van der Vaart (1998), using Assumption 2(v) and Proposition 6.2 of
Clarke and Barron (1990) to deduce existence of uniformly consistent tests as required in
Theorem 10.1 of van der Vaart (1998). Hence, there exists a sequence of tests {¢,} and a
constant ¢ > 0 such that for every sufficiently large n and every p € M with ||p — pol| >
B,/ (2y/n), we have E,, . [0n(X™)] = 0 and E,, ,[1 — ¢ (X™)] < e=le=ml*AD) - Without loss

of generality we may take the tests to be nonrandomized (van der Vaart, 1998, p. 148). Then

\72,n = ¢n(Xn)j2,n + (]— - ¢7’L(Xn))\.7277’l7
where P, o (||¢n(X™) Tonll > 0) < Py (60 (X™) = 1) — 0. The remaining term is

fu:Bn<Hx/ﬁ(u*uo)on,uoll VR (f(1) = f(10)) TTizy Pu(Xi)/Pue (Xi)dr (1)

(1 _an(Xn)) jn )
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where J,, = [ 11— pu(Xs)/Puo(Xi)dm(pe). By Lemma 6.26 of Ghosal and van der Vaart
(2017) and Lemma 10, there exists C' > 0 such that for any C,, > 0, the inequality

1

Py o (jn < C’n_K/Qe_QC”) < o

holds for all n sufficiently large. Below we shall specify a sequence {C,,} C R, with C,, T cc.
Letting A/, denote the event upon which [|Z, || < 3B, and J, > Cn~%/2e72" both hold,
we have by the above display and Assumption 2(iii) that P, ,,(A)) — 0. It follows by the

union bound, Markov’s inequality, and Fubini’s theorem that for any ¢ > 0,

Popo (11 = 60(X") Tl > €)
T P A0 e (0] KA O

— n
eOn—K/2¢—2Cy »HO

(A7).

Split the numerator into integrals over Ny, = {p : 3B, < |[v/n(p—po)|| < €/n} and Ny, =
{p || — pol| > €} for € € (0,1) sufficiently small that w(u) < Cy on {p: || — pol| < €'}
Finally, Proposition 3.3 of Shapiro (1990) implies supy, <1 [I.f (o +th) — f(1o) — fuolth]] =
o(t) as t | 0. Hence, we may choose ¢ > 0 such that || f (0 +th) — f(10) — fu[th]|| < ¢ holds
for all t <t and all ||h]] < 1. Let € = min{¢,¢}. It then follows for any u € Ny, that, by

setting t = |u — poll and h = =227, we have [1£(1) — £(0) | < llfuolis = polll + 1t = ol

Hence, by (33), we have that || f(x) — f(po)|l < (14 C¢)||r — pol| holds on Ny ,,. Then

/N IV (F (1) = F(o)) e 0nrol*A0 ()
<Cal1+Cy) [ Il = )l Vg

< Cy(1+ Cf)n—K/Q/ | h||e=<IMI an,
h

IIhH>%Bn

where the final line is by a change of variables from p to h = \/n(u — o). The final integral

vanishes as n — 0o by dominated convergence. Further, by Assumption 4(i), we have

/N IV (f (1) = fpao)) lle™eMmrol D () < /e ) /||f S (o)l (1)

Choosing {C,,} C R, with C,, 1 oo sufficiently slowly that

€2Cn / ||h||€_c”h”2dh N O, and n(K+1)/2620n—nC(5’)2 = 07
h:||R||>5 Bn
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it follows from the preceding four displays that P, ,, (|[(1 — ¢n(X™))Jon| >€) — 0. =

For the next result, recall that Z ~ N(h,I o 1), E* denotes expectation with respect to

Py, . _— .
Z* ~N(0,1, 1) independent of Z, and 3" denotes convergence in distribution along {P.r}-

Proposition 2 Suppose that Assumptions 2 and 4 hold and = € I1. Then for every h € RE,

— Pn " . "

F R E a2+ 2] 2]

Proof of Proposition 2. Assumption 2(i)-(iii) imply P = {P, : p € M} is locally asymp-
totically normal (van der Vaart, 1998, Example 7.15) and so {P, ,,} and {P, 5} are mutually

P, . .
contiguous (van der Vaart, 1998, Example 6.5). Hence, with A2 denoting convergence in

probability under {P, 1}, we have by Lemma 4 that

|

Moreover, under Assumption 2(i)-(iii) we have by Le Cam’s third lemma (van der Vaart,
1998, Example 6.7) that

7 —E [ Fu |2+ Zop] oy

Zn7/"‘0i|

Do 7~ N(h, I70).

The result follows by the continuous mapping theorem, noting z — E*| fuo [Z* + z]] is every-

where continuous by Assumption 4(ii) and Proposition 3.1 of Shapiro (1990). m

C.2 Semiparametric Models

We now extend Proposition 2 to semiparametric models. In this case,

7= / V(1) — £ (o)) dma(p)

with 7, denoting the quasi-posterior in (25) based on a Gaussian quasi-likelihood. Before
giving the main result we first state and prove several lemmas. The first is a Bernstein—von
Mises result for the quasi-posterior. Let Z,, (uo.m0) = vR(ft — o). Let 7, (h) o e~ " Thar (g +
n~Y2(h + Zn (uomo)) denote the quasi-posterior for h under a change of variables from p to
h=/n(p— 110) = Zn,(uomo)- Let P* denote the distribution of Z* ~ N (0, I@EWO)).

Lemma 5 Suppose that Assumption 3(i),(iii),(v) holds and w € I1. Then

P,
|7 — P*loy "48™ 0,
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Proof of Lemma 5. Fix any Borel set B C RX. We have

H[h S B]eiéhTfhﬂ'(,UO + n_1/2(h + Zm(#oﬂ]o))dh
eiéthhﬂ—(NO + nil/Q(h + Zn»(#o,ﬁo))dh ‘

’ﬁ'n(B) = fh:u0+n71/2(h+va(uom0))EM

fhluo+n71/2(h+zm(uowo))GM

Let {M,} C R, be a sequence with M,, 1 +o0o, M, = o(n'/?). Let A, denote the event upon
which || Z,, (u0n0)|| < My, and ¢ < ;\min, Aoy < €71 hold, where Amin and Aax are the smallest
and largest eigenvalues of I, and ¢ € (0,1) is chosen such that the minimum and maximum
eigenvalues of I, ., are contained in (¢,c¢™') (such a ¢ exists by Assumption 3(iii)). We

have P, (,0.m0)(An) — 1 by Assumptions 3(iii) and 3(v). Moreover, by Assumption 3(i),
{0+ 1720+ Z o)+ Bl < Ma} © {pto +n7V2h B < 2M,} € M
holds on A,, for all n sufficiently large. It follows that for n sufficiently large, we have

sup |m(po + 1" A (h+ Zoguome))) — T(o)| < sup  w(po +n72h) = w(po)| =: e (po)
([RI|< My, Rl <2Mp,

on A,, where ¢, | 0 because 7 € II. The density 7(u) is uniformly bounded above by some

T < 400 because 7 € II. Hence, on A, for all n sufficiently large (independent of B),

(1g.m0))EM Ilh e B]e_%hTfhW('uO +n7 2 (h + Zn(uo.m0) )N
(1 = en)m(k0) frmy<as, e=2h"Ihgp
< (14 &) Jupnycas, 10 € B]@‘%"Tf" dh . 7 Jrnoas, € 2" b
(L =en) fupnisa, € b (1 = en)m(110) fyupuyens, € 2" ™dh
(1+¢e,) [T[h € Ble 2" ™" dh T foyqgons, € 2 dh
(1= &) Soguiear, € 2" dh (1= )7 (0) Sy <o, ezl ap’

fh:,uo-i—n—l/Q(h—&-Zn

n(B) <

<

where the second term on the right-hand side, say t;,, converges to zero by dominated

convergence. Moreover,

_1,Tf —inTin —<||h|?
[e2""1hgh - Suimgar, € 2" b < Juuysar, € 2" dh

5171 = - —
o “1nTin —LpTip g = — o5 IRl
e 2" "dh e 2" "dh fh:HhHSMne 2",

fh:”h“SMn

0,
fh:HhHSMn
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on A,, again by dominated convergence. Hence,

(14, [e2""dn  [1[h € Ble 2" " dh
(=) fompens, € 2" Mdh - [ ez Thd,
_ (A +e)(l461)

n(B) <

+ tl,n

P(B) +t,, (34
e (B) +tin, (34)

holds on A, for n sufficiently large (independent of B), where P denotes the distribution
of Z* ~ N (O,f -1, and &,, 01, and t;, are all independent of B and converge (either
deterministically or in probability) to zero.

Similarly, for all n sufficiently large (independently of B), on A,,, we have

Jrstmizas, T € Ble™2" (g + n=2(h + Zy (4 ) )l
=2 (g + 02 (h 4 Z g A

m(B) =
fh:/‘0+n_1/2(h+zn (10:m0))EM

(1= £)m(t0) [y ynjens, 1 € Ble —LhTingp,
6_7h Iin (NO 4 n—1/2(h + Zn,(uomo))dh

>
fh:uo+n71/2(h+Zn,(#0ﬂ70>)€M

_1,7j
(1 —e,)m (o) fh:llhllsMn I[h € Ble =" "dh
(L4 020) Srmgean, € 2" (0 + 072 (R + Zi o) AR

where
—1pTin —
5 fhi#OJr"’l/z(thZn,(MO,nO))EM e 2 71'(,u0 +n 1/2(h -+ Zn,(uo,no)>dh .
2n = _lpT7} B -
Sini<as, € 2" (ko + 072 (h + Zinug oy )R
= _1pTip — —<||hl2
7Tfh:HhH>Mn €z dh Trfh:||h||>Mn e 5" dn

= = < ——— — 0.
(1= e)m(h0) Srpmyens, € 2" dh ™ (1= €a)m(pi0) fypnyens, € 2" dh

Hence, on A, for all n sufficiently large (independent of B),

Tn(B) > (1—en) J eIl e, Uh € Ble 2 dh
n T (14 02,)(1+€p) fh'||h||<Mn o~ 30T Ih gy, f o~ ShTIh gy,
o (L= en)(1 = 61,) Jonyns, Ilh € Ble™# dh
N (1 + 02 n)(l + 5n) f _7hTIhdh
S (=) =din) 5 P(B) - (1= a)(1 = 81.0) Juspnjons, € 2" dh
T (14 020)(1+e4) (L+02,0)(1 +€n) e~allhlqn
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where the second term on the right-hand side, say t,,, converges to zero by dominated

convergence. Hence,
(1—e,)(1—0d10)
(1+020)(1+e,)

holds on A,, for n sufficiently large (independent of B), where &, 014, 02, and ty,, are all

n(B) P(B) — to, (35)

v

independent of B and converge (either deterministically or in probability) to zero.
Combining (34) and (35) and using the fact that P, (.,)(A4n) — 1, we may deduce

2 b P (ugm
H7~Tn - PHTV = sup ﬁn(B> — P(B) <_c; 0) 0,
B

where the supremum is over all Borel sets. Finally, it is easy to deduce (e.g., by using
Pinsker’s inequality) that the total variation distance between the N(0,%;) and N(0, )
distributions converges to zero as >; — Y5 for X positive definite. It therefore follows by
Assumptions 3(iii) and 3(v)b that |2 — P*|lzy %™ 0. m

Lemma 6 Suppose that Assumptions 3(i),(iii),(v) and 4(ii) hold and = € II. Then there
exists a sequence {B,} C Ry with B, T +00, B, = o(y/n), such that for all n sufficiently

large,

sup |V (f (o + b/ V) = F(so) = fualhl| < 5-

b
he||h | <2By B,

and
- * 1 1

Proof of Lemma 6. The result follows by similar arguments to the proof of Lemma 3,

using Lemma 5 in place of the (parametric) Bernstein—von Mises theorem. m

For the next result we invoke Assumption 3(v)a, but we only require ||v/n(ii — po)|l to
be bounded in probability under {P, (.0,
Z* ~ N(0,I7" ) independent of Z,, (u0.10)-

? ~(posmo)

y}. Let E* denote expectation with respect to

Lemma 7 Suppose Assumptions 3(i),(iii),(v) and 4 hold and © € II. Then

|

- . . . Pn,(u 0)
o [l Tt ] 57

as n — Q.
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Proof of Lemma 7. Let {B,} be as in Lemma 6. By a change of variables, we have

Jo = /h-||h||<B vn (f(ﬂo + n*l/Q(Zm(HO,m) +h)) — f(,uo)) ditn(h)

+ / Vi (f(p) = f(po)) dma(p) =t Tin + Fon.
NI

Let A, denote the event || Zy (uo.o || < Bus 1n — P* |y < B2, and ¢ < Ainy Amax < ¢! for
some c € (0,1). Assumptions 3(iii) and 3(v) and Lemma 6 imply lim, o Py (40,m0)(A5) = 0

Again by Lemma 6, on A,, we have

'|j1,n - / fuo [Znu(#omo) + h} d%n(h) < B_ — 0,
h:|[h||<Bn

n

where, as in the proof of Lemma 4, we may deduce that

on A, and

) _ . . 20
/ fuo [Zn,(uomo) + h] dﬂn(h) - / fuo [Zn,(uo,no) + h] dpP (h)H < Bf — 0,
R:||h||<Bn h:||h||<Bn n

on A,, where the latter convergence holds in view of Assumption 3(iii). It follows that

; QC'ftr(]_l )
/ Juo [Zn,(uomo) + h} dp*(h)H < “ (kom)? — 0,
h:”hH>Bn Bn

*[ r * P’”»(ll« ,10)
Hjl,n —E [fuo[Z + Zn,(uo,no)]’Zn,(uo,no)]H =0,

Pn, 5 . .
It remains to show that || Ja|| £9™) (). To this end, write

Ton = Vi (f(n) = f(po)) dma(p)

/M:Bn<||\/ﬁ(u—ﬂ)ll<ex/ﬁ

T / Vi (F() = F(0)) dmn(p) = Toma + Tomis
willv/n(p—p)||>ey/n

where, as in the proof of Lemma 4, we choose ¢ > 0 sufficiently small that || f(u) — f(10o)]] <
(1+ Cy)|lpr — po] holds for p with |[n — pol| < 2¢e. Then on A, we have

By,

— < lp— f 0 — < lp—
[ = ol < [l = Al + [[2 = poll < [l u||+\/ﬁ,
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so{p:|lp—pl <e} S{p:||p— poll < 26} for all n sufficiently large, in which case

1Z2,n.0ll < (1+C5) (/B e V(=) dmo () +Bumn({ : Bn < \/ﬁ(u—ﬂ)}))

Taking € smaller if necessary, we have {u : || — po|| < 2¢} € M in view of Assumption 3(i).
Then by dominated convergence and the fact that ¢ < ;\min, Xmax < ¢! holds on A4, we

have

i) [ o) < Sz I3 a0 & 020 4 Zio

/N5Bn<||\/ﬁ(ﬂ_ﬂ)”<5\/ﬁ f eiiHhHQﬂ_(NO + nil/Q(h + Zn,(uo,no))dh

and

s p, € T (o + 72 (B 4 Zi g oy ) AR

Bnﬂ-n({/l 1B, < \/E(M - ﬂ)}) < B, 1
J e 2" x (g + =12 (h + Zy (g mo) )R

Po (o,
It then follows by similar arguments to the proof of Lemma 5 that || J2n.all )

Finally, for J5,,5, on A, we have

Ve [ f(u) — Fluo)m(w)dp
n—K/zfe—iHh\Pﬂ(uo +nV2(h+ Z,

Tanpll < :
|l S

,(10,70

The integral in the numerator is finite by Assumption 4(i) and the integral in the denominator
may be shown to be bounded below by a positive constant on A, by similar arguments to

Pr (ugom
the proof of Lemma 5, from which it follows that || 75| ) m

For the next result, let Z ~ N(h,I o 1) and let E* denote expectation with respect to
Z* ~ N(0, ;') independent of Z.

7T o

Proposition 3 Suppose that Assumptions 3 and 4 hold and = € I1. Then for every h € RE,
= Pon o [ 2 .
W E a2+ 2)) 2]

Proof of Proposition 3. Assumption 3(i)-(iii) imply P = {Psq) : t € M)} is locally
asymptotically normal (van der Vaart, 1998, Example 7.15) and so { Py ()} and {Pn s}
are mutually contiguous (van der Vaart, 1998, Example 6.5). Hence, with Pi}h denoting

convergence in probability under {P, 1}, we have by Lemma 7 that

Py p

fn—E [fuo [Z* + Zn,(,uo,no)} ’ va(,uoﬂio)] H = 0.
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Moreover, under Assumption 3(v)a we have

P .

Zn( ~5 Z ~ N(h, I(#MO)).

105M0)

The result follows by the continuous mapping theorem, noting z — E*[f,,[Z* + 2]] is every-
where continuous by Assumption 4(ii) and Proposition 3.1 of Shapiro (1990). m

D Bounds on Mistake Probabilities

~1/2

Definition 1(ii) requires mistake probabilities to vanish faster than n='/2. The main results

of this section are Lemma 11, which shows that mistake probabilities for Bayes decisions

1

vanish at rate n™", and Lemma 12, which presents a result for quasi-Bayes decisions.

D.1 Parametric Models

We first present some preliminary lemmas before proving Lemma 11.

Lemma 8 Suppose that Assumption 1(i) holds. Then for any pg € M there exists €,¢’ > 0
such that

({1 — poll = €}) < 2€ (36)

implies 0, (X™;7) €D, .

Proof of Lemma 8. If D, = D then the result is trivial. Now suppose D, C D. By

=

Assumption 1(i), we may choose €, > 0 such that

min R(i, ) — max R(i, ) > ¢, e N ={u:llu— <l
igguo ( 'LL) ieQ#o ( ,U,) H {N H:U' ,UOH }

We have
max R, (i) < max/ R(i, p) dm, (@) + max/ R(i, ) dm, ()
N c

i€D,, i€D,, i€D,,

< max R(i, i) dm, () + 7 (N°) || R|| oo,
NZGQMO

where || Rl|o := SUpP (g yepxm | 12(d, )| < 0o by Assumption 1(i), and
min 2.(0) > v | RGwdr) + min [ Rl dr(
> [ min R(i, p) dmo (1) = 7 (N) || Bl co-

N N i€2#0
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Hence,

. — . - — . > . . - . o C
win R (0) — max Rali) > [ (mDn Rl ) imaxR(z,m) d (1) — 20 (N) | R

=ho =mo =ho Lo
> Tn(N)e = 2m0(N°)[| Bl
=& = mn(N)(e + 2| R|)-

If m,(N¢) < TR = 2¢’ holds, then

i Fo) = g Fali) 2 225 =

c
27

DN ™

which implies

_ _ e _
N N € : :
z‘?ﬁz R,(1) < ’Lgﬁ?@ R,.(7) 5 < Z%Z R,.(7),

and hence that ¢;(X";7) €D, . =
Lemma 9 Suppose that Assumption 1(i) holds. Take any pg € M and h € RE, and let

€,€ be as in (36) of Lemma 8. Suppose that there exist tests {¢,} with the property that
Epn[on(X™)] < C'e™ and sup,,.,— o se Enpu[l — on(X™)] < C'e™C for C,C" > 0. Then

Cle—nc’ N C/e—nC/Q N 4
¢ en({n: Drrlppinsymllpn) <n=t}) - nC

Pop (0(X™m) € D,,,) <
Proof of Lemma 9. In view of Lemma 8, we have

Pop (55(X"m) € D,) < P (w1 — poll > e}) > 2¢).

We proceed by similar arguments to the consistency theorem of Schwartz (1965) but centering

along P, ;. Write

Pop (mn({pe e 10— poll = €}) > 2¢') < Pp (¢n(X") > ¢)

P, ((1 — on(X") [ T1is p}(Xi)/puo-&-h/\/ﬁ(Xi) dr(p) _ 6,) ’

where J,, = [T1i2) pu(Xi)/Puosnyym(Xi) dn(p) and N¢ = {u : || — poll > €}. The first
probability on the right-hand side is bounded by C’e~"¢ /¢’ by Markov’s inequality. For the
second, Lemma 6.26 of Ghosal and van der Vaart (2017) implies that for any B > 0 and
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Pop (In < 7({1r - Drr.(Pugsn/yallpn) < €})e ) < B
Hence we may deduce
P ((1 = (X)) Jye ITmy Pu(X) /Dy sy (X)) dr (1) ,)
n,h j > €

_ Ban [0 = 0L (X™) Jyve Ty Pu(Xa) /Py (Xs) de ()] L1

B em({p s Dr(Buosn/vallpn) < e})e2nbe B
The numerator in the first term on the right-hand side may be bounded by C’e~" using

Fubini’s theorem (see, e.g., the proof of Lemma 6.17 of Ghosal and van der Vaart (2017)).
Setting B = Cn/4 and € = n™!, the right-hand side of the above display is bounded by

ClefnC/Q 4
+ A
em({ : Drr(Pugrnyymllon) <n7'})  nC

as required. m

Lemma 10 Suppose that Assumption 2(1),(ii)-(iv) hold and © € II. Then for py € M and
h € RE,
lim inf 07 ({t : Dicr(Dugnsymllpn) <n™'}) > 0.

n—oo

Proof of Lemma 10. Assumption 2(iv) implies Dr,(p+n/ mllPn) < Bllpw—po —h/+/nl?
on a neighborhood of g for all sufficiently large n, with B = 2A\,ax({,,) < 0o by As-
sumption 2(iii). Hence, for all n sufficiently large, ||x — po — h/+/n||*> < (Bn)~! implies
Dir(puo+nyyallpn) < n'. Assumption 2(i) and the positivity and continuity of 7 imply
that 7({p : || — o — h/v/n||> < (Bn)~'}) is bounded below by a multiple of n=%/2 for all
n sufficiently large, and hence that 7({t : D1 (Dye+n/vallPp) < n'}), is bounded below by

a multiple of n=%/2 for all n sufficiently large. m

Lemma 11 Suppose that Assumptions 1(i) and 2 hold and w € I1. Then there exists C > 0
such that

- ¢
B ((sn(X ;) 552“0) < o
Proof of Lemma 11. We will prove the result by applying Lemma 9. We first establish
existence of tests as required by Lemma 9. We proceed as in Propositions 6.1 and 6.2 of Clarke

and Barron (1990). Let dg denote the metric they construct to metrize weak convergence.

1"The result is stated requiring B > 1, but inspection of the proof shows any B > 0 is valid: restricting
to B > 1 is simply so the probability bound of 1/B is not vacuous.
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Let P, = f’n(X ") denote the empirical measure. As shown in the proof of Proposition 6.2 of
Clarke and Barron (1990), for any ¢ > 0 there exists an integer k depending only on € such
that

Pog (de(Py ) > 2) <2ke ™™, e M. (37)

By Assumption 2(v), there exists ¢ > 0 such that ||u — pol| > € implies dg(P,, P,,) > €.
Consider the test ¢, (X") = I[da(P,, P,,) > €/2]. Again using Assumption 2(v), take n
large enough that dg (P, 44/ m: Fue) < € /4. Then by (37), we have

Enp[60(X")] < Pun (P, Paynyys) > €/4) < Cle™©

for suitable C, C’. We may similarly deduce as in the proof of Proposition 6.1 of Clarke and
Barron (1990) that for any p with [|u — uol| > € we have E, ,[1 — ¢,(X™)] < C"e"C for
suitable C,C" not depending on u. Thus, we have verified existence of a sequence of tests
with the desired properties.

By Lemma 9, it suffices to show e"“w({t : Dgr(Pugsn/yallpn) < n7'}) — 4oo for any

¢ > 0. This follows immediately from Lemma 10. =

D.2 Semiparametric Models

Lemma 12 Suppose that Assumptions 1(i) and 3 hold and w € I1. Then for any (uo,n0) €
M xH,
Vi Py (6,(X"7m) €D,,) =0

for all h € RX.

Proof of Lemma 12. In view of Lemma 8, we have

P (0,(X"m) € Dyy) < Pogi (mal{p |l = poll = €}) > 2¢€)

for some €, ¢ > 0. By Assumption 3(i), choose C' > 0 such that {u : ||u — pol| < C} C M.
Taking e smaller if needed, we may assume ¢ < (. Recall that S\min and S\max denote the
smallest and largest eigenvalues of 1. Let A, denote the event upon which ||fi— 0| < €/2 and
¢ < Amin < Amax < ¢! both hold, where the constant ¢ € (0,1) is from Assumption 3(iv)b.

Note 7 has a positive, continuous, and bounded Lebesgue density 7(u) on M, hence 7 :=
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SUp e () < 0o and m = inf <o (@) > 0. Tt follows that on A, we have

({1 = poll > €}) < ma({p sl — all = €/2})

Jpso—izer2 e 3= (D =0) e (1)
< Jwlp—pl>

il <0y © 2T OD0 A ()

_ _c 2
T Sz vines2 € 2 dh

_>
= — L Rl2
T fpl<yiic—ez € = dh

0,

where the first inequality is by the reverse triangle inequality, the final inequality is by a
change of variables from p to h = \/n(p — j1), and convergence to zero is by the dominated
convergence theorem. We therefore have that m,({u : || — pol| > €}) < 2¢’ holds on A, for
all n sufficiently large, in which case

Pon <7Tn<{,u : HN - /mH > 6}> > 26/) < Pn,h(Afz)'

Finally, v/nP, (A%) — 0 by Assumption 3(iv). =
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