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Abstract

Motivated by the tremendous success of boost-
ing methods in the standard centralized model
of learning, we initiate the theory of boost-
ing in the Federated Learning setting. The
primary challenges in the Federated Learning
setting are heterogeneity in client data and the
requirement that no client data can be trans-
mitted to the server. We develop federated
functional gradient boosting (FFGB) an algo-
rithm that is designed to handle these chal-
lenges. Under appropriate assumptions on the
weak learning oracle, the FFGB algorithm is
proved to efficiently converge to certain neigh-
borhoods of the global optimum. The radii of
these neighborhoods depend upon the level of
heterogeneity measured via the total variation
distance and the much tighter Wasserstein-1
distance, and diminish to zero as the setting
becomes more homogeneous. In practice, as
suggested by our theoretical findings, we pro-
pose using FFGB to warm-start existing Fed-
erated Learning solvers and observe significant
performance boost in highly heterogeneous
settings. The code can be found here.

1 Introduction

Federated learning (FL) is a machine learning paradigm
in which multiple clients cooperate to learn a model
under the orchestration of a central server [McMahan
et al., [2017b|. In FL, clients tend to have very hetero-
geneous data, and this data is never sent to the central
server due to privacy and communication constraints.
Thus, it is necessary to offload as much computation as
possible to the clients. The challenge in FL is to train
a single unified model via decentralized computation
even though the clients have heterogeneous data.
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In this paper, we initiate a study of boosting in the
FL setting. Boosting [Schapire and Freund, 2012] is a
classical ensemble method for building additive models
in a greedy, stagewise manner. Boosting can be viewed
as solving a non-parametric functional minimization
problem in an iterative manner. In each stage of boost-
ing, a new model from a certain base class of models is
added to the current ensemble to decrease the training
loss. The new model is found via functional gradient
descent, which involves finding an approximation to
the functional gradient of the loss in the base class via
a corresponding training procedure (see, e.g., [Mason
et al.| [2000, Friedman, |2001a]). This training procedure
is commonly referred to as a “weak learning oracle”.

The power of boosting in the centralized setting arises
from the flexibility afforded by operating over arbitrary
base function classes equipped with such a weak learn-
ing oracle. In other words, boosting operates generically
over function classes which can be carefully designed
to encode expert domain knowledge. This flexibility
has manifested in tremendous practical success of spe-
cific boosting methods such as AdaBoost [Freund and
Schapire| [1997] and Gradient Boosted Decision Trees
[Friedman, 2001b|. Motivated by the success of central-
ized boosting methods, in this paper we aim to adapt
the theory of boosting to the FL setting. The primary
challenges in this adaptation are the heterogeneity of
client data, and the requirement that no client data be
transmitted to the server. Therefore, the server needs
to orchestrate the aggregation of the models learned
from clients (without having access to their data) while
at the same time guide the learning on the clients via
appropriate feedback. In this paper, we show how ag-
gregation and learning can be combined seamlessly in
order to construct a strong model by learning local
weak models in a federated model of computation.

Contributions. This paper formulates the federated
functional minimization problem and develops feder-
ated functional gradient boosting algorithms and con-
vergence analyses for various settings of client hetero-
geneity. The main contributions are as follows:

1. We propose a federated functional gradient boosting
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(FFGB) algorithm for solving functional minimization
under the federated learning paradigm. The algorithm
adapts to different data heterogeneity settings via ap-
propriate choices of weak learning oracles. The algo-
rithm relies on the clients running multiple restricted
functional gradient descent (RFGD) steps locally, but
augmented with residual variables that are crucial for
proving global convergence of the algorithm.

2. We consider the most general setting without spec-
ifying the loss function or the relations between the
marginal distributions of the feature vectors on the
clients. We show that FFGB converges to a neigh-
borhood centered around the global minimizer, whose
radius depends on the average Total Variation distance
between the local marginal distributions and the pop-
ulation marginal distribution. We also construct an
example that shows that convergence to the exact min-
imizer is not possible without further assumptions.

3. We improve the above convergence analysis under
the setting that the marginal distributions are identical
and heterogeneity arises due to differing conditional
distributions of labels. Under a weaker assumption
on the weak learning oracle, we show that FFGB
converges to the global minimizer in a sublinear rate.
Interestingly, our analysis suggests that the number of
local steps of FFGB should be Q(+/T) in order to have
the best convergence rate where T is the number of
boosting stages. This is a rather surprising result that
shows the benefit of taking multiple local steps in FL.

4. We tighten the bound on the convergence radius
from the TV distance to Wasserstein-1 distance for
the special case of square loss. Such an improvement
can be significant especially when there are mismatches
between the support of the local marginal distributions.

5. From a practical perspective, we incorporate the
knowledge distillation technique in the model aggrega-
tion step of FFGB. Inspired by our theoretical analyses,
we propose to use the resulting method FFGB-DISTILL
as a warm start for SOTA FL solvers. Our experiments
show clear evidence for the benefits of such a scheme
on practical datasets.

1.1 Related work

In the FL setting, FEDAvG [McMahan et al., [2017b)|
is the most popular algorithm for solving standard
parametric optimization problems. In every round of
FEDAVG, the server sends a global average parameter
to the local machines, which then perform multiple
local steps (usually stochastic gradient descent) to up-
date the received parameters. These improved local
parameters are aggregated by the server for the next
round. It has been noted by several papers (see, e.g.

|Karimireddy et al., 2020b| and the references therein)
that FEDAVG deteriorates in the presence of client het-
erogeneity. Federated optimization algorithms such
as SCAFFOLD |[Karimireddy et al., [2020b], FED-
Prox [Li et al., 2020b], MIME |[Karimireddy et al.,
2020a|, FEDDYN [Acar et al., 2020] etc. were designed
to tackle this issue.

In the centralized setting of gradient boosting, rigorous
analysis with rates of convergence were given by |Dufty
and Helmbold| [2002], Rétsch et al. [2001], [Zhang and
Yu| [2005], |Grubb and Bagnell [2011]. The algorithms
in this paper and their analyses build upon the prior
work of |(Grubb and Bagnell| [2011].

In the FL setting, [Li et al.| [2020a] propose a stagewise
algorithm named SIMFL that trains gradient Gradi-
ent Boosted Decision Trees. However, we note that
a prerequisite for the proposed method is the pair-
wise similarity over all the data points. The concept
of similarity is heavily task specific as it completely
depends on the data labelling, and requires strong do-
main knowledge. In contrast, in our work we focus
on methods that are agnostic to the data similarity in
order to have a broader applicability. We therefore did
not compare with SIMFL in our experiment. [Hamer
et al.| [2020] have developed a method called FEDBOOST
which, despite its name, is not a boosting method in the
traditional sense, but rather a communication-efficient
method to learn a linear classifier over features pro-
vided by pre-trained classifiers in the FL setting. While
this linear classifier is an ensemble of the pre-trained
models, FEDBOOST doesn’t guide the training of new
models. Hence we do not provide further comparison
with this method.

2 Preliminaries

In this section, we define the necessary notation as well
as the federated functional minimization problem that
is solved via boosting algorithms.

2.1 Notation.

For a positive integer n, we define [n] := {1,2,...,n}.
For a vector € R%, we use z; to denote its i'" entry.
We use (-,-) to denote the standard Euclidean inner
product in R? and use || - || for the corresponding
standard Euclidean norm.

Let X C R? denote the input space, and ./\/l}r(/'\,’)
denote the set of probability measures on X. For two
measures o, 3 € ML (X), let TV (a, 8) denote their
total variation distance and Wp(a, 3) denote their
Wasserstein-p distance (definitions in appendix).

For a fixed distribution a € ML(X), we de-
fine the corresponding weighted LP space
(I < p < o0) of functions from X to R® as follows:
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A ¢ 1
Lr()={f = X = Re| ([ [If(2)[Pda(z))” < oo},
The space £2(«) is endowed with natural inner product
and norm: for two functions f,g € L£2(a), we have

(f;9)a = [x{f(2),9(x))da(z) and [[flla = /(f, -

In the limiting case when p — oo, we define
oo A (&

L>®(a)= {f X = R ’Vm € supp(a), ||f(z)] < oo}7

where supp(«) denotes the support of a. We define

the a-infinity norm of a function f X — R¢

BY [ £lla.ce=$UPsequpp(a) £ (@) We will also use
L£o2 {f: X = Re|Vze X, |f(z)| < oo}, and define

||f|\ooé sup,cy |[f(z)||.  We denote the Lipschitz
constant of a continuous function f: X — R as

| flhip= inf{L : Va2’ € X, || f(@)—F(@)]| < L|o—a'[}

2.2 Functional Minimization in £2 Space

For some output space ), let £ : R® x ) — R be a
loss function that is conver in the first argument. An
important example of £ is the cross entropy loss, where
Y =|[c, and
exp(yy,)
(Y y) = —log (y> : (1)
> ie1 exp(y;)

Given a joint distribution P on X x ), we use a to de-
note the marginal distribution of P on X, and for every
z € X, we let % € ML (Y) be the distribution on Y
under P conditioned on z. We thgn define the risk func-
tional R : L?(a) — R as R[f] = Eq ) ~pl(f(2),y)].
We consider the following Tikhonov regularized func-
tional minimization problem:

(i FIf) 2RI+ S &)

Here, 1 > 0 is some regularization parameter. To
solve such a problem, we define the subgradient VF|f]
of F at f as the set of all ¢ € L2*(«) such that
Flgl = Fifl+{g—f, VFIf])a- Since £2(a) is a Hilbert
space, according to the Riesz representation theorem,
the subgradient can also be represented by a function
in £2(«). Concretely, the subgradient can be explic-
itly computed as follows: VF[f] is the collection of
functions h € £%(«), such that for any = € supp(a),

hz) = Eynps [V1L(f(2),y)] + pf (2), (3)

where V1£(y',y) = 04(y’,y)/0y’. In particular, when
only empirical measures of o and % are available,
i.e. when P is the empirical distribution on the set
{(xz1,31),---, (@m,ym) € X x YV}, the empirical version
of the above subgradient computation is as follows:
tor all j € [M], Alz;) = V10(F(x;), y5) + 1 (z5).

Restricted Functional Gradient Descent (Boost-
ing). A standard approch to solve the functional min-
imization problem is the functional gradient descent
method fi+!:= ft —ntht At € VF[f!]. In the empiri-
cal case described above, one can construct h* € VF|[f?]
by interpolating {x;, Vi£(f'(x;),y;) + pf'(z;)}L,.
However, this choice of h! has at least two drawbacks: 1.
Evaluating h? at a single point requires going through
the whole dataset; 2. h' is constructed explicitly on
the data points (z;,y;) and thus cannot be transmit-
ted to the server in the FL setting. One alternative
to the explicit functional gradient descent method is
restricted functional gradient descent, also known as
Boosting [Mason et al.l 2000]:

ft+1 = ft - nthfueak’ where hfueak = Qi(v./.'.[ft])
(4)
Here, Q2 is a weak learning oracle such that for any
¢ € L?(a), the output h = Q2 (¢) is a function in £2(«)
satisfying the following weak learning assumption:

1= ¢lla < (1 =)[[¢]la; (5)

for some positive constant 0 < v < 1. Replacing the in-
terpolating h* with hf _ , alleviates the aforementioned
two drawbacks and the restricted functional gradient
descent can be proved [Grubb and Bagnell, [2011] to con-
verge to the global optimum under standard regularity
conditions.

Implementing the Weak Learning Oracle. Let
¢ be the input to the oracle and let hy be the candidate
weak learner, e.g. a neural network with parameter 6.
We can implement Q2 by solving

min Y [|o(x) — ho(2)]*. (6)

xesupp(a)

3 Federated Functional Minimization

In this paper, we consider the federated functional
minimization problem. We assume that there are N
client machines. Client machine ¢ draws samples from
distribution P; over X x ). We denote the marginal
distribution of P; on X by «; and the conditional distri-
bution on Y given = by 8. Due to the heterogeneous
nature of the federated learning problems, the P;’s dif-
fer across different clients.

We define a to be the “arithmetic" mean of the local
input probability measure

1 N

"More precisely, for any Borel subset of X, its measure
under « is the average of the measures under «;’s.

1>

«
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Algorithm 1 SERVER procedure

1: procedure SERVER(f?, T, C)

2 fort+0toT —1do

3: Sample set S? of clients.

4 i = Isflfl > ;est CLIENT(i, t, f*)
5 return f7.

It is easy to see that £?(a) C L2(q;) for all i. We
define R; : £?(a)) — R to be

Rilf] £ By, [0 (@), ) (8)
and denote F;[f] = R;[f] + 4[| fI|2,. The goal of feder-

ated learning is to minimize the average loss functional

min FIf) = & AL Q

feL?(a)

In the rest of the paper, we use f* to denote the opti-
mizer of @D We emphasize that in federated optimiza-
tion, due to the privacy requirement, the local inner
product structure (-,-),, as well as the subgradient
cannot be shared with the server during training phase,
which constitutes the major challenge of the federated
functional minimization problem @D In the follow-
ing, we first present the proposed federated functional
gradient boosting (FFGB) method and show that it con-
verges to certain neighborhoods of the global optimum
whose radii depend upon the level of heterogeneity.

The FFGB algorithm shares a similar structure as FE-
DAvVG. The SERVER procedure (Algorithm [I) performs
global variable aggregation in each round, and then
sends the global consensus function f* to the clients.
While in line § we aggregate the functions received
from the clients by averaging them, for a practical im-
plementation we can also use knowledge distillation, as
discussed in Section E The CLIENT procedure (Algo-
rithm performs K local steps of the REGD update ({4
tracked via the local variable gf’t, fork=1,2,..., K,
with the initialization gi1 " = ft. The crucial twist on
the RFGD update is the use of an additional residual
variable A;, which is initialized to the constant zero
function (Alg. line. This residual variable accumu-
lates the approximation error of the descent direction
R incurred by the weak oracle (Alg. [2| line @) Such

2
a residual is then used to compensate the next func-
tional subgradient (Alg. E, line 4) and is used in the
query to the weak learning oracle. Since the gradient
of the Tikhonov’s regularization in F; exactly known,
there is no need to approximate that part with the
weak learning oracle. The local variable function gf s

then refined by the approximated functional gradient
(hf’t + Mgf’t> (Alg. 2l line . Note that the residual
A; only tracks the error of estimating VR; since the

Algorithm 2 CLIENT procedure for Federated Func-
tional Gradient Boosting (FFGB)

1: procedure CLIENT(%, t, f)
2 AV =0,g"" = ft;

7

3 for k< 1to K do

4 B = QG (AT + VRig)
5: gi = gt (R gl
o Al ARt
7 return giKH’t.

rest of V.F; is exactly available. After K such updates,
the local function ¢ *1* is communicated to the server
which aggregates these functions across the clients.

Residual. The residual A; used in FFGB (Algo-
rithm [2) is crucial to our convergence analysis which
smoothly interpolates different heterogeneous setting.
When we have homogeneous local input distributions,
i.e. Vi € [N],a; = a, our goal is to show that FFGB
converges to the global minimizer (note that in this
case the conditional distributions may still be hetero-
geneous, i.e. 7 may not be equal to S} for i # 7).
However, such a result is not possible without the resid-
ual term: in its absence, the error accumulated by the
RFGD updates via the calls to the weak learning ora-
cle may not vanish since in FL the local subgradient
is non-zero even at the global optimal solution due
to client heterogeneity. This is in sharp contrast to
the single machine case where, at the global optimal
solution, the subgradient vanishes and so does the ap-
proximation error incurred by the weak oracle, leading
to convergence of RFGD. This technique has also been
applied for functional minimization in the much simpler
centralized setting |[Grubb and Bagunell| [2011].

Weak Learning Oracle. Given the local input dis-
tribution «;, the description of FFGB in Algorithm
does not specify the implementation of the weak learn-
ing oracle Q7 in line E The * in the superscript in
Qy,, indicates that in our convergence analyses, three
types of weak learning oracle are used for different het-
erogeneous settings: £ oracle Q2, /> oracle Q%°, and
Lipschitz oracle QUP, as listed in Table

4 Convergence Analysis

In this section, we present the convergence results of
FFGB under different settings which are summarized
in Table |1} Note that we present the convergence rate
in the case when all IV clients participate in each round.
The analysis easily extends to the case when only a few
clients are sampled in each round, incurring a penalty
for the variance in the sampling. Qualitatively the
convergence bound stays the same. Details can be
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found in the appendix.

4.1 General Setting

First, we consider the most general setting where we
assume no specific form of the loss functional ¢ in
the objective and the local input distributions are
potentially heterogeneous, i.e. 3,5 € [N] such that
a; # oj. To analyze the convergence of FFGB, we
make the following standard regularity assumption,
which is satisfied e.g. by the cross entropy loss .

Assumption 4.1. The subgradients of R;[f] are G-
bounded under the L (c;) norm, i.e.

Vi€ £2(ai), [VRi[fllaico < G-
Additionally, we make the following assumption on the
weak learning oracle Qg which is slightly stronger than
the standard £? weak learning oracle (see ([5)): for any
h € £L*°(a;), we assume that

194, (h) = Allaj,co < (1 =)lhllas,00,  (10)
for some positive constant 0 < v < 1 and that
1927 (Mo < G (11)

for ||hlla;,c0 < G-, where G, is some constant that
depends on both G and v and will be determined in
the following analysis.

The following theorem states that FFGB.C converges
to a neighborhood of the global minimizer, with a radius
proportional to the average TV distance between the
local input distribution «; and the arithmetic mean «:
Theorem 4.1. Let fO be the initializer function. We
define a proxy of the heterogeneity among the local input
distributions a’s in the TV distance as

N
1
wry 2 i ZTV(a,ai). (12)
i=1

Under Assumption and supposing the weak learn-
ing oracle QS° satisfies and with constant
v and Gy = 2G/\, using the step sizes n*' =
4/(p(tK + k+ 1)), the output of FFGB satisfies

T 2 1f° = fla
(1 7’}/)2G2 G2wTv)
Kp2y? py? )

KG?log(KT)

The key to prove the above theorem is to ensure that
the local variable function gf " remains bounded during
the entire optimization procedure, which allows us to
exploit the variational formulation of the total variation

Table 1: Convergence results and oracle assumptions un-
der different heterogeneous settings. The radii wrv and ww,
are defined in and respectively. These two quanti-
ties measure the degree of the data heterogeneity under the
Total-Variation and the Wasserstein-1 norm respectively.
The capability of a weak learning oracle is measured by
the corresponding constant =y, which appears in the require-
ments , , and . For the three settings below, the
quantities 4’s of the listed oracles are obtained under the £2
norm, the £°° norm, and a Sobolev-type norm respectively.

Setting Orgcle Result
(ger?ér; ?oss) seQew (P =%
(gercfér?fl ?i)ss) seg IF7 =l i o O(wtv)
s oss) | seits) | 147 = 7712 5 Owws)

(TV) distance in order to relate the local inner product
structure to the global one:

This is the reason we need the stronger weak learner
oracle (10): while the standard £2(«) oracle (5)) ensures
the residual is reduced in average, it may still have large
spiky values on supp(«;).

For sufficiently large K and T, the first three terms of
Theorem diminishes to zero. However, the last term
that depends on wry, the heterogeneity of the local
input distributions, will not vanish, which prevents
FFGB converging to the global minimizer f*. The
following example shows that it is impossible to reach
the exact minimizer without further assumptions for a
large class of deterministic algorithms.

Theorem 4.2. Consider the federated functional min-
imization problem @ For any deterministic algorithm
A such that its output ft is the affine combination of
outputs of the weak learning oracle Qg . There exists an
instance of the problem (9) with G = O(1) and wrv =1
and an adversarial weak learning oracle ngj = QZ‘; (A)
constructed according to the update rule of A with v =1
such that ft(x) =0 for any t and x € supp(«).

As a consequence of the above example, the output of
algorithm A is independent of the conditional distribu-
tions B which is clearly not optimal.

4.2 Special Case: Homogeneous «;’s

A direct implication of Theorem is that, when
the input distributions are homogeneous, i.e. Vi €
[N], a; = a, FFGB converges to the global minimizer
of the federated functional minimization problem @D
Note that, in this case, the conditional distribution 57
can still vary among different clients and so does the
joint distributions P;. In the following, we show that,
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as long as the input distributions are homogeneous,
we can obtain the global convergence of FFGB under
weaker regularity and oracle assumptions: We relax
Assumption [£.1] to the following one.

Assumption 4.2. For all i € [N], the subgradients of
Ri[f] are G-bounded under the L*(c;) norm, i.e. for
any f € L2(a), we have |[VRi[f]llo;, < G-

and we relax the oracle assumption (10]) to the standard
one (5)), i.e. the one in the £? sense.

Theorem 4.3 (Convergence result of FFGB). Let f°

be the initializer function. Suppose that Assumption

holds, and suppose the weak learning oracle Q2

satisfies with constant . Using the step size n*t =
2 the output of FFGB satisfies

nw(tK+k+1)’
0 _ fx|2 KG?1 KT
HfT _ f*”i =0 Hf f Ha + G Og( )
KT T2 2
(1-7G* (1 -7)G?log(KT)
K22 KTpy? '

In the limit case when v = 1, the weak oracle exactly
approximates its input and hence the above result
degenerates to the one of FEDAvVG |Li et al.l [2019]:

0_ p*)12 2
||fT _ f*ng -0 (Hf KJYC“ IIZ + KG ;“OE;KT))' Note that
when v < 1, in order to have the best convergence rate
(up to log factors), we need to set the number of local

steps K = Q(\/T), leading to the following corollary.

Corollary 4.1. Under the conditions of Theorem [{.3,
when v < 1, the best convergence rate (up to log factors)
is | fT — f*||2 = O(1/V/T) by choosing K = Q(V/T).

4.3 Special Case: Square Loss

We show that when the loss £ in the local objective
functional (§) is the square loss £(y/,y) = 3|y’ —y||? for
y, ¥ € Y C R, we can improve the bound on radius
of convergence by replacing the TV distance with the
Wasserstein-1 distance, if the optimal solution f* is
L-Lipschitz continuous. Note that the Wasserstein dis-
tance usually provides a better characterization for the
distance between two distributions with mismatched
supports. The purpose of this section is to show that at
least for certain problems the TV norm type result can
be further strengthened. The following improved con-
vergence radius heavily relies on the special structure
of the functional gradient VR; and the choice of the
weak learning oracle. For simplicity, we assume that
the domain ) C R, the extension to R¢ is analogous.

Assumption on local dataset. In this special case,
we assume that P; is the empirical measure on a fi-
nite set of client data {(z;;,yi;) : 7 € [M]}. We
also assume that the labels are generated from the

inputs via the L-Lipschitz optimal solution f* with
no additive noise, i.e., the data satisfies the following
Lipschitzness property: for any j,j’ € [M], we have
|yi.; — ¥i7| < L||lzij —x; 4||. This assumption is cru-
cial to our choice of subgradient in order to obtain a
improved convergence radius.

Choice of subgradient. Note that the functional
subgradient VR;[g] at g is any function h satisfying
that for all ] € [M], h(IJ) = g(xi,j) — Yi,j5- The
above assumption allows us to construct an L-Lipschitz
function u; : RY — R that interpolates the data
{(zij,vij) : j € [M]}: specifically, this Lipschitz
extension is defined ad?]

A
wi@) = miy (yig + Lle —@igl). - (13)

Importantly, the function h = g — u; is one such sub-
gradient VR;[g] and will be used when querying the
weak learning oracle.

Choice of weak learning oracle. To obtain the
desired convergence radius, the weak learning oracle
needs to exploit the special structure of the functional
gradient VR;[g] = g — u;. Specifically, let g be the
variable function which is explicitly known. Upon the
query ¢ + g with ||¢||1ip < 0o, the weak learning oracle
QU outputs h + g such that |||, < ||¢|lip and the

following two conditions hold simultaneously

1h = dllao0 < (1 =) IPlla, (14)
1= lip < (1 =) Sllip, (15)

for some positive constant 0 < v < 1. Note that, in
the notation, we use the superscript “lip” to emphasize
that we measure the quality the oracle’s output with
additional consideration on its Lipschitz continuity. We
can implement this oracle using the Sobolev training
|Czarnecki et al., [2017]. This is further discussed in
the appendix.

Before we present the convergence result of FFGB in
this special case, we need the following boundedness
assumptions:

Assumption 4.3. All labels are B-bounded: i.e. Vi €
[N],j € [M],-B < y;; < B, for some B > 0. For
every pair of measures o; and oy, Yx;; € supp(a;),
3z ;o € supp(ayr) such that ||z, ; — i || < D.

Theorem 4.4. Consider the special case of the feder-
ated functional minimization problem with square loss.
Assume that the optimal solution f* is L-Lipschitz con-
tinuous. Let fO be the initializer. We define a proxy
of the heterogeneity among the local input distributions

2If the output domain ) is high dimensional, i.e. J) C
R€, then the construction of u; follows from Kirszbaum’s
Lipschitz extension theorem [Schwartz, [1969].
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a’s in the Wasserstein-1 distance as
1N
=¥ > Wi(e, ) (16)
i=1

Define G* = 2L2 is=1 W3(as, ;) + 2B?%. Under As-
sumption @ and supposmg the weak learning ora-
cle QNP satisfies (14)) and ( with constant 7y, using
the step sizes n*t = 4/(,u(tK +k+1)), the output of
FFGB satisfies

177 =12 =0

12— f11 @
e+

(K (L(LD + B)ww, + G?) log(KT)
TM272
L(LD + B)ww,
v >

—1)*B?
M272K

The key component in the above analysis is to ensure
that the variable function remains Lipschitz continu-
ous along the entire optimization trajectory. However,
maintaining such a property of the variable is sub-
tle and heavily relies on the structure of the chosen
subgradient. We elaborate this in the appendix.

5 Practical Usage of FFGB

Reducing memory and communication costs via
knowledge distillation. While the FFGB algorithm
has theoretical convergence guarantees, it does have
two drawbacks for a direct practical implementation.
The first is that aggregating the client functions via
the direct averaging scheme in line of Algorithm
causes the ensemble model to grow in size. A solution
to this issue in settings where an unlabeled dataset that
is very similar to the client data is publicly available, is
the knowledge distillation technique [Hinton et al., [2015)
Bucila et al., [2006]. Suppose p denotes the empirical
distribution that describes the distillation dataset and
let hy be the candidate model, e.g. a neural network
with parameter 6. An alternative implementation of
the client aggregation is to solve:

min - > |lho(a |S|Zgz ol an

zEsupp(p) €S

and return hy as the output of AGGREGATE ({g; }ics).
We note that Lin et al.| [2020] has also explored the
idea of exploiting knowledge distillation in FL, though
with a distillation loss function different from . The
other drawback is that the function returned by the
clients is also an ensemble of size K. This increases
communication complexity, and hence, in our experi-
ments, we simply use K = 1.

FFGB as Warm Start. The example in Theorem
[4.2] shows that fundamental barrier in the federated

functional minimization problem under the fully hetero-
geneous setting, which precludes the exact convergence
to the global minimizer. On the other hand, the con-
vergence result in Theorem suggests that FFGB
is able to quickly converge to a neighborhood of the
global minimizer. These theoretical findings inspire us
to use FFGB to warm start the existing FL solvers:
few rounds of FFGB can be used to give a very good
initial model to optimize further with other standard
FL methods like FEDAvG.

6 Experiments

In this section, we show how FFGB can be used with
knowledge distillation to improve the performance of
the baseline algorithms on the computer vision task
of multiclass classification. The implementation of
knowledge distillation requires the access to a unla-
belled public dataset, which is usually available for
vision tasks. We use FFGB-DISTILL to denote the
method that distills the global ensemble into a sin-
gle model after every FFGB round. Consequently,
the per-round communication cost of FFGB-DISTILL
is reduced to K which is significantly smaller than
O(TNK) in FFGB. Moreover, to have the best perfor-
mance under communication budgets, we fix K =1 in
our current experiments. Note that while the boosting
method produces ensemble models with high testing
accuracy in the centralized setting, it is excluded from
comparison since such a setting is never available in
FL. Our code is available here https://github.com/
shenzebang/Federated-Learning-Pytorch.

Datasets. Three datasets are used in our experiment,
CIFARI10, CIFAR100 |Krizhevsky et al., 2009|, and
EMNIST [Cohen et al., [2017]. We use CIFAR100 as
the distillation dataset for CIFAR10 and vice versa. For
EMNIST, we use the digits as the distillation dataset
for the letters and vice versa. These two subsets of
EMNIST, letters and digits, are denoted by EMNIST-L
and EMNIST-D respectively. In all experiments, the
labels of the distillation dataset are never used.

Heterogeneous client distributions The hetero-
geneity across local datasets is controlled by dividing
the dataset among N clients in the following manner:
we choose s € [0, 1] as the degree of homogeneity. We
then randomly select a portion s x 100% of the data
from the dataset and allocate them equally to all clients;
for the remaining (1 — s) x 100% portion of the data,
we sort the data points by their labels and assign them
to the clients sequentially. This is the same scheme
as employed in |[Karimireddy et al.,2020b, Hsu et al.,
2020| to induce heterogeneity. In our experiment, we
are interested in the heterogeneous setting and s takes
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Table 2: Number of transmitted models for different methods to reach a moderate target testing accuracy, a performance
metric used in the previous work [Acar et al.,[2020]. The s numbers indicate degree of homogeneity in the client datasets.
In the first column, the datasets in bold are the training sets and the ones in parenthesis are the distillation datasets.

Level of Target FFGB-DISTILL FEDDYN
Dataset heterogeneity | Accuracy (this work) FEDAVG-DISTILL (FEDPD) FEDAVG
s—01 0.50 1 4 20 25
e 0.55 3 19 30 39
CIFAR10 02 0.54 1 3 16 18
(CIFAR100) 5o 0.60 3 75 21 32
s—03 0.55 1 3 15 16
o 0.60 3 11 20 24
s 01 0.2 4 > 100 70 > 100
o 0.25 20 > 100 > 100 > 100
CIFAR100 S~ 0.2 0.2 1 81 23 74
(CIFAR10) S= 0.25 17 > 100 37 > 100
s—03 0.2 1 66 19 25
e 0.25 7 95 29 40
s =0.1 0.89 8 >100 93 >100
gﬂ?\ddII:TIIISS'rTI—‘;DI; s = 0.2 0.89 5 >100 68 >100
s —0.3 0.89 3 >100 43 >100
s =0.1 0.99 4 >100 >100 >100
?%i%g:l{‘—f)) s = 0.2 0.99 4 >100 >100 >100
s = 0.3 0.99 4 >100 >100 >100

value from {0.1,0.2,0.3}. We set N = 100 in all cases.

Architecture of the Neural Network. We follow
the choice of model architectures in |Acar et al.| 2020
McMahan et al.l [2017a|. For CIFAR10 and CIFAR100,
we use a CNN model consisting of 2 convolution layers
with 64 5 x 5 filters followed by 2 fully connected layers
with 394 and 192 neurons. For EMNIST, we use the
same convolution layers and reduce the fully connected
layers to (120, 84) neurons. We note that higher testing
accuracy on the included datasets can be obtain by
using models with high capacity, but is orthogonal to
our research.

Choice of hyperparameters. In our implementa-
tion of FFGB-DISTILL, we choose Qii as the weak
learning oracle. To solve the corresponding optimiza-
tion problem @ on the clients, we run Adam for 100
epochs on the local data, with learning rate 0.001,
batch size 64, without weight decay. The learning rate
of FFGB-DISTILL is fixed as 10 which according to
our observation gives the best results. We minimize
the distillation loss using Adam with the same
hyperparameters adopted when computing the weak
learning oracle. For FEDAVG-DISTILL, the hyperpa-
rameters are chosen as suggested by the original paper.
For a fair comparison, the number of local epochs is
set to 100, same as FFGB-DISTILL. For FEDDYN (or
equivalently FEDPD) and FEDAvG, after a global com-

munication round, we run SGD for 10 local epochs
with batch size 64. The learning rate is grid searched
from {0,01,0.05,0.1} (FEDAVG can diverge with a
large learning rate). We use gradient clipping for all
experiment setup with maximum gradient norm 5.

Data augmentation. The data augmentation tech-
nique has a huge impact on the output accuracy. For
the experiments on CIFAR10 and CIFAR100, we use
random horizontal flip and random crop with size 32
and padding 4 to transform the minibatch used in each
SGD/Adam step. For the experiments on EMNIST,
we conduct no data augmentation.

6.1 Result Summary

We run FFGB-DISTILL and its competitors on CI-
FAR10 and CIFAR100 with different levels of data
heterogeneity. The results are reported in Table [2| and
Figure [I] and are summarized as follows.

¢ FFGB-DISTILL quickly converges to a mod-
erate accuracy. In Table [2| we report the number
of models transmitted so that the included methods
reach a moderate target accuracy. We emphasize that
the reported target accuracy are obtained after only
a few communication rounds, e.g. FFGB-distill ob-
tains a 50% testing accuracy after a single iteration,
and are presented to motivate that FFGB-distill pro-
vides an effective warm-start. This should not be con-
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Figure 1: Performance of baseline methods when initialized with a single FFGB-DISTILL step ("<alg>-d") and randomly
initialized ("<alg>-r"). Here FEDPD is a synonym for FEDDYN as these two methods are proved to be equivalent.

fused with the high accuracy obtained after hundreds
of communication rounds. From our results, we see
that FFGB-DISTILL has a clear advantage over the
baselines, including FEDDYN which to the best of our
knowledge is the SOTA FL solver. Note that the com-
parisons between FFGB-DISTILL and FEDAVG-DISTILL
can also be regarded as an ablation study: Both meth-
ods use knowledge distillation to fuse the ensemble
on the server, but each with a different client update
scheme. The clear advantage of FFGB-DISTILL over
FEDAVG-DISTILL shows that our functional minimiza-
tion scheme also has a significant contribution to the
observed improvements. Moreover, while FEDAVG-
DISTILL improves the performance of FEDAvVG on CI-
FARI10, on the more difficult CIFAR100 in with higher
data heterogeneity, FEDAVG-DISTILL has worse perfor-
mance than FEDAvVG. This phenomenon is possibly
due to that FEDAVG fails to generate reasonable local
models with limited communication rounds, a necessity
for the success of knowledge distillation.

¢ FFGB-DISTILL boosts SOTA FL solver as
a warm start. The empirical results in Table [2
show that FFGB-DISTILL achieve a moderate accu-
racy within the first few rounds. This observation
motivates us to utilize FFGB-DISTILL as a warm start
method for existing FL solves. To this end, we conduct
the ablation study where we run FEDAvG and FED-
DyN using either the output of a single FFGB-DISTILL
step as initialization or random initialization. Figure
[I shows that one step of FFGB-DISTILL significantly
boosts the performance of all included baselines.

Conclusion

In this paper, we initiate the theory of boosting in
the Federated Learning setting. We develop federated

functional gradient boosting (FFGB) an algorithm that
is designed to handle the challenge of data hetero-
geneity. Under appropriate assumptions on the weak
learning oracle, the FFGB algorithm is proved to effi-
ciently converge to certain neighborhoods of the global
optimum. The radii of these neighborhoods depend
upon the level of heterogeneity measured via the total
variation distance and the much tighter Wasserstein-1
distance, and diminish to zero as the setting becomes
more homogeneous. While our work serves as the first
step towards extending the theory of boosting to the
Federated Learning setting, more work is needed to
ensure that the memory and communication costs are
reduced to have an impact on FL in practice. One of
the possible applications, as hinted by our theoretical
findings, is to use FFGB with knowledge distillation
to warm-start existing Federated Learning solvers. In
our experiments, we observe this strategy boosts per-
formance in highly heterogeneous settings.
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A Total Variation Distance and Wasserstein-1 Distance between Probability
Measures

Given two probability distributions «, 5 € MEF(X ), the total variation distance between « and f is
TV(a, B) = sup |a(A) — B(A)], (18)
AeF

where F is the Borel sigma algebra over X.

The p-Wasserstein metric between « and 3 is defined as

o 2min ([l risten) (19

where H(a,ﬁ)é{ﬂ € ML(X x X)|t1m = a,fam = B} is the set of joint distributions with given marginal
distributions o and 8. Here f; denotes the marginalization.

B Experiments: Implementing the Weak Learning Oracles

We now discuss the implementations of the weak learning oracles. In our experiments, we only use the weak
learning oracle Q2. We discuss the implementation of the oracles Q° and QUP for completeness, but the suggested
schemes may not necessarily be very efficient in practice.

Implementing O5°. Let ¢ be the input to the oracle and let hy be the candidate weak learner to be trained.
Here hy is a neural network with parameter 6.

We can implement the oracle by solving

min  max ||¢(z) — he(2)|?. (20)

0 zesupp(a)

Implementing Q'P. Recall that we assume the input to QUP to be of the form —¢+ g, where g is some function
that is explicitly available (usually, the variable function) and recall that QP outputs —hgy + g where hy is a
neural network with parameter 6. In other words, QUP only approximates ¢ in the input with hy and leaves the
known part, g, untouched.

We can implement the oracle Q'P by solving

win (e 10(0) = ho@)|?) + [ 19,000 - Vaho(o) P (21)

0 zEsupp(a

Note that the gradient of the input ¢ is available as we have the explicit expression of ¢ = u; + Af’t (u; is defined
in (13)). The above scheme is similar to the Sobolev training scheme (1) in [Czarnecki et al. [2017].

C Proof of Theorem [4.2

Suppose that we have two clients each with Dirac local distributions, i.e., a1 = 5, and as = 5, with 1 # zs.
Consider the cross entropy loss ¢ defined in Eq.(1) with ¢ regularization. Hence the local objective functional
is Fi[f] = 0(f(z:),y:) + ||f(2:)]|* * u/2 (there is only one term since «; is a Dirac). We can compute that the
functional gradient is VF;[f] = V1l(f(z:), yi)0z, + pf(z:)ds,. For simplicity we assume every client takes a
single local step, i.e. K = 1 and that the algorithm A updates the variable by f*t! = ft —n’(gt + g%) given the
outputs of the weak learner g¢ and g4. The following example can be easily generalized to other update rules
where f! is the affine combination of g!’s and there are more than one local steps, i.e. K > 1.

We construct an adversarial weak learning oracle Q(A) according to the update rule of A such that f*(x;) = [0, 0]
for any ¢ and i under the initialization f°(z;) = [0,0], in the following manner: The adversarial oracle Q(A)
returns g¢ and gf such that

gi(x1) = Vil(f(x1),m1), gi(z2) = =Vil(f(x2),y2);
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g5(x1) = =Vil(f(z1),11),  g5(x2) = Vil(f(22),12).

Here we note that the regularization term vanishes since f* is a zero function. We can check that in this case, the
adversarial oracle O(A) satisfies (L0) with v = 1 since on the support of a;, we have g;(x;) = VF;[f*](x;). And
we can simply set G, to be G in (11)).

However, we always have fi*t!1 = ft —pi(gl + g3) = 0 given that f' = 0. Consequently, the output ensemble
model of algorithm A is independent of the conditional distributions p(y;|z;) which is clearly not optimal. In fact,
we can compute in this special case that

vt I = I = 1 (22)
This lower bound agrees with the result in Theorem for T — oo if we pick ||f*|| = G/u (see (31)).

D Proof of Theorem 4.1

We now present the proof of FFGB in the most general setting where we make no assumption on the homogeneity
of a’s, the distributions over the input space, and the loss function £ in the objective (8] can be any function that
is convex w.r.t. its first input. Unfortunately the statement of Theorem in the main body contains a typo
which is fixed in the following restatement and is marked in red.

Theorem D.1 (Theoremrestated). Let fO be the initializer function. We define a proxy of the heterogeneity
among the local input distributions a’s in the TV distance as

N
1
wry 2 ~ ST TV(,04). (23)

i=1
Under Assumption and supposing the weak learning oracle QX satisfies and with constant v and
Gy = 2G/\, using the step sizes n** = 4/(u(tK + k + 1)), the output of FFGB satisfies
If° = £1lla | KG2og(KT)  (1-1)°G? | GPwry
KT TM2'72 KMZ’YQ M2'72 :

||fT—f*||i—0<

Proof. Similar to the proof of Theorem for simplicity, in this proof, we define ﬁft = hf’t + ugf’t.

We first show that Af’t, the residual variable, and hf’t7 the output of the weak learing oracle Qg , are bounded
under the £%°(a;) norm: Note that A" = 0. Besides, for 2 € supp(a;), in each iteration |A™(z)| is first
increased at most by G after adding VR; [giC ’t} and is then reduced by at least 1 —  after subtracting the weak
learner hf’t. Consequently, we have

_ 1—
85 e < (1=) (1A oo+ G) and [AM 1 = 0 = VE A o < 26 =G (24
Further, using the triangle inequality we have ||Af71’t + VR; [gft“ oo <G+ 1_T"G = % and hence
_ _ 2 —
15 oo < IAFTH 4 VRG] = B oo + AT + RGN0 < -G =GE (25)

Based on the above results, the following lemmas characterize the boundedness of hf’t, gf * and ﬁft

Lemma D.1. Assume that the initial function satisfies || f°]o0 < % Then for all t > 0, ||fY|| < % and
155 oo < 2% for all1 <k < K.

Proof. For t =0, g% = fY and hence [|g°]| < % due to the initialization. Now assume that for ¢ = 7 the

statement holds. Therefore ||f7|lcc < % Sofort=71+1, [[§"~ < % From the update rule in line of
Algorithm 2] we have

N
1
gk+1,t =(1- unk,t)gk,t + ~ an’thf’t (26)
i=1
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Since we have [|h*?]| < 2¢ from and the assumption (11)) on the weak learning oracle Qg°. Recursively, we

= u
have o 2G
B 2
70 — 25 < (1 = ) (|g %) <o
TH TH
which leads to the conclusion. O
Combing the above results, we have the boundedness of 2" and VF;[¢™]: |h¥"]| < 4G and || VFi[g7] [l < %.
For a fixed communication round ¢, we define two hypothetical sequences gh! = ~ ZZ 1 gZ " and ARt =

~ Zil h¥*t Note that gh* = f*. From the update rule in line [5{of Algorithm [2| we write

g5 = 05 = 11g™ = flla + PO RS = 20 (gt — 5 R (27)

For the second term, we have ||h5¢||2 < |2 = O(%Z)

The last term of can be split as

—2(ght — fr RRh, (28)
2 I . ) .
— N <§k’t o f*,hf7t>o¢71 + (<g}c,t o f*, hf,t>a . <gk,t o f*7hf’t>ai)
=1
9 X . .
= 3 20 =R e (7 = g VFG N + (7 = g R = VE ),
=1

+ (@ = £ e, = (G = £ ). (29)

Using the variational formulation of the TV norm, with the boundedness of g** and ﬁft one has

(gt — 5 e — (G = 5 R,

where we know from the first-order optimalily solution of f*:

<O (G*/py* - TV(a, o)) . (30)

1 G
VEf =nf + Z VRilf < —max [ VR[]l < - (31)
ze[N oo 2
Denote wry 2 Zz 1 TV(e, ;). We hence have
2 & A
2 S (1 e~ G ) <02 Oy i), (32)
i=1

The first term of can be bounded by

NZ kt —k;t hkt>I
N

1 kit k.t
< 5 2

i=1

a1+ |Igz —7"|I2

[e23

,y2

k.t g2 —k|2 Uk’tG2 1 1 a k
< PGP+ E ||gz —3"la, = O( )+ N > llgf — g
i=1

The second term of can be bounded by using the u-strong convexity of F;:

2 k.t 2 & Kt * 2 & B e kit 2
NZ — 91" VFg o, < =2 D (FilgH = FlF]) = 5 20 S =gl

g
i=1 i=1
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For the first term above, using the optimality of f*, we have

For the second term, we have

* k,t
lf*— g

(27

Combine the above inequality to yield

(f* = gt VFg e,

IA
\ =l

=l 1M
1M =

-
Il

> (Flat) - 7)) -

k,
Hgi !

E\t H
M= =

=1

v

N
2 _ _ Py e
< =% YUAVAEE g = e - Ll -
=1
N
oo 2 llght =M, -
2N pat @i 2N
N
< LS VG2, + gt
— N o nkt
N
B gz Ay gk
4 @7 oN &=
1662 u 1 1 .
Snk’tig‘k(* ﬁ)ﬁzngi’t
=1

Note that ||g*t — £ i = Zi;l
be bounded by (we use || - |

1 & et

NZHQ 113,

1 al t t
:N;”g —f'+f-g

1oy bt gt
SN; lg:™ = f°]
:O(( kot )22K2G2).

v

<2||f* —g"'|

_k Kt
2 +215" —g;

[e 7

H * _ —k,t2
Ep - g

an g;

Dt-L

—k,t||2
4

N
Z I —

041

N
k2 M w  kt))2
-9 ||a, IN ; Hf 9; ”a

N
H * _ =k,t)2 _L

k—1

k=1

Fght
Filg

2

Oéi

nethet|2, and it < 2k for k < k. Therefore, & 32N ||gi*
a; < |- [l in the following)

2L =g, <36 D06 0 < ARG

(33)

can
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Plug in the above results into to yield (note that A — VF;[¢""] = h&t — VR, [gF1])
kit kot 2 72 2
* I AN # C)KEG
WHthﬁu-wwhfm+mm{ﬁ>
! a kit gkt kot k
N Z f -9 z _VRZ[ngDOQ_'_n 7t5 NZ”f 9;
Recall that n*t = m and multiply both sides by (Kt + k + 1)
(Kt+k+1)[|g" e — )2
K2G?
< (Kt+k)|ght = > +0
< (B RIF =11+ O s i)
4N
b g VR D, + 20— S g2
WVZ; 95" D, P E:H |
Sum from k=1 to K
(Kt+ K +1)ght — |2
1.t 2 K*G?
< (Kt+1|g"*—f1I*+0 < 27 (log(Kt+ K + 1) — log(Kt + 1))>
N K K N
4 . 20K 2 N
DDA fd”J$¢*VRﬂﬁﬂhu+4—*4~*§:§:Wf a1,
JOA N
i=1 k=1 k=1i=1
We analyze the first term in the second line above as follows
K K
Z<f* kt hkt—V}— Z k?t hkt_VRZ[ f,t]>a
k=1 k=1
K K
= D (=g = (YRl T+ AT e+ D (= g7 AT e
k=1 k=1
K K
= Z<f* - ktva%aJrzg* - ft AY 1>a+<f* gleﬂA?>a &A? =0
k=1 k=2
K K—1
= S g AR+ SO - gt AR,
k=1 k=1
K K-1 K-1
=D (=g —ADa+ D (- Mo+ ST FRE AR,
k=1 k=1 k:l
K-1
= (=g At D ihi, Afa
k=1
I 1 1-9 (L-NE=9)
< Pyppe Ktz L 2 2 - - 2 kit
L R e P
k=1
1,1 1-—
< \U — gl +2u( ’522+( aé )G%bgﬂ(+K) log(tK + 2))
Using this result, we obtain
(K(t+1)+ DI = 1

< (Kt 4 )|f* - fWH%KG
N’Y

1—7)° 11—~
+0 GQ(i —i—O(G2
( p2y? ) py?

2012
(log(K(t+1) 4+ 1) — log(Kt + 1)))

20K

(log(K(t+1)) — log(Kt))> +

az
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Sum from ¢ =0 to T — 1 and use the non-expensiveness of the clip operation to yield
(KT + D" = 1

< (ko + D] 7 —f*||i+0<

K2G?%log(KT + 1) (1 —~)G?log(TK)
2.2 +0( 2
ney 1%
GZTK(UTV
22 )

)

2 (1 — 2
+O(TG (/MZ) )+ O(

and hence
||fT o f*||2 — O( ||f0 B f*Hi KG2log(KT) (1 — 7)202 CTQWTV) (35)
o KT TNZ,YZ K,uQ’yQ ;LQ”yQ ’

E Proof of Theorem 4.3

In this section, we present the convergence analysis of the setting where the distributions over the input space are
i.i.d.. Under this setting, we show that FFGB converges to the global minimizer in a sublinear rate.

Theorem E.1 (Theorem restated.). Let f be the initializer function. Suppose that Assumption holds,
and suppose the weak learning oracle Q% satisfies with constant ~. Using the step size n*t = TR the
output of FFGB satisfies

||fT*f*||2 -0 ||f07f*Hi + KGleg(KT) (177)G2 (177)G210g(KT)
“ KT T2 p? K22 KTpy? '

Proof. Since we are considering the setting where a = «;, we ignore the subscript 4 and simply write || - ||, and
(-,")o for the norm and the inner product in £3(«).

For simplicity, we denote ﬁft = hf’t + ugf’t.

We define two hypothetical global average sequences gt = % ZN 1 gk’t and hFt = % Zf\il izft In particular,

%

we have gt = f?. From the update rule in line of Algorithm we write

1§50 = F21% = 185" = Fo1% + @B IR = 205t (g™t — R, (36)
The last term of can be split as
9
—9ght — f* pht J— gt _ g plot N
(g™t — 7Bk N;@ £ (37)
2 & . .
= = 2 gl R+ (g = B
i=1
5
= 5 20 = e+ (= g VFG e+ (= 0 B = VFG o (38)
i=1

The second term of can be bounded using the p-strong convexity of F;

RS

k.t
lf* — g i

2 X 9 Y 9 Y
72 * {C,t : k,t < _7§ : . {C,t o [ £* _72
Ni:1<f g5t VFig e < Nizlfz[gz I=FlF] N &

Note that using the optimality of f* we have

Y Filgi - Fl =Y Filal - Flgt + Flg - FlF1 <Y File - Filgt

=1 =1 i=1
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and that by recalling that gt = ~ ZZ 1 91 ! and using the Cauchy—Schwarz inequality we have

-

N
1 * k * _
DD LA P VA
i=1

Therefore, we can bound

(f* = g VF[gF])a

2l

1

©
I

I

|

[ o
.MZ

N
, _ Boyew - 1 e ,
Filgi" = Flg™ = 517 =" e - 5 Do 51— ol
=1

N 2
=1

2 o 0 1 - p
< _Z VF; kit Skt Zkity Pyex  Zkit 2 = Fopes _ kot 2
< N;( N L A A = N;2||f g; " lIa

1 & 1 I 1 & I
— k, —k, * —k, * k,

< = > n*VEGH Q+W\Igit—g’”l|i—§|\f S P W A

i=1 i=1

where we use Young’s inequality in the last inequality.

Besides, recall that |[VR;[g]||« < G from Assumption Together with the property of the oracle, we have
_ 1
85 o < (1 =7) (JAS o + G) and |42 =0 = kA", < =6, (39)

Consequently, we also have

N
1741 < 5 3 14 = ZHVR B
N Y
From line |5 of Algorithm [2 I we have ng t=(1- ,tmk’t)gf’t + nk’thf’t and therefore

2G 2G
15 e = 29 < (1= ) (ng’“*l T ) , (40)
T T

where we use ||hk’t

< 2G/. Therefore, if we have initially || f*||, < %, we always have [|gF!||, < % (hence

so is fi*1 as it is the global average g&t1:*). Further, together with ||h)'|, < 2G /v, we have ||h¥"||, < 4G/y.

Additionally, - Zi:l %" — g%t||2 can be bounded by (we use E[(X — E[X])*] < E[X?))

1 Y 1
k, —k, _ k, 1, 1, —k,
v o lat =gk = 5 Y et et et - g™
=1 =1

IN

N k

1

2 llgE =g A < Y160 PG /o < 640 KGR [,
i=1 k=1

where we use 7%t < 277“ for any t > 0 and 1 < k < k. Therefore we can bound the first term of by
N

1 1
72 gt hkt> < N gll_c,t_gk,t”i N ZHhkt”z (64K2 + 16)7 kth/7

Plug in the above results into to yield

k,t
: . Pt e
g™ = NG < (0= =508™ = FUIIG + O (™) K262 /4?)

k.t

<f** kt hkt—V}"[

1= g2,

H'Mz
M\“;
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Recall that n* and multiply both sides by (tK + k + 1)

= G
K2G?
(LK +k+ Dg™™ = 75 < (K + R~ 12+ O e e )
4 & kit kit kot 2 o k.t)2
WZ]‘ —g W = VE e - o5 *Ilf - 9" M2
=1 =1
Sum from k=1 to K
(tK + K +1)[lg"™ " — 2
< (1K + 15 112+ O35 Qog(tI + )~ log(tk + 1)
4 N K R M 9 N K
N 2 T R VR D~ 5 S SIS ol (41)

For the first term of the second line above, the following equality holds for the same reason as (34))

K-1

K
ST - g R = VR e = (= gt = AR o + D (Rt Ab),
k=1 k=1
p 1-7 L= =) o~
< SIF =gl + )’G* + 5 G* Y ™t
2 2 5 —
11— 1—~)(2 =
< ng* fgf"t||2+ﬂ( 77)2G2+( Vig 7)G2(1og(tK+K) “log(tK +2)). (42)

Using this result, we obtain (we cancel & f* — g75"|? with the last term of (1))

K+ 1)+ 1) |~ )2
s@wWW.MM@(fxm<wHHn4mm+m

4 1 1-=7v5po, 1=72-7) »
+E(E(T) G +TG (log(K(t+1) —1) — log(Kt+1)))

Sum from ¢t =0 to T — 1 to yield

(KT + DI = fII2

<152 - i+ o PEED) 4 o LT 4 (L) JonlKD,
and hence
157 12
< ol Ley o BT | o LD 1 o L) ot BT,

F Proof of Theorem 4.4

To show that FFGB converges to a neighborhood of f*, the global minimizer of the federated functional
minimization problem @, in the regression loss special case, we need to following lemma that characterizes the
difference between the inner products in £2 spaces with different weights.
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Lemma F.1. For two functions f,g € L>®(«) with || fllip < 0o and ||glhip < oo, denote & := || flhipllglla,co +
. Then

[(fr9)ai = (f, 9)al < EW1(a, 04). (43)
Proof. Recall where the Wasserstein-1 distance between two discrete distribution 4 and v can be written as

Wi(p,v) = ggn/ [z —ylldIl(z,y), s.thll=p,fll=wv.

Note that the constraint of the above problem implies that supp(II) C supp(p) x supp(v), otherwise IT must be
infeasible. The above minimization problem is equivalent to

W) = pigmax [ o= ylldliz,) + [ ola)d(u—a1D @)+ [ 6o~ am) o)

>0 ¢,9

Change the order of min-max to max-min (due to convexity) and rearrange terms:

Wl(u,v)=rggbx{mzig/2||x—y||—<z>(> () dey} /<z> e /w )y

II

Therefore, we must have that for (z,y) € supp(II) C supp(p) X supp(v), ¢(z) + ¥(y) < || — y|| which leads to

Wi (p max/gzﬁ Ydu(z /w )dv(y

st. () +¥(y) < [lz —yl,V(z,y) € supp(u) x supp(v).

Now, recall that every local distribution «; is described by a set of data feature points: «; = ﬁ Z]A/il Oz ;s
where 61 is the Dirac distribution; and the global distribution « is described by the union of all these points:
o= 1ty 21 =10z, ;. Clearly we have supp(e;) C supp(a). Using Proposition 6.1. of [Peyré et al., 2019] with
X = supp(« ) the above bi-variable problem is equivalent to the single-variable problem

Wi (p max/qS Ydu(z /qﬁ )dv(y

?(y)| < [lz — yll, V(x,y) € supp(u) x supp(v).

Recall that in [{3), ¢(z) = f(2)g(z) and € = ||g|iip || fllso + [|f]lip]lg]lcc- One can check that

lp(2)/€ = o(w) /€]l = [1f (=) (9(x) = 9(v)) + 9(y) (f (=) = F(y) /€
< (lglhipll flloo + 11fipllglloc) /&l = yll = llz =yl

Therefore

) > | [ Fe)gla)/edota) = | F@at)/edo)]
which is equivalent to . O

Recall that we assume the input to Q'P to be of the form —¢ + g, where g is some function that is explicitly
available (usually, the variable function) and recall that Q!P outputs —hg + g where hy is a neural network
with parameter 6. In other words, QNP only approximates ¢ in the input with hy and leaves the known part, g,
untouched. Therefore, the client procedure of FFGB in Algorithm [2] can be equivalently written as Algorithm
In the following, we will analyze the convergence of Algorithm

Algorithm 3 CLIENT procedure of Federated Functional Gradient Boosting for regression loss

1: procedure CLIENT(%, ¢, f)

2 AO =0,9 1 t_ = ft,

3 for k +— 1 to K do

4: hE = QUP(AFTT — ;)
k+1,t .kt kot

5 ; = - k’t(gi - hf)

6

7
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Theorem F.1 (Theoremrestated). Consider the special case of the federated functional minimization problem
with square loss. Assume that the optimal solution f* is L-Lipschitz continuous. Let fO be the initializer. We
define a prozy of the heterogeneity among the local input distributions o’s in the Wasserstein-1 distance as

N
1
ww, = ;Wl(a, ;) (44)

Suppose that Assumption holds and define G> = 21\%‘ 2’521 W3(as, ;) +2B2. Moreover, suppose the weak

learning oracle QUP satisfies and with constant . Using the step sizes n®' = 4/(u(tK + k + 1)), the
output of FFGB satisfies

K (L(LD + B)ww, + G*) log(KT) N £ = 1 N (1-7)2B%> L(LD + B)ww,
Tp?y? KT 122K v '

WF—fWi=O<

Proof. For a fixed communication round ¢, we define a hypothetical sequence gk* = % vazl gf " We also define
hk = LS hE. Note that ght = f°.

From the Lipschitz extension construction, we have ||u;|lip < L. Additionally, using the assumptions on the
oracle, the residual is inductively proved to be u;—ﬂL—Lipschitz continuous as follows. For the base case, note

that |A9[;;, = 0. Now, assume that for some k > 1, we have |AF 1|, < (1;—7)L. Then

1AF iy =[12F = (w5 — AF ) lip < (1= i = AF iy < (1= ) (IAFHhip + L) < 2L

Therefore, the query to the weak learning oracle is also Lipschitz continuous: ||Af_1 — u;llip < L/, and so

is the output, [|h¥ |, < L/v. Now, the update rule of g*' (line E), and the boundedness of ||h¥ ||, imply the
boundedness of ||g%*||y;p for sufficiently small 7*::
k, , , k, )
ip = (L= n")g"" + 0" R iy < (1 =" lip + L/ -
lip < L/'y)'

Lemma F.2. The residual A¥ and the output h¥ of the oracle QP are bounded under the £>(c;) norm:

k+1,t
”gi

= [lg¥*||iip < L/ (via induction using]|g;"|

1—~)B
18 ane < S0 i 1o < B/
i

Proof. From property of the weak leaner oracle lej7 we have

||Af| @00 = HAfil —uit+ hﬂ anoe S (1= ’V)||A§71 —Uillaio0 < (1= 7)||A§71| a0 + (1 =7)B, (45)
where the second inequality uses the boundedness of y; ; = f/(x; ;) in Assumption We hence have
(1-v)B - (1-+)B (1-+)B
1A llas,00 = "= < 1 =) (AT aso0 = ) = |AFlas 00 € —— (46)
Y Y Y
The boundedness of ||h¥|., « can be obtained from the above inequality: ||hF|a; 0o < ||%illas.co + [[AF|as.00 <
B/~. O
Lemma F.3. The local variable function gf’t is bounded under the L (o) norm: ||gft| w00 < BJ/7.
Proof. Using the update rule in line 5] of Algorithm [3] we have
195 s o0 = 1L = 75) g5 + 0 1 [y 00
< (L= 0597 Nassoo + 05 N0 lasoo < (1 =0")gi Nlas,00 + 0" B/.
Inductively, we have the boundedness of ||gF™"*||4,
k+1, k, K,
95 e = B/ < (1= 15) (168 s = B/7) = 6 a0 < B/ (47)
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Lemma F.4. The local variable function gf’t, the global average function gt and the output of the oracle Qg{_’
are (LD + B)/v-bounded under the L>(«) norm.

Proof. From Lemmas and gf’t, g"t and hf’t are B/~ on the support of a;. Using Assumption
together with the L/~+-Lipschitz continuity of gf gkt and hf’t, we have the results. O

While the above lemma implies the boundedness of g** under the £?(a) norm, we can tighten the analysis with
the following lemma. Important, the following result does not depend on the constant D in Assumption

Lemma F.5. The hypothetical global sequences gFt and h** are bounded under the local norm || - : Denote

G? = 2L2 SN W3(as, ai) + 2B2. We have that ||gFt||a, < G2/72 and |[W%!||a, < G2/+2, where Wg(as,al) is
the Wasserstem 2 distance between measures a; and a,. Consequently, we have g°t and h* ‘ are G-bounded under
the L£?(c) norm, where we further denote G* = Ziv=1 G2.

Proof. Let II$* ¢ ]Rf *M he the Wasserstein-2 optimal transport plan (matrix) between a, and «;. The entry

H‘;f’jz denotes the portion of mass that should be transported from z; ;, € supp(as) to x; ;, € supp(e;). Note

that in «; and c, the entries z, ;, and z; ;, have uniform weight 1/M. As a transport plan, any row or column
of TI** sums up to 1/M. We now show that ||g**| .. is bounded using the Lipschitz continuity of gf’t

N
—Zn— DE<L leugﬁt DI? = Z an DI s)
]:1 i=1 Jj=

We analyze the summand as follows.

- Z ot eI =

lg"™

|
M=
M=

Gy ket kot kit
Hj‘ll,jz ng (xs»jl) -G (:EiJz) +9; (xiajz)”Z
1

<
e
Il
—
<
[V
Il

M-
NE

<
=
Il
_
<.
N
Il
_

k, k, k,
1, (2098 (@e0) = o (@i )P + 209 (i) 1)

NE
INGE

k.t
05 (227 o =l + 21 1))

<.
I

—
<.

1 j2

= 2L2/’Y Wz(asaal + s Z ”g 7J2 ”2

]2 1
k,
= 2L% /7% - Wi(as, ai) +2]1g;" |12,

where we used the definition of the Wasserstein-2 distance. Therefore, can be bounded by

N
2L
Zw/yz W3 (v, o) + 2]|g) "I N 5 sz (g, ) + 2B% /2. (49)

i:1 i=1

g™

Following the similar proof above, we have the same bound for ||h*?|,. as hf’t is also B/y- bounded and

L /~-Lipschitz continuous:
N

IR™2, < Z 3(as, i) +2B% /9%, (50)

O

We now present the convergence analysis of Algorithm |3} From the update rule in line [5] of Algorithm |3} we write

g HEE = FI2 = lgh = 17+ (PP g — REE — 204t — 7 ght = TR, (51)
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To bound the second term, note that

g% = R < Z lg:™" = Rl (52)

For each individual term on the R.H.S. of the above inequality, we have

k, k, k, k,
g = REIZ = (llgh* — B¥IE = g — EIZ, ) + llgh* — hI1
< O(L(LD + B)/+* - Wi(a,a2)) + O(B2/+%),

where we use the variational formulation of the Wasserstein-1 distance as well as the Lipschitz continuity
and boundedness of gf " and hf’t under the £2(a) norm. Therefore the second term is bounded by

N
Hgk+1t f*”i < O( (LD+B)/’y w) +O(B2/"}/ w = Z a az (53)

The third term of can be split as

o 2<gk,t o f* —k,t hk> (54)

N
2 — * N — * — *
i D A A L I e A R A T

=1
9 N
k, —k, k, k, k, k, k,
= 200 =g g = o + (= g g~ wida, + (= g = B
=1
—_ * k, — * k,
D (R N N A AN R I (5)

The last term of R.H.S. of the above equality can be bounded using the Lipschitz continuity and the boundedness
of (7' — f*) and (g — h¥) and the variational formulation of W, (see (43)):

N
1 — * - * s
B N (A S W L S S
1=1
N
= O(L(LD + B)/7* - w) Z (o, 7).

The first term of of the R.H.S. of can be bounded by

N
2 B . k
NZ =" g7 = B)a; < Zn f— fbﬂrm\\g
i=1 i=1
N
< O(’[’]k7tL(LD+B)/'Y Wl(a al))_|_0( kth/’y 77 - Z k‘t 7k

The second term of can be bounded by using the u-strong convexity of R; (note that yu = 1 and we use
VR, [gzk ’t] to denote (g; *_ u;) as they are identical on the support of «;). The following inequality holds for the

sSame reason as .

~ Z = 97", VRilg "D
- N

poo 101 k,
<O (™G /%) + (5 + W)N Z lg;" — g
=1

N
2 Hppes kg2 M x kb2
LA 2N;Hf 9
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Note that || ft —g*?||2
can be bounded by

2. =1 Sk et (75" — h*) |2, and nt" < 2p°F for k < k. Therefore, + S [|g*

k
2||9 = U2 20 = g2 = 00 ()G P) = O )PP GE [y

k=1

I /\

N
Wt
;
= Z SEAR A 4
;
(o

2K2G2

=0O( ).

72

Plug in the above results into to yield

k41t 2 n’“’t _k,t *(2 (Wk’t)2K2 2 2
19" = flle < A= ==)lg™" = flla + 0 T (L(LD + B)w + G* + B?)
277k’t al * k.t k
+ N §_1:<f —9; U _h’i >Oéi
O(nk:t 2 WI k,t)2
+ O™ L(LD + B) /v - w) — Hf -9 lla,

=1

Set n*t = m and multiply both sides by (Kt + k + 1)

(Kt+k+1)g= = 2
K? (L(LD + B)w + G? + B?)

< (K kit rxq2
< (Kt+k)lg P+ 0( 272(Kt+k+1)

N N
+ uizv D =gt w = h)a, + O (L(LD + B) - w/(v*p)) — %Z 17 =g I

i=1 i=1
Sum from k=1 to K

(Kt + K +1)[g" " = |
K? (L(LD + B)w + G? + B?)
ﬂ272

< (Kt+1D)|g" = fA1?+0 ( (log(Kt + K + 1) — log(Kt + 1)))

4 N K K N
b S g~ W, + O (KL(ED + B) - w/ () — 3 S 17 — o2,
k: i=1

® =1 k=1
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We now focus on the last term

* k,

M=

k=1
K K

= Z<f* _gz]'c’tvui_(ui _Afil +A§)>Oéi :Z<f* _gf’thfil _Af>ai
k=1 k=1

K
= Z<f* - gf,t’ _A§>0¢'i <f* - gfﬁthf_lhxi + <f* - gilvA%Déi &A? =

+
e

=

K
- Z<f**gf’t7*A§>0ﬁ+ <f*7gf+13Af>0¢1‘,
k=

=
T
L,..

K-1

(f* =gt ARy, + > (f (gf’t - hf) AN,
k=1

K
= Z<f* _gf,t’ _A’f:>ai +

ol
I
X
|
i
X

= <f* _giI{,ta_Af(>Oti + <’r]f (gf’t _hf) aA§>(¥q
k=1

K-—1
< ullf* — gF2, + O((1 — 7)2B2/ () + 0<G21%> ot
k=1
= ullf* = gF'|2, +0((1 —)2B?/(v2u)) + O (02 17_27 (log(KT + K) — log(Kt))> :

Using this result, we obtain
(K(t+1) + 1) F5 =
K? (L(LD + B)w + G* + B?)
11272

< (Kt+D|ff = 1> +0 ( (log(K(t+1) +1) — log(Kt + 1))>

2012782 +0 (G2 2 ogs (e + 1) - log<Kt>>)>
+ O (KL(LD + B) -w/(v*n))

Sum from ¢t = 0 to T'— 1 and use the non-expensiveness of the projection operation (note that C is a convex set)
to yield

(KT + D||f7 = fI2 < (ko + D[|If* = >+ O <K2 (L(LD + B)w + G + B2) log(KT + 1)>

M2'72

(1-9PTB* | (1-4)Glog(TK)

+O( 12072 e )+O(TKL2 -w/(vzu)) ,

and hence (B = O(G))

10— s> | K(LZD+ Blw + G?) log(KT)  (1-9)*B* L(LD+ Bjw

T _ p*12

G Partial Device Participation
In this section, we consider the setting of partial device participation. In the following discussion, we take the
setting of homogeneous input distributions for example. Similar arguments hold for the other two settings.

In round t of Algorithm |Z, we randomly sample without replacement a subset S; C [N] of clients and only
compute the average of their returns to update the global variable function. We assume that all S; has the same
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cardinality m. Conceptually, we can imagine all the clients are participating in the update, but we only utilize
the results in the set S;.

mmilar to e proo or the setting of tull device participation, we define the hypothetical global average tunction
Simil tth f for th ting of full devi icipati define the hypothetical global ge functi
gt =+ Z 1 gl . In particular, we have gt = f!. From the derivation therein (see Section , we have

(LK + K + 1)[|gh+ht — )12
2G2
< (tK 4+ 1D)||ght — f1I12 + O( e —)(log(tK + K + 1) — log(tK + +1))

4.1 1-70, (1-72-7v)
— G? + G*(log(tK + K) — log(tK
M(Q u( 5 7 e (log( ) (tK)))
However, unlike the setting of full device participation, we do not have fit! = g&*1Lt  Instead, fit! =

T; Yiest 9 K+1 We have the following simple but useful lemma. The proof of this lemma is similar to scheme II
of Lemma 5 in |Li et al.| [2019].

B gKHL2 — o (N= , ()2 K2G?

Moreover, fi*! is an unbiased estimator of g&¥ 1. Therefore Eg: (ft+! — ghk+Lt gh+Lt _ %) — 0 and

Ese|f™ = £712 = Ese £ = g" M2 + [lg" 0 = £7]12. (56)
Recall that n*t = m Combining the above results, we have
((t+ 1)K + 1) Es, S = £72
K262

< (K + 1) = 12 +0( G 5 )(log(tK + K + 1) — log(tK + 1))

4.1 1—74 » (1f7)(2*7) 2
b o (2 BT G2 (10g(tK + K) — log(tK
N(2M( 5 ) V2 (log( ) g(tK)))
_ K.t 1212
N -—-mn**KG '
N-—-1 pumy?

Sum the above results from ¢ = 0 to T', we have

(T+ 1)K+ DE[F = f2

" K2G?log(KT TG? 1—+~
<177 - 5ol + oA L ot (T
(1-7) 1 N —-mKG?logT
+O( e G*log(TK + K) —|—O(N_1 e )
11 g2 _ o 10— fE | KGPlog(KT) | G* 1—17.,
e L e e e
(1-7)G*log(TK) = N —mG2logT
KTpry? N —1 Tu?m~?

Theorem G.1. Let fO be the initializer function. Suppose that Assumption@ holds, and suppose the weak
learning oracle Q% satisfies with constant v. We pick the step size n*t = m and in each round the
server randomly selects a subset S¢ C [N] without replacement with |S¢| = m. The output of FFGB (Algorithm

@ satisfies

(0= LI, KGlos(KT) | (1-2)G | (1=7)G?log(KT) | N —m G*logT

T * (12
_ -0 .
If frlla KT T2 2 K p2y2 KTu~? N -1 T/ﬂmny)

Theorem G.2. Let fO be the initializer function. We define a prozy of the heterogeneity among the local input
distributions a’s in the TV distance as N
Z (a, ;). (57)
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Suppose Assumption holds, and suppose that the weak learning oracle QX satisfies and with constant
v and Gy = 2G /). We use the step sizes n** = 4/(u(tK + k + 1)) and in each round the server randomly selects
a subset S; C [N] without replacement with |S¢| = m. The output of FFGB satisfies

17— 2 =0 170 = J7lla | KGPlog(KT)  (1-9)°G?  GPwry N —m GlogT
a KT Tu2? K 1122 1272 N —1Tp2my? )

Theorem G.3. Consider the special case of the federated functional minimization problem with square loss.
Assume that the optimal solution f* is L-Lipschitz continuous. Let f° be the initializer. We define a proxy of the
heterogeneity among the local input distributions o’s in the Wasserstein-1 distance as

N
1
ww, = i ;Wl(a,ai) (58)

i,8=1
learning oracle QP satisfies (14)) and with constant v. We pick the step sizes n®t = 4/(u(tK + k +1)) and
in each round the server randomly selects a subset Sy C [N] without replacement with |Si| = m. The output of
FFGB satisfies

Suppose that Assumption lds and define G? = 2}\%’ N W3(a, ;) +2B2. Moreover, suppose the weak

K (L(LD + B)ww, + G?) log(KT) I e i N ko)l 5
Tp2~2 KT 122K
L(LD + B)ww, N —mG?*logT

" V2 p N-1 Tu2m72>'
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