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Deeply Learned Robust Matrix Completion for

Large-scale Low-rank Data Recovery
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Abstract—Robust matrix completion (RMC) is a widely used
machine learning tool that simultaneously tackles two critical
issues in low-rank data analysis: missing data entries and
extreme outliers. This paper proposes a novel scalable and
learnable non-convex approach, coined Learned Robust Matrix
Completion (LRMC), for large-scale RMC problems. LRMC
enjoys low computational complexity with linear convergence.
Motivated by the proposed theorem, the free parameters of
LRMC can be effectively learned via deep unfolding to achieve
optimum performance. Furthermore, this paper proposes a
flexible feedforward-recurrent-mixed neural network framework
that extends deep unfolding from fixed-number iterations to
infinite iterations. The superior empirical performance of LRMC
is verified with extensive experiments against state-of-the-art
on synthetic datasets and real applications, including video
background subtraction, ultrasound imaging, face modeling, and
cloud removal from satellite imagery.

Index Terms—robust matrix completion, outlier detection, deep
unfolding, learning to optimize, video background subtraction,
ultrasound imaging, face modeling, cloud removal

I. INTRODUCTION

D IMENSION reduction is one of the foundation tools

for modern data science and machine learning. In real

applications, one major challenge for large-scale dimension

reduction is missing data entries, which often occurs due

to environmental, hardware, or time constraints. Given the

data in the form of low-rank matrices, the complex task of

inferring these missing data entries from the available data is

known as matrix completion [2, 3], whose significance extends

across diverse machine learning tasks, including collaborative

filtering [4–6], image processing [7–9], signal processing [10–

13], sensor localization [14–17] and traffic time series [18, 19].

The complication of matrix completion is further amplified

when some of the partially observed data are corrupted by

impulse noise or extreme outliers. To address these challenges,

Robust Matrix Completion (RMC) emerges as a powerful

solution, tackling low-rank data recovery problems with both

missing entries and outlier corruptions simultaneously [20–25].

Suppose we partially observe some entries of a rank-r matrix

X⋆ ∈ R
n1×n2 , and some of the observations are grossly

corrupted by sparse outliers, namely S⋆. Mathematically, the
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task of RMC aims to simultaneously recover the rank-r matrix

X⋆ and sparse matrix S⋆ from the observations

ΠΩY := ΠΩ(X⋆ + S⋆),

where ΠΩ(·) is a sampling operator that sets [ΠΩ(Y )]i,j =
[Y ]i,j if (i, j) ∈ Ω and [ΠΩ(Y )]i,j = 0 otherwise. In this

study, the set of observed locations Ω is sampled independently

according to the Bernoulli model with a probability p ∈ (0, 1].
RMC problems have been extensively studied in recent

years, and vast classic-style algorithms have been proposed.

While many of them solve the RMC problems effectively, they

are often computationally too expensive, especially when the

problem scales get larger and larger in this era of big data.

Inspired by the recent success of deep unfolding in sparse

coding [26], one can naturally extend such techniques to RMC

algorithms. In particular, a classic iterative RMC algorithm

can be parameterized and unfolded as a feedforward neural

network (FNN). Then, certain parameters of the algorithms,

which are now also the parameters of the FNN, can be learned

through backpropagation. Given a specific application of RMC,

the problem instances often share similar key properties, e.g.,

observation rate, rank, incoherence, and outlier density. Thus,

the algorithm with learned parameters can have superior

performance than its baseline. However, the existing learning-

based RMC methods have two common issues. Firstly, they

often invoke an expensive step of singular value decomposition

(SVD) iteratively, in both the training and inference stages. Note

that SVT costs as much as O(n3) flops. Hence, their scalability

is questionable for large-scale RMC problems. Secondly, the

existing unfolding framework learns the parameters for only

a finite number of iterations. In case a user desires a better

accuracy than the current learned algorithm can reach, the

algorithm has to be relearned with more unfolded iterations.

To overcome these issues, under some theoretical guidelines,

this paper proposes a scalable, learnable, and flexible non-

convex framework for solving large-scale RMC problems in a

highly efficient fashion.

A. Related work and main contributions

Robust matrix completion problems are known as robust

principal component analysis (RPCA) with partial observations

in the earlier works [20, 27, 28]. With convex relaxed

models of RMC, the recovery can be guaranteed with at

least O(µrn log6(n)) observations and no more than O(1/µr)
portion of outliers, where the incoherence parameter µ will

later be formally defined in Section III, along with assumptions

of the observation and outlier patterns. However, the convex

approaches suffer from theoretical sublinear convergence, and

the typical per-iteration computational complexity is as high

This article has been accepted for publication in IEEE Transactions on Pattern Analysis and Machine Intelligence. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TPAMI.2026.3659041

© 2026 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: University of Central Florida. Downloaded on March 27,2026 at 03:40:58 UTC from IEEE Xplore.  Restrictions apply. 



JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. X, XXX 2024 2

as O(n3) flops. Many efficient non-convex approaches have

been proposed for RMC problems later [21, 22, 29–31]. Under

general settings, the non-convex algorithms typically provide

linear convergence with p ≥ O(poly(µr)polylog(n)/n) ran-

dom observations and α ≤ O(1/poly(µr)) portion of outliers.

The computational complexities are as low as O(pn2r +
nr2 + αpn2 log(pn)) flops [29, 31]. Note that the iteration

complexity of GD [29] depends on the condition number κ of

X⋆, i.e., O(κ log(1/ε)) iterations to find an ε-solution, which

is improved to O(log(1/ε)) iterations by ScaledGD [31].

Deep unfolding has emerged as a powerful technique for

accelerating iterative algorithms in various low-rank problems.

Originating from the parameterization of the Iterative Shrinkage-

Thresholding Algorithm (ISTA) for LASSO in LISTA [26], this

approach has been extended to numerous problems and network

architectures [32–42]. Another related technique, “learning to

learn,” explores recurrent neural networks for parameterizing

iterative algorithms, demonstrating promising results [43–48].

While deep unfolding has been successfully applied to

RPCA [49–53], its application to the more challenging RMC

problem remains limited. Existing RPCA methods often rely on

computationally expensive singular value thresholding (SVT)

[54] for low-rank approximation [12, 13], hindering scalability.

Moreover, they typically focus on specific problem domains,

such as ultrasound imaging or video processing, limiting

their generalizability. Denise [55] proposes a deep unfolding

approach for positive semidefinite low-rank matrices, achieving

significant speedups but with limited applicability to general

RMC problems.

To address these limitations, this paper proposes a novel

learning-based method, coined Learned Robust Matrix Comple-

tion (LRMC) and summarized in Algorithm 1, for large-scale

RMC problems. Our main contributions are fourfold:

1) LRMC is scalable and learnable. It costs merely O(pn2r)
flops and avoids the costly iterative SVD and partial sorting.

All operators of LRMC are differentiable with respect to

the parameters, thus learnable through backpropagation.

2) By establishing an exact recovery guarantee for a special

case of LRMC in Theorem 5, we theoretically reveal

the superior potential of LRMC compared to its baseline.

Specifically, it confirms that there exists a set of parameters

for LRMC to outperform the baseline.

3) We introduce a novel feedforward-recurrent-mixed neural

network (FRMNN) model for deep unfolding. FRMNN

first unfolds a finite number of significant iterations into an

FNN and learns the parameters layer-wise, then it learns

an RNN for parameter updating rules for the subsequent

iterations. As later shown in Fig. 1, FRMNN extends the

deep unfolding models to a flexible number of iterations

without retraining or losing performance.

4) The empirical advantages of LRMC are confirmed with

extensive numerical experiments in Section V. Notably,

LRMC shows superior performance on large-scale real

applications, e.g., video background subtraction and cloud

removal in satellite imagery, that are forbiddingly expensive

for existing learning-based RMC approaches.

B. Notation

For any matrix M ∈ R
n1×n2 , the (i, j)-th entry is denoted

by [M ]i,j . For any index set Ω ⊆ [n1] × [n2], we define

Ω(i,:) := {(i, j) ∈ Ω | j ∈ [n2]} and Ω(:,j) := {(i, j) ∈ Ω |
i ∈ [n1]}. We define the projection operator ΠΩ(M) such that

[ΠΩ(M)]i,j = [M ]i,j if (i, j) ∈ Ω and [ΠΩ(M)]i,j = 0 other-

wise. The i-th singular value of a matrix is denoted by σi(M),
entrywise ℓ1-norm is denoted by ∥M∥1 :=

∑
i,j |[M ]i,j |,

spectral norm is denoted by ∥M∥2 = σ1(M), Frobenius norm

is denoted by ∥M∥F := (
∑

i,j [M ]2i,j)
1/2, and nuclear norm

is denoted by ∥M∥∗ :=
∑

i σi(M). The largest magnitude

entry is denoted by ∥M∥∞ := maxi,j |[M ]i,j |, the largest row-

wise ℓ2-norm is denoted by ∥M∥2,∞ := maxi(
∑

j [M ]2i,j)
1/2,

and the largest row-wise ℓ1-norm is denoted by ∥M∥1,∞ :=
maxi

∑
j |[M ]i,j |. Let (·)⊤ denote the transpose operator,

and ∨ denote logical disjunction, which takes the max of

two operands. The condition number of X⋆ is denoted by

κ := σ1(X⋆)
σr(X⋆)

.

II. PROPOSED APPROACH

Consider the following RMC objective function:

minimize
L,R,S

f(L,R;S) =
1

2p
∥ΠΩ(LR⊤ + S − Y )∥2F

subject to supp(S) ⊆ supp(S⋆),
(1)

where p := |Ω|
n1n2

is the sampling rate, L ∈ R
n1×r and R ∈

R
n2×r are two tall matrices, and S ∈ R

n1×n2 is sparse. This

formulation rewrites X = LR⊤ to avoid the non-convex low-

rank constraint on X . Note that S = ΠΩ(S) since the outliers

are only present in the observed entries. To solve problem (1),

we propose a novel scalable and learnable algorithm, coined

Learned Robust Matrix Completion (LRMC). It operates in two

phases: initialization and iterative updates. The initialization

phase leverages a modified spectral initialization, specifically

tailored to the RMC problem with learnable parameters. In the

phase of iterative updates, we alternatively update the sparse

and low-rank components in the fashion of scaled gradient

descent, inspired by ScaledGD [31]; however, we redesign

the operators so that all parameters are differentiable and thus

become learnable. LRMC is summarized as Algorithm 1 and is

detailed in the following subsections. For ease of presentation,

the discussion starts with the iterative updates.

A. Iterative updates

Updating sparse component. In the baseline algorithms,

ScaledGD [31] and GD [29], the sparse outlier matrix is

updated by Sk+1 = Tα̃(ΠΩ(Y − LkR
⊤
k )), where the spar-

sification operator Tα̃ retains only the α̃-fraction largest-in-

magnitude entries in each row and column:

[Tα̃(M)]i,j =





[M ]i,j , if |[M ]i,j | ≥ |[M ]
(α̃n2)
i,: |

and |[M ]i,j | ≥ |[M ]
(α̃n1)
:,j |;

0, otherwise.

Although it ensures the sparsity in S updating, Tα̃ requires an

accurate estimate of α and its execution involves expensive

partial sorting on each row and column. Note that partial
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Algorithm 1 Learned Robust Matrix Completion (LRMC)

1: Input: ΠΩY := ΠΩ(X⋆ + S⋆): observed data matrix;

p := |Ω|/n1n2: sampling rate; r: the rank of underlying

low-rank matrix; {ζk}: a set of learnable thresholding

parameters; {ηk}: a set of learnable step sizes.

2: # Initialization:

3: S0 = Sζ0(ΠΩY )
4: [U0,Σ0,V0] = SVDr(p

−1ΠΩ(Y − S0))

5: L0 = U0Σ
1/2
0 and R0 = V0Σ

1/2
0

6: # Iterative updates:

7: while Not(Stopping Condition) do

8: Sk+1 = Sζk+1

(
ΠΩ(Y −LkR

⊤
k )
)

9: Lk+1 = Lk − ηk+1∇Lfk · (R⊤
k Rk)

−1

10: Rk+1 = Rk − ηk+1∇Rfk · (L⊤
k Lk)

−1

11: end while

12: Output: X = LKR⊤
K : the recovered low-rank matrix.

sorting becomes even more costly when α is large or α̃ is

much overestimated. Moreover, deep unfolding and parameter

learning cannot be applied to Tα̃ since it is not differentiable

with respect to its parameter. Hence, we aim to find an efficient

and effectively learnable operator to replace Tα̃.

The well-known soft-thresholding Sζ :

[Sζ(M)]i,j = sign([M ]i,j) ·max{0, |[M ]i,j | − ζ}
catches our attention. Soft-thresholding has been applied as

a proximal operator of vectorized ℓ1-norm in some RMC

literature [27]. However, a fixed threshold, which is deter-

mined by the regularization parameter, leads to only sublinear

convergence of the algorithm. Inspired by AltProj, LISTA, and

their followup works [26, 32–38, 56–59], we seek for a set of

thresholding parameters {ζk} that let our algorithm outperform

the baseline ScaledGD.

In fact, we find that the simple soft-thresholding:

Sk+1 = Sζk+1
(ΠΩ(Y −LkR

⊤
k )) (2)

can provide a linear convergence if we carefully choose the

thresholding parameters, and the selected {ζk} also ensure

supp(Sk) ⊆ supp(S⋆) at every iteration, i.e., no false-positive

outliers. Moreover, the proposed algorithm with selected

thresholds can converge even faster than ScaledGD under

the exact same setting (see Theorem 5 in the next section

for a formal statement.) Nevertheless, the theoretical selection

of {ζk} relies on some knowledge of X⋆, which is usually

unknown to the user. Fortunately, these thresholds can be

reliably learned using deep unfolding techniques.

Updating low-rank component. By parameterizing the low-

rank component as the product of a tall matrix and a fat

matrix, the low rankness of X is enforced automatically; thus

the expensive SVD is not required in every iteration of the

algorithm. Denote the loss function as:

fk := f(Lk,Rk;Sk) =
1

2p
∥ΠΩ(LkR

⊤
k + Sk − Y )∥2F.

The gradients, with respect to L and R, can be easily computed:

∇Lfk = p−1ΠΩ(LkR
⊤
k + Sk − Y )Rk,

∇Rfk = p−1ΠΩ(LkR
⊤
k + Sk − Y )⊤Lk.

We could apply a step of gradient descent on each of L and

R. However, [13, 31, 60] finds the vanilla gradient descent

approaches (e.g., [29, 61]) suffer from ill-conditioning and

thus introduces the scaled terms (R⊤
k Rk)

−1 and (L⊤
k Lk)

−1

to overcome this weakness. In particular, we follow ScaledGD

and update the low-rank component with:

Lk+1 = Lk − ηk+1∇Lfk · (R⊤
k Rk)

−1,

Rk+1 = Rk − ηk+1∇Rfk · (L⊤
k Lk)

−1,
(3)

where ηk+1 is the learnable step size at the (k+1)-th iteration.

While ScaledGD and GD use a fixed step size through all

iterations, [62] suggests that a set of optimal step sizes {ηk} can

be learned for gradient descent methods. [62, Theorem III.4]

suggests that the optimal step sizes {ηk} for finite-step gradient

descents should be in the form of decayed cosine oscillation,

which can be learned via deep unfolding.

Remark 1. LRMC assumes the prior knowledge of rank(X⋆),
which is commonly used in many non-convex matrix recovery

approaches. In some applications, the rank of X⋆ can be

easily obtained from prior knowledge, e.g., Euclidean distance

matrices are rank-(d+2) for the system of d-dimensional points

[15]. However, in other settings, the true rank may be difficult

to determine, and LRMC is not designed to learn the true

rank from data. A learnable framework that is robust to rank

misestimation will be investigated in a follow-up project. ◁

B. Initialization

LRMC uses a modified spectral approximation with learnable

soft-thresholding for the initialization. That is, we first initialize

the sparse matrix by S0 = Sζ0(ΠΩ(Y )), which should detect

the obvious, large outliers. Next, for the low-rank component,

we take L0 = U0Σ
1/2
0 and R0 = V0Σ

1/2
0 , where U0Σ0V

⊤
0

is the best rank-r approximation (via truncated SVD, denoted

by SVDr) of p−1ΠΩ(Y −S0). Note that p−1 is needed here to

reweight the expectation of sampling operator [63, Theorem 7].

Clearly, the initial thresholding step is crucial for the quality

of initialization. Thanks to soft-thresholding, its parameter ζ0
can be optimized through learning.

For huge-scale problems where even a single truncated SVD

is computationally prohibitive, one may replace the SVD step in

initialization with some sketch-based low-rank approximations,

e.g., CUR decomposition, whose computational costs are as

low as O(r2n log2 n) flops. While its stability lacks theoretical

support when outliers appear, the empirical evidence shows

that a single step of robust CUR decomposition can provide

sufficiently good initialization [58].

C. Computational complexity

To compute (2), ΠΩ(LkR
⊤
k ) involves O(pn2r) flops and

ΠΩ(Y −LkR
⊤
k ) requires pn2 flops, followed by another pn2

flops for soft-thresholding. Therefore, the total complexity for

this step is O(pn2r) flops.

To compute (3), ΠΩ(LkR
⊤
k + Sk+1 − Y ) requires 2pn2

flops, R⊤
k Rk takes O(nr2) flops, inverting R⊤

k Rk requires

O(r3) flops, the multiplication of Rk(R
⊤
k Rk)

−1 involves

O(nr2) flops, and thus calculating ΠΩ(LkR
⊤
k + Sk+1 −

Y )Rk(R
⊤
k Rk)

−1 requires O(pn2r) flops. Finally, updating
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Lk+1 takes another 2nr flops for the step size and then

subtraction. Similarly for updating Rk+1. In total, computing

(3) takes O(pn2r + nr2) flops, provided r ≪ n.

To summarize, the per-iteration cost of LRMC is O(pn2r +
nr2) flops which is slightly better than the state-of-the-art

ScaledGD and GD under the same setting. Unlike ScaledGD

and GD, the computational complexity of LRMC does not

depend on the outlier sparsity parameter α which will be

empirically verified in Fig. 4 later. When the sampling rate

p is near the information-theoretic lower bound O(r/n), the

computational complexity becomes O(nr2) flops per iteration.

In addition, LRMC enjoys a linear convergence which will be

detailed in the next section.

III. THEORETICAL RESULTS

In this section, we present the recovery guarantee of LRMC.

Since the baseline ScaledGD only provides the convergence

guarantee for RPCA case, i.e., fully observed RMC, we use the

same setting in the theorem for an apple-to-apple comparison.

The results show that when the parameters are selected correctly,

LRMC provably outperforms ScaledGD in the exact setting.

We start with some common assumptions for RMC/RPCA:

Assumption 1 (Bernoulli sampling). Each of the observed

locations in Ω is drawn independently according to the

Bernoulli model with probability p ∈ (0, 1].

Assumption 2 (µ-incoherence of low-rank component). X⋆ ∈
R

n1×n2 is a rank-r matrix with µ-incoherence, i.e.,

∥U⋆∥2,∞ ≤
√
µr/n1 and ∥V⋆∥2,∞ ≤

√
µr/n2

for some constant 1 ≤ µ ≤ n, where U⋆Σ⋆V
⊤
⋆ is the compact

SVD of X⋆.

Assumption 3 (α-sparsity of outlier component). S⋆ ∈ R
n1×n2

is an α-sparse matrix, i.e., there are at most α fraction of non-

zero elements in each row and column of S⋆. In particular,

we require α ≲ O( 1
µr3/2κ

) for the guaranteed recovery, which

matches the requirement for ScaledGD. We further assume the

problem is well-posed, i.e., µ, r, κ ≪ n.

Remark 4. Note that some applications may have a more

specific structure for outliers, which may lead to a more suitable

operator for S updating in the particular applications. This

work aims to solve the most common RMC model with a generic

sparsity assumption. Nevertheless, our learning framework can

adapt to another operator as long as it is differentiable. ◁

By the rank-sparsity uncertainty principle, a matrix cannot

be incoherent and sparse simultaneously [64]. The above

two assumptions ensure the uniqueness of the solution in

RMC/RPCA. Now, we are ready to present the main theorem:

Theorem 5 (Guaranteed recovery). Suppose that X⋆ is a rank-

r matrix with µ-incoherence and S⋆ is an α-sparse matrix with

α ≤ 1
104µr3/2κ

. Let p = 1, i.e., Ω = [n1]× [n2]. If we set the

thresholding values ζ0 = ∥X⋆∥∞ and ζk = ∥Lk−1R
⊤
k−1 −

X⋆∥∞ for k ≥ 1, the iterates of LRMC satisfy

∥LkR
⊤
k −X⋆∥F ≤ 0.03(1− 0.6η)kσr(X⋆),

supp(Sk) ⊆ supp(S⋆),

with the step sizes ηk = η ∈ [ 14 ,
8
9 ].

Proof. The proof of Theorem 5 is deferred to Section VI.

Essentially, Theorem 5 states that there exists a set of

selected thresholding values {ζk} that allows one to replace

the sparsification operator Tα̃ in ScaledGD with the simpler

soft-thresholding operator Sζ and maintains the same linear

convergence rate 1− 0.6η under the exact same assumptions.

Note that the theoretical choice of parameters relies on the

knowledge of X⋆—an unknown factor. Thus, Theorem 5 can be

read as a proof of the existence of the appropriate parameters.

Moreover, Theorem 5 shows two advantages of LRMC:

1) Under the very same assumptions and constants, we allow

the step sizes ηk to be as large as 8
9 ; in contrast, ScaledGD

has the step sizes no larger than 2
3 [31, Theorem 2]. That

is, LRMC can provide faster convergence under the same

sparsity condition by allowing larger step sizes.

2) With the selected thresholding values, Sζ in LRMC is

effectively a projection onto supp(S⋆), which matches our

sparsity constraint in objective (1). That is, Sζ takes out the

larger outliers, leaves the smaller outliers, and preserves all

good entries—no false-positive outlier in Sk. In contrast,

Tα̃ necessarily yields some false-positive outliers in the

earlier stages of ScaledGD, which drag the algorithm when

outliers are relatively small.

Technical innovation. The main challenge to our analysis is to

show both the distance error metric (i.e., dist(Lk,Rk;L⋆,R⋆),
later defined in Section VI) and ℓ∞ error metric (i.e., ∥LkR

⊤
k −

X⋆∥∞) are linearly decreasing. While the former takes some

minor modifications from the proof of ScaledGD, the latter is

rather challenging and utilizes several new technical lemmas.

Note that ScaledGD shows ∥LkR
⊤
k −X⋆∥∞ is always bounded

but not necessarily decreasing, which is insufficient for LRMC.

IV. PARAMETER LEARNING

Theorem 5 shows the existence of “good” parameters

{ζk}, {ηk} and, in this section, we describe how to obtain

such parameters via machine learning techniques.

Feed-forward neural network. Classic deep unfolding meth-

ods unroll an iterative algorithm and truncate it into a fixed

number, say K, iterations. Applying such an idea to our model,

we regard each iteration of Algorithm 1 as a layer of a neural

network and regard the variables Lk,Rk,Sk as the units of

the k-th hidden layer. The top part of Fig. 1 demonstrates

the structure of such feed-forward neural network (FNN). The

k-th layer is denoted as Lk. Based on (2) and (3), it takes

Y as an input and has two parameters ζk, ηk when k ≥ 1.

The initial layer L0 is special, it takes Y and r as inputs,

and it has only one parameter ζ0. For simplicity, we use

Θ = {{ζk}Kk=0, {ηk}Kk=1} to represent all parameters in this

neural network.

Training. Given a training data set Dtrain consisting of (Y ,X⋆)

pairs (observation, groundtruth), one can train the neural

network and obtain parameters Θ by minimizing:

minimize
Θ

E(Y ,X⋆)∼Dtrain
∥LK(Y ,Θ)RK(Y ,Θ)⊤ −X⋆∥2F.
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Fig. 1: A high-level structure comparison between classic FNN-

based deep unfolding (top) and proposed FRMNN-based deep

unfolding (bottom). In the diagrams, Lk denotes the k-th layer

of FNN and L is a layer of RNN.

Directly minimizing this loss function is called end-to-end

training, and it can be easily implemented on deep learning

platforms nowadays. In this paper, we adopt a more advanced

training technique named layer-wise training or curriculum

learning, which has been proven as a powerful tool for training

deep unfolding models [65, 66]. The process of layer-wise

training is divided into K + 1 stages:

• Training 0-th layer with minimizeΘ E∥L0R
⊤
0 −X⋆∥2F.

• Training 1-st layer with minimizeΘ E∥L1R
⊤
1 −X⋆∥2F.

• · · · · · ·
• Training final layer with minimizeΘ E∥LKR⊤

K −X⋆∥2F.

Feedforward-recurrent-mixed neural network. One disad-

vantage of the aforementioned FNN model is its fixed number

of layers. If one wants to take further steps and obtain higher

accuracy after training a neural network, one may have to retrain

the neural network once more. Recurrent neural network (RNN)

has tied parameters over different layers and, consequently,

is extendable to infinite layers. However, we find that the

starting iterations play significant roles in the convergence

(validated in Section V later) and their parameters should

be trained individually. Thus, we propose a hybrid model

that is demonstrated in the bottom part of Fig. 1, named as

Feedforward-recurrent-mixed neural network (FRMNN). We

use an RNN appended after a K-layer FNN. When k ≥ K, in

the (k −K)-th loop of the RNN layer, we follow the same

calculation procedures with Algorithm 1 and determine the

parameters ζk and ηk by

ηk = βηk−1 and ζk = ϕζk−1.

Thus, all RNN layers share the common parameters β and ϕ.

The training of FRMNN follows in two phases:

• Training the K-layer FNN with layer-wise training.

• Fixing the FNN and searching RNN parameters β and ϕ to

minimize the convergence metric at the (K −K)-th layer

of RNN for some K > K:

minimize
β,ϕ

E(Y ,X⋆)∼Dtrain
∥LK(β, ϕ)(RK(β, ϕ))⊤ −X⋆∥2F.

Our new model provides the flexibility of training a neural

network with finite K layers and testing it with infinite layers.

Consequently, the stop condition of LRMC has to be (Run K
iterations) if the parameters are trained via FNN model;

and the stop condition can be (Error < Tolerance) if

our FRMNN model is used.

In this paper, we use stochastic gradient descent (SGD) in

the layer-wise training stage and use grid search to obtain β
and ϕ since there are only two parameters. Specifically, we

search over β, ϕ ∈ {0.1, 0.2, · · · , 0.9} and select the pair that

minimizes the reconstruction error. Moreover, we find that

picking K + 3 ≤ K ≤ K + 5 is empirically good.

Training hyperparameters. Hyperparameters in our training

procedure involve the initial thresholding parameters {ζk}K−1
k=0 ,

initial step size parameters {ηk}K−1
k=0 , their learning rates, and

the number of training epochs. We initialize the first threshold

parameter from the scale of the training data as ζ0 = ∥X⋆∥∞

n .

Then set ζk = cζk−1 with a fixed decay factor c ∈ (0, 1) for

k ≥ 1. The step size parameters are initialized as ηk = 1/p.

We train all parameters using stochastic gradient descent (SGD)

with adaptive learning rates. For the threshold parameters, the

learning rate for the first layer is set as lrζ0 = γ0/ℓγ , and

for deeper layers we use lrζk = ζk−1/ℓγ for k ≥ 1. For the

synthetic dataset, we set the base learning rate γ0 = 0.1 and the

scaling constants ℓγ = 5000. For the step size parameters, we

use a fixed learning rate lrηk
= 0.1 for all k. Each layer k is first

pre-trained for 1000 epochs by updating only (ζk, ηk), followed

by 1000 epochs of joint training in which all parameters up

to layer k are updated. To avoid numerical instability, if a

threshold ζk becomes negative during training, we reset it to

its initial positive value.

V. NUMERICAL EXPERIMENTS

In this section, we verify the empirical performance of

LRMC against state-of-the-art methods such as classic-style

ScaledGD [31] and learning-based CORONA [49], with

synthetic and real datasets. For the classic-style algorithms,

the parameters are carefully hand-tuned for their optimal

results. All learning-based methods are trained on a workstation

equipped with an Intel i9-9940X CPU, 128GB RAM, and two

Nvidia A6000 GPUs. All runtime comparisons are conducted

with Matlab on a workstation equipped with an Intel i9-12900H

CPU and 32GB RAM. The code for LRMC is available online

at https://github.com/chandrakundu/LRMC.

A. Synthetic datasets

For both the learning and inference stages of LRMC, we

generate the underlying low-rank matrix X⋆ = L⋆R
⊤
⋆ as a

product of two Gaussian random matrices L⋆,R⋆ ∈ R
n×r.

The location of the observation Ω is sampled according to the

Bernoulli model with a probability p. The support of the sparse

matrix S⋆ are sampled uniformly without replacement from Ω
and the magnitudes of these non-zero entries obey the uniform

distribution bounded by [−E|[X⋆]i,j |,E|[X⋆]i,j |]. The input

for RMC algorithms is then ΠΩY = ΠΩX⋆ + S⋆ ∈ R
n×n.

All inference runtime results presented for synthetic data are

averaged over 20 randomly generated instances. For the two

phases of algorithm learning: During the layer-wise training

phase (i.e., FNN training), we use SGD with a batch size of 1.

For the recurrent parameter search phase (i.e., RNN training),

we employ a grid search with a step size of 0.1. A new training

instance (Y ,X⋆) is generated for each step of SGD, and 20

instances are generated for each step of the grid search.
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Fig. 2: Convergence comparison for FNN-based, RNN-based,

and FRMNN-based learning.

Unfolding models. We compare the performance of three

different unfolding models with LRMC: classic FNN, RNN,

and the proposed feedforward-recurrent-mixed neural network

(FRMNN). The FNN model unrolls K = 10 iterations of

LRMC and RNN model directly starts the training on the

second phase of FRMNN, i.e., K = 0. FRMNN starts with

K = 10 layers of FNN and is followed by an RNN trained

with K = 15. Full observation problems, i.e., p = 1, are used

for this experiment. The test results are summarized in Fig. 2.

One can see FRMNN model extends the classic FNN model to

infinite layers without performance reduction, while the RNN

model drops the convergence performance significantly. Note

that the convergence curves of both FRMNN and RNN stall at

the accuracy O(10−8), which is the machine precision since

single precision is used in this experiment.
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Fig. 3: Convergence comparison for LRMC and ScaledGD

with varying outlier sparsity α. Problem dimension n = 3000
and rank r = 5.

Computational efficiency. We present the speed advantage of

LRMC at the inference stage, provided appropriate training.

Fig. 3 compares the convergence behavior of LRMC and the

baseline ScaledGD. Both algorithms achieve linear convergence,

which matches Theorem 5. LRMC consistently demonstrates

faster convergence than ScaledGD accross the observation rates.

When the outlier sparsity is higher, the advantage of LRMC

is even more significant. This is further verified with Fig. 4.

On the left, we see the per-iteration runtime of ScaledGD is

slower when α becomes larger. In contrast, the per-iteration

runtime of LRMC is insensitive to α and is significantly faster

than ScaledGD. On the right, we find the total runtime of

LRMC is substantially faster than ScaledGD. Note that when

the observation rate p is smaller, the per-iteration runtime is

faster, which matches the complexity analysis in Section II-C;

however, it will require more iterations to achieve the same

accuracy. Table I thoroughly tests and reports the runtime and

number of iterations to achieve the same accuracy with varying

observation rate.
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Fig. 4: Runtime comparison for LRMC and ScaledGD for

varying outlier sparsity α. Problem dimension n = 3000 and

rank r = 5. Left: Single step runtime averaged over 100

iterations, excluding initialization. Right: Total runtime. All

algorithms halt when ∥X −X⋆∥F/∥X⋆∥F < 10−6.

TABLE I: Runtime and number of iterations comparisons for

LRMC and ScaledGD with varying observation rate p. All

algorithms halt when ∥X −X⋆∥F/∥X⋆∥F < 10−6.

p LRMC ScaledGD
(%) Time (secs) Iterations Time (secs) Iterations

10 0.47 28 5.37 36
20 0.63 19 5.80 23
30 0.68 15 7.12 21
40 0.81 15 8.85 20
50 0.90 14 11.00 20
60 1.01 13 12.79 20
70 1.23 13 14.53 20
80 1.29 13 16.18 19
90 1.36 12 17.49 19
100 1.48 12 16.40 18

Recoverability. To evaluate LRMC’s robustness against out-

liers, we generated 20 problem instances with varying outlier

density levels and compared its recoverability to ScaledGD.

Table II shows that LRMC has superior recoverability to

ScaledGD against high-density outliers, despite 10% or 100%
observation cases. However, more observation offers more

redundancy, thus better robustness for the same algorithm.

TABLE II: Recoverability with varying outlier sparsity α.

α 0.35 0.4 0.45 0.5 0.55 0.6

LRMC (p = 100%) 20/20 20/20 20/20 20/20 19/20 17/20
LRMC (p = 10%) 20/20 20/20 20/20 14/20 12/20 0/20
ScaledGD (p = 100%) 20/20 20/20 20/20 0/20 0/20 0/20
ScaledGD (p = 10%) 20/20 0/20 0/20 0/20 0/20 0/20
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Robustness with additive noise. We further evaluate LRMC

when observations are corrupted by both sparse outliers and

additive dense Gaussian noise. Fig. 5 reports the recovered SNR,

defined as SNR = 10 log10(∥X⋆∥2F/∥X⋆−X∥2F), against the

input SNR of the noisy matrix before adding 10% of outliers.

The recovery quality scales linearly with the input SNR, even

in the presence of these sparse outliers. Notably, training with

noise yields a consistent improvement in recovery quality when

the observation is full (p = 100%). However, under a lower

observation rate (p = 10%), the benefit of noise augmentation

during training becomes negligible, as the recovery difficulty

is dominated by the missing entries rather than the additive

Gaussian noise.
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Fig. 5: Comparison of recovered SNR against input SNR for

additive Gaussian noise. In addition, 10% outliers are added.

Models are trained with or without noise under full (p = 100%)

or partial (p = 10%) observation.

B. Real datasets

Video background subtraction. In this section, we implement

LRMC for video background subtraction, employing the VIRAT

video dataset [67] as our benchmark dataset. VIRAT comprises

a diverse collection of videos characterized by colorful scenes

with static backgrounds. The videos have been separated into

training and testing sets, with 305 videos for training and 5
videos for verification1. All videos have the same frame size

320 × 180 but different frame numbers, which are reported

in Table III. We first convert all videos to grayscale. Next,

each frame of a video is vectorized and becomes a matrix

column, and all frames of a video form a data matrix. The

static backgrounds are the low-rank component of the data

matrices and moving objects can be viewed as outliers, thus

we can separate the backgrounds and foregrounds via RMC.

Given partial observation, S can not be fully recovered; thus

the foreground is defined as Y − Xoutput in this case. The

runtime results are provided in Table III, with selected visual

results presented in Fig. 6. The visual results of LRMC look

crispy for both observation rates and LRMC with p = 10%
achieves over 10× speedup than ScaledGD.

1Available at https://viratdata.org. The tested videos correspond to
the original video numbers in VIRAT: 1: S 000203 04 000903 001086.
2: S 010202 01 000055 000147. 3: S 040000 05 000668 000703. 4:
S 050000 04 000640 000690. 5: S 050201 10 001992 002056.

TABLE III: Video details and runtime results for video

background subtraction. All algorithms halt when ∥Xk −
Xk−1∥F/∥Xk−1∥F < 10−2 or after 32 iterations.

VIDEO FRAME RUNTIME (secs)
NAME COUNT LRMC ScaledGD

p = 100% p = 10% p = 100% p = 10%

Video 1 5482 26.94 10.39 193.65 93.29

Video 2 2024 8.76 3.45 66.63 32.21

Video 3 1038 4.03 1.68 31.30 17.61

Video 4 1492 6.53 1.99 57.48 27.86

Video 5 1907 8.04 2.10 68.87 31.77

Fig. 6: Visual results for video background subtraction. The first

column is the original frames. The second and third columns

are the foreground and background output by LRMC with

p = 10%. The fourth and fifth columns are the outputs by

LRMC with p = 100%.

Ultrasound imaging. We compare LRMC with CORONA [49],

a state-of-the-art learning-based RPCA method (i.e., RMC with

p = 1), on ultrasound imaging benchmark2 that consists of

2400 training examples and 800 validation examples. Each

example is of size 1024× 40. The target rank of the low-rank

matrix is set to be r = 1. Recovery accuracy is measured

by loss = MSE(Xoutput, X⋆), where MSE stands for mean

square error. The test results are reported in Table IV.

Note that CORONA is specifically designed for fully

observed ultrasound imaging. Thus, it is not a surprise that our

recovery accuracy is slightly worse than CORONA. However,

the average runtime of LRMC is substantially faster than

CORONA. We believe that our speed advantage will be even

more significant on larger-scale examples, which is indeed one

of our main contributions: scalability. Using partial observation

will further improve the scalability of LRMC; however, the

advantage is not obvious on this relatively small dataset.

Face modeling. We use AR Face Database [68] as the face

modeling benchmark, which consists of 3,276 images of 126

human subjects captured under diverse conditions. Each human

subject has 26 frontal-view images encompassing varying

facial expressions, illumination settings, and accessories such

as sunglasses and scarves. The face images are vectorized,

and those belonging to the same subject are grouped into

one data matrix. For our experiments, subjects 1–10 are

2Available at https://www.wisdom.weizmann.ac.il/∼yonina.
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TABLE IV: Runtime and loss results for ultrasound imaging.

All algorithms halt when ∥Xk −Xk−1∥F/∥Xk−1∥F < 10−4

or after 32 iterations.

ALGORITHM AVERAGE INFERENCE TIME AVERAGE loss

LRMC (p = 10%) 0.0036 secs 4.68× 10−3

LRMC (p = 100%) 0.0056 secs 9.97× 10−4

CORONA 0.9225 secs 4.88×10
−4

designated as the test set, while the remaining subjects form

the training set. To enhance training, we employ various image

augmentation techniques, including flipping, rotation, scaling,

shearing, shifting, and cropping to create more training samples.

The runtime test results are summarized in Table V, and

selected visual results are presented in Fig. 7. One can observe

that LRMC dominates the runtime comparison. In terms of

visual results, LRMC and ScaledGD provide similar facial

recovery, though the faces recovered with full observations are

less noisy than at 30% observation rate.

Fig. 7: Visual results for face modeling. The first column

shows the original images. The second and third columns are

the recovered faces and removed outliers output by LRMC

with p = 100%. The fourth and fifth columns are the outputs

by LRMC with p = 30%. The sixth and seventh columns are

the outputs by ScaledGD with p = 100%, and the eighth and

ninth columns are the outputs by ScaledGD with p = 30%.

TABLE V: Runtime results for face modeling. All algorithms

halt when ∥Xk − Xk−1∥F/∥Xk−1∥F < 10−4 or after 32

iterations.

ALGORITHM AVERAGE INFERENCE TIME

LRMC (p = 100%) 0.29 secs
LRMC (p = 30%) 0.16 secs
ScaledGD (p = 100%) 3.26 secs
ScaledGD (p = 30%) 1.97 secs

Cloud removal from multi-temporal satellite imagery. We

evaluate the scalability of LRMC to the large-scale task of cloud

removal from high-resolution multi-temporal satellite imagery.

The dataset used for this experiment is curated using Sentinel-2

instruments (A level 1-A top-of-atmosphere reflectance product)

from the European Space Agency’s Copernicus mission. The

data is acquired through the Sentinel Hub API3. The dataset

includes multiple blocks from each of the 100 most populous

U.S. cities, comprising 60 images captured between January

2021 and June 2024. To rigorously test scalability, we perform

experiments at three resolutions: 400× 400 pixels (4.8× 105

rows), 1000 × 1000 pixels (3 × 106 rows), and 2000 × 2000
pixels (1.2× 107 rows) per image.

Table VI outlines the average runtime and reconstruction

loss comparisons between LRMC and the baseline ScaledGD.

At lower resolutions, i.e., 400× 400 and 1000× 1000, LRMC

is significantly faster than ScaledGD while maintaining a lower

loss. Moreover, at the high resolution of 2000 × 2000, the

full observation cases lead to memory exhaustion for both

algorithms. Thus, it is crucial to have the ability to work with

partial observations for the sake of memory efficiency for the

proposed learning pipeline. With 30% observations, LRMC

demonstrates superior efficiency: It recovers the background

around 10× faster than ScaledGD while achieving lower

reconstruction loss. This confirms that LRMC offers superior

scalability for large-scale real-world tasks. Selected visual

results are presented in Fig. 8, where both algorithms provide

visually crispy reconstruction, under full or partial observations.

VI. PROOFS

In this section, we provide the mathematical proofs for

the claimed theoretical results. Note that the proof of our

convergence theorem follows the route established in [31].

However, the details of our proof are quite involved since

we replaced the sparsification operator, which substantially

changes the method of outlier detection.

Let L⋆ := U⋆Σ
1/2
⋆ and R⋆ := V⋆Σ

1/2
⋆ where U⋆Σ⋆V

⊤
⋆ is

the compact SVD of X⋆. For theoretical analysis, we consider

the error metric for decomposed rank-r matrices:

dist2(L,R;L⋆,R⋆)

:= inf
Q∈R

r×r,
rank(Q)=r

∥(LQ−L⋆)Σ
1/2
⋆ ∥2F + ∥(RQ−⊤ −R⋆)Σ

1/2
⋆ ∥2F.

By [31, Lemma 9], the optimal alignment Q exists and is

invertible if [L,R] is sufficiently close to [L⋆,R⋆], specifically

dist(L,R;L⋆,R⋆) < cσr(X⋆) for some 0 < c < 1.

For ease of presentation, we take n := n1 = n2 in the rest

of this section, but we emphasize that similar results can be

easily drawn for the rectangular matrix setting. Furthermore,

we introduce following shorthand for notational convenience:

Qk denotes the optimal alignment matrix between (Lk,Rk)
and (L⋆,R⋆), L♮ := LkQk, R♮ := RkQ

−⊤
k , ∆L := L♮−L⋆,

∆R := R♮ −R⋆, and ∆S := Sk+1 − S⋆.

3Data accessed through the Sentinel Hub API, provided by Sinergise
Solutions d.o.o., https://www.sentinel-hub.com/.
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Fig. 8: Visual results for cloud removal at 400× 400 resolution. The first column is the observed satellite image blocks from

Atlanta City on different dates. The second and third columns show the recovered cloud-free ground and cloud images output by

LRMC with p = 100%. The fourth and fifth columns are the outputs by LRMC with p = 30%. The sixth and seventh columns

are the output by ScaledGD with p = 100%. The eighth and ninth columns are the outputs by ScaledGD with p = 30%.

TABLE VI: Comparison of average runtime and reconstruction loss for cloud removal task at varying resolutions. “✘” denotes

out-of-memory failure. All algorithms halt when ∥Xk −Xk−1∥F/∥Xk−1∥F < 10−4 or after 32 iterations.

400× 400 1000× 1000 2000× 2000

ALGORITHM RUNTIME LOSS RUNTIME LOSS RUNTIME LOSS

LRMC (p = 100%) 3.27 secs 9.42×10
−5 26.31 secs 9.63×10

−5 ✘ ✘

LRMC (p = 30%) 1.65 secs 5.22 ×10−4 16.07 secs 5.73 ×10−4 68.24 secs 9.81 ×10
−4

ScaledGD (p = 100%) 48.61 secs 6.88× 10−4 198.89 secs 7.89× 10−4 ✘ ✘

ScaledGD (p = 30%) 28.54 secs 4.46× 10−3 104.39 secs 5.78× 10−3 536.09 secs 7.92 ×10−3

A. Proof of Theorem 5

We first present the theorems of local linear convergence

and guaranteed initialization. The proofs of these two theorems

can be found in Sections VI-C and VI-D, respectively.

Theorem 6 (Local linear convergence). Suppose that X⋆ =
L⋆R

⊤
⋆ is a rank-r matrix with µ-incoherence and S⋆ is an

α-sparse matrix with α ≤ 1
104µr1.5 . Let Qk be the optimal

alignment matrix between [Lk,Rk] and [L⋆,R⋆]. If the initial

guesses obey the conditions

dist(L0,R0;L⋆,R⋆) ≤ ε0σr(X⋆),

∥(L0Q0 −L⋆)Σ
1/2
⋆ ∥2,∞ ∨ ∥(R0Q

−⊤
0 −R⋆)Σ

1/2
⋆ ∥2,∞

≤
√
µr/n σr(X⋆)

with ε0 := 0.02, then by setting the thresholding values ζk =
∥X⋆ −Lk−1R

⊤
k−1∥∞ and the fixed step size ηk = η ∈ [ 14 ,

8
9 ],

the iterates of Algorithm 1 satisfy

dist(Lk,Rk;L⋆,R⋆) ≤ ε0τ
kσr(X⋆),

∥(LkQk −L⋆)Σ
1/2
⋆ ∥2,∞ ∨ ∥(RkQ

−⊤
k −R⋆)Σ

1/2
⋆ ∥2,∞

≤
√
µr/n τkσr(X⋆),

where the convergence rate τ := 1− 0.6η.

Theorem 7 (Guaranteed initialization). Suppose that X⋆ =
L⋆R

⊤
⋆ is a rank-r matrix with µ-incoherence and S⋆ is an

α-sparse matrix with α ≤ c0
µr1.5κ for some small positive

constant c0 ≤ 1
35 . Let Q0 be the optimal alignment matrix

between [L0,R0] and [L⋆,R⋆]. By setting the thresholding

values ζ0 = ∥X⋆∥∞, the initial guesses satisfy

dist(L0,R0;L⋆,R⋆) ≤ 10c0σr(X⋆),

∥(L0Q0 −L⋆)Σ
1/2
⋆ ∥2,∞ ∨ ∥(R0Q

−⊤
0 −R⋆)Σ

1/2
⋆ ∥2,∞

≤
√

µr/n σr(X⋆).

In addition, we present a lemma that verifies our selection

of thresholding values is indeed effective.

Lemma 8. At the (k + 1)-th iteration of Algorithm 1, taking

the thresholding value ζk+1 := ∥X⋆ −Xk∥∞ gives

∥S⋆ − Sk+1∥∞ ≤ 2∥X⋆ −Xk∥∞, supp(Sk+1) ⊆ supp(S⋆).

Proof. Denote Ω⋆ := supp(S⋆) and Ωk+1 := supp(Sk+1).
Recall that Sk+1 = Sζk+1

(Y −Xk) = Sζk+1
(S⋆+X⋆−Xk).

Since [S⋆]i,j = 0 outside its support, so [Y − Xk]i,j =
[X⋆ − Xk]i,j for the entries (i, j) ∈ Ωc

⋆. Applying the

chosen thresholding value ζk+1 := ∥X⋆ −Xk∥∞, one have

[Sk+1]i,j = 0 for all (i, j) ∈ Ωc
⋆. Hence, the support of Sk+1

must belongs to the support of S⋆, i.e.,

supp(Sk+1) = Ωk+1 ⊆ Ω⋆ = supp(S⋆).

This proves our first claim.

Obviously, [S⋆−Sk+1]i,j = 0 for all (i, j) ∈ Ωc
⋆. Moreover,

we can split the entries in Ω⋆ into two groups:

Ωk+1 = {(i, j) | |[Y −Xk]i,j | > ζk+1 and [S⋆]i,j ̸= 0},
Ω⋆\Ωk+1 = {(i, j) | |[Y −Xk]i,j | ≤ ζk+1 and [S⋆]i,j ̸= 0},
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and it holds

|[S⋆ − Sk+1]i,j | =
{
|[Xk −X⋆]i,j − sign([Y −Xk]i,j)ζk+1|
|[S⋆]i,j |

≤
{
|[Xk −X⋆]i,j |+ ζk+1

|[X⋆ −Xk]i,j |+ ζk+1

≤
{
2∥X⋆ −Xk∥∞ (i, j) ∈ Ωk+1;

2∥X⋆ −Xk∥∞ (i, j) ∈ Ω⋆\Ωk+1.

Therefore, it concludes ∥S⋆−Sk+1∥∞ ≤ 2∥X⋆−Xk∥∞.

Now, we are ready to prove Theorem 5.

Proof of Theorem 5. Take c0 = 10−4 in Theorem 7. Thus,

the results of Theorem 7 satisfy the condition of Theorem 6,

and gives

dist(Lk,Rk;L⋆,R⋆) ≤ 0.02(1− 0.6η)kσr(X⋆),

∥(LkQk −L⋆)Σ
1/2
⋆ ∥2,∞ ∨ ∥(RkQ

−⊤
k −R⋆)Σ

1/2
⋆ ∥2,∞

≤
√
µr/n (1− 0.6η)kσr(X⋆)

for all k ≥ 0. [31, Lemma 3] states that

∥LkR
⊤
k −X⋆∥F ≤ 1.5 dist(Lk,Rk;L⋆,R⋆)

as long as ∥(LkQk − L⋆)Σ
1/2
⋆ ∥2,∞ ∨ ∥(RkQ

−⊤
k −

R⋆)Σ
1/2
⋆ ∥2,∞ ≤

√
µr/n σr(X⋆). The first claim is proved.

When k ≥ 1, the second claim is directly followed by

Lemma 8. When k = 0, take X−1 = 0, then one can see

S0 = Sζ0(Y ) = Sζ0(Y − X−1), where ζ0 = ∥X⋆∥∞ =
∥X⋆−X−1∥∞. Applying Lemma 8 again, we have the second

claim for all k ≥ 0. This finishes the proof.

B. Auxiliary lemmas

Before we can present the proofs for Theorems 6 and 7,

several important auxiliary lemmas must be processed.

Lemma 9. If S ∈ R
n×n is α-sparse, then it holds ∥S∥2 ≤

αn∥S∥∞, ∥S∥2,∞ ≤ √
αn ∥S∥∞, and ∥S∥1,∞ ≤ αn∥S∥∞.

Proof. The first claim has been shown as [56, Lemma 4]. The

rest two claims are directly followed by the fact S has at most

αn non-zero elements in each row and each column.

Lemma 10. If dist(Lk,Rk;L⋆,R⋆) ≤ ε0τ
kσr(X⋆), then

it holds ∥∆LΣ
1/2
⋆ ∥F ∨ ∥∆RΣ

1/2
⋆ ∥F ≤ ε0τ

kσr(X⋆) and

∥∆LΣ
1/2
⋆ ∥2 ∨ ∥∆RΣ

1/2
⋆ ∥2 ≤ ε0τ

kσr(X⋆).

Proof. The first claim is directly followed by the definition

of dist. By the fact that ∥A∥2 ≤ ∥A∥F for any matrix, we

deduce the second claim from the first claim.

Lemma 11. If dist(Lk,Rk;L⋆,R⋆) ≤ ε0τ
kσr(X⋆), then it

holds ∥L♮(L
⊤
♮ L♮)

−1
Σ

1/2
⋆ ∥2∨∥R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2 ≤ 1

1−ε0
.

Proof. [31, Lemma 12] provides the following inequalities:

∥L♮(L
⊤
♮ L♮)

−1
Σ

1/2
⋆ ∥2 ≤ 1

1− ∥∆LΣ
−1/2
⋆ ∥2

,

∥R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2 ≤ 1

1− ∥∆RΣ
−1/2
⋆ ∥2

,

as long as ∥∆LΣ
−1/2
⋆ ∥2 ∨ ∥∆RΣ

−1/2
⋆ ∥2 < 1. By Lemma 10,

we have ∥∆LΣ
−1/2
⋆ ∥2 ∨ ∥∆RΣ

−1/2
⋆ ∥2 ≤ ε0τ

k ≤ ε0, given

τ = 1−0.6η < 1. The proof is finished as ε0 = 0.02 < 1.

Lemma 12. If ∥(Lk+1Qk − L⋆)Σ
1/2
⋆ ∥2 ∨ ∥(Rk+1Q

−⊤
k −

R⋆)Σ
1/2
⋆ ∥2 ≤ ε0τ

k+1σr(X⋆), then it holds

∥Σ1/2
⋆ Q−1

k (Qk+1 − Qk)Σ
1/2
⋆ ∥2 ∨ ∥Σ1/2

⋆ Q⊤
k (Qk+1 −

Qk)
−⊤

Σ
1/2
⋆ ∥2 ≤ 2ε0

1−ε0
σr(X⋆).

Proof. [31, Lemma 14] provides the inequalities:

∥Σ1/2
⋆ Q̃−1Q̂Σ

1/2
⋆ −Σ⋆∥2 ≤ ∥R(Q̃−⊤ − Q̂−⊤)Σ

1/2
⋆ ∥2

1− ∥(RQ̂−⊤ −R⋆)Σ
−1/2
⋆ ∥2

,

∥Σ1/2
⋆ Q̃⊤Q̂−⊤

Σ
1/2
⋆ −Σ⋆∥2 ≤ ∥L(Q̃− Q̂)Σ

1/2
⋆ ∥2

1− ∥(LQ̂−L⋆)Σ
−1/2
⋆ ∥2

for any L,R ∈ Rn×r and invertible Q̃, Q̂ ∈ Rr×r, as long

as ∥(LQ̂−L⋆)Σ
−1/2
⋆ ∥2 ∨ ∥(RQ̂−⊤ −L⋆)Σ

−1/2
⋆ ∥2 < 1.

We will focus on the first term for now. By the assumption

of this lemma and the definition of Qk+1, we have

∥(Rk+1Q
−⊤
k −R⋆)Σ

1/2
⋆ ∥2 ≤ ε0τ

k+1σr(X⋆),

∥(Rk+1Q
−⊤
k+1 −R⋆)Σ

1/2
⋆ ∥2 ≤ ε0τ

k+1σr(X⋆),

∥(Rk+1Q
−⊤
k+1 −R⋆)Σ

−1/2
⋆ ∥2 ≤ ε0τ

k+1.

Thus, by taking R = Rk+1, Q̃ = Qk, and Q̂ = Qk+1,

∥Σ1/2
⋆ Q−1

k (Qk+1 −Qk)Σ
1/2
⋆ ∥2

= ∥Σ1/2
⋆ Q−1

k Qk+1Σ
1/2
⋆ −Σ⋆∥2

≤
∥Rk+1(Q

−⊤
k −Q−⊤

k+1)Σ
1/2
⋆ ∥2

1− ∥(Rk+1Q
−⊤
k+1 −R⋆)Σ

−1/2
⋆ ∥2

≤
∥(Rk+1Q

−⊤
k −R⋆)Σ

1/2
⋆ ∥2 + ∥(Rk+1Q

−⊤
k+1 −R⋆)Σ

1/2
⋆ ∥2

1− ∥(Rk+1Q
−⊤
k+1 −R⋆)Σ

−1/2
⋆ ∥2

≤ 2ε0τ
k+1

1− ε0τk+1
σr(X⋆) ≤ 2ε0

1− ε0
σr(X⋆),

provided τ = 1− 0.6η < 1. Similarly, one can see

∥Σ1/2
⋆ Q⊤

k (Qk+1 −Qk)
−⊤

Σ
1/2
⋆ ∥2 ≤ 2ε0

1− ε0
σr(X⋆).

This finishes the proof.

Notice that Lemma 12 will only be used in the proof of

Lemma 15. In the meantime, the assumption of Lemma 12 is

verified in (5) (see the proof of Lemma 14).

Lemma 13. If dist(Lk,Rk;L⋆,R⋆) ≤ ε0τ
kσr(X⋆) and

∥∆LΣ
1/2
⋆ ∥2,∞ ∨ ∥∆RΣ

1/2
⋆ ∥2,∞ ≤

√
µr/n τkσr(X⋆), then

it holds ∥X⋆ −Xk∥∞ ≤ 3µr
n τkσr(X⋆).

Proof. Firstly, by Assumption 2 and the assumptions of this

lemma, we have

∥R♮Σ
−1/2
⋆ ∥2,∞ ≤ ∥∆RΣ

1/2
⋆ ∥2,∞∥Σ−1

⋆ ∥2 + ∥R⋆Σ
−1/2
⋆ ∥2,∞

≤
(
τk + 1

)√µr

n
≤ 2

√
µr

n
,

given τ = 1− 0.6η < 1. Moreover, one can see

∥X⋆ −Xk∥∞
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= ∥∆LR
⊤
♮ +L⋆∆

⊤
R∥∞ ≤ ∥∆LR

⊤
♮ ∥∞ + ∥L⋆∆

⊤
R∥∞

≤ ∥∆LΣ
1/2
⋆ ∥2,∞∥R♮Σ

−1/2
⋆ ∥2,∞

+ ∥L⋆Σ
−1/2
⋆ ∥2,∞∥∆RΣ

1/2
⋆ ∥2,∞

≤
(
2

√
µr

n
+

√
µr

n

)√
µr

n
τkσr(X⋆) = 3

µr

n
τkσr(X⋆).

This finishes the proof.

C. Proof of local linear convergence

We will show the local convergence by first proving the

claims stand at the (k+1)-th iteration if they stand at the k-th

iteration.

Lemma 14. If dist(Lk,Rk;L⋆,R⋆) ≤ ε0τ
kσr(X⋆) and

∥∆LΣ
1/2
⋆ ∥2,∞ ∨ ∥∆RΣ

1/2
⋆ ∥2,∞ ≤

√
µr/n τkσr(X⋆), then

it holds dist(Lk+1,Rk+1;L⋆,R⋆) ≤ ε0τ
k+1σr(X⋆).

Proof. Since Qk+1 is the optimal alignment matrix between

(Lk+1,Rk+1) and (L⋆,R⋆), so

dist2(Lk+1,Rk+1;L⋆,R⋆)

= ∥(Lk+1Qk+1 −L⋆)Σ
1/2
⋆ ∥2F + ∥(Rk+1Q

−⊤
k+1 −R⋆)Σ

1/2
⋆ ∥2F

≤ ∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2F + ∥(Rk+1Q

−⊤
k −R⋆)Σ

1/2
⋆ ∥2F

We will focus on bounding the first term in this proof, and the

second term can be bounded similarly.

Note that L♮R
⊤
♮ −X⋆ = ∆LR

⊤
♮ +L⋆∆

⊤
R. We have

Lk+1Qk −L⋆ (4)

= L♮ − η(L♮R
⊤
♮ −X⋆ + Sk+1 − S⋆)R♮(R

⊤
♮ R♮)

−1 −L⋆

= ∆L − η(L♮R
⊤
♮ −X⋆)R♮(R

⊤
♮ R♮)

−1 − η∆SR♮(R
⊤
♮ R♮)

−1

= (1− η)∆L − ηL⋆∆
⊤
RR♮(R

⊤
♮ R♮)

−1 − η∆SR♮(R
⊤
♮ R♮)

−1.

Thus,

∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2F

= ∥(1− η)∆LΣ
1/2
⋆ − ηL⋆∆

⊤
RR♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2F

− 2η(1− η) tr(∆SR♮(R
⊤
♮ R♮)

−1
Σ⋆∆

⊤
L )

+ 2η2 tr(∆SR♮(R
⊤
♮ R♮)

−1
Σ⋆(R

⊤
♮ R♮)

−1R⊤
♮ ∆RL

⊤
⋆ )

+ η2∥∆SR♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2F

:= R1 −R2 +R3 +R4.

Bound of R1. The component R1 here is identical to R1 in [31,

Section D.1.1], and the bound of this term was shown therein.

We will clear this bound further by applying Lemma 10,

R1 ≤
(
(1− η)2 +

2ε0
1− ε0

η(1− η)

)
∥∆LΣ

1/2
⋆ ∥2F

+
2ε0 + ε20
(1− ε0)2

η2∥∆RΣ
1/2
⋆ ∥2F

≤ (1− η)2∥∆LΣ
1/2
⋆ ∥2F

+

(
(1− η)

2ε30
1− ε0

+ η
2ε30 + ε40
(1− ε0)2

)
ητ2kσ2

r(X⋆).

Bound of R2. Lemma 8 implies ∆S = Sk+1 − S⋆ is an

α-sparse matrix. By Lemmas 9, 10, 11, 8, and 13, we have

| tr(∆SR♮(R
⊤
♮ R♮)

−1
Σ⋆∆

⊤
L )|

≤ ∥∆S∥2∥R♮(R
⊤
♮ R♮)

−1
Σ⋆∆

⊤
L∥∗

≤ αn
√
r ∥∆S∥∞∥R♮(R

⊤
♮ R♮)

−1
Σ⋆∆

⊤
L∥F

≤ 2αn
√
r ∥Xk −X⋆∥∞∥R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2∥∆LΣ

1/2
⋆ ∥F

≤ 6αµr1.5τ2k
ε0

1− ε0
σ2
r(X⋆).

Hence, |R2| ≤ 12η(1− η)αµr1.5τ2k ε0
1−ε0

σ2
r(X⋆).

Bound of R3. Similar to R2, we have

| tr(∆SR♮(R
⊤
♮ R♮)

−1
Σ⋆(R

⊤
♮ R♮)

−1R⊤
♮ ∆RL

⊤
⋆ )|

≤ ∥∆S∥2∥R♮(R
⊤
♮ R♮)

−1
Σ⋆(R

⊤
♮ R♮)

−1R⊤
♮ ∆RL

⊤
⋆ ∥∗

≤ αn
√
r ∥∆S∥∞∥R♮(R

⊤
♮ R♮)

−1
Σ⋆(R

⊤
♮ R♮)

−1R⊤
♮ ∆RL

⊤
⋆ ∥F

≤ αn
√
r ∥∆S∥∞∥R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥22∥∆RL

⊤
⋆ ∥F

≤ 2αn
√
r ∥Xk −X⋆∥∞∥R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥22∥∆RΣ

1/2
⋆ ∥F

≤ 6αµr1.5τ2k
ε0

(1− ε0)2
σ2
r(X⋆).

Hence, |R3| ≤ 12η2αµr1.5τ2k ε0
(1−ε0)2

σ2
r(X⋆).

Bound of R4.

∥∆SR♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2F ≤ r∥∆SR♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥22

≤ r∥∆S∥22∥R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥22

≤ 4α2n2r∥Xk −X⋆∥2∞∥R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥22

≤ 36α2µ2r3τ2k
1

(1− ε0)2
σ2
r(X⋆).

Hence, R4 ≤ 36η2α2µ2r3τ2k 1
(1−ε0)2

σ2
r(X⋆).

Combine all the bounds together, we have

∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2F ≤ (1− η)2∥∆LΣ

1/2
⋆ ∥2F

+

(
(1− η)

2ε30
1− ε0

+ η
2ε30 + ε40
(1− ε0)2

)
ητ2kσ2

r(X⋆)

+ 12η(1− η)αµr1.5τ2k
ε0

1− ε0
σ2
r(X⋆)

+ 12η2αµr1.5τ2k
ε0

(1− ε0)2
σ2
r(X⋆)

+ 36α2µ2r3τ2k
1

(1− ε0)2
σ2
r(X⋆),

and a similar bound can be computed for ∥(Rk+1Q
−⊤
k −

R⋆)Σ
1/2
⋆ ∥2F. Put together, we have

dist2(Lk+1,Rk+1;L⋆,R⋆)

≤ ∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2F + ∥(Rk+1Q

−⊤
k −R⋆)Σ

1/2
⋆ ∥2F

≤ (1− η)2
(
∥∆LΣ

1/2
⋆ ∥2F + ∥∆RΣ

1/2
⋆ ∥2F

)

+ 2

(
(1− η)

2ε30
1− ε0

+ η
2ε30 + ε40
(1− ε0)2

)
ητ2kσ2

r(X⋆)

+ 24η(1− η)αµr1.5τ2k
ε0

1− ε0
σ2
r(X⋆)

+ 24η2αµr1.5τ2k
ε0

(1− ε0)2
σ2
r(X⋆)

+ 72α2µ2r3τ2k
1

(1− ε0)2
σ2
r(X⋆)

≤
(
(1− η)2 + 2

(
(1− η)

2ε0
1− ε0

+ η
2ε0 + ε20
(1− ε0)2

)
η
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+ 24η(1− η)αµr1.5
1

ε0(1− ε0)
+ 24η2αµr1.5

1

ε0(1− ε0)2

+ 72α2µ2r3
1

ε20(1− ε0)2

)
ε20τ

2kσ2
r(X⋆)

≤ (1− 0.6η)2ε20τ
2kσ2

r(X⋆), (5)

where we use the fact ∥∆LΣ
1/2
⋆ ∥2F + ∥∆RΣ

1/2
⋆ ∥2F =:

dist2(Lk,Rk;L⋆,R⋆) ≤ ε20τ
2kσ2

r(X⋆) in the second step,

and the last step use ε0 = 0.02, α ≤ 1
104µr1.5 , and 1

4 ≤ η ≤ 8
9 .

The proof is finished by substituting τ = 1− 0.6η.

Lemma 15. If dist(Lk,Rk;L⋆,R⋆) ≤ ε0τ
kσr(X⋆) and

∥∆LΣ
1/2
⋆ ∥2,∞ ∨ ∥∆RΣ

1/2
⋆ ∥2,∞ ≤

√
µr/n τkσr(X⋆), then

it holds ∥(Lk+1Qk+1 − L⋆)Σ
1/2
⋆ ∥2,∞ ∨ ∥(Rk+1Q

−⊤
k+1 −

R⋆)Σ
1/2
⋆ ∥2,∞ ≤

√
µr/n τk+1σr(X⋆).

Proof. Using (4) again, we have

∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2,∞

≤ (1− η)∥∆LΣ
1/2
⋆ ∥2,∞ + η∥L⋆∆

⊤
RR♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2,∞

+ η∥∆SR♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2,∞

:= T1 + T2 + T3.

Bound of T1. T1 ≤ (1 − η)
√

µr/n τkσr(X⋆) is directly

followed by the assumption of this lemma.

Bound of T2. Assumption 2 implies ∥L⋆Σ
−1/2
⋆ ∥2,∞ ≤√

µr/n and Lemma 10 implies ∥∆RΣ
1/2
⋆ ∥2 ≤ τkε0. Together

with Lemma 11 , we have

T2 ≤ η∥L⋆Σ
−1/2
⋆ ∥2,∞∥∆RΣ

1/2
⋆ ∥2∥R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2

≤ η
ε0

1− ε0

√
µr

n
τkσr(X⋆).

Bound of T3. By Lemma 8, supp(∆S) ⊆ supp(S⋆), which

implies that ∆S is an α-sparse matrix. By Lemma 9, we have

T3 ≤ η∥∆S∥2,∞∥R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2

≤ η

√
αn

1− ε0
∥∆S∥∞ ≤ 2η

√
αn

1− ε0
∥X⋆ −Xk∥∞

≤ 6η

√
αµr

1− ε0

√
µr

n
τkσr(X⋆),

where the last two steps use Lemmas 8 and 13. Together,

∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2,∞ ≤ T1 + T2 + T3

≤
(
1− η + η

ε0
1− ε0

+ 6η

√
αµr

1− ε0

)√
µr

n
τkσr(X⋆)

≤
(
1− η

(
1− ε0

1− ε0
− 6

√
αµr

1− ε0

))√
µr

n
τkσr(X⋆).(6)

In addition, we also have

∥(Lk+1Qk −L⋆)Σ
−1/2
⋆ ∥2,∞

≤
(
1− η

(
1− ε0

1− ε0
− 6

√
αµr

1− ε0

))√
µr

n
τk. (7)

Bound with Qk+1. Note that Q’s are the best align matrices

under Frobenius norm but this is not necessarily true under

ℓ2,∞ norm. So we must show the bound of ∥(Lk+1Qk+1 −
L⋆)Σ

1/2
⋆ ∥2,∞ directly. Note that Qk+1 does exist, according

to [31, Lemma 9]. Applying (6), (7) and Lemma 12 gives

∥(Lk+1Qk+1 −L⋆)Σ
1/2
⋆ ∥2,∞

≤ ∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2,∞

+ ∥Lk+1(Qk+1 −Qk)Σ
1/2
⋆ ∥2,∞

= ∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2,∞

+ ∥Lk+1QkΣ
−1/2
⋆ Σ

1/2
⋆ Q−1

k (Qk+1 −Qk)Σ
1/2
⋆ ∥2,∞

≤ ∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2,∞

+ ∥Lk+1QkΣ
−1/2
⋆ ∥2,∞∥Σ1/2

⋆ Q−1
k (Qk+1 −Qk)Σ

1/2
⋆ ∥2

≤ ∥(Lk+1Qk −L⋆)Σ
1/2
⋆ ∥2,∞

+ (∥(Lk+1Qk −L⋆)Σ
−1/2
⋆ ∥2,∞

+ ∥L⋆Σ
−1/2
⋆ ∥2,∞)∥Σ1/2

⋆ Q−1
k (Qk+1 −Qk)Σ

1/2
⋆ ∥2

≤
√

µr

n
τkσr(X⋆)

(
1− η

(
1− ε0

1− ε0
− 6

√
αµr

1− ε0

)

+
2ε0

1− ε0

(
2− η

(
1− ε0

1− ε0
− 6

√
αµr

1− ε0

)))

≤ (1− 0.6η)

√
µr

n
τkσr(X⋆),

where the last step use ε0 = 0.02, α ≤ 1
104µr1.5 , and 1

4 ≤ η ≤
8
9 . Similar result for ∥(Rk+1Q

−⊤
k+1−R⋆)Σ

1/2
⋆ ∥2,∞. The proof

is finished by substituting τ = 1− 0.6η.

Now we have all the ingredients for proving the theorem of

local linear convergence, i.e., Theorem 6.

Proof of Theorem 6. This proof is done by induction. Base

case. Since τ0 = 1, the assumed initial conditions satisfy the

base case at k = 0. Induction step. At the k-th iteration, we

assume the conditions

dist(Lk,Rk;L⋆,R⋆) ≤ ε0τ
kσr(X⋆),

∥(LkQk −L⋆)Σ
1/2
⋆ ∥2,∞ ∨ ∥(RkQ

−⊤
k −R⋆)Σ

1/2
⋆ ∥2,∞

≤
√
µr/n τkσr(X⋆)

hold, then by Lemmas 14 and 15,

dist(Lk+1,Rk+1;L⋆,R⋆) ≤ ε0τ
k+1σr(X⋆),

∥(Lk+1Qk+1 −L⋆)Σ
1/2
⋆ ∥2,∞

∨ ∥(Rk+1Q
−⊤
k+1 −R⋆)Σ

1/2
⋆ ∥2,∞ ≤

√
µr/n τk+1σr(X⋆)

also hold. This finishes the proof.

D. Proof of guaranteed initialization

Now we show that the outputs of the initialization step

in Algorithm 1 satisfy the initial conditions required by

Theorem 6.

Proof of Theorem 7. Firstly, by Assumption 2, we obtain

∥X⋆∥∞ ≤ ∥U⋆∥2,∞∥Σ⋆∥2∥V⋆∥2,∞ ≤ µr

n
σ1(X⋆).
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Invoking Lemma 8 with X−1 = 0, we have

∥S⋆ − S0∥∞ ≤ 2
µr

n
σ1(X⋆) and supp(S0) ⊆ supp(S⋆),

which implies S⋆ −S0 is α-sparse. Applying Lemma 9 to get

∥S⋆ − S0∥2 ≤ αn∥S⋆ − S0∥∞ ≤ 2αµrκσr(X⋆).

Since X0 = L0R
⊤
0 is the best rank-r approximation of Y −S0,

∥X⋆ −X0∥2 ≤ ∥X⋆ − (Y − S0)∥2 + ∥(Y − S0)−X0∥2
≤ 2∥X⋆ − (Y − S0)∥2
= 2∥S⋆ − S0∥2 ≤ 4αµrκσr(X⋆),

where the equality uses the definition Y = X⋆ + S⋆. By [31,

Lemma 11], we obtain

dist(L0,R0;L⋆,R⋆) ≤
√√

2 + 1 ∥X⋆ −X0∥F

≤
√
(
√
2 + 1)2r ∥X⋆ −X0∥2

≤ 10αµr1.5κσr(X⋆),

where we use the fact that X⋆ − X0 has at most rank-2r.

Given α ≤ c0
µr1.5κ , we prove the first claim:

dist(L0,R0;L⋆,R⋆) ≤ 10c0σr(X⋆). (8)

Let ε0 := 10c0. Now, we will prove the second claim:

∥∆LΣ
1/2
⋆ ∥2,∞ ∨ ∥∆RΣ

1/2
⋆ ∥2,∞ ≤

√
µr/n σr(X⋆),

where ∆L := L0Q0 − L⋆ and ∆R := R0Q
−⊤
0 − R⋆. For

ease of notation, we also denote L♮ = L0Q0, R♮ = R0Q
−⊤
0 ,

and ∆S = S0 − S⋆ in the rest of this proof.

We will work on ∥∆Σ
1/2
⋆ ∥2,∞ first, and ∥∆Σ

1/2
⋆ ∥2,∞ can

be bounded similarly.

Since U0Σ0V
⊤
0 = SVDr(Y − S0) = SVDr(X⋆ −∆S),

L0 = U0Σ
1/2
0 = (X⋆ −∆S)V0Σ

−1/2
0 = (X⋆ −∆S)R0Σ

−1
0

= (X⋆ −∆S)R0(R
⊤
0 R0)

−1.

Multiplying Q0Σ
1/2
⋆ on both sides, we have

L♮Σ
1/2
⋆ = L0Q0Σ

1/2
⋆ = (X⋆ −∆S)R0(R

⊤
0 R0)

−1Q0Σ
1/2
⋆

= (X⋆ −∆S)R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ .

Subtracting X⋆R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ on both sides, we have

L♮Σ
1/2
⋆ −L⋆R

⊤
⋆ R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆

= (X⋆ −∆S)R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ −X⋆R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆

∆LΣ
1/2
⋆ +L⋆∆

⊤
RR♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆

= −∆SR♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ,

where the left operand of last step uses the fact L⋆Σ
1/2
⋆ =

L⋆R
⊤
♮ R♮(R

⊤
♮ R♮)

−1
Σ

1/2. Thus,

∥∆LΣ
1/2
⋆ ∥2,∞ ≤ ∥L⋆∆

⊤
RR♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2,∞

+ ∥∆SR♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2,∞

:= J1 + J2.

Bound of J1. By Assumption 2, we get

J1 ≤ ∥L⋆Σ
−1/2
⋆ ∥2,∞∥∆RΣ

1/2
⋆ ∥2∥R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2

≤
√

µr

n

ε0
1− ε0

σr(X⋆),

where Lemma 10 implies ∥∆RΣ
1/2
⋆ ∥2 ≤ ε0σr(X⋆), and

Lemma 11 implies ∥R♮(R
⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2 ≤ 1

1−ε0
, given (8).

Bound of J2. Notice that ∆S is α-sparse. Moreover, by (8),

Lemmas 9 and 11, we have

J2 ≤ ∥∆S∥1,∞∥R♮Σ
−1/2
⋆ ∥2,∞∥Σ1/2

⋆ (R⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥2

≤ αn∥∆S∥∞∥R♮Σ
−1/2
⋆ ∥2,∞∥R♮(R

⊤
♮ R♮)

−1
Σ

1/2
⋆ ∥22

≤ αn
2µr

n
σ1(X⋆)

1

(1− ε0)2
∥R♮Σ

−1/2
⋆ ∥2,∞

≤ 2αµrκ

(1− ε0)2

(√
µr

n
+ ∥∆RΣ

−1/2
⋆ ∥2,∞

)
σr(X⋆),

where the first step uses ∥AB∥2,∞ ≤ ∥A∥1,∞∥B∥2,∞. Note

that ∥∆RΣ
−1/2
⋆ ∥2,∞ ≤ ∥∆RΣ

1/2
⋆ ∥2,∞

σr(X⋆)
. Hence,

∥∆LΣ
1/2
⋆ ∥2,∞ ≤

(
ε0

1− ε0
+

2αµrκ

(1− ε0)2

)√
µr

n
σr(X⋆)

+
2αµrκ

(1− ε0)2
∥∆RΣ

1/2
⋆ ∥2,∞,

and similarly, one can see

∥∆RΣ
1/2
⋆ ∥2,∞ ≤

(
ε0

1− ε0
+

2αµrκ

(1− ε0)2

)√
µr

n
σr(X⋆)

+
2αµrκ

(1− ε0)2
∥∆LΣ

1/2
⋆ ∥2,∞.

Therefore, substituting ε0 = 10c0 gives

∥∆LΣ
1/2
⋆ ∥2,∞ ∨ ∥∆RΣ

1/2
⋆ ∥2,∞ ≤ J1 + J2

≤ (1− ε0)
2

(1− ε0)2 − 2αµrκ

(
ε0

1− ε0
+

2αµrκ

(1− ε0)2

)√
µr

n
σr(X⋆)

≤
√
µr/n σr(X⋆),

as long as c0 ≤ 1
35 . This finishes the proof.

VII. CONCLUSION

This paper introduces a novel scalable and learnable approach

to large-scale Robust Matrix Completion problems, coined

Learned Robust Matrix Completion (LRMC). It is paired with

a novel feedforward-recurrent-mixed neural network model that

flexibly learns the algorithm for potentially infinite iterations

without retraining or compromising performance. We theoret-

ically reveal the learning potential of the proposed LRMC.

Through extensive numerical experiments, we demonstrate the

superiority of LRMC over existing state-of-the-art approaches.
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