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ABSTRACT. We resolve an open problem posed by Alexeev-Knutson on
the projectivity of the moduli of branchvarieties in the equidimensional
case. As an application, we construct projective moduli spaces of reduced
equidimensional varieties equipped with ample linear series and subject
to a semistability condition.
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1. INTRODUCTION

The classification of (reduced) varieties has been a central problem in
algebraic geometry for more than a century. A modern avatar of such
classification questions is the construction of moduli spaces of varieties, which
has been an active and fruitful endeavor over the last decades. Mumford’s
work on Geometric Invariant Theory (GIT) [MFK] provided a powerful tool
for the construction of such moduli spaces. This was illustrated by Gieseker
in his GIT construction of the moduli of curves [G1], as well as in more recent
generalizations, such as the moduli of stable maps [BS]. GIT constructions
also feature prominently in the construction of moduli of elliptic surfaces
[M1,M2].

The main GIT approach to constructing moduli spaces of varieties, initiated
by Mumford in his lecture notes [M3], is to consider Grothendieck’s Hilbert
scheme Hilb? (PY) [G2, Part IV], which is a projective scheme parametrizing
flat families of subschemes of PV with Hilbert polynomial P. Then one
uses GIT to construct the moduli space as an orbit space for the action of
SLy on a locally closed subscheme of the Hilbert scheme. However, it has
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proved challenging to connect GIT semistability on Hilbert schemes with
an intrinsic notion of semistability, i.e., one that does not depend on the
choice of embedding. As a result, the field has turned to different methods
for constructing moduli spaces in the special case of general type [K4] and
log-Fano varieties [L.XZ,X].

In [AK], Alexeev and Knutson introduced the stack of branchvarieties,
Branch?”(X), as an alternative to the Hilbert scheme. Branch?(X) is a
proper Deligne-Mumford stack that parametrizes flat families of projective,
reduced, equidimensional schemes with Hilbert polynomial P equipped with
a finite morphism to a fixed projective scheme X. In [AK], a branchvariety
is not required to be equidimensional, but in this paper we only address the
equidimensional case.

Unlike the Hilbert scheme, the stack Branch® (PV) compactifies the moduli
of reduced subschemes of PV without introducing non-reduced and non-
equidimensional schemes. It would seem that Branch? (PV), or its coarse
moduli space, is better suited for the construction of certain moduli of varieties
using GIT. However, in their 2010 paper [AK], Alexeev and Knutson left
as an open question whether the coarse moduli space of Branch? (X) is
projective, which is a necessary hypothesis to set up a GIT problem.

The main goal in this paper is to prove this conjecture, thus opening up a
new avenue for GIT constructions of moduli spaces of varieties.

Theorem A. Let k be a field of characteristic 0, and let X be a projective k-
scheme equipped with an ample line bundle Ox(1). Fix a Hilbert polynomial
P of degree n. Then the moduli stack Branch?(X) of equidimensional
branchvarieties with Hilbert polynomial P has a projective coarse moduli
space.

Remark 1.1. We do not assume that the field k is algebraically closed for
any of the statements in this introduction. However, note that ultimately
all of our arguments reduce easily to the case when k is algebraically closed.
Indeed, our proof proceeds by showing that certain line bundles defined over
the ground field k£ are (semi)ample, and we may check this by passing to the
algebraic closure of k.

Moduli of ample linear series. As an application of our main theorem,
we use GIT to construct moduli spaces of ample linear series. Specifically,
we describe a moduli stack G that parameterizes reduced equidimensional
polarized schemes (X, Ox (1)) with fixed Hilbert polynomial P(t) along with
a surjection Ox ® V. — Ox(1), where V is a vector space of dimension
r + 1. Using the theory of ©-stability, we introduce a notion of polynomial
semistability in Theorem 5.3, analogous to K-semistability of varieties, which
implies that V' — I'(X, Ox (1)) is injective. We prove the following:

Theorem B. Theorem 5.5 The stack G5 of semistable ample linear series
admits a projective good moduli space Mp.
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The moduli spaces M}, appear to be closely related to moduli spaces of
limit linear series on curves, which have had many applications to Brill-
Noether theory and the geometry of the moduli of curves [EH, O3]. It would
be interesting to investigate this relationship further.

Line bundles on Branch and Hilb. Theorem A is a consequence of a
detailed analysis of ampleness of certain line bundles on Branch? (X).

For any Noetherian scheme T and any T-flat family of proper schemes
7 :Y — T equipped with a morphism f :Y — X, we define the following
sequence of line bundles indexed by an integer r € Z

Ar :=det R, (f*(Ox(r))).

The formation of the line bundles A, is compatible with base-change, and
therefore it defines corresponding line bundles on Hilb? (X) and Branch? (X),
which we also denote by \,. By the work of Mumford and Knudsen [KM],
it is known that the assignment r — A, is a polynomial with values in the
Picard group of Branch” (X). More precisely, for 0 < i < n + 1, there are
line bundles b; on Branch® (X) such that we have

n+1
i=0  \'

for all r € Z, where we use additive notation for addition in the Picard group.

Chow morphisms. Suppose that Ox (1) is a very ample line bundle on X in-
ducing a closed immersion X C PV. The assignment given by pushing forward
the fundamental class induces well-defined morphisms from Branch? (X) and
Hilb” (X) to an appropriate Chow scheme of cycles on PV . This induces mor-
phisms Chow : Branch” (X) — P(Vpx) and Chow : Hilb"(X) — P(Vpy),
where Vp y is a k-vector space that depends only on P and N. See Sec-
tion 2.4 for a more detailed discussion. In Theorem 2.26, we observe that
Chow™(O(1)) = bp41, thus implying that b,41 is semiample. Our main
strategy will be to show that this Chow morphism is relatively projective.

Theorem C (Theorem 3.4 + Theorem 3.1 + Theorem 3.8). Fix a Hilbert
polynomial P of degree n. Let X be a projective k-scheme equipped with a
very ample line bundle Ox (1) which induces an embedding X < PV. Then
the following hold:
(1) For every sufficiently large positive integer r > 0, there exists a(r) > 0
such that for all rational numbers a > a(r) the Q-line bundle —ab,, —
A, is relatively ample for the Chow morphism Chow : Branch? (X) —
P(Vpn).
(2) The line bundle —b, is relatively semiample for the Chow morphism
Chow : Branch” (X) — P(Vp ).
(3) For any rational number a > n, the Q-line bundle ab,+1 — by, is

semiample on Branch? (X).
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A surprising feature of Theorem C is the fact that ab, + A, is rela-
tively antiample for Chow : Branch”(X) — P(Vpy) for r > 0. This
is in contrast with the case of Hilb¥(X). Indeed, it is known that A, is
ample on Hilb” (X) for 7 > 0, and therefore, it is relatively ample for
Chow : Hilb? (X) — P(Vpn).

Refinements over the deminormal locus. In addition, we prove the
following stronger ampleness statement on the open substack Branchf (X) C
Branch? (X) parametrizing deminormal branchvarieties (i.e. equidimensional
branchvarieties which satisfy Serre’s condition Sy and have nodal singularities
in codimension 1).

Theorem D (=Theorem 4.6). Fix a Hilbert polynomial P of degree n.
Let X be a projective k-scheme equipped with a very ample line bundle
Ox(1). Let a > n be a rational number. Let f : Branch”(X) — PM
denote any morphism induced by a base-point free linear system of a power
of the semiample Q-line bundle ab,+; — b,. Then the restriction of f to
Branchf, (X) € Branch? (X) is quasi-finite. In particular, the Q-line bundle
aby 11 — by, is ample on Branchf, (X).

Example 1.2. A one-dimensional scheme is deminormal if and only if it
has nodal singularities. Hence, when deg(P) = 1 and a > 1, the line bundle
abpy 1 — by is ample on the open stack Branchl ;(X) of branchvarieties whose
source is a nodal curve.

1.1. Notation and conventions. In this paper, we work over a fixed ground
field k of characteristic 0. Unless otherwise stated, all stacks and schemes
are defined over k. For any two stacks X and ), an undecorated product
X x Y will always denote a fiber product over k. We may sometimes write
Xy to denote X x ).

Definition 1.3. We say that a morphism f : X — Y from an algebraic stack
X to a Noetherian scheme Y is projective if f is proper with finite relative
inertia, and the relative coarse space X — Y of X is projective over Y.

Definition 1.4. If f : X — Y is a projective morphism and M is a
rational line bundle in Pic(X) ® Q, then we say that M is relatively ample
(resp. relatively semiample) if, locally on Y, a sufficiently divisible power
descends to a relatively ample (resp. relatively semiample) line bundle on
X =Y.

If Y = Spec(k), then we say that the stack X is projective and the rational
line bundle M is ample (resp. semiample) on X.

1.2. Acknowledgements. The first named author was supported by NSF

grants DMS-1945478 and DMS-2052936, and a Simons Foundation fellowship.

He would like to thank the Simons Laufer Mathematical Sciences Institute

for its hospitality while this research was conducted. The fourth named
4



author was partially supported by NSF grant DMS-2401462. We would
like to thank Jarod Alper, Allen Knutson, Yuji Odaka, David Rydh, and
Chenyang Xu for helpful discussions while this work was in progress. We
would also like to thank an anonymous referee for thoughtful suggestions.

2. THE STACK OF BRANCHVARIETIES
2.1. Pure algebras.

Definition 2.1 ([HLFHJ, Defn. 2.2], [HL, Defn. 1.1.2]). Let Y be a scheme
of finite type over a field and let y € Y be a point. We say that y has
dimension n if the closure ¥ C Y is a scheme of dimension n. Let F' be a
coherent Oy-module. We say that F'is a pure sheaf of dimension n if all
the associated points of F' have dimension n.

Definition 2.2. [HLFHJ, Defn. 2.3] Let w : Y — T be a finite type
morphism of schemes. We say that a sheaf F' on Y is T-pure of dimension
n if it is T-flat, locally finitely presented as a Op-module, and for all t € T’
we have that F} is a pure sheaf of dimension n on Y;.

Definition 2.3. Let 7 : Y — T be a finite-type morphism of schemes. A
T-pure Oy-algebra (A, m,u) of dimension n is the data of

(i) a T-pure sheaf A on Y of dimension n,
(ii) a multiplication morphism m : A®2 — A, and
(iii) a unit morphism u : Oy — A
that endow A4 with the structure of a Oy-sheaf of commutative unital algebras.
A T-pure Oy-algebra A is said to be reduced if for all geometric points t € T
the scheme Specy, (Aly;) is reduced.

Definition 2.4 (Moduli of pure algebras). Let X be a projective k-scheme.
We define Alg™(X) to be the pseudofunctor from (Sch/k)°P to groupoids
that associates to every k-scheme T' the groupoid of T-pure Ox,-algebra of
dimension n.

Proposition 2.5. Let X be a projective k-scheme. The pseudofunctor
Alg™(X) is an algebraic stack with affine diagonal and locally of finite type
over k.

Proof. There is a forgetful morphism Alg"(X) — Coh™(X), where Coh™(X)
is the stack parameterizing n-dimensional families of pure sheaves [HLFHJ,
Defn. 2.4]. Since the stack Coh™(X) is algebraic, with affine diagonal and
locally of finite type over k& [HLFHJ, Prop. 2.5], it suffices to show that the
forgetful morphism is affine and of finite type.

Choose a scheme T and a morphism 7" — Coh"(X) corresponding to
a family of pure sheaves A on Xp. A T’ point of the fiber product
Alg"(X) Xconn(x) T is the data of a commutative unital algebra structure
on the base change A7, which consists of a section u : O X A7 and a
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morphism m : A?? — Aps. Since A is a T-flat and A and A%? are finitely
presented Ox,-modules, by [HLFHJ, Lem. 2.16] the functor

H = HOIIIT(A®2, .A) XT HomT(OT, .A)

is representable by a scheme which is affine and of finite presentation over
T. Furthermore, the subfunctor of H parametrizing sections (u, m) which
satisfy the axioms of a commutative unital algebra structure is representable
by a closed subscheme of H. !

We conclude that T' X copn(x) Alg" (X) = Z is represented by a relatively
affine scheme of finite type over 7', as desired. O

Notation 2.6. Fix an ample line bundle Ox(1) on X. For any given
polynomial P, we denote by Alg? (X) the stack whose T-points are T-pure
Ox,-algebras A such that A; viewed as a sheaf on X; has Hilbert polynomial
PforallteT.

Since the Hilbert polynomial is locally constant in flat families of sheaves,
Alg"(X) can be written as a disjoint union of open and closed substacks

Algn(X) = leeg(P):n Algp (X> :

Definition 2.7. We denote by Alg™ (X ),eq the substack of Alg"(X) parametriz-
ing families of reduced algebras as in Theorem 2.3. The inclusion Alg" (X )yeq <
Alg"(X) is an open immersion by [S3, Tag 0COE].

Definition 2.8 (Determinant line bundles). Fix an ample line bundle Ox (1)
on X. Let Aypjy denote the universal sheaf on Alg"(X) x X, and let
m: Alg"(X) x X — Alg"(X) denote the first projection. For every integer
r € Z, we set A\, := det Ry (Auniv(r)) € Pic(Alg"(X)).

The morphism Specjgn(x)x x (Auniv) — Alg"(X) is flat and proper, and
the condition of a complex on a stack being perfect is local. Therefore,
R7.(Auniv) is a perfect complex on Alg™(X) and its formation commutes
with base change [S3, Tag 0A1P]. The determinant of perfect complexes
on schemes was constructed in [KM, Thm. 2, pp. 42], and the construction
was extended to perfect complexes on stacks in [STV, Sect. 3.1]. In fact,
the latter constructs a morphism of higher stacks det : Perf — BG,,, where
Perf is the stack that takes any scheme T to the oco-groupoid of perfect
complexes on T and quasi-isomorphisms between them. In particular, one

1Indeed, the algebra axioms amount to the equality of certain pairs of universally-defined
morphisms of sheaves on X (the morphisms lie in Hom(Ag, Ag) for the unit condition, in
Hom(A$?, Ay) for the commutativity condition, and in Hom(A$?, Ay) for associativity).
These morphisms correspond to pairs of sections of the affine morphisms Homg (An, Ag) —
H, Homp (A$?, Arr) — H and Homp (AS?, Ay) — H respectively [HLFHJ, Lem. 2.16].
Since these morphisms are separated, the subfunctor of H parametrizing points where
these pairs of sections agree is represented by a closed immersion.
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gets a morphism of groupoids

Perf(Alg"(X)) —%* Pic(Alg"(X))

Il Il
Map(Alg"(X), Perf) —— Map(Alg"(X), BGn).

The fact that Perf — BG,, is a morphism of stacks implies that the formation
of A\, is compatible with base change.

Definition 2.9 (Mumford-Knudsen coefficients). By [KM, Thm. 4], the
assignment r +— A, is a polynomial in the variable r of degree n + 1 with
values in Pic(Alg"(X)). More precisely,

A —%1 oo +(1b B )r”+0(rn—1)
T T ) T 2

for certain line bundles b;.

Remark 2.10 (Formula for b;). Using iterated difference operators [KM, Pg.
54-55], the line bundles in Theorem 2.9 can be expressed as

i .
bi= (-1)'7 <Z> Aj-
=0 J
Remark 2.11. The statement in [KM, Thm. 4] is stated in the case when
the base is a Noetherian scheme, whereas our base Alg"(X) is an algebraic
stack. However, we note that a direct application of smooth descent shows
that the equality in Theorem 2.9 holds with b; defined as in Theorem 2.10.
Indeed, we can apply the result in [KM, Thm. 4] after passing to an atlas
L;U; — Alg™(X) where each U; is a Noetherian scheme, since we are working
with families of sheaves supported in dimension n, which satisfy condition @,
from [KM, pg. 50]. Since the isomorphisms obtained in [KM, Thm. 4] are
canonical and functorial, the isomorphisms over the atlas LJ;U; automatically
satisfy the cocycle condition required for smooth descent. Hence they glue
to yield the desired identifications as in Theorem 2.9.

Proposition 2.12. Let p : Spec(k) — P™ be a k-point. Let det(Ayniy) €
Pic(Alg™(P™) x P™) denote the determinant of the universal sheaf, as in e.g.
[HL, pg. 36,37]. The line bundles pj,n pn(det(Auniv)) and by on Alg™(P")
are isomorphic.

Proof. Let O, be the skyscraper sheaf of P" at the closed point p. Then O, =
O, ® O(n) has a Koszul resolution whose i term is O(n) @ A\'(O(—1)%") =
O(n — i) @ N'(k®™). Tt follows from the formula in Theorem 2.10 that
bn = det( R, (7*Op @F Auniv)), where 7 : Alg”(X) x X — X is the second
projection and ®* is the derived tensor product. On the other hand, the
functoriality of det(—) under derived pullback of perfect complexes implies
that pjn x)(det(Auniv)) = det(Lpj,n x) (Auniv)). The lemma therefore
follows from the claim that the canonical morphism Lp*Algn( X) (Auniv) —
7



R7.(7*Op@F Auniv) is a quasi-isomorphism. This last claim can be checked af-
ter applying (paign(x))«, at which point it follows from the quasi-isomorphism

T*Op ®L Auniv = (pAlg"(X))*(Lp*A]gn(X) (Auniv))- 2 U
2.2. The discriminant morphism.

Notation 2.13 ([S3, Tag 0BVH]). Given a Noetherian scheme S and a
locally free sheaf of commutative unital Og-algebras A on S, there is a
symmetric bilinear trace pairing A ® A — Og defined by sending a pair of
sections a,b € A(U) over an open U C S to the trace of the morphism of
locally free sheaves (ab) - (—) : A|ly — A|y induced by multiplication by the
product ab. We may interpret the trace pairing as a morphism A — AV,
which yields a morphism of line bundles det(.A) — det(A)Y. Tensoring by
det(A)Y, we a canonically defined morphism s : Og — det(A)~2 called the
discriminant section. The vanishing locus D4 := V(s) — S is called the
discriminant of 4. The formation of s is compatible with arbitrary base-
change on S, and the complement of S\ D 4 is the maximal open subscheme
over which the morphism Specg(A) — S is étale.

More generally, let T' be a Noetherian scheme over k, and choose a T-point
of Alg"(P"),eq corresponding to a T-flat family of torsion-free sheaves on
P’} equipped with a commutative unital algebra structure. Let Uy C P%
denote maximal open subscheme where A is locally free. For every point
t € T, the t-fiber of the closed complement (P \ Uy4), has codimension at
least 2 [GFHZ, Lemma. 2.5]. Let det(.A) denote the determinant line bundle
of the family A [HL, pg. 36,37]. By Theorem 2.13, we have a canonical
section s : Oy, — det(A)™%|y, defined over the open U4. By Hartogs’s
theorem [GFHZ, Lemma 2.3(c)], this extends uniquely to a canonical section
§: Opn, — det(A)~? whose formation commutes with arbitrary base-change
onT.

Definition 2.14 (Discriminant divisor). Given a T-point A : T" — Alg"(P")yeq
as above, the discriminant D4 C P%. of A is defined to be the vanishing
locus V/(s) C P of the unique extension s : Opp, — det(A)~2.

Remark 2.15. It follows from Theorem 2.13 that U4 N (P% \ D 4) is the
largest open subscheme of P77 over which the morphism Specp% (A) = P% is
étale.

Proposition 2.16. Fiz a degree n Hilbert polynomial P(t) = > a; (f) and
set d := 2nay, — 2ap,—1. The assignment A — D4 induces a well-defined
morphism disc : Alg” (P"),eq — P (H(P",0(d)) to the projective space of
degree d relative effective Cartier divisors on P". Furthermore, we have

disc*(O(1)) = —2by,.
2Replace 70p @% Auniv with (Patgn(x))+(Lp" (Auniv)), then observe that
(Palgn (X)) T+ (PALgn (x)) = LD A1gn (x) (Auniv) = (Palgn (x))« LPA1gn (x) (Auniv)

because PAlgn(X) © T © PAlgn(X) = PAlgn(X)-
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Proof. For any Noetherian scheme T and any morphism ¢ : T — Alg? (P"),eq
corresponding to a T-family of reduced algebras A on P%., consider the
discriminant D4 cut out by a section s : Opp — det(A)~2. The line bundle
det(A) on P7 is isomorphic to O(m) ® 7*(L), where m € Z is an integer,
m : P — T denotes the structure morphism, and L € Pic(T"). Since the
Hilbert polynomial of A is P(t) = Y7 a; ("), it follows that m = an—1 — nay.
3 Therefore, D 4 is cut out by a section of O(d) ® 7*(L)~2. For every t € T,
the scheme Spec]p? (A;) is reduced. Since the characteristic of the ground
field k is 0, it follows that the finite morphism Specpn (A;) — P}’ is étale over
a nonempty open subscheme of P?'. By the fiber-wise criterion for flatness
[S3, Tag 05V J], it follows that Specp (A) — P is flat over an open subscheme
U C P} which intersects every T-fiber, and after shrinking U we have that
Specpn, (A) — P7. is étale over U. By Theorem 2.15, it follows that the Cartier
divisor D4 C P does not contain any T-fiber, and therefore it is a relative
effective Cartier divisor [S3, Tag 062Y]. The formation of D4 commutes
with base-change, and hence the assignment A — D 4 induces a well-defined
morphism disc : Alg” (P"),eq — P (H°(P", O(d))). Furthermore, since D 4 is
cut out by a section of O(d) ® n*(L)~2, it follows that ¢* disc*(O(1)) = L~2.
Hence to conclude the proof it suffices to show that there is a canonical
identification L = ¢*(b,). The choice of a section p : Spec(k) — P yields
canonical identifications L = p*(det(A)) = ¢*(b,), where the right-most
isomorphism was constructed in Theorem 2.12. [l

2.3. Moduli of equidimensional branchvarieties.

Definition 2.17. Let X be a projective k-scheme, and let T be any k-scheme.
A T-family of equidimensional branchvarieties of dimension n over X is
a finite morphism f : Y — Xp such that Y — T is flat of finite presentation
and every fiber f; : Yy — X; is reduced and equidimensional.

Definition 2.18. Let X be a projective k-scheme. The stack Branch”(X)
of equidimensional branchvarieties of dimension n is the pseudofunctor from
(Sch/k)°P to groupoids that associates to every k-scheme T' the groupoid of
T-families of equidimensional branchvarieties of dimension n over X.

Definition 2.19. If X is equipped with an ample line bundle Ox (1), then
for any given polynomial P(t) we denote by Branch? (X) C Branch™(X) the
open and closed subfunctor parametrizing families of branchvarieties such
that (X, Ox, (1)) has Hilbert polynomial P for any ¢t € T..

3The integer m is the degree of A. If we write the Hilbert polynomial in the standard
polynomial basis, i.e., P(t) =" | a§%7 then deg(A) = a;,_1 — w [HL, Definition
1.2.11]. If we instead use the binomial basis, it follows that a, = a, and a,_; =
—w + an—1. Thus,
an(n+1)

—1
M +apn—1— ——F—" = An—1 — Nan.

m=deg A= — 3 2
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The main theorem of [AK] contains the following as a special case.

Theorem 2.20 ([AK, Theorem 0.4]). Let X be a projective k-scheme equipped
with a very ample line bundle Ox (1). Fiz a Hilbert polynomial P. The stack
BranChP(X) is a proper Deligne-Mumford stack. In particular, it admits a
proper coarse moduli space.

Lemma 2.21. Let X be a projective k-scheme equipped with a polarization
Ox(1). There is an isomorphism of stacks 1 : Alg"(X)req — Branch”(X)
which restricts to an isomorphism 1 : AlgP(X);eq = Branch? (X) for any
given Hilbert polynomial P.

Proof. There is a natural equivalence at the level of T-points. Indeed, given
a family of reduced algebras A on X, we obtain a family Specy..(4) — Xr
of branchvarieties over T. Conversely, given a family of branchvarieties
f:Y — Xpover T, the Ox, -algebra f.(Oy) is a family of reduced algebras.
This is evidently compatible with the corresponding Hilbert polynomials. [

Notation 2.22. We shall abuse notation and also write A, € Pic(Branch™(X))
for the pullback (1»~1)*(\,) of the line bundle ), from Theorem 2.8. Note
that this is compatible with the notation in [AK, §5]. Similarly, we denote by
b; € Pic(Branch™(X)) the pullback of the line bundle b; from Theorem 2.9.

Corollary 2.23. Fiz a degree n Hilbert polynomial P(t) = Y7 a; (f) and set
d = 2na, —2a,_1. There is a discriminant morphism disc : Branch? (P") —

P (HY(P",0(d))) such that disc*(O(1)) = —2by,.
Proof. This is a consequence of Theorem 2.21 and Theorem 2.16. U

Definition 2.24. Let Z C X be a closed subscheme of a projective k-
scheme X. We denote by Branch™(X \ Z) the open substack of Branch™(X)
parametrizing T-families of branchvarieties f : Y — X7 such that the image
of f lies on the open subscheme X7 \ Zp.

Lemma 2.25. Let PN=""1 < PN be a linear subspace. Then there is
a well-defined linear projection morphism pr : Branch™(PN \ PN—"—1) —
Branch"™(P") which is affine of finite type and satisfies pr*(A\,) = A,.

Proof. Fix a linear subspace P* C PV disjoint from the given PN —""1. Let
f:Yy— IP’¥ \IP’¥ ~"~1 ¢ a family of branchvarieties parametrized by a scheme
T. The linear projection pr : PY \ PY "1 =~ Totp, (Op%(l)@(N_")) — P7
is an affine morphism. The composition prof is affine, since f is finite
and pr is affine. It is also proper, since Y and P7 are proper over T'. It
follows that prof : Y — P is finite and, thus, a family of equidimensional
branchvarieties. Therefore, the assignment f + prof defines a morphism
pr : Branch” (PN \ PVY—"~1) — Branch™(P").
Since it is evident that f*((’)ﬁpg(l)) = (prof)*(Opxn (1)), it follows that

Ar = det R, f*(Opn (1)) = det Rmy(prof)*(Opn(r)) = pr*(Ar).
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We are only left to show that pr : Branch”(PY \ PY="~1) — Branch"(P")
is affine and of finite type. Choose a scheme T and a morphism T —
Branch"(P") corresponding to a T-family of branchvarieties f : X — P7.
The fiber product pr—!(T) := T X Branch™ (Bn) Branch” (PN \ PN—"=1) is the
functor that sends a T-scheme T" — T to the set of morphisms f X —
Py, \]P’g,_”_1 = Totp;,(O]p;,(l)@(N*”)) such that prof = frv. Such a

morphism f amounts to equipping the Op_,-algebra f.(Ox)r with the
structure of a SymEQPTI (Op,., (=1)®(N=n)).module. This, in turn, is equivalent

to a morphism of Opr -modules Opn, (—1)@WN="1) 5 £.(Ox ). We conclude

that pr=!(T) is the functor HomT(Op%(—l)@(N_"), f+(Ox)) as in [HLFHJ,
Lem. 2.16], which is represented by a relatively affine scheme of finite type

over T'.
O

2.4. The Chow morphism. For clarity in this section, we introduce a vector
space U of dimension N + 1, and regard PV = P(U) = Proj(Sym(U")). We
recall the definition of the Chow morphism for branchvarieties. For a given
Hilbert polynomial P(t) = 3" a; (f), we set d = a,_1 — nay,

n+1
VP,N = ® Symd(U).
i=1
Note that Vpy = T(P(UY)"T1,0(d,...,d)), so P(Vpy) is identified with
the scheme whose T-points are relative Cartier divisors in P(UY)7%: of
multidegree (d,...,d).
The Chow morphism is defined to be the composition

Chow : Branch” (P(U)) — Chow,, 4(P(U)) = P(Vpx)

The first morphism, defined in [R2, Remark 13.5], sends a branchvariety
X — P(U)r to the pushforward of the fundamental cycle of X, which is
equidimensional of dimension n and of degree d. The second morphism sends
a relative cycle to a corresponding relative Cartier divisor and, as noted in
[R2, §17], this relative Cartier divisor agrees with the one constructed by
Mumford in [MFK, §5.4], and what is called the Chow divisor in [KM, Pg.
53].

The paper [KM, Pg. 53] also describes the global section defining the
Chow divisor more explicitly. For a Noetherian k-scheme T and a morphism
f : T — Branch? (P(U)) corresponding to a branchvariety X — P(U)r, we
set by11(X) := f*bps1. Let 7 : P(UY) — T be the projection morphism,
and note that

ﬁ*O(P(UV)nH)T(d, R d) = VP,N ®Q Orp.
The line bundle b,41(X) is equal to the line bundle M, discussed in

[KM], so [KM, Thm. 4] shows that the Chow divisor is defined by a section
11



s(X) € HY(T,bp+1(X) ® Vpn). Translating this to our setting gives the
following:

Proposition 2.26. We have by41 = Chow™(Op(y;, ) (1))-
Concretely, at any point t € T, s(X) gives a non-zero element of the fiber

s(X): € (Ven)kw ZTPUY)G 0, .., d))
that is well-defined up to a unit. For any collection of points Hy, ..., H, €
P(UY)k(t), the image of Xy — P(U); intersects Ho N ---N H,, C P(U); if and
only if s(X)«(Ho,...,H,) = 0; this is the defining property of the Chow
form [R1, Defn. 8.9].

Proposition 2.27. For each linear subspace L C P(U) of codimension n+1,
Branch” (P(U) \ L) = Chow1(Y7),

where Y7, C P(Vp ) is the complement of a hyperplane.

Proof. As we have defined Branch(IP(U)\ L) as an open substack of Branch(P(U)),

we may assume k is algebraically closed, in which case the claim amounts to
an identification of sets of k-points. Suppose that L is the common vanishing
locus of hg, hy,...,h, € U and let f: X — P(U) be a branchvariety.

By definition [X]| € Branch(P(U) \ L) if f(X) N L = 0, which as dis-
cussed above is equivalent to s(X)(ho,...,hy) # 0. Under the identifica-
tion of an element s € Sym?(U) with a function on UV, one has s(h) =
(s,h?), where (—, =) : Sym¥(U) ® Sym?(UY) — k is the canonical pairing
(u - ug,hy -+ hg) = % >ooes, M(ug)) -+ ha(usgy). Likewise, regarding
s(X) € Sym?(U)®("+1) as a function on P(UY)**! up to a unit, we have

$(X)(ho, .. hn) = (s(X),hi @ - - @ hi}),
where (—, —) denotes the canonical pairing
Symd(U)®(n+l) ® Symd(UV)®(n+1) k.

It follows that [X] € Branch(P(U) \ L) if and only if s(X) lies in the
complement of the hyperplane in P(Vpy) defined by hi @ --- @ hd €
Sym?(UY)#r D) 2= (Symd(U) = +1)V. O

Notation 2.28. Let X be a projetive k-scheme equipped with a very ample
line bundle Ox (1) which induces an embedding X < P¥. For any given
Hilbert polynomial P, we define the Chow morphism for Branch (X) to be

the composition Chow : Branch® (X) < Branch? (PV) Chow, P(Vpn).

3. (SEMI)AMPLE LINE BUNDLES ON Branch

3.1. Relative semiampleness of —b,,.
12



Proposition 3.1. Let X be a projective k-scheme equipped with a very
ample line bundle Ox (1) which induces an embedding X — PN. Fiz a
Hilbert polynomial P of degree n. Then the line bundle —b, is semiample
relative to the Chow morphism Chow : Branch® (X) — P(Vp y).

Proof. The closed immersion X < PV induces a closed immersion of stacks
Branch? (X) < Branch?” (PV), and by definition the restriction of the line
bundle —b,, € Pic(Branch? (P)) to Branch? (X) recovers the corresponding
line bundle —b,, € Pic(Branch” (X)). Hence, it is sufficient to prove the result
for Branch” (PV), and so we may assume without loss of generality X = PV.
We may restrict to the preimage Chow ! (U) of a standard open U C P(Vp ).
By Theorem 2.27, we have Branch? (PN \ PN="~1) = Chow ! (U) for some
linear subspace PY~"~1 ¢ PN, Using the linear projection morphism from
Theorem 2.25, we reduce to the case when the degree of the Hilbert polynomial
n matches the dimension of the target projective space P™. In this case, the
semiampleness of —b,, was shown in Theorem 2.23. O

3.2. Relative ampleness of —ab,, — A,.

Lemma 3.2. Suppose that the ground field k is algebraically closed. Let B be
a smooth proper k-scheme, and choose ¢ : B — Branch™(P") corresponding
to a family of branchvarieties f : X — P%. Suppose that ©*(2by,) is the
trivial line bundle on B. Then, after perhaps replacing B with a finite étale
cover, the normalization X is a constant family of branchvarieties, i.e. there
exists a normal scheme Y equipped with a finite morphism Y — P'% and an
isomorphism of P%-schemes XV =Y x B.

Proof. By passing to the connected components of B, we may assume that
B is connected. Theorem 2.16 and the assumption that 2b,|p is trivial imply
that the associated discriminant divisor D C P of f.(Ox) (Theorem 2.14)
is a constant divisor of the form H x B for some H C P". Let Z C P’ denote
complement of the maximal open subscheme where f,(Ox) is locally free. Z
has codimension at least 2 in every fiber over B. Recall that f : X — P% is
étale on the open complement W :=P% \ (D U Z) of the union DU Z C P.
Since B is regular, the scheme P is regular. Zariski-Nagata purity [S2, X,
Cor. 3.3] implies that 7 (W) = 7 (PL \ D). On the other hand, since
D = H x B, we have 71 (P5 \ D) = m((P"\ H) x B) = m (P"\ H) x 71(B),
where the last equality follows because B is proper and connected [S2, X,
Cor. 1.7]. We conclude that 71 (W) = m (P" \ H) x m1(B).

The restriction f : f~1(W) — W is a finite étale cover of W. The equality
m (W) =m1(P*\ H) x m1(B) implies that, after perhaps replacing B with
a finite étale cover, there is a finite étale morphism Y — PV \ H such
that f : f~Y(W) — W is the restriction of Y x B — (P"\ H) x B over
W c (P*\ H) x B. Let Y — P" denote the relative normalization of the
composition Y — P" \ H — P" [S3, Tag 0BAK]. The normalization of the
original family X" and the scheme Y x B are both normal schemes. We have
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finite morphisms X" — P and Y x B — P%, both of which are dominant
when restricted to every irreducible component of the source. Furthermore,
by construction, both schemes are isomorphic over the open W C P%. We
conclude that X” and Y x B are isomorphic P%-schemes (indeed, they are

both forced to be isomorphic to the relative normalization of the composition
F7HW) = W — Pp). a

Proposition 3.3. Fiz a Hilbert polynomial P of degree n. Then, for all
sufficiently large integers r > 0, the line bundle —\, is ample relative to
the discriminant morphism disc : Branch” (P") — P (H°(P",0(d))) (as in
Theorem 2.23).

Proof. To show the relative ampleness of —\,, we may replace Branch? (P™)
with a closed fiber Z C Branch?”(P") of disc. By the Nakai-Moishezon
criterion [K2, Thm. 3.11] applied to the coarse space of Z jointly with
[R3, Thm. B]J, it suffices to show that for all proper integral algebraic
spaces B equipped with a generically finite morphism ¢ : B — Z, the top
self-intersection of ¢*(—\;) is positive for some uniform bound r > 0.

Choose such a morphism ¢ : B — Z. By Chow’s lemma [S3, Tag 088U] and
resolution of singularities [W], we may assume that B is a projective smooth
k-scheme. Since —2b,, is pulled back under the discriminant morphism disc
(Theorem 2.23), we see that 2b,, is the trivial line bundle on Z. Hence, the
morphism ¢ corresponds to a B-family of branchvarieties X — P, where
©*(2by,) is trivial. By Theorem 3.2, after perhaps replacing B with a finite
étale cover, the normalization X" is a constant B-family of branchvarieties
Y x B — P%. There is an injection ¢ : Ox < Oxv, which remains injective
after passing to b-fibers, since X — X is a dominant morphism of reduced
schemes for all b € B. Since Ox» = Oy «p is B-flat, the slicing criterion for
flatness [S3, Tag 046Y] implies that the cokernel of Ox — Oxv is B-flat.
Therefore, we get a morphism 1 : B — Quot” (Oy) to the quot scheme of
subsheaves of the coherent sheaf Oy on P” that have Hilbert polynomial P
and whose cokernel is flat over the base. Observe that the generic finiteness
of ¢ : B — Z implies that v is generically finite: indeed, the normalization
X" is determined from X up to a finite group of isomorphisms and the
algebra structure of X can be recovered from that of Oxv via the subsheaf
inclusion Ox < Oxv. Since the polynomial family of line bundles —\,
associated to the universal subsheaf is ample on the Quot scheme Quot? (Oy)
for all sufficiently large r > 0 [HL, Prop. 2.2.5], it follows that the top-self
intersection of ¥*(—\;) is positive. By construction ¢*(=\,) = ¢*(—=\,),
and therefore we conclude the desired positivity of the top self-intersection
of *(—A\p).

To see that the bound on 7 can be made uniform, we may stratify Z = L; Z;
by finitely many locally closed substacks where the normalization of X is flat
and its formation commutes with passing to geometric fibers. The sheaf Oy
appearing in our argument must belong to the bounded family parametrized
by U;Z;, and therefore we may bound uniformly the necessary r > 0 that

14


https://stacks.math.columbia.edu/tag/088U
https://stacks.math.columbia.edu/tag/046Y

guarantees ampleness of —\, for any Quot scheme Quot? (Oy) as in the
proof. O

Proposition 3.4. Let X be a projective k-scheme equipped with a very
ample line bundle Ox (1) which induces an embedding X — PN. Fir a
Hilbert polynomial P of degree n. Then for all sufficiently large integers
r > 0, there exists a(r) > 0 such that for all rational numbers a > a(r) the
Q-line bundle —ab, — A, is ample relative to the Chow morphism Chow :

Branch” (X) — P(Vpy).

Proof. We immediately reduce to the case when X = PV and the ground
field k is algebraically closed. We may work over the standard affine open
subsets U C P(Vpy). By Theorem 2.27, we have Branch” (PV \ PN —"—1) =
Chow}(U) for some linear subspace PY~"~1 ¢ PV, Since the ampleness of
a line bundle is preserved by pullback under affine finite type morphisms, the
affine linear projection morphism from Theorem 2.25 allows us to reduce to
the case when the degree of the Hilbert polynomial n equals the dimension
of the target projective space P". In this case we have that the target of the
Chow morphism is Spec(k), and Branch? (P") = Alg? (P"),eq (Theorem 2.21).
Since the line bundle —2b,, is the pullback of an ample line bundle under
the discriminant morphism disc : Branch” (P?) — P (H°(P", O(d))) from
Theorem 2.23, to conclude it suffices to show that —\, is ample relative to
disc for sufficiently large r > 0. This is the content of Theorem 3.3. O

3.3. Nefness of nb,+1 — by.

Lemma 3.5. Suppose that k is algebraically closed. Let C' be a smooth pro-
jective connected curve over k, and let f: X — Pg be a C-family of branch-
varieties in Branch™(PY)(C). If N > n, then there exists a codimension
n linear subspace P(V) C PN such that the fiber product Y := f~1(P(V)¢)
satisfies that Y — C' is finite, flat and with reduced generic fiber.

Proof. By a dimension counting argument, there exists a linear subspace
P(W) c PV of dimension n + 1 such that f(X) is contained in the locus
of definition of the rational linear projection PY --+ P(W)c. We can view
the composition with the linear projection X — P(W)¢c as a C-family of
branchvarieties in Branch™(P(W))(C), and so we may assume without loss
of generality that N = n + 1 for the rest of the proof.

The scheme X is equidimensional and reduced, since the flat morphism
X — (C has reduced equidimensional fibers. By induction on n, it suffices to
show the following:

Claim: Forn>1,1let f: X — IP’%Jrl be a finite morphism such that

(A) X is reduced and equidimensional of dimension n + 1.

(B) The projection g : X — C' is flat.
Then there exists a hyperplane H C P"*! such that the preimage Y :=
f~1(Hc) satisfies the following:

(A’) Y is reduced and equidimensional of dimension n.
15



(B) Y — C is flat.

We conclude the proof by proving the claim. By a general form of Bertini’s
theorem (see, for example, [T, Thm. 1.4]), for a general hyperplane H C P"*!
we have that Y = f~!(H¢) satisfies (A’). For any such general hyperplane
H, the morphism Y — C' to the smooth curve C' is flat if and only if Y — C
has fibers of dimension n — 1. Since the fibers of g : X — C' have dimension
n, this holds if and only if we have the following:

(*) For all points ¢ € C(k) the preimage f~!(H¢) does not contain any
irreducible component of g~!(c) C X.

We show that a general hyperplane H satisfies (*) by a dimension counting
argument. First, note that the scheme theoretic image Z := f(X) C IPZH isa
divisor such that the fibers of g : Z — C are equidimensional of dimension n,
and therefore it is a C-flat relative effective Cartier divisor on IP”CZV+1 — C. We
may replace X — P’éﬂ with Z — IP%H in order to show (*). The C-family of
divisors Z < P! corresponds to a morphism h : C' — P(HO(PPH!, O(m)))
for some m > 1. To simplify notation, let us denote Sy, := HO(P{™, O(m)).
We have a morphism p : P(S1) XP(Sp,—1) = P(Sy,) induced by multiplication
of homogeneous polynomials. Consider the fiber product

F— P(Sl) X ]P)(Smfl)

| |

C—"r 5 PSy)

The general hyperplane H C P*"! satisfies (*) if and only if the projection
F — P(S1) xP(Sy,) — P(S1) is not dominant. Note that the fibers of F' — C
are finite, by unique factorization of polynomials. Therefore dim(F) < 1.
On the other hand, we have dim(P(S;)) = n+ 1 > 2. Hence, F' — P(S5))
cannot be dominant, as desired. O

Lemma 3.6. Suppose that k is algebraically closed. Let C' be a smooth
projective connected curve over k, and let f : X — Pg be a C-family of
branchvarieties in Branch™(PY)(C). If N = n, then there exists a point
p € PN(k) such that the fiber product Y := f~1(p x C) satisfies that Y — C
is finite, flat and with reduced generic fiber.

Proof. The pushforward f.(Ox) is a torsion-free sheaf on PY. In particular,
it is a vector bundle away from a closed subset Z C Pg of codimension at
least 2. The composition Z — Pg — PV is not dominant for dimension
reasons, and therefore for a general point p € PV (k) we have that p x C
is disjoint from Z. It follows that for all such general p the fiber product
Y := f~1(p x O) is finite and flat over C, and in particular it is S; and
equidimensional of dimension 1. For any given fixed point ¢ € C(k), a generic
point p will lie in the nonempty open locus of PV over which the morphism
of reduced schemes f : X, — PN x ¢ 2 PV is étale. For such a generic point,
the flat morphism Y = f~!(p x C') — C will be unramified at ¢, and hence
16



Y — C will be étale over c. It follows that there is an open subset U C C'
such that Y is reduced over the open dense preimage Y. Since Y is Sy, it
follows that Y is reduced, and this in turn implies that the generic fiber of
Y — C' is reduced. O

Proposition 3.7. Let X be a projective k-scheme equipped with a very ample
line bundle Ox(1). The line bundle nby4+1 — by, on Branch™(X) is nef.

Proof. We may immediately reduce to the case when X = PV and k is
algebraically closed. Let C' be a smooth projective curve over k, and choose
a morphism ¢ : C — Branch™(P"V) corresponding a C-family f : Z — Pg
of equidimensional branchvarieties. By Theorem 3.5 or Theorem 3.6, there
exists some linear subspace PV~ < PV such that the induced morphism
g:Y = f_l(IP)gfn) — (C is finite and flat. Using the formula for b, €
Pic(Branch™(P)) in Theorem 2.10, it can be checked that we have an
isomorphism ¢*(nb,11 — by) = det(g«(Oy))~1.* Tt suffices to show that
deg(det(g.(0y)) 1) = 0.

Let s : Oc — det(g«(Oy)) ™2 denote the discriminant section of the flat
Oc-algebra ¢,(Oy) (Theorem 2.13). Since the generic fiber of g : Y — C
is reduced and the characteristic of k is 0, it follows that Y — C' is étale
over an open subscheme of the target C. It follows from Theorem 2.13
that s : Oc — det(g.(Oy))~? is nonzero, and therefore we must have
deg(det(g«(Oy))™2) > 0. We conclude that deg(det(g.(Oy))™!) > 0, as
desired.

O

3.4. Semiampleness of ab, 1 — b,.

Proposition 3.8. Fix a Hilbert polynomial P of degree n. Let X be a
projective k-scheme equipped with a very ample line bundle Ox(1). Then
for every positive rational number a > n the Q-line bundle ab,41 — by s
semiample on Branch® (X).

4For simplicity, given a morphism 1) : C' — Branch™(PY) corresponding to a C-family
W — PX welet A.(W) := ¢*(\,). In particular, we need to show that nb, ;1 —bn ~ —Xo(Y).
Choose hyperplanes Hi,...,H, C Pg such that ]P’gfn = H/ N---NH,. If we let
X, = f_l(Hl N---N H;), then for any r € Z we have exact sequences
0— Ox,(r—1) = Ox,(r) = Ox,,,(r) = 0.
From this we obtain A (X;4+1) =~ Ar(X;) — Ar—1(X;). In particular,

i1
ifi+1
Ar(Xigr) = Z(—nﬂ ( J )AT_]- (X).
7=0
Choosing i +1 = n and r = 0, we can use the formula in Theorem 2.10 and rearrange to
obtain

n n+1 n .
Mo(Y) = ho(Xn) = D (-1) (;l)/\—j(X) =y <Z<_1)e+j @ (a o 1)) be.

=0 =0 \;j=0
Most of these inner sums vanish and we obtain \o(X,) =~ b, — nby+1. In particular,
—X0(Xn) =~ nbpy1 — by, as required.
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Proof. We may reduce immediately to the case when X = PV and k is
algebraically closed. Let Branch” (PY) — M denote the projective coarse
space. After replacing b,+1 and b, by a common multiple, we may assume
that b,,4+1 and b, descend to M, and we are reduced to checking semiampleness
on M. Since —b, is relatively semiample for Chow : Branch? (PV) — P(Vp y)
(Theorem 3.1), we may further assume that there is a projective scheme
g:Y — P(Vpn), a P(Vpy)-ample line bundle H on Y and a morphism
f: M — Y such that —b,, = f*(H). Recall that b, is the pullback of a very
ample line bundle Op(y;, (1) on the Chow variety P(Vp ) by Theorem 2.26.
By abuse of notation, we also denote OIP(VP,N)(U by bpt+1. There is a
sufficiently large positive integer m > 0 such that m - g*(b,+1) + H is ample
on Y. We may assume that m > a. Since f*(ng*(bpt1) + H) = nbyy1 — by
is nef on the coarse space M (Theorem 3.7), it follows that ng*(bp4+1) + H is
nef on Y. It follows that for every nonnegative rational number I > 0, the
rational line bundle

(m+in) - g"(bp1) + (L +DH = (m - g"(bpt1) + H) +1(ng" (bnt1) + H)

is ample on Y, because it is the sum of an ample and a nef rational line bundle.
Hence, f*((m+In+1)-g"(bpy1) + (1 +1)H) = (m+In+1)byp1 — (1 +1)by is
semiample for all [ > 0. Setting [ = 7= we get that (m +1n)by+1 — (1+1)b,
is a positive multiple of the rational line bundle ab,+1 — b,, and we therefore
conclude that ab,y1 — b, is semiample. O

3.5. Some other relevant line bundles. In [AK, Rem. 5.2], the question
is raised as to whether the line bundle A,y — (n — 1/2)mM\, is ample on
Branch when m, ¢ > 0. This turns out to be false, because the leading term
is not nef. For instance, if one considers Branch™(P") and n > 1, then

(mf)™ — (n — 1/2)me™

Ame — (n—1/2)mAg = pr

b+ O((m)" ™)

If one chooses a curve in Branch”(P™) on which the semiample line bundle
—by,, has positive degree, such as one whose generic point corresponds to a
variety satisfying condition Sy (see Theorem 4.6 below), then the leading
term above will have negative degree for all m > n and ¢ > 0.

Another natural sequence of line bundles associated to a family of polarized
varieties is mP(m)Ag — LP(€) Ay, for 0 < m < £. The weight of this sequence
is used to define various intrinsic notions of stability for polarized varieties
[RT]. Using the expansion of Ay given in Theorem 2.9, one can compute the
leading order term of this sequence, c.f., [FR, Prop. 3.1]. The leading order
term is a positive multiple of the following Q-line bundle:

Definition 3.9. The CM-line bundle Lcy; € Pic(Branch™(PY))g is defined
to be

a/
LCM = <7’L(TL + 1) + 2 le> bn+1 — 2(n + 1)bn
18




Here we denote by a), and a),_; the top coefficients in the monomial expansion
P(t) =3I , ait’ of the Hilbert polynomial of the branchvariety.

One challenge in constructing moduli spaces for polarized varieties is that
this line bundle is not semiample on Hilbert schemes [FR], and therefore not
suitable for applying GIT to Hilbert schemes. We observe that this remains
the case for Branch? (PV) in general.

Example 3.10. Let T = P! and consider the vector bundle & = Or(2) ®
Or(—1)®2 on T. Define the threefold X’ = P(£) = Proj(Sym(£Y)) and
consider the curve C' = P(Or(2)) C X’ corresponding to the inclusion of the
summand O(2) — £. Let X = BlgX’ and let 7 denote the composition of
the blowup ¢ : X — X’ and the natural projection X’ — T. Then 7 : X — T
is a smooth family, where for each ¢ € T, the fiber X} is isomorphic to a
blowup of P? at a point, a smooth del Pezzo surface of degree 8. In fact, the
family X — T is trivializable over the complement of any point in 7. If £
denotes the exceptional divisor of the blowup ¢ : X — X', then the Q-line
bundle L. := ¢*(Ox/(1)) ® O(—¢cFE) for 0 < ¢ < 1 is m-relatively ample. It
was shown in [FR, Ex. 5.3] that deg(Acm(Le)) < 0, and explored further in
[CP, Ex. 12.1]. To obtain a polarization (as opposed to a Q-polarization)
for the family X — T, we fix an a > 0 sufficiently divisible so that £Z is a
line bundle, and deg(Acm(£2)) = a? deg(Acm(Le)) < 0 by [FR, Rem. 2.6].

We realize X — T as a family of branchvarieties by choosing a b > 0 such
that m.(L£%) ® Op1(b) is a globally generated vector bundle on PL. Then a
choice of surjection OF — m,(L2) ® Opi1(b) for some N > 0 gives a closed
immersion of T-schemes f : X — P4 such that f*(O(1)) & £ @ 7*(Op1 (b)).
In particular, X is now a family of branchvarieties in PV, corresponding to
a morphism ¢ : T — Branch? (PY). By [FR, Cor. 4.6], tensoring by a line
bundle from the base does not affect Acyp, so

¢ (Lem) = Aem(X, L2 @ 7(Op1 (b)) = Aem(X, £2) = a*Aom(X, Le).
has negative degree on T'. This shows that Lcy is not nef on Branch.

The counterexample above is very robust. It suggests that, although Lo
is known to be ample on the moduli space of K-semistable klt Fano varieties
[CP,XZ], this result can not be obtained from applying GIT to any variant of
the Hilbert scheme. More precisely, Loy does not extend to a nef line bundle
on any projective variety that compactifies the quasi-projective variety of
smooth surfaces embedded in PY. Although one can use Loy to define a
notion of K-semistability for arbitrary polarized varieties, it might be that
more sophisticated notions of semistability are needed to construct moduli
spaces outside of the general type and Fano cases.

In some sense, though, Lcyy is closer to being ample on Branch? (PY) than
on the Hilbert scheme. For instance, Loy is semiample on Branch? (]P’N ) in
the following special cases:

e If a/,_,/al, > n(n+1)/2, then Lcy is semiample on Branch? (PY)
by Theorem 3.8.
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e If N =deg(P) =mn, then Lcy is semiample, because in this case the
line bundle b, is trivial.

4. POSITIVITY OF —b,, ON THE DEMINORMAL LOCUS

This section is dedicated to proving Theorem 4.6, which is an ampleness
statement when we restrict to families with deminormal singularities.

Definition 4.1 ([K4, Defn. 11.10]). Let X be a scheme of finite type over
a field K D k. We say that X is deminormal if it is equidimensional,
it satisfies Serre’s condition S2 and it has at worst nodal singularities in
codimension 1.

Definition 4.2. Given any fixed Hilbert polynomial P, we denote by
Branchf, (X) the substack of Branch? (X) parametrizing families of branch-
varieties f : Z — X x T such that every fiber of Z — T is deminormal. This
is an open substack by [K4, Cor. 10.42].

We will need the following technical lemma.

Lemma 4.3. Suppose that k is algebraically closed. Let C' be a smooth
connected quasi-projective curve over k, and let C — Branch™(P") be a
morphism corresponding to a C-family of branchvarieties X — P%. Suppose
that the following are satisfied:

(1) The fiber X, over the generic point n € C is deminormal.
2) The normalization XV equipped with its natural morphism XV — P2
C

is isomorphic to a constant family Y x C' — P¢, where Y — P" is a
branchvariety over k.

3) The discriminant divisor D C P% (as in Theorem 2.14) is of the form

C

F x C for some Cartier divisor F' C P".

Then the C-family of branchvarieties X — PZ is isomorphic to a constant
family of the form'Y x C' — P% for some branchvariety Y — P™ over k.

Proof. Since the stack Branch™(P™) is separated, in order to show that
the family X — P{ is constant we may replace C' with a nonempty open
subscheme. After shrinking C', we may assume that X is a deminormal
scheme.

Let Fy C Y denote the preimage of the Cartier divisor F C P™ under
Y — P". We denote by U; F; = (Fy )rea the decomposition of the reduced
subscheme (Fy );eq into irreducible Weil divisors F; C Y. Note that there
is an open U C P"™ whose complement has codimension at least 2 and such
that the restrictions (F})y,, of the Weil divisors F} to Yy C Y are disjoint
and smooth.

We will momentarily work over the open U C P". For ease of notation,
set X' = Xyxc, and Y/ =Yy, Similarly let F' := Fyy, and let F} := (F})y,.
The variety X’ and its normalization (X’)” =Y’ x C fit into a commutative
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diagram

Cond — Y'xC

o [

G < X/,

where Cond is the conductor subscheme of Y/ x C' — X', defined locally over
X' by the ideal Zoong = {2z € Oyixc |z - Oyrixc C Ox}, and Cond — G is
a finite morphism to the scheme theoretic image G C X’ of Cond — X’. As
explained in [S1], the diagram (1) is a pushout diagram of schemes. Let us
reproduce the argument from [S1] here for completeness. Note that one may
reduce to the case when X’ is affine, and then the cocartesianness of the
diagram (1) amounts to checking that the naturally induced morphism from
the ring Ox- to the pullback A of the diagram of rings

O(Xl)u + Ocond — Oq

is an isomorphism. The composition Oy, — A — O(x)~ is injective, and
hence Ox — Aisinjective. To show surjectivity, choose an element (s,7) € A
corresponding to a pair of elements s € O(x/)» and T € O¢ that have the same
image in Ocongq- Fix a preimage r € Oxs of ¥ under the quotient morphism
Ox» — Ogr. The difference s — r inside the normalization O x» is sent to
0 under the quotient morphism (9( X1y = Ocond = O( X'y /Zcond, and hence
r — s is contained in the conductor ideal Zcong. Note that Zoong € Oxr by
its definition, and so it follows that s — r € Ox/, which in turn implies that
s € ¢cOxs. By construction, the image of s € O/ in A recovers (s,7), thus
concluding the proof of surjectivity and the fact that (1) is cocartesian.

Since X’ is deminormal, Cond C Y’ x C is a reduced divisor (see the
discussion in [K3, 5.2, pg. 189]). Note that Cond — X’ maps to the
locus where X' is singular. Hence Cond is contained in the reduced preimage
(Fy )reaXC C Y'xC of the closed locus F' xC' C U xC over which X’ — UxC
is not étale (note that X is smooth at every point where X’ — U x C'is étale).
In view of the reducedness of Cond, this forces Cond C Y’ x C' to be a union
UierF] x C of some of the irreducible components of the smooth Cartier
divisor (Fy )rea X C C Y’ x C. In particular, Cond is a normal scheme.

Let us set R := U;erF], so that Cond = R x C. Since the characteristic
of k is 0, we may assume after further shrinking U C P" (keeping the
property that its complement has codimension at least 2) that R — F/ 4
is étale. By the discussion in [K3, 5.2, pg. 189], the scheme G is obtained
by quotienting Cond = R x C via an involution 7. In this case 7 is an
automorphism of R x C as a F/ ; x C-scheme, since it is compatible with

re

the projections to Pf%. We may think of 7 as a F/ j-morphism h : C' x

re

"q — Aut(R/F!,), where Aut(R/F/.4) — Fl,4 denotes the finite étale

re

F! 4-group scheme parametrizing automorphisms of the finite étale F ;-
scheme R. Since C over k is (geometrically) connected, the morphism
h:C x F| 4 — Aut(R/F/,4) factors through a section F) ; — Aut(R/F/ 4).
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In other words, there is an involution 7 : R — R over F]; such that

T=7Xidc: Rx C — R x C. Therefore, the quotient G = Cond /7 is of
the form G = (R/7T) x C, and the corresponding quotient morphism is a

product of the form Cond = R x C bxide, (R/T) x C =G.

Let Q denote the pushout of R/7 <~ R <+ Y’. Since 7 : R — R is a
morphism of U-schemes by construction, the composition R — Y’ — U
factors through a morphism R/7 — U. Therefore, the map Y’ — U induces
a finite morphism ¢ : Q — U, where we recall that U C PV has complement
of codimension at least 2. The reflexive hull of g,0q extends uniquely to
a coherent So-algebra over PN [S3, Tag OEBJ], whose relative spectrum we
denote by @ — PN. By construction, there is an isomorphism of U x C-
schemes @U x C =2 X' = Xpxe. ° Since X is Ss, it follows that Oy is a
reflexive sheaf on PV x C by [S3, Tag 0AY6]. Hartogs’ theorem [S3, Tag

OEBJ] then implies that X = @ x C. We conclude that X is isomorphic to
the base change to C of the branchvariety Q — P, as desired. O

Lemma 4.4. Let C be a smooth projective connected curve over k, and let
¢ : C' — Branch” (PN) be a morphism satisfying the following conditions.
(1) The set-theoretic image ©(C) C | Branch? (PN)| is not a single point.
(2) Image of the generic point of C under ¢ lands in Branchh (PN).
(8) The image ©(C) is contained in a fiber of Chow : Branch? (PV) —
P(VP,N)~
Then the pullback ¢*(b, ') is ample on C.

Proof. We immediately reduce to the case when k is algebraically closed.
The family ¢ corresponds to a flat family of reduced equidimensional schemes
7 : X — C equipped with a finite morphism f : X — Pg. Since the image
©(C) is entirely contained in a fiber of the Chow morphism, it is contained in
the preimage Chow ' (U) of one of the standard affine open subschemes as
in Theorem 2.27. Because the linear projection morphism of Theorem 2.25
is affine, the composition @ : C — Chow ! (U) — Branch? (P") is also non-
trivial, so it suffices to prove the lemma when N = n is the degree of P. Let
D C P} denote the discriminant divisor of f,(Ox) as in Theorem 2.14. By
Theorem 2.16, D is a relative effective Cartier divisor cut out by a section of
O(m) K p*(b;2) on P* x C for some m > 0. Hence, in order to show that
©*(by, 1) is ample, it is enough to prove that D is not a horizontal divisor on
¢ i.e., D is not of the form F' x C for some Cartier divisor F' C P".

But indeed, suppose for the sake of contradiction that D = F x C for
some Cartier divisor F' C P". By Theorem 3.2, after perhaps replacing C
with a finite étale cover, the normalization X — P{ of X is isomorphic
to a constant family ¥ x C — P¢ of branchvarieties, where Y — P" is a
normal branchvariety over k. In view of this, by Theorem 4.3 it follows that

5Indeed, we have shown that the normalization pushout square for X’ in Equation (1)
agrees with the defining pushout square for Q = Qu base-changed to C.
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the C family X — P? is isomorphic to a constant family, contradicting our
assumption that the image of ¢(C') is not a point. O

Let us show by means of an example that the condition in Theorem 4.4
stating that the generic point of C' lands in Branchf (PV) cannot be removed.

Example 4.5. Set n = N = 3, and consider the projective space P? with
homogeneous coordinates [zo : 21 : z2 : 23). Let H C P denote the linear
subspace given by the vanishing of x3, and let ¥ C H denote the line given
by the vanishing of zs and x3. Consider the family of closed subschemes
Z C P3 x P! cut out by the three bihomogeneous equations x3, r3ze and
r3(z1u — 29v)), where we denote the homogeneous coordinates of the P!
component by [u : v]. This is a P!-flat family of subschemes of P3. The fiber
Z, over a given point p = [a : b] in P! is given by a subscheme of P? consisting
of H with an embedded point at [zg : 1] = [a : b] in ¥ C H. Consider
the P'-family of reduced schemes X := (P? x P!) Uy (P3 x P!) obtained by
gluing two copies of P3 x P! along Z. Projection onto the first coordinate P3
induces a well-defined morphism f : X — P3, which is a nontrivial P!-family
of equidimensional branchvarieties over P3. We thus obtained a morphism
¢ : P! — Branch®(P?). Since n = N = 3, the Branch-Chow morphism
Chow : Branch®(P3) — Spec(k) has as target a point, so this family lies over
the unique fiber. Let ¢ € P3(k) be a point that does not lie in H. The
fiber product X xps ¢ is isomorphic to a trivial P!-family = : P UP! — P!,
By definition of b3, we have that ¢*(b3) = det(m.(X Xp3 q)) = Op1 for this
nontrivial morphism ¢ : P! — Branch?(P3).

Theorem 4.6. Let X be a projective k-scheme equipped with a very ample
line bundle Ox (1) which induces an embedding X — PN. Fir a Hilbert
polynomial P of degree n. Let a > n be a rational number. Then the
following hold:

(1) Let f : Branch? (X) — P’ denote any morphism induced by a base-
point free linear system of a power of the semiample Q-line bundle
abpy1—by. Then the restriction of f to Branchf, (X) C Branch” (X)
18 quasi-finite.

(2) The Q-line bundle ab, 1 — by, is ample on Branchf (X).

(8) The line bundle —b,, is relatively ample for Chow : Branchf (X) —
P(Vpn).

Proof. All of the statements may be checked after base-changing to the
algebraic closure of k, and hence we may assume without loss of generality
that k is algebraically closed.

Part (1). Consider the projective coarse space Branch? (X) — M with

open subscheme M’ C M corresponding to the deminormal locus. The mor-

phism Branch? (X) — P’ factors through a morphism M — P/. Suppose

for the sake of contradiction that the composition ¢ : M’ — M — P7 is

not quasi-finite. Then, there is a (possibly non-proper) curve C° < M’
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which is contracted by . The closure C' C M of C° in M is a projective
curve that is contracted by the morphism M — P’, and so the pullback of
Ops(1) to C is trivial. Choose a finite smooth cover C — C such that the
composition C' — C' — M lifts to a morphism C' — Branch” (X). Consider
the composition ¢ : C' — Branch?” (X) < Branch” (PV). By construction
deg(p*(abpy1 — b)) = 0. However, since o(C) C | Branch” (PN)| is not a
single point and the image of the generic point of C is contained in the demi-
normal locus Branchf (PY) C Branch” (PV), Theorem 4.4 and Theorem 3.7
jointly imply that the pullback of ¢*(ab,1 — by) is positive®, a contradiction.

Part (2). This follows from Part (1) by applying Zariski’s main theorem to
the quasi-finite morphism 1 : M’ — P/ induced by a power of ab,,1 — by.

Part (3). Since by is the pullback Chow™(O(1)) under the Chow morphism
Chow : Branch”(X) < Branch”(PY) — P(Vpy) (Theorem 2.26), the
relative ampleness of —b,, is equivalent to the relative ampleness of ab,, 41 — by,
which was proven in Part (2). O

Remark 4.7. The nontrivial morphism ¢ : P' — Branch®(P?) constructed in
Theorem 4.5 satisfies *(by,) = ¢*(bp+1) = Op1. In particular, p*(aby4+1 —by,)
is trivial for all a. This shows that restricting to the demi-normal locus is
necessary to ensure the ampleness of ab, 11 — b, in Theorem 4.6(2).

In the following example, we show that the hypothesis a > n is necessary
for Theorem 4.6.

Example 4.8. Consider the Segre embedding ¢ : P! x P! < P? induced by
the complete linear series of the line bundle O(1) K O(1) on P! x P!. The
second projection py : Pt x P! — P! exhibits P! x P! as a smooth family of
varieties over P'. We may view the induced morphism ¢ x py : P' x P! —
P3 x P! as a P!-family of branchvarieties, which corresponds to a morphism
¢ : P! — Branchy,,(P?). In this case ¢*(\;) = O(t? +t), and hence we have
by = by = O(2). Therefore, ¢*(abz — b1) is ample only if a > 1.

5. PROJECTIVE MODULI SPACES OF AMPLE LINEAR SERIES

Our results in this paper make it possible to analyze the following moduli
problem.

Definition 5.1 (Stack of ample linear series). We define the stack Gp

of ample linear series of rank r» > 0 and Hilbert polynomial P(t) to

6We may write abp4+1 — b, = %(a —n)bpy1 + ((n + %(a —n))bp+1 — bn)7 where %(a —
n)bn+1 is the pullback of an ample line bundle via the Chow morphism, and (n + %(a —
n))bn+1 — by is nef. We have two possible cases for the curve C — M. If the curve C is
not contracted by the Chow morphism, then the term %(a — n)bny1 is positive, while the
second term is non-negative, so that the sum is positive. Otherwise, the curve must be
contained in a fiber of the Chow morphism. In this case the pull-back of b,+1 and —b,, are
trivial and ample, respectively, so the pull-back of ab,4+1 — b, is positive.
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be the pseudofunctor that sends a k-scheme T to the groupoid of tuples
(X = T,0x(1),€&,s), where
(1) m: X — T is a flat projective morphism with reduced equidimensional
fibers, equipped with a relatively ample line bundle Ox (1) with
Hilbert polynomial P(t).
(2) &€ is a rank r 4+ 1 vector bundle on T'.
(3) s:7*(E) - Ox(1) is a surjection of Ox-modules.

Note that a geometric point of G amounts to an equidimensional variety
X equipped with a finite morphism f : X — P" such that the Hilbert
polynomial with respect to the polarization Ox (1) := f*(Opn(1)) is P(t). In
fact, we have G = Branch? (P")/ GLy41, where the GL,1-action is induced
from its standard linear action on P".

We may define the line bundles A, and b; on the stack G similarly as
for Branch” (P"). Let n be the degree of P(t), and write P(t) = 31 a;(}).
Fix once and for all a constant A > n. (For definiteness, one may choose
A=n+1.)

For any s,t € Q, let L(s,t) denote the Q-line bundle on Gp,

B 1 n+1
(2) L(S,t) =S (Abn+1 — bn - m det(5)> + <%bn+1 - tP(t)At) y

where B := A(n + 1)a, — n(an + an—1) is a constant, which has been chosen
so that family of Q-line bundles L(s,t) on G5 = Branch” (P")/GL,;; has
weight zero with respect to the central copy of G,, inside GL, 1.

Using the line bundles L(1,t), we define a notion of semistability for ample
linear series (here we employ the notion of ©-semistability developed in [HL]).
For this definition, we first need to recall the following.

Definition 5.2 (Test configuration). Let K D k be an algebraically closed
field extension, and let p : Spec(K) — G} be a geometric point, corresponding
to a tuple (X,0x(1),&,s) defined over K. A test configuration of p is a
morphism of stacks f : Ak /G,, — G} with an identification f(1) = p. Equiva-
lently, a test configuration of p is a G,,-equivariant AL-family ()Z' ,O Xv(l), g, S)
along with an identification of the 1-fiber with (X, Ox(1),&,s).

Given a test configuration f : A}, /G,, — G% of a geometric point p € |G},
we denote by wt(f*L(1,t)) the weight of the O-fiber of the G,,-equivariant
Q-line bundle f*L(1,t) on AL

Definition 5.3 (Polynomial semistability). We say that p € |Gp| is polyno-
mial semistable if for all test configurations f of p, we have wt(f*L(1,t)) >
0 for all sufficiently large ¢ > 0.

The following shows that points in G3™ correspond to linear series in the
traditional sense, i.e., rank r 4 1 subspaces of I'( X, Ox(1)).

Lemma 5.4. If (X,0x ® V. — Ox(1)) corresponds to a semistable point of
Gp, then the homomorphism V — I'(X, Ox (1)) is injective. In particular,
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the stack G is representable over the stack of polarized reduced projective
schemes.

Proof. Let K = ker(V — T'(X,0x(1))). If K # 0, then consider the
following filtration of the point in Gp: the equivariant degeneration of
(X,0x(1)) over Al/G,, is trivial, and the filtration of V assigns Fy, (V) = K
for w > 1 and F,,(V) = V otherwise. For this morphism Al/G,, — G5, A,
bn, and b,41 all have weight 0, because they are determined solely by the
family of polarized varieties, and det(€) has weight dim(K) > 0. It follows
that wt(L(1,t)) < 0, so this filtration is destabilizing.

The kernel of the homomorphism from the automorphism group of a point
(X,0x ®V — Ox(1)) € G to the automorphism group of the underlying
polarized variety (X, Ox(1)) consists of automorphisms g € GL(V) that
commute with the map V' — I'(X,O0x(1)). If V — I'(X, Ox(1)) is injective,
then this kernel is trivial, which implies that the forgetful functor from G}
to the stack of polarized reduced projective schemes is representable. U
Theorem 5.5. The locus of polynomial semistable ample linear series is an
open substack QITD’SS C Gp which admits a projective good moduli space Mp.
Furthermore, for all sufficiently large t > 0, there exists ¢ > 0 such that for
all s > ¢, the restriction L(s,t)]ggss descends to an ample Q-line bundle on

M.

Proof. The theorem is a direct application of the main theorem of GIT for
semiprojective DM stacks, which we have spelled out in Section A.

The second term of L(s,t) converges in the real Néron-Severi group
NS(Branch? (P"))g to 0 as t — co. This implies that the polynomial stability
condition in Theorem 5.3 is lexicographic, i.e., a point is semistable if and
only for every filtration, the s term of (2) has weight > 0, and if it has weight
0, then the second term has weight > 0 for all ¢ > 0. In particular, even
though s is set to 1 in Theorem 5.3, the resulting notion of semistability
agrees with polynomial semistability as in Theorem A.4 with respect to the
two-variable polynomial L(t1,ty) = t2P(t2)L(t1,t2). We include the factor
of taP(t2) to clear denominators and get a polynomial sequence of Q-line
bundles.

Theorem 3.8 implies that Ab,4+1 — by, is the pullback of an ample bundle
under some morphism 7 : Branch?” (P") — Y, and Theorem 3.4 implies that
— A, is m-ample for all r > 0. It follows that for all sufficiently large z2 > 0,
there exists ¢ > 0 such that L(z1, z9) restricts to an ample line bundle on
Branch? (P") for all #; > ¢. In other words, L(t1,t3) is asymptotically ample
on Branch?” (P"). The result now follows from Theorem A.6. O

Example 5.6 (Moduli of Noether-normalized varieties). The minimal value

of r for which G is nonempty is » = n. In this case, the stack G pa-

rameterizes families of reduced projective schemes equipped with a Noether

normalization X — P”, up to the action of GLy ;. The semistability con-

dition on G} is closely related to K-semistability of the underlying variety
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X. Indeed, because by, is trivial on Branch™(P"), it must be equivariantly
proportional to det(€) on each connected component. This implies that the
coefficient of s in (2) has the form ¢ - b,1+1 — by, for some ¢ € Q. The CM line
bunlde Lcy is the only linear combination of b, and b, that is invariant
under the action of G,, by scaling the polarization. It follows that for some
positive number C' > 0,

1 1
(T Day ™1~ P ™
The leading order term of this sequence is C' - Low, so if (X, 0x(1)) is a
K-stable variety satisfying Serre’s condition So, the corresponding point of
Gp is semistable in our sense.” For example, if X is a KSB-stable variety
of general type, then it is K-stable [O1, Thm. 1.1], so for any choice of
Noether normalization X — P™ induced by a power of the canonical divisor,
the corresponding point of G is semistable.

L(l,t) =C-Lom+

APPENDIX A. POLYNOMIAL STABILITY AND GIT FOR STACKS

One of the first applications of GIT was to construct moduli spaces of
semistable schemes as GIT quotients of Hilbert schemes of PV. This is
sometimes referred to as Hilbert stability. One of the interesting applications
of the projectivity of Branch(PV) is to introduce this as an analogous tool for
studying semistability of varieties using GIT. However, because Branch(P")
is a DM stack, we need a slight generalization of GIT for this purpose.

In this appendix, we develop the theory of GIT for actions of reductive
groups G on a semi-projective stack X, as in the following.

Definition A.1. A finite type algebraic stack X over k is semi-projective
if it has finite inertia, admits a proper morphism X — Spec(A) to a finite
type affine k-scheme, and has a line bundle L such that some power L™
descends to an ample bundle on the coarse moduli space of X. Such an L is
called ample.

Definition A.2. If G is a group scheme locally of finite type over k, a
G-action on an algebraic stack X is an algebraic stack X' equipped with a
morphism X — BG and an isomorphism X = Spec(k) xgg X. In this case,
we say X = X/G is the quotient stack associated to the G-action.

Example A.3. Let X be a k-scheme equipped with the action of an algebraic
group G over k. The canonical morphism of stacks ¢ : X — X /G corresponds
to the data of the trivial G-bundle G Xgpecx) X and the action map G Xgpec(x)
X — X. The morphism ¢ and the structure map X — Spec(k) induce an

"Here one needs to use the corrected definition of K-stability in [02, Def. 2.4], where
we restrict to test configurations that are not almost trivial (i.e. there are not isomorphic
to a product test configuration away from codimension 2). Note that, if = is a point of Gp
whose underlying variety is S2, then any test configuration of x as in Theorem 5.2 will
have S2 total space, and hence it will be almost trivial if and only if it is a product test
configuration.
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isomorphism X = Spec(k) xpg X/G. Thus Theorem A.2 generalizes the
usual notion of a group action.

We regard Q[t1,...,tn] as an ordered vector space by using the usual or-
dering on Q if N = 0 and declaring recursively that f(¢1,...,tx) > 0 if there
exists ¢ € Q such that for all x > ¢, the polynomial f(t1,t2,...,tN_1,) €
Q[t1,...,tn—1] is > 0. This is equivalent to saying that the leading coefficient
of f with respect to the lexicographic monomial order on Q[t1,...,tn] is
positive.

Another way to characterize this ordering is to declare that a statement
holds for all sufficiently large (x1,...,2x) > 0 in lex order if there are
functions ¢;(tj41,...,tn) : Q¥ = Q for i = 1,..., N such that the state-
ment holds for all (z1,...,2x) € QY with z; > ¢;(2i41,...,2x). Then the
ordering above is equivalent to saying that for f € Q[ty,...,tn], f > 0 if
f(z1,...,2y) >0 for all (z1,...,2x) > 0 in lex order.

A polynomial sequence of Q-line bundles X is an element L(t1,...,tx) €
Pic(X) ® Qlt1,...,tn] for some N > 0. For any tuple z1,...,zx € Q, we
can evaluate such a polynomial to obtain L(z,...,zy) € Pic(X)g. We
define L(t1,...,tn) € Pic(X) @ Q[t1,...,tn] to be asymptotically ample if
V(x1,...,2n) > 0 in lex order, L(z1,...,zy) is ample. This notion of am-
pleness also has a recursive description and a description in terms of leading
monomials analogous to the notion of positivity in Q[t1,...,txN].

Definition A.4. Given a polynomial sequence L = L(t1,...,ty) € Pic(X)®
Q[t1,...,tn], we say that a point p € |X| is L-semistable if for any field
extension K D k and any morphism f: O — X with f(1) = p, the weight
Wt(f*(L(tl, e ,tN))) S Q[tl, e ,tN] is > 0.

In addition to identifying semistable points, one can ask if unstable points
have “optimally destabilizing filtrations.” In classical GIT, this is the Kempf-
Hesselink optimally destabilizing cocharacter of an unstable point [K1]. It
leads to a G-equivariant stratification of the unstable locus by locally closed
subschemes whose points have the same optimally destabilizing cocharacter,
up to conjugacy.

The theory of O-stability and O-stratifications provides an intrinsic gen-
eralization of this story. If one fixes a real-valued Weyl-invariant rational
quadratic norm on the coweight lattice of G, or equivalently a rational qua-
dratic norm || e || on graded points of BG [HL, Defn. 4.1.12], then for any

filtration f : O — X, one can define the R[ty,...,ty]-valued numerical
invariant

wt(f*(L(te))
(3) u(f) = <HfH>)’

where || f|| denotes the norm of the cocharacter of G corresponding to the
composition O — X — BG.
A point z € |X| is unstable if and only if there is a filtration with f(1) =z
and p(f) < 0. A HN filtration of = one that minimizes u(f) subject to the
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constraint f(1) = z, and we say that u determines a O-stratification on X
if the locus of HN filtrations is open in Map(O, X), and the components of
this open substack can be identified with locally closed strata in X under the
forgetful map f — f(1). See [HL, Def. 2.2.1] for a more precise discussion.

Remark A.5. When X is a scheme and N = 0, so that L € Pic(X) ® Q,
Theorem A.4 is an intrinsic reformulation of the Hilbert-Mumford criterion
for semistability. The more general formulation of polynomial semistability
is a convenient way to avoid an arbitrary choice of a line bundle in situations
where one only has a canonical asymptotically ample polynomial sequence.
As we will see below, using polynomial semistability does not change the
semistable locus at all, but it does allow one to make canonical choices of
optimally destabilizing cocharacters.

Theorem A.6. Let X be a semi-projective algebraic stack over k equipped
with an action of a reductive group G, and let L € Pic(X) ® Q[t1,...,tn] be
an asymptotically ample polynomial sequence of line bundles on X = X/G.
Then:

(1) The numerical invariant (3) determines a ©-stratification of X.

(2) The set of L-semistable points X C X is open and admits a good
moduli space M that is proper over Spec(I'(X,Ox)).

(8) For all sufficiently large (z1,...,xN) > 0 in lex order:

(a) The polynomial semistable locus for L(t1,...,tN) agrees with the
semistable locus with respect to L(z1,...,TN);

(b) L(x1,...,xN) descends to an ample Q-line bundle on M ; and

(c¢) If the leading coefficient Liax of L(t1,...,tN) is semiample on
X, then it descends to a semiample Q-line bundle on M as well.

Proof. We first claim that the numerical invariant g on X satisfies the
monotonicity conditions introduced in [HL, Def. 5.2.1, Def. 5.5.7]. Let R be
a discrete valuation ring, and let T be either of the stacks Spec(R]s, t]/(st —
7)) /Gy, or Spec(R[t])/Gyy,, where Gy, acts with weight —1 on ¢ and 1 on s.
T has a unique closed codimension-2 point 0 € 7. Consider the projective
morphism X/G — Spec(A)/G for which L(t,) is asymptotically relatively
ample. For any morphism 7 \ 0 — X, the composition 7\ 0 — X —
Spec(A)/G extends uniquely to a morphism 7 — Spec(A)/G, because the
latter is ©-reductive and S-complete [AHLH, Prop.3.21(2)+Prop.3.44(2)].
Now the fiber product Y := X Xgpec(ay,¢ T — T is projective over T, and
the pullback of L(t,) is asymptotically relatively ample on ). The original
morphism 7 \ 0 — & over Spec(A)/G gives a section 7 \ 0 — Y. We let W
be the closure of this section, equipped with its projection p : W — 7T, and
let f: W — X be the restriction of the morphism Y — X to W.
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Next, consider a commutative diagram

PL /G 2w L,

| )

(BGm)K — T

where the lower horizontal arrow is a positive multiple of the canonical graded
point at 0 € 7, and the induced map Pk — (BGy,)k x7 W is finite. By
construction f*(L(t,)) is asymptotically ample relative to T, so ¢*(f*(L(ts)))
is ample on P}{. This implies that the weight of this line bundle at oo is less
that the weight at 0. On the other hand, both graded points {0}/G,, — X
and {o0}/G,, — & have the same norm, because their compositions to BG
are both isomorphic to a positive multiple of the canonical graded point at
0 € T. So we have pu({0}/Gy, = X) < u({0}/G,, — X), which is precisely
the monotonicity condition [HL, Def. 5.2.1] (in the reference, the inequality
goes the other way, because [HL] uses the opposite sign convention, where
filtrations with positive weight are destabilizing).

We have now verified the hypotheses of the main theorem of the beyond
geometric invariant theory program [HL, Thm. 5.5.10]: p is S-monotone
and ©-monotone, HN boundedness (condition (B)) holds because X is quasi-
compact, and the rest of the hypotheses follow because we are using a
numerical invariant of the form (3). Conclusions (1) and (2) of the theorem
follow immediately from [HL, Thm. 5.5.10].

Next, consider the relative coarse moduli space morphism X — ) over
BG, where Y 2 Y /G and Y is the coarse moduli space of X. Pullback along
this morphism induces an isomorphism Pic())g = Pic(X)g, ® so we can
regard L € Pic(Y) ® Q[t1,...,tn]. Every filtration in Y lifts uniquely up
to composition with a ramified covering ® — © by [HLH, Thm. B.1], so
X% is the preimage of V*¥ and the good moduli spaces of X*® and Y* are
isomorphic. We may therefore assume for the remainder of the proof that X
is a semi-projective scheme. By embedding G in GL,,, we have X = X'/ GL,,
where X’ = (X x GL,,)/G is still semi-projective and the induced line bundle
L(t1,...,ty) is still asymptotically ample. So in addition, we may assume
G = GL,. Let T C GL,, be the standard maximal torus, and let N denote
the coweight lattice of T

8If;r: X — Y is a relative coarse moduli space morphism, the pullback functor on Picard
groups 7* : Pic(Y) — Pic(X) is injective. Indeed, 7 is a good moduli space morphism
since k has characteristic 0, so F' = 7, (7*(F)) for any F € QCoh(X) by [A, Prop. 4.5].
Therefore, L = m,(n*(L)) for any line bundle L on Y, and m..(Ox) = Oy, so any line
bundle that pulls back to Ox was already isomorphic to Oy. Tensoring with Q is exact, so
we have an injection Pic(Y)g < Pic(X)g. This is surjective assuming X is quasi-compact,
because for any L on X, there is some sufficiently divisible m so that all automorphism
groups act trivially on fibers of L®™, and this is precisely the condition for L&™ = 7* (L")
for some L' on ).
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Now every unstable point — either with respect to the sequence L(t,) or a
specific ample line bundle L(z1,...,zy) — lies in the image of Az /T — X,
where A : G,,, — T is a non-trivial cocharacter with wty(L|z) <0, Z C X*
is a connected component of the A-fixed points X* ¢ X, and A zx — X is
the locally closed subscheme of points x for which lim, ,o A(z) -z € Z. In
fact, only finitely many pairs of subschemes (Z, A) appear as (Z, Az ) for
some cocharacter X\.? Let I denote the set of such pairs.

For each (Z,A) € I, let 07 4 C N be the closed rational polyhedral
convex cone spanned by cocharacters A such that Z € X* and A is contained
in an attracting stratum of A. For any (z1,...,zx) € QV, the function
wta(L(ze)|z) defines a linear form ¢, : Span(oz 4) — R, and a cocharacter
X\ € 07 4 is destabilizing for points in the image of A/T" — X with respect
to the line bundle L(z1,...,zn) if and only if Z;(\) < 0. By linearity of ¢,
this holds for some A € oz 4 if and only if it holds for some A lying on an
extremal ray of oz 4.

Likewise, consider the polynomial-valued linear form ¢; : Span(ca,z) —
R[t1,...,tN] given by

gt(A) = Wt)\ t. ‘Z Zfa tal .

where the coefficients f, are rational linear forms on Span(oz 4). Because
the positive cone in Qlt1,...,ty] is closed under linear combinations with
positive real coefficients, the same reasoning as in the previous paragraph
shows that there is some X € oz 4 such that £,(\) < 0in Q[ty,...,ty] if and
only if there is an extremal vector of oz 4 with this property.

We have shown that to check whether 0z 4 contains a destabilizing A for
either £, or /4, it suffices to test a finite set of A that generate all extremal
rays of 0z 4. For any fixed A\, however, we have that for all (xy,...,25) >0
in lex order, the sign of > fo(A)z{" -z} agrees with the sign of fu«(A),
where o is the maximal « in lexicographic monomial order for which the
coefficient fo(A\) # 0. This in turn agrees with the sign of >, fa (A" -+ t37
in Q[t1,...,tn]. We conclude that for all (x1,...,zx5) > 0 in lex order,
0z.4 contains a destabilizing cocharacter for 7, if and only if it contains
a destabilizing cocharacter for ¢;. Because there are only finitely many
(Z,A) € I, this shows that the unstable locus for the polynomial L(¢1,...,t,)
agrees with the unstable locus for L(z1,...,zy) for all (z1,...,zx) > 0 in
lex order.

Having proved 3(a), item 3(b) is the standard formulation of the main
theorem of GIT [MFK, Thm. 10] using the Hilbert-Mumford criterion

91If one chooses an equivariant embedding X < P" x A™ with a linear action on the
latter, then any pair (Z, Az,x) is a connected component of (X N Z’, X N A%, ), where
(Z', A%, ) is a pair of fixed locus and attracting locus in P" x A™. Tt therefore suffices to
show this for P(V) x U. In this case, both Z’ and A'Z,’)\ are linear subspaces spanned by a
subset of the weight spaces of the linear representations V' and U. There are only finitely
many spaces that arise as sums of weight spaces, so there are only finitely many pairs.
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[MFK, Thm. 2.1]. As long as m is a multiple of my(G;) for every stabilizer
group G, of a closed orbit in X®, L™ descends to the good moduli space,
and it is ample there.

To prove 3(c), suppose L, € Pic(X) is the leading coefficient of L(t1, ..., tn).
Let Y = Proj(@;~o I'(X, LYY)). If L, is semiample, there is a projective mor-
phism X — Y such that some multiple of L, is the pullback of an ample line
bundle on Y. A point in X has a limit in X under a cocharacter A : G,, - G
if and only if its image in Y has a limit. It follows that the polynomial
semistable locus X® C X is contained in the preimage under X — Y of the
L,-semistable locus Y C Y. One therefore obtains a morphism of good
moduli spaces X*//G — Y*//G. It follows that mL,, which descends to
the GIT quotient X*°//G, is pulled back from an ample bundle on Y*//G,
hence it is semiample on X*°//G. O
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