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Observability and State Estimation for Smooth
and Nonsmooth Differential Algebraic

Equation Systems
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Abstract—In this letter, we extend the sensitivity-based
rank condition (SERC) test for local observability to
another class of systems, namely smooth and nonsmooth
differential-algebraic equation (DAE) systems of index-1.
The newly introduced test for DAEs, which we call the
lexicographic SERC (L-SERC) observability test, utilizes the
theory of lexicographic differentiation to compute sensi-
tivity information. Moreover, the newly introduced L-SERC
observability test can judges which states are observable
and which are not. Additionally, we introduce a novel
sensitivity-based extended Kalman filter (S-EKF) algorithm
for state estimation, applicable to both smooth and nons-
mooth DAE systems. Finally, we apply the newly developed
S-EKF to estimate the states of a wind turbine power
system model.

Index Terms—Differential algebraic equation systems,
observability, state estimation, sensitivity rank condition,
extended Kalman filtering.

I. INTRODUCTION

OBSERVABILITY analysis aims to determine if we are
able to identify the states of the system via access to

the measurements of some output function. In mathematical
terms, observability of an input-output dynamical system
means that we can uniquely identify the initial conditions
of the states via measurements of the output function. In
the literature, a common method to study local observability
of ODE systems is the observability rank condition test,
which is based on successive Lie derivative computations
involving the output function [1]. There are other methods
in the literature that study local observability, such as the
sensitivity rank condition test (SERC) [2]. Recently, the
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authors in [3] showed that the SERC test for observability
(and its closely related property, identifiability) is a more
computationally efficient method when compared to Lie
derivative-based tests, especially for large-scale systems. For
ODE systems, establishing (or assuming) system observability
has led to a matured literature of designing observers for
state estimation, such as but not limited to extended Kalman
filtering (EKF) [4, Chapter 8] with convergence analysis of
EKF discussed in [5]; recently, geometric-based EKF was
also introduced for control-affine ODEs [6]. It is important to
highlight that all the aforementioned results are for smooth
ODE input-output systems. Recently, the authors of this
letter introduced a novel nonsmooth analog of the SERC
test, the lexicographic SERC (L-SERC) test, which enabled
the observability test for nonsmooth ODE systems [7]. For
piecewise ODE systems (i.e., ones which transitions between
different modes), a discontinuous EKF (DEKF) algorithm was
introduced in [8] and its convergence was studied — their
approach operates on subintervals within each mode but does
not theoretically treat the nonsmoothness in a direct way.

In this letter, we are concerned with another important
class of input-output systems, namely, the smooth and non-
smooth DAEs of index-1. Such systems are widely present
in different engineering applications and physical models.
For example, different applications where smooth DAEs are
utilized are presented in [9], [10], and we see that nonsmooth
DAE systems [11], [12], [13] are used in modeling process
systems [14], multibody mechanical systems [15], and power
systems [16], [17]. In the literature, multiple works have been
aimed at studying observability of smooth DAEs, such as the
study of observability of linear DAEs (see [18], [19], [20]),
and of nonlinear DAEs (see [21], [22]). There have also been
studies for designing observers for smooth DAEs, such as the
the application of EKF methods to DAEs in [23] and [24].
Nevertheless, to the best of our knowledge, sensitivity-based
methods, such as SERC, have not been introduced to study
observability of DAE systems (smooth or nonsmooth).

Contributions: In this letter, we develop a sensitivity-based
test (the L-SERC test) for assessing local observability for both
smooth and nonsmooth DAE input-output systems of index-1.
Moreover, the newly introduced L-SERC test algorithm is
useful as it judge which states are observable and which
are not. Additionally, we introduce a novel sensitivity-based
extended Kalman filter (S-EKF) algorithm for state estimation,
applicable to both smooth and nonsmooth DAE systems.
Finally, we apply the newly developed S-EKF to estimate the
states of a wind turbine power system model.
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II. PRELIMINARIES

Throughout this letter, we will use the lexicographic direc-
tional derivative (LD-derivative) [25] as a tool for obtaining
derivative information of a given lexicographically smooth
(L-smooth) [26] function, where a locally Lipschitz function
f : R

n → R
m is said to be L-smooth at x0 [26] if, for any

k ∈ N and directions matrix M = [m1 · · · mk] ∈ R
n×k,

the homogenization sequence

f(0) : Rn → R
m: d �→ f′(x0;d),

f(j) : Rn → R
m: d �→

[
f(j−1)

x0,M

]′(
mj;d

)
, j = 1, . . . , k, (1)

exists, where f′(x0;d) = limα→0+ [f(x0 + αd) − f(x)]/α.
(See [27] for an example calculating the homogenization
sequence.) All piecewise differentiable (PC1) [28] (e.g., min,
max, abs-value) and convex (e.g., p-norms) functions, and their
compositions, are L-smooth. The LD-derivatives are defined
as follows using the homogenization sequence [25]:

f′(x0;M) :=
[
f(0)(m1) · · · f(k−1)(mk)

]
∈ R

m×k, (2)

and are computationally relevant objects as they satisfy sharp
calculus rules, hence providing a practical, theoretically rig-
orous, numerical toolkit [27]. In addition, the LD-derivatives
theory provides closed-form formulas for widely used nons-
mooth functions such as the absolute-value function and the
max/min functions. For example, given M ∈ R

2×k,

min ′(x0, y0;M) = slmin
([

x0 row1(M)
]
,
[
y0 row2(M)

])
(3)

where slmin = row1(M) if fsign(x0 − y0, m11 −
m21, . . . , m1k −m2k) ≤ 0 and slmin = row2(M) otherwise,
with fsign returning the sign of the first nonzero element (or
zero if the input is zero). (See [27] for other closed-form
expressions, and the LD-derivative calculus rules.)

The lexicographic derivative (L-derivative) [26],
JLf(x0;M)∈ R

m×n, is a computationally relevant Jacobian-
like object, i.e., it can be used in nonsmooth numerical
methods [29] as it can substitute an element of Clarke’s
generalized derivative [30]:

∂f(x0) := conv{F: ∃xj → x0, s.t. xj ∈ Sf, Jf
(
xj

)→ F},
where Sf is the full measure subset of dom(f) on which f is
differentiable. With L-derivatives being the desirable object
to compute, and LD-derivatives enjoying a strong toolkit
for calculation, the picture is completed by noting that an
L-derivative can be obtained from an LD-derivative when the
matrix M has full row rank (and is hence right invertible):

f′(x0;M) = JLf(x0;M)M. (4)

Note that if the function is at least C1, then it is true
that f′(x0;M) = Jf(x0)M (hence, the L-derivative equals the
Jacobian in this case). Lastly, for later use in discussing nons-
mooth DAEs, we recall that the Clarke generalized derivative
projection [30] of g with respect to w at (x0, w0) is

πw∂g(x0, w0) := {Gw:∃[Gx Gw] ∈ ∂g(x0, w0)}.
That is, the class of L-smooth functions are locally

Lipschitz and directionally differentiable to arbitrary order,
which includes all C1, PC1 [28], and convex functions, and
compositions thereof.

III. SENSITIVITY-BASED OBSERVABILITY METHOD

A. L-SERC Test for Nonsmooth DAE Observability
In this subsection, we extend the L-SERC observability test

from nonsmooth ODEs [7] to nonsmooth DAEs (and thus
SERC observability to smooth DAEs). Consider an input-
output DAE system in semi-explicit form:

ẋ(t) = f(x(t), w(t), u(t)), x(t0) = x0, (5a)

0 = g(x(t), w(t), v(t)), (5b)

y(t) = h(x(t), w(t), u(t), v(t)), (5c)

with nx differential states x and nw algebraic states w. Here
there are ny outputs of the system y, and we assume (through-
out this letter) that the admissible control inputs satisfy u ∈
L1([t0, tf ], Du) (i.e., Lebesgue-integrable) v ∈ LS0([t0, tf ], Dv)
(i.e., L-smooth). We also assume that the right-hand side
(RHS) functions satisfy f ∈ LS0(Dx × Dw × Du,R

nx) and
g ∈ LS0(Dx×Dw×Dv,R

nw), and the output function satisfies
h ∈ LS0(Dx × Dw × Du × Dv,R

ny), with open and connected
sets Dx ⊆ R

nx , Du ⊆ R
nu , Dv ⊆ R

nv , � ⊆ R
np , and x0 ∈ Dx

is the initial state. In what follows, we let nz = nx+ nw, Dz =
Dx×Dw, z = (x, w) and z0 = (x0, w0). Before proceeding, we
formalize (local) partial observability (in the spirit of partial
identifiability [7]) and regularity (which implies generalized
differentiation index one (see [11], [13]) of a nonsmooth DAE,
given reference initial conditions z∗0 = (x∗0, w∗0) and reference
control inputs u∗, v∗.

Definition 1: The system in (5) is locally partially observ-
able (or simply partially observable) at z∗0 if there exist a
neighborhood N ⊆ Dz of z∗0 and a connected set V ⊆ Dz

containing z∗0 such that for any z̃0, z†
0 ∈ N ∩ V , we have that,

for all t ∈ [t0, tf ], y(t;u∗, v∗, z̃0) = y(t;u∗, v∗, z†
0) if and only

if z̃0 = z†
0.

Definition 2: A solution z∗(t) := z(t;u∗, v∗) =
(x∗(t), w∗(t)) of (5) on [t0, tf ] through {(x∗0, w∗0, u∗, v∗)}
is Clarke-regular (or simply regular) if every matrix in
πw∂g(x∗(t), w∗(t), v∗(t)) is nonsingular for all t ∈ [t0, tf ].

Note that in the case that g is C1, then it holds that
πw∂g(x∗(t), w∗(t), v∗(t)) = ∂g

∂w (x∗(t), w∗(t), v∗(t)) and so
Definition 2 recovers classical differentiation index one. We
establish an observability L-SERC test for partial observability,
based on the lexicographic sensitivity (L-sensitivity) functions
of the output.

Theorem 1: Suppose that z∗ = (x∗, w∗) is a regular solu-
tion of (5) on [t0, tf ] through {(x∗0, w∗0, u∗, v∗)} and, for some
{t0, t1, . . . , tN} ⊂ [t0, tf ] and d ∈ R

nx , it holds that rank(ϒϒϒd) =
nx, where

ϒϒϒd := (SL
y (t0), SL

y (t1), . . . , SL
y (tN)) (6)

and the L-sensitivity output functions are

SL
y (t) = h′(x∗, w∗, u∗, v∗; (X∗, W∗, 0, 0))

[
01×nx

Inx

]
, (7)

and (X∗, W∗) uniquely solve the following on [t0, tf ]:

Ẋ = f′(x∗, w∗, u∗; (X, W, 0), X(t0) =
[
d Inx

]
, (8a)

0 = g′(x∗, w∗, v∗; (X, W, 0)). (8b)

Then (5) is partially observable.
Proof: The proof follows from combining [31, Proposition 1

and Th. 1]; by choosing f0(θθθ) = θθθ , and replacing the
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notation θθθ and θθθ∗ by x0 and x∗0 (i.e., np = nx), respec-
tively, [31, Proposition 1] yields that the nonsmooth forward
sensitivity system associated with (5) is given as follows
(see [31, Eq. (4)]):

Ẋ = f′(x∗, w∗, u∗; (X, W, 0)), X(t0) =M, (9a)

0 = g′(x∗, w∗, v∗; (X, W, 0)), (9b)

Y = h′(x∗, w∗, u∗, v∗; (X, W, 0, 0)), (9c)

for some directions matrix M ∈ R
nx×nk (since np = nx) and

integer nk ∈ N, where the (t) arguments have been omitted.
Then, choosing M = [d Inx ] (hence, nk = nx + 1) and
applying [31, Th. 1] yields that (5) is partially observable if
rank(ϒϒϒd) = nx in (6) holds, where

SL
y (t) = Y∗(t)

[
d Inx

]−1 = Y∗(t)
[

01×nx
Inx

]
, (10)

with Y∗ obtained from (9c) (and thus (7)).
The L-SERC test depends on the values of the L-sensitivity

output function at different time samples, {t0, t1, . . . , tN}. In
particular, for a given direction d ∈ R

nx , we construct the
L-SERC matrix ϒϒϒd = ϒϒϒd(z∗0) ∈ R

(N+1)ny×nx by concatenating
the values of the L-sensitivity output function at different time
samples to get (6), as in [7], [31]. In line with these works, we
note that Theorem 1 establishes a test for observability based
on whether the system is “L-SERC observable” or “L-SERC
non-observable”:

Definition 3: The system (5) is L-SERC observable at z∗0
in the direction d ∈ R

nx if rank(ϒϒϒd) = nx, and L-SERC non-
observable if rank(ϒϒϒd) < nx.

Remark 1: The L-SERC matrix provides local observability
conclusions in the direction d. The significance of the direction
here is that for nonsmooth systems/output functions, studying
observability depends on the piecewise nature of the system.
For example, for a nonsmooth output function y = max(x, 0),
the test will conclude observability if we use d = 1 (since this
“probing” leads to y = x > 0 and thus observability), while if
we use d = −1 we get non-observability (since this “probing”
leads to y = 0).

Remark 2: Despite d being a vector in nx-dimensional
Euclidean space, it still provides probing information con-
cerning the observability of z0 = (x0, w0) in R

nz = R
nx+nw .

This is a consequence of the differential state initial conditions
x0 being considered as the parameters, rather than (x0, w0)
together, and the solution being regular: once (x∗0, w∗0) is
chosen, only nx degrees of freedom are available as w is
constrained by g(x, w, v) = 0 as the DAE system being
generalized differentiation index one guarantees a nonsmooth
implicit function w = r(x) semi-locally to the reference
solution x∗(t) corresponding to (x∗0, w∗0) (see [11], [12]). The
rough idea then is that if x0 can be determined from y, then
w0 can be determined from x0.

Remark 3: In case we have a smooth DAE system, i.e., the
RHS functions in (5) are C1, and M = Inx is chosen, (9)
simplifies as follows (without needing to check for smooth-
ness/nonsmoothness):

Ṡx(t) = ∂f
∂x Sx(t)+ ∂f

∂w Sw(t), Sx(t0) = Inx ,

0 = ∂g
∂x Sx(t)+ ∂g

∂w Sw(t), (11)

Sy(t) = ∂h
∂x Sx(t)+ ∂h

∂w Sw(t),

which is uniquely solved on [t0, tf ] by the classical sensitivities
Sx = ∂x

∂x0
, Sw = ∂w

∂x0
, Sy = ∂y

∂x0
. The SERC observability test

for smooth DAEs gives a yes/no answer based on whether
rank(ϒϒϒ) = nx or rank(ϒϒϒ) < nx, respectively, where

ϒϒϒ := (Sy(t0), Sy(t1), . . . , Sy(tN)). (12)

B. Determining Observable and Non-Observable States
The observability L-SERC test presented above is used not

only to determine the observability of the smooth/nonsmooth
DAE system, but also to determine which of the system’s states
are non-observable. That is, it determines the states that are
not possible to be identified from the system’s output, hence
causing the non-observability of the system. To make this more
precise, we introduce the following definition.

Definition 4: The differential states and algebraic states in
χ lno ⊆ {x1, . . . , xnx} and αlno ⊆ {w1, . . . , wnw} are locally
partially non-observable (or simply partially non-observable)
at z∗0 ∈ Dz if there exists a neighborhood N ⊆ Dz of z∗0 and
a connected set V ⊆ Dz containing z∗0 such that the states in
χ lno ∪ αlno are locally non-observable in N ∩ V .

As a part of our L-SERC observability algorithm, we
determine which states are locally partially non-observable
near z∗0 by analyzing the singular vectors produced from the
singular value decomposition (SVD) of the L-SERC output
matrix. We first determine which differential states are non-
observable: given the SVD ϒϒϒd = U�VT, with left singular
vectors matrix U ∈ R

(N+1)ny×(N+1)ny , singular values matrix
� ∈ R

(N+1)ny×nx , and right singular vectors matrix V ∈
R

nx×nx , if rank(ϒϒϒd) = nr < nx, then the right nullspace
Null(ϒϒϒd) �= {0}. Similar to the procedure outlined in [31, Sec.
III-B], we can identify the zero singular values σnr+1 = · · · =
σnx = 0 and it follows that the nx−nr columns in V associated
with these zero singular values form a basis for Null(ϒϒϒd).
Accordingly, we construct a matrix whose columns are those
nx − nr singular vectors,

Vr := [
v(nr+1) . . . v(nx)

]
, (13)

from which we can identify the non-observable differential
states by placing Vr in row echelon form, rref(VT

r ), and
identifying pivot columns; if row j of rref(VT

r ) contains the
pivot from pivot column i, then xi is partially non-observable.

With non-observable differential states χ lno identified,
we can shift to identifying non-observable algebraic states
αlno (thanks to generalized differentiation index one—see
Remark 2): For each wi, we construct the matrix

�wi := (SL
wi

(t0), . . . , SL
wi

(tN)), (14)

where SL
wi

(tk) = [(SL
w(tk))]i,J (i.e., ith row with columns

indexed by J ) and J = {j : xj ∈ χ lno}. Then �wi

characterizes to the sensitivity of the algebraic wi with respect
to the non-observable differential states and so if rank(�wi) �=
0, then wi ∈ αlno is non-observable.

With the ideas above in mind, we present the DAE L-SERC
observability test in Algorithm 1, which requires the reference
initial conditions, the reference control inputs, and a set of
probing directions (D = {di}). The algorithm returns the set
of locally partially non-observable differential states, χ lno, the
set of locally partially non-observable differential states, χ lo ={x1, . . . , xnx} \χ lno, the set of locally partially non-observable
algebraic states αlno, and the set of locally partially observable
algebraic states αlo = {w1, . . . , wnw}\αlno. Implementation of
Algorithm 1 can be found in [32].
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Algorithm 1 L-SERC Observability Algorithm
Input: z∗0, u∗, v∗, D = {di}, {t0, t1, . . . , tN}

1: Set χ lno ← ∅,αlno ← ∅
2: for i = 1, 2, . . . , |D| do
3: Compute ϒϒϒdi = U�VT, nr = rank(�)
4: if nr < nx then
5: Vr = [v(k):σk=0], rref(VT

r ) = [ṽ1 · · · ṽnx ]
6: Set χ lno ← χ lno ∪ {xj}:ṽj is pivot column
7: end if
8: end for
9: for i = 1, 2, . . . , nw do

10: Compute �wi

11: if rank(�wi) �= 0 then
12: Set αlno ← αlno ∪ {wi}
13: end if
14: end for
15: return ϒϒϒdi for all di ∈ D
16: return χ lno,αlno,χ lo = {xj} \ χ lno,αlo = {xj} \ χ lno

IV. SENSITIVITY-BASED EKF METHOD

An important application of the observability property is
the design of dynamic observers, with EKF and its variations
being an important technique. In this section, we present a
variation of EKF, the sensitivity-based EKF (S-EKF), that
utilizes the sensitivity information from (9) to provide accurate
estimations of the system’s observable, or even partially-
observable, states. Consider the DAE system given by (5),
but with process noise and measurement noise added to the
system, i.e., the DAE system is given by

ẋ(t) = f(x(t), w(t), u(t))+�(t), x(t0) = x0, (15a)

0 = g(x(t), w(t), v(t)), (15b)

y(t) = h(x(t), w(t), u(t), v(t))+ ν(t), (15c)

where �(t) ∈ R
nx is the process noise, i.e., zero mean,

uncorrelated, independent continuous random variables with
covariance Q ∈ R

nx×nx and ν(t) ∈ R
ny is the measurement

noise, i.e., uncorrelated independent random variables with
zero mean and covariance R ∈ R

ny×ny . The goal of the S-EKF
is that, for some model that can be predicted by a DAE system
(smooth or nonsmooth), we use the “approximate” DAE model
in (5) to give accurate estimation of the states of the “true”
DAE model in (15), with the process noise representing
the uncertainty in the modeling and the measurement noise
representing sensor limitations.

In the proposed S-EKF, the sensitivity functions are utilized
in the calculation of the covariance matrix. In particular, we
solve the following “augmented” nonsmooth forward sensi-
tivity system (cf. the non-augmented version in (9)) with the
covariance matrix, P(t), added as an extra state:

Ẋ = f′(x∗, w∗, u∗; (X, W, 0)), X(t0) =M, (16a)

0 = g′(x∗, w∗, v∗; (X, W, 0)), (16b)

Y = h′(x∗, w∗, u∗, v∗; (X, W, 0, 0)), (16c)

Ṗ = [
X
W

]
P+ P

[
X
W

]T + Q, P(t0) = P0, (16d)

where (x∗, w∗) are the solutions of (5) corresponding to x∗0,
which admits the unique solution (X∗, Y∗) on [t0, tf ]. Here
M acts as a “probing matrix” for sensitivity information and
should be chosen to be full rank, while the choice of P0 should

be made based on the confidence in the accuracy of the initial
conditions x∗0 (see [33, Ch. 5] for more details).

Remark 4: If the DAE system is smooth and M = Inx ,
(16a)-(16c) simplifies to (11).

We split up the time horizon [t0, tf ] into ns subintervals
[tk−1, tk], with tns = tf and with tk being the times of receiving
measurements; we define the filter differential states at each tk
as x̄tk := x∗(tk), and the filter algebraic states w̄tk := w∗(tk).
For the measurement equation, we let

ȳtk := h(x̄tk , w̄tk , u∗(tk), v∗(tk)). (17)

The L-derivative of the measurement is calculated as

Ctk := SL
y (tk) = Y∗(tk)M−1. (18)

Finally, we note that we perform the L-SERC test on each
subinterval [tk−1, tk] in the S-EKF algorithm to determine
which states are observable and which states are not. The states
that are observable are updated from the measurements ym(tk)
(the subscript m denotes measurements) using the observer
gain Ltk , and the states that are non-observable assume their
predicted values with no update from the measurements. That
is, the states that are non-observable are calculated from
the approximate DAE model in (5). We note that on any
subinterval [tk−1, tk], the vector Ltk should have zero entries
corresponding to the non-observable states. If all states are
non-observable, we set Ltk = 0.

V. APPLICATIONS AND COMPARISON WITH LITERATURE

In this section, we present two examples to demonstrate
the effectiveness of our proposed L-SERC test and S-EKF
algorithm. The MATLAB code for the examples and the tests
can be found in [32].

Example 1 (Smooth Wind Turbine Power System): Consider
a wind turbine power system with constant wind speed (i.e.,
with constant active power and time-changing reactive power),
represented by the following DAEs [34, Sec. 3.2]:

V̇ref = KQi(Qcmd − Q)+
1(t)= f1 +
1(t),

Ė′′q = KVi(Vref − V)+
2(t) = f2 +
2(t), (19)

0 = V4 −
[
2(PR+ QX)+ E2

]
V2 + (R2 + X2)(P2 + Q2)= g,

where x = (Vref , E′′q) are the differential states, w = V is
the algebraic state, θθθ = (KQi , KVi , R, X, E) are the system
parameters, and �(t) = (
1(t),
2(t)) is the process noise.
Here Vref represents the reference terminal voltage, E′′q rep-
resents the equivalent voltage controlling the reactive current
injection, and V is the terminal voltage connecting the wind
turbine and the grid. The system parameters KQi = 0.1,
KVi = 40 are integral control gains, R = 0.02 is the net
resistance, X = 0.02987 is the net reactance, and E =
1.0164 is the infinite bus voltage. We also note that Xeq =
0.8 is the equivalent Norton reactance, Qcmd = 0.6484 is
the constant reactive power command, P = 1 is the rated
power, and Q = V(E′′q − V)/Xeq is the injected reactive
power.

We consider the time interval [t0, tf ] = [0, 1] and the initial
conditions z0 = (Vref ,0, E′′q,0, V0) = (0.5, 0.75, 1.021) and
P0 = 4I. The output function is the smooth function y =
E′′qV + ν(t), where we assume a Gaussian white measurement
noise ν(t). This output shows the effectiveness of the S-EKF
in decoupling the states in the output, providing accurate
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Algorithm 2 S-EKF State Estimation Algorithm
Input: x0, w0, u∗, v∗, X0 =M, W0, P0, {t0, t1, . . . , tns}

1: Set x̄← {x0}, w̄← {w0}, N ← � nx
ny
� − 1

2: for k = 1, . . . , ns do
3: Prediction step
4: Calculate (x(tk), w(tk)) by solving (5) on [tk−1, tk]

with ICs (x(tk−1), w(tk−1))
5: Set x̄tk ← x(tk), w̄tk ← w(tk), z̄tk ← (x̄tk , w̄tk)
6: Measurement step
7: Obtain measurement value ym(tk)
8: Calculate ȳtk ← h(x̄tk , w̄tk , u∗(tk), v∗(tk))
9: Calculate (Y(tk), P(tk)) by solving (16) on [tk−1, tk]

with ICs (X(tk−1), W(tk−1), P(tk−1))
10: Set Ctk ← SL

y (tk) = Y(tk)M−1

11: Set Ltk ← P(tk)CT
tk(R+ Ctk P(tk)CT

tk)
−1

12: Set z∗0 ← (x(tk−1), w(tk−1))
13: Set �tk ← (tk − tk−1)/N
14: Set {Tj} ← {tk−1, tk−1 +�tk, . . . , tk−1 + N�tk}
15: Run Algo 1 with z∗0, u∗, v∗, {±ei}, {Tj}
16: for xi ∈ χ lno, wj ∈ αlno do
17: Set [Ltk ]i,j ← 0
18: end for
19: Set estimate z̄tk ← z̄tk + Ltk(ym(tk)− ȳtk)
20: Set x̄← x̄ ∪ {x̄tk}, w̄← w̄ ∪ {w̄tk}
21: Set new ICs x(tk)← x̄tk
22: Calculate consistent w(tk) by solving (5b) at t = tk
23: Set new ICs X(tk)←M
24: Set new ICs P(tk)← (I− Ltk Ctk)P(tk)
25: Calculate consistent W(tk) by solving (16b) at t = tk
26: end for
27: return x̄, w̄

estimations for each state individually. The left panel in
Figure 1 shows the outcome of the S-EKF Algorithm 2,
which produces an estimation (black curve) that accurately
tracks the true solution (blue curve) for the differential
states.

Observability tests are performed on the system in (19),
as well as the output, with no noise, i.e., 
(t) = ν(t) = 0.
For the observability L-SERC test (Algorithm 1), we consider
ten time samples, i.e., N = 10 uniformly between t0 = 0
and tf = 1, and we construct the matrix ϒ in (12). We see
that rank(ϒ) = 2 = nx, i.e., the system in (19) is locally
observable at z0. The local observability of a nonlinear ODE
system can be determined by the rank of the observability
matrix that is constructed from the gradients of successive Lie
derivatives of the output function [1]. The regularity of the
solution of the index-1 DAE system in (19) guarantees the
existence of a semi-local map V = V(x) in a neighborhood
around the solution trajectory of interest [11] (the derivation of
the formula for V(x) can be seen in [35]), so the system in (19)
can be transformed to a nonlinear ODE with two differential
states in x, as mentioned in Remark 2, and in [22, Sec. 2.2].
The gradient of y(x) = E′′qV(x) is

∇y(x) =
[

∂y

∂Vref
(x),

∂y

∂E′′q
(x)

]T

=
[

0 V(x)+ E′′q
∂V

∂E′′eq
(x)

]T

where

∂V

∂E′′q
= −∂g/∂E′′q

∂g/∂V
= 2E′′qV2

4V3 − 2V
[
2(PR+ QX)+ x2

2

] .

The Lie derivative Lfy(x) = ∇y(x) · f(x) along f = (f1, f2)
is Lfy(x) = (V + E′′q ∂V

∂E′′eq
)KVi(Vref − V) = (V + κ)f2.

The observability matrix O(x) for this 2-state system is

O(x) = ∂

∂x

[
y(x)

Lfy(x)

]
=

[
0 V(x)+ κ(x)

KVi V(x)+ κ(x)
∂Lfy
∂E′′q

(x)

]
.

Noting that rank(O(x0)) = 2 (i.e., full rank), the system
in (19) is locally observable at x0, matching the results of
our L-SERC test. Now we perform the local observability test
proposed in [21] for the DAE system in (19). We note that this
test can be directly applied to a DAE system. The observability
matrix O(z) = [ ∂f

∂z ,
∂y
∂z ]T for the system in (19) is

O(z) =

⎡
⎢⎢⎢⎢⎣

0 −KQi
V

Xeq
−KQi

E′′q−2V
Xeq

KVi 0 −KVi

0 −
[
2X V

Xeq
+ 2E′′q

]
V2 ∂g

∂V

0 V E′′q

⎤
⎥⎥⎥⎥⎦

,

where ∂g/∂V = 4V3 − 2V[2(PR + QX) + E′′2q ] −
2XV2(E′′q − 2V)/Xeq. Note that rank(O(z0)) = 3 (i.e., full
rank), the system is locally observable at z0, also matching
the results of L-SERC.

Example 2 (Nonsmooth Wind Turbine Power System): Now
we consider the system in (19) with the same initial conditions,
but with the nonsmooth output function y = min(V +
ν(t), 0.98). This nonsmooth output represents the case when
the sensor can only measure voltage values below a certain
threshold (taken to be 0.98 here). The right panel in Figure 1
shows the outcome of Algorithm 2 applied on [t0, tf ] = [0, 1],
with the same initial conditions as the first case: because the
voltage starts greater than 0.98, the system is non-observable
for all states and the S-EKF algorithm estimates the states
using their predicted values. After t = 0.057, the value of
the voltage becomes less than 0.98, hence the output function
switches to y = V , and all the states become observable. This
is reflected by the state estimates tracking their true values. The
output is not strongly correlated with the first state, Vref , and so
the tracking accuracy of Vref is not high. The nonobservability
behavior is indeed reflected in the outcome of the L-SERC
test: we see that all the rows of the L-SERC matrix ϒe1

in (6) are the zero vectors for t ∈ [0, 0.057), i.e., SL
y (t) =

0, t ∈ [0, 0.057). Starting from t = 0.057, the rows of ϒe1
have nonzero entries and are linearly independent, implying
local observability of the system at z0 for t ∈ [0.057, 1].
The advantage of our proposed L-SERC algorithm and S-EKF
algorithms is made clear in this case: it is not possible in this
example (with the nonsmooth output function) to perform the
other smooth observability tests.

VI. CONCLUSION

We provided a novel sensitivity-based method for assessing
local observability of smooth and nonsmooth DAE systems,
which can also judge observable/non-observable states. In
addition, we also introduced a novel sensitivity-based EKF
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Fig. 1. The left panel shows S-EKF with output y = E ′′q V + ν(t) and
the right panel shows S-EKF with output y = min(V + ν(t), 0.98). The
predicted (green) curve is the solution of (19) with 
 = 0, ν = 0, the true
(light blue) curve is the solution of (19), and the estimated (black) curve
represents the filter states from the S-EKF algorithm.

algorithm (S-EKF), which uses the L-SERC observability test
and sensitivities of DAE systems (smooth or nonsmooth)
to provide accurate estimations of the system’s states from
the system’s output. We demonstrated the new methods in
a wind turbine power system application. Lastly, we note
that the methods here are amenable to smooth/nonsmooth
DAE systems that are non-autonomous and/or have explicit
parametric dependence, the latter of which can be dealt with
by amending the states with additional variables xθ1 , . . . , xθnp
and augmenting the system with np additional ODEs ẋθi = 0.
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