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1. Introduction
1.1. Lie bracket approximation of control-affine systems

Many applications and real-world systems are natural to, and
can be expressed in, control-affine formulation (systems that are
linear in control inputs). A general class of control-affine systems
is given below:

& = bo(x) + Y oPib(x)ui(kiot), (1
i=1

where ¥ € R" is the state space vector, p; € (0, 1), € (0, 00),
by is the drift (uncontrolled) vector field of the system, b; are
the control vector fields, u; are the control inputs, m € Z7" is
the number of control inputs, and k; € Q.q is a positive ratio-
nal number. Control-affine systems characterize many systems
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including robotic, multi-agent, and flight dynamic systems (Bullo
& Lewis, 2019; Diirr et al., 2013; Eisa & Pokhrel, 2023; Scheinker
& Krsti¢, 2014a). They are also essential for the application of
geometric control theory and analysis (Bullo & Lewis, 2019; Her-
mann & Krener, 1977; Sussmann, 1987). In geometric control, the
derivative operator called “Lie bracket” is commonly utilized. A
Lie bracket between the vector fields b; and b is:

ob; ob;

™ b; ™ b;. (2)
In this paper, we are focused on the approximation of control-
affine systems by Lie brackets. In Kurzweil and Jarnik (1987), the
authors studied a sequence of control-affine systems with sinu-
soidal control inputs and show that their solution converges to
that of some limit equation characterized by the Lie bracket of the
system’s vector fields. In particular, under some assumptions, the
solution of X = by(x) + Z,'":] bi(x)u;(t) converges to the solution
of X = bo(X)+ 32 Z;f}:l[bi(i), b;(%)]4(t) with A;(t) being bounded
and measurable. The authors in Sussmann and Liu (1991) studied
special forms of Lie bracket approximations by relating the so-
lutions of the underactuated system x = Z:L bi(x)u;(t) with a
fully actuated Lie bracket extended system X = ZlT:] b;(x)vi(t),
where by, .1, ..., b, and their associated v; are extended vector
fields and control inputs based on Lie brackets providing new
directions of motion. Other works like Liu (1997), Sussmann and
Liu (1992), Suttner (2020), Zuyev and Grushkovskaya (2017) are

[b;, b;] :=
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expanding on the idea of Lie bracket extended system to study
underactuated and mostly driftless (i.e., bp = 0) control-affine
systems. For a particular case of (1) when p; = 0.5, k; = 1 for all i,
a first-order Lie bracket system (LBS) approximation was given
in Diirr et al. (2013) which admits drift vector field and is defined
not only for underactuated systems. This has been extended and
generalized to the second-order LBS in Labar et al. (2019), which
approximates (1). In both Diirr et al. (2013), Labar et al. (2019), it
was shown that the approximation error between the trajectories
of (1) and the LBS are bounded given large enough w.

1.2. Averaging and Lie brackets in control-affine and extremum
seeking systems

The analysis of time-varying nonlinear systems (e.g., (1)) is
not intuitive and is generally challenging compared to that of
autonomous nonlinear systems. For instance, stability analysis for
time-varying systems cannot be done via eigenvalues even for
linear systems (Markus & Yamabe, 1960). One of the tools that
helps to analyze such nonlinear time-varying systems, especially
periodic ones, is averaging. Usually, only first-order averaging
approximation is found in the literature. However, sometimes
first-order averaging is insufficient to capture the important char-
acteristics of nonlinear time-periodic systems, and one needs to
go to higher-order averaging (Maggia et al., 2020). In general,
averaging over a given period of time smooths out the fast os-
cillations and captures the qualitative behavior of the system,
which is used to analyze properties, such as but not limited to
stability. As a result, averaging techniques have been used in
many classes/applications of nonlinear systems, including for ex-
ample, inverted pendulum, hovering/flapping flight (Maggia et al.,
2020) and vibrational stabilization (Bullo, 2002). Relevant to this
paper, averaging has been instrumental in the development of
model-free, real-time dynamic optimization via extremum seek-
ing control (ESC) systems that are not control-affine. For instance,
the stability analysis of what is known as the classic ESC, which
caused an exponential growth in ESC research (see Scheinker
(2024)), was done by Krsti¢ and Wang (2000) using averaging and
singular perturbation. The authors in Scheinker and Scheinker
(2016) utilized averaging in the analysis/design of ESC without
requiring periodic input signals (including discontinuous signals).
Recently, the authors in Abdelgalil and Taha (2022) used a combi-
nation of first- and second-order averaging to study bio-inspired
3D source seeking.

On the other hand, for control-affine systems, Lie bracket
approximations have been used extensively to study motion plan-
ning (Bullo & Lewis, 2019; Liu, 1997; Sussmann & Liu, 1992;
Zuyev & Grushkovskaya, 2017) and the stability/design of ESC
(Diirr et al., 2015, 2013; Grushkovskaya et al., 2018; Labar et al.,
2019; Pokhrel & Eisa, 2023; Scheinker & Krsti¢, 2012, 2014a,
2014b). In Diirr et al. (2013), the authors made use of their
introduced first-order LBS approximating a special case of (1) (as
mentioned earlier) for stability analysis and design of ESC. In that
work (Diirr et al., 2013, Section 5.1), the authors argued that there
is an “average-like” relationship between their LBS and classical
averaging (Khalil, 2002). They performed classical averaging on
a particular case of their control-affine system where classical
averaging conditions may not hold; yet, they arrived at their LBS,
hence their wording of “averaging-like” approach. In this paper, it
will be shown that what they called “averaging-like” is a second-
order averaging applied to a special case of (1) after re-writing it
in the averaging canonical form:

dx

— =€f(x,t; €), 3
™ £ ) 3)
where f(x,t;¢) € R" is smooth in X, Riemann integrable in
t and T-periodic, and ¢ is a small parameter such that 0 <
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€ < 1. Scheinker and Krsti¢ (2012) utilized first-order LBS in the
context of ESC and provided a universal semi-global stabilizing
control law based on Lyapunov function candidates. Furthermore,
they (Scheinker & Krsti¢, 2014b) also provided a first-time use of
first-order LBS approximation in a nonsmooth ESC setting. It is
important to note that the same authors studied different forms
of ESCs (Scheinker & Krsti¢, 2014a) which have been included
in the first-order LBS generalized framework in Grushkovskaya
et al. (2018). The authors of Labar et al. (2019) provided a second-
order LBS to approximate (1) with no sequential/recursive rela-
tion to Diirr et al. (2013) or connection to averaging.

1.3. Motivation and contribution

In literature, averaging has been used in the analysis of nonlin-
ear time-periodic systems (e.g., ESC systems not in control-affine
form). However, averaging has not been widely studied or gen-
eralized for control-affine systems in the form (1). As for the
approximation and stability analysis of control-affine systems,
almost always Lie bracket approximation is used, with the re-
sults of Labar et al. (2019) being one of the most generalized
in literature, providing a second-order LBS approximation of (1).
Even though it has been observed that there is a relation between
LBSs and averaging, the relationship is not clear or well-defined
and there seem to be conflicted opinions (see for example Diirr
et al. (2013, Section 5.1) and Abdelgalil and Taha (2022, Section
IN)). In fact, it is hard to find a clear or rigorous methodology
in the literature for how one can derive arbitrary orders of LBSs
to approximate the generalized class of control-affine systems in
(1) and how they relate to averaging. For instance, the need for
second-order LBS approximation in Labar et al. (2019) was argued
based on their ESC design which necessitates taking second-order
derivative information captured by second-order Lie brackets.
However, from a generalized approximation theory point of view,
it is unclear why one needs to go up to second-order approxima-
tion and why first-order is insufficient. Also, it is not clear why
going up to second-order is sufficient and when we may need
even higher-order approximations. Similarly, it would be better
to prove, rather than assume, the conditions needed for bounded
higher-order LBSs. Thus, it is motivating to provide a theory that
settles the relationship between averaging and higher-order LBSs.

In this paper, in Section 3, we find the appropriate condition
and scaling to show that the control-affine system in (1) can be
converted to the averaging canonical form in (3). Then, we apply
the theory and tools of chronological calculus (Agrachev & Gamk-
relidze, 1978, 1981; Agrachev & Sachkov, 2013; Kawski, 2011)
and derive a higher-order averaging theory for the system (1) in a
similar fashion to existing results (e.g., Sarychev (2001), Vela and
Burdick (2003)). Then, in Section 4, we show that higher-order Lie
bracket approximations of control-affine systems in the form (1)
are higher-order averaging themselves. In fact, it turns out that
LBSs of order (n) approximating (1) are higher-order averaging of
order (n + 1) of the system (1); that is, LBS approximations can
be generated based on a sequential procedure. We provide the
closed formula for the generalized third-order LBS approximation
of (1). We also show how some assumptions made in previous
works (e.g., Labar et al. (2019, Assumption 2)) are direct conse-
quences of our results. In addition to the mentioned theoretical
contributions, the provided closed formulas of higher-order LBSs
reveal important and useful information that can be used in the
design and performance improvement of ESC systems. It turns
out that one can make - by design - the ESC system closer in
its behavior to a certain averaged system with better properties
such as faster convergence rate. We provide multiple numerical
simulations to illustrate our results.
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2. Preliminaries

Second-order LBS and assumptions. The second-order LBS in
literature (Labar et al., 2019) corresponding to (1) is:

z=bo(2)+ lim " [bi, byl(z)v()+
furss
a}er;O Z Z[[bi, b;1, b](z)vik(w)

i=1 k=1
j=it1

with

oPith T s
vij(w) = T /;/Ouj(kjws)ui(kiwp)dpds (5)

and

wPitPiTPk T
vlw) = L / elleneo?)
g 3T Jo "

t ps (6)
/ / (uj(kjws)ui(kiwp) — u;(kiws)uj(kjwp))dpdsdr,
0 0

where T = (27 /w)LCM(K;', Ky, ..., k1), with LCM be “Least
Common Multiple/Period”. Assumptions A1-A2 below are im-
posed unless otherwise specified:

Al. For every compact set Dy C D, where D C R" is the do-

main, fori = 0, ..., m, bj(x) and all of its partial derivatives
of all orders with respect to x are continuous and bounded
for x € Dy.

A2. For i = 1,...,m, ujkot) [0,00) — R are mea-

surable. Moreover, there exist N;, M; € (0, co) such that
lui(kjwt1) — ui(kjwty)| < Nijlt; — to] for all t1, t, € [0, 00),
SUPrefo,o0)[tilkiwt)] < M;. Also, ui(kiwt) is T-periodic (i.e.,
ui(kiwt) = uj(kijo(t + T))) with fOT ui(kjwt)dt = 0 for some
T € (0, 00).

We note that A1 is more general compared to similar assumptions
in Diirr et al. (2013), Labar et al. (2019) to fit the higher-order
results of this paper. No other assumptions from (Labar et al,,
2019) are needed.

Differential geometric notations. The tools and theory of
chronological calculus used in Section 3 are usually characterized
by notions from differential geometry. We clarify some of these
notations to the reader. We denote the manifold characteriz-
ing the dynamic system (1) by M. We require two conditions.
First, the smoothness condition C*°(M) with all vector fields
on M and their partial derivatives concerning x be bounded
and continuous (see Agrachev and Sachkov (2013, Definition
1.1)). Second, we require all vector fields on M to be Lips-
chitzian with respect to t (Agrachev & Sachkov, 2013, Section
2) (i.e., measurable, bounded and integrable, e.g., Riemann inte-
grable). The mentioned two conditions are in line with assump-
tions A1l and A2; for example, Dy C M. They also match the
condition of t-integrability and x-smoothness mentioned in
Sarychev (2001). Now, we briefly introduce the concept of semi-
norms || - ||s.x on the space C*°(M) which will be applied to vector
fields and flows in Section 3 (the reader can refer (Agrachev &
Sachkov, 2013, Section 2) and Kawski (2011) for more details).
Let the tangent space of each point ¢ € M be denoted by ;M.
Next, we denote the smooth vector fields on M that span ;M
by h;,i = 1,2, ..., n. Then, the seminorm || - | x on the space
C*°(M) is defined for a function ¢ as

ll¢llsx = sup{lhy o---ohi¢(q)l : q €K,
1<ip,....,i<n,0=<1<s},¢ €C®(M),s>0,KC M,
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where K ranges over a countable collection of compact subsets
whose union is all of M. This seminorm provides the topology
on C*°(M) for uniform convergence of all derivatives on compact
sets, i.e., a sequence of function {¢y};2; S C*°(M) converges to
¢ € C*°(M) if for every finite sequence h;,, ..., h; of the smooth
vector field on M and every compact set K C M, the sequence
{hj o --oh; ¢};° converges uniformly on K to h; o---oh; ¢. We
now define seminorms of smooth vector fields h € I"*°(M) (the
space of all smooth vector fields on M) as:

[hllsx = sup{llh|ls,x : 1hls+1.x = 1}. (7)

Finally, for every smooth diffeomorphism ® (e.g., the flow asso-
ciated with the system (1) which generates the system’s trajec-
tories/solutions) of M, s € Z* and K C M, there exists G;x ¢ € R
such that for all ¢ € C*°(M),

”‘1’(1)”5,]1( =< Cs,ﬂ(,é”‘b”s,q&(ﬂ()- (8)

Stability notions. Finally, we provide the notion of asymptotic
and practical asymptotic stability (Dirr et al.,, 2013; Moreau &
Aeyels, 2000; Scheinker & Krsti¢, 2012). For the following defi-
nitions, §— neighborhood of set Dy C R" is denoted by u?o =
{x € R" : infeep, |x — e| < 8} with | - | denoting Euclidean norm.

Definition 1. An equilibrium point (assume the origin without
loss of generality) of the compact set Dy C R" is said to be locally
uniformly asymptotically stable if: (i) we have uniform stability,
i.e., for every € > 0 there exists a § > 0 such that Vty € R,
x(ty) € uﬂj") — Xx(t) € u”j’", Vt € [to, 00); (ii) it is uniformly
bounded, i.e,, if for every § > 0 there exists an € > 0 such that
Vg € R, X(fp) € 1,° = x(t) € UL, t € [ty, oo (iii) it is
uniformly attractive, i.e. for every ¢ > 0 with some § > 0 there
exists a ty € [0, oo) such that V&g € R, X(tp) € U?O — X(t) €
UL, Vt € [to + tf, 00).

Definition 2. A compact set Dy C R" is said to be locally practi-
cally uniformly asymptotically stable for (1) if (i) it is practically
uniformly stable, i.e. for every ¢ > 0 there exists a § > 0 and
wp > 0 such that Vt; € R and Vo € (wp, 0), X(fg) € Uy° =
x(t) € U, vt € [to, 00); (i) it is practically uniformly bounded,
i.e. if for every § > 0 there exists an € > 0 and wq € (0, 00) such
that Vto € R and Vo € (wo, 00), X(fg) € U;° = X(t) € U0, t €
[to, oo]; (iii) it is §— practically uniformly attractive, i.e. for every
€ > 0 with some § > O there exists a t; € [0, 00) and wy > 0
such that Vt; € R and all » € (wo, 00), X(ty) € U° = &(t) €
U, Vt € [ty + tf, 00).

3. Higher-order averaging of control-affine systems via chrono-
logical calculus

Chronological calculus was introduced by Agrachev and Gamk-
relidze (1978, 1981), Agrachev and Sachkov (2013) and is mainly
concerned with time-varying vector fields and their time-invariant
approximations. It offers tools that extend the rich theory of au-
tonomous systems to non-autonomous ones, hence its relevance
to averaging (Sarychev, 2001; Vela & Burdick, 2003). First, we
show that (1) can be rewritten in the averaging canonical form
(3). Let us change the time-scale in (1). For large positive w, let
T = wt with the time period in t-scale as T and in 7— scale as
T’; and dt = wdt. Then,

dx 1 1 e
o= b+ — Zw”'ui(kit)bi(x). 9)
~—— i=1

I

i}
Note that the term I is independent of r. Hence, averaging of
I will be itself without change. Thus, we provide the following
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lemma focusing solely on the term II and for the time being, we
drop the term I.

Lemma 1. Let Assumptions A1-A2 hold, then with pi € (0, 1) for
alli=1, ..., m, there exists a p* € (0, 1) with € = «” ~! such that
the control-affine system

dx 1 < )

=== > wPiukit)bi(x). (10)

i=1
can be written in the general averaging canonical form in (3) with
lim._oef(x,t;€)=0.

Proof. Let us define p* such that fori =1,...,m, o’ = niwl’*,
where 7; is positive number. Then we have

dx _ - Xm: ui(kiTbi(x)) (11)
7 _ (B (X)),

dc niuilK; i

i=1

Let € = o’ 1. Now, we require € — 0 and w — oc. This is only
possible if p* — 1 < 0 = p* < 1. Furthermore, we require that
as € — 0 with n; dependency on w, lim._¢ €f(x, T; €) = 0 with
fx,15¢) = Zi'll niui(k;it)bi(x). Since u; and b; are bounded per
A1-A2, then we need to show that for all i, lim._,q '7% = 0. Let us
scale € back to w and convert the limit to w. Then,

1

_ =ﬂ}£§ow2”*_”"_l- (12)

lim < = lim
e—>0 ni
The limit in (12) is 0 only if for all i, we have p* < p;/2 + 1/2.
Hence, p* € (0, min(p;/2 4+ 1/2)) < (0, 1) satisfies all the above.
Then, the system (10) can be written as

B3 nukir)bi(x) (13)

dr =~ ¢
i=1
which is the general averaging canonical form in (3). O

Remark 1. From Lemma 1:

e The existence of p* enables us to perform averaging without
choosing a particular value for p*. The substitution € =
«” ' in the averaged system eliminates the presence of p*
(as shown later in the proof and results of Theorem 4).

e One can deduce from (10) the reason why the assumption
pi € (0, 1) is needed which is emphasized in Lemma 1 but
was provided in literature without much justification. That
is, as @ — oo, p; € (0, 1) guarantees that the right-hand
side of (10) goes to 0.

e It is worth noting that a close observation to the above was
made in Scheinker and Scheinker (2018) that the power of w
in the ESC perturbation has to be less than 1, so for example,
for a system with non-affine control input u™ it is shown
that the amplitude of the ESC feedback should be of the form
w!/?™ with positive m.

Moving forward, we denote fx, t; €) by f,.

Proposition 1.
then ef , = O(¢).

If we choose p* such that 0 < max{p;} < p* < 1,

Proof. To show €f, = O(¢), one needs to show that |ef,|/e < co
as € — 0 (or w — 00). Now,

lef .| |e X, mitti(kiT)bi(x)
€ €

; (14)

per A}—Az, ui(kit) and b;(x) are bounded. Thus, we need |n;| =
|@Pi~P"| to be bounded as w — oo. This is satisfied if p; — p* < 0,
hence 0 < max{p;} <p* < 1. O
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Remark 2. It is important to note that p* can be chosen such that
one can change the order of €f , i.e. if one finds a p* that does not
contradict the condition 0 < p* < 1 then one can find a different
order of € for ef , (with positive power to guarantee ¢f, — 0 as
€ — 0). For example, if one wants to show ef, = 0(¢'/?), then
one needs to show |ef|/e'/? is bounded as ¢ — 0. Following
a procedure similar to Proposition 1, one obtains the condition
p* > 2max{p;} — 1 (this hold, e.g., if all p; = 0.5).

Let us consider the system (13), re-written as:
d—xzxoefr; x(0) = xo, (15)
dr

where x o €f, = €f (%), which is the vector field of (13).
Following Agrachev and Sachkov (2013, Section 2) the trajectories
of x(7) are generated with the corresponding flow:

<I>if 1 Xy — X(7, X0) (16)
satisfying the differential equation
39 =¥ oef,; o =14, (17)

where Id is the identity operator (i.e., Id denotes the flow x(7) —
x(7)). The flow ¢I>§f in (16) is called the right chronological expo-
nential of the field ef, and denoted as: ® = e_x;))for ef ,dp. We
can now rewrite (15) in the integral form as

x(r)=x0+/rx(r)oéfrdr, (18)
0

and substitute this expression of x(t) above into the right-hand
side itself (i.e., for () above), we get

T 131
=Xy + / (XO + /. X(‘L’z) o foz d‘L’z) o 6fr1 d‘[]
0 0

=Xp 0 <1d —+ / Gfpdp>
0

T 1
+ / / X(r2) o f , o ef , dradTy
o Jo

This process can be repeated iteratively to obtain

T
X(T) = X0 <1d+/ Efpdp+f/ ef ., o ef -, dradry
0 Ay(1)

++// Efrno"'offrldfn~--dﬁ>+ (19)
An(t)

f/ A{(rﬂ“)oefﬁprl o~~-oefr1drn+1...drl,
An+1(f)

with Ay(t) = {(t1, ..., ) €R"0 <1, < --- <11 < 7}. Now,
formally passing in (19), limit n — oo, we obtain a formal series
for the solution x(7) in (15):

x(r):xoo<1d+2/---f efrno--~oefrldrn...dt1). (20)
n=1 An(7)

Similarly, the solution to (17) will be

@jf:Id+Zf~--f €f 0 oef, dry. .. dry. (21)
n=1 An(7)

The convergence of the above series is discussed in Agrachev and
Gamkrelidze (1978), Kawski (2011) and it is shown that the series
(21) gives an aﬂmptotic expansion for the chronological expo-
nential ¥ = exp [ ef ,dp with a bounded remainder (Agrachev
& Sachkov, 2013, Section 2). Let us denote the rth approximation
by the partial sum:

Sr+1(r):Id+Zf--~/ efZ"o“-oEfrld‘L’n...d‘L'], (22)
n=1 An(7)

~—

x(t
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then,
<

T
’ (exb / f dp = Sr11(7))
0 5K
Cecfor llefplls s dp T r+1
i1 (/0 ||€fp||s+r,K’dp> lANstrs1x

where C > 0, ¢ € C*°(M), K’ is some compactum containing K
and the seminorm || - ||sx as in Section 2.

(23)

Proposition 2. [ |ef |l xrdp = O(et) for any r.

Proof. By Proposition 1, there exists M > 0 and ¢* > 0 such
that for all € € (0, €*), we have |ef| < Me. Hence for any r,
Jo lefpllrxdp < [ Medp = Met = O(et). O

Remark 3. In (24) as noted in Agrachev and Sachkov (2013,
Section 2), Kawski (2011), if € is fixed, then as T — 0, O(e"*17"*1)
becomes O(t'*1). If t is finite, then as ¢ — 0, O(e"*1¢"*1)
becomes O(e"*1!). Moreover, for a truncation r, one can trade-
off between the approximation order and the period where the
bound holds. For example, for r = 2, one can choose T = 0(1/4/€)
(i.e., exrg?nding the time horizon) but the bound in (24) is reduced
to O(e 2 ).

With the above proposition, (23) can be written as

(exb / ey - Sa(D)s| =0 e ), (24)
0

s,K

The inverse to the chronological exponential e_x;)v for ef pdp is
called the chronological logarithm (Agrachev & Sachkov, 2013;
Sarychev, 2001; Vela & Burdick, 2003) which provides the map-
ping e_xﬁfOT ef,dp — €f,. The goal of averaging theory then
(Sarychev, 2001; Vela & Burdick, 2003) is to find an autonomous
vector field V, with a flow exp(V ) that best represents the flow
ex—;)) for €f ,dp of the time-varying vector field ¢f . such that the
following equality holds:

&b [ efpdp = explV) (25)
0

The above equality is in an asymptotic sense (Sarychev, 2001;
Vela & Burdick, 2003) and is crucial to hold if we can claim
that trajectories/solutions generated by exp(V ) are approximate
to trajectories/solutions generated by e—xﬁ for €f ,dp. This will be
addressed in Proposition 3, but we need to show first how we
obtain V,. We apply the logarithm to (25) and solve for V, such
that: V, = ln(e_ﬁ)(f(f efpdp)>. Even though the logarithm V.
depends on t, it is an autonomous vector field whose flow after
unit time maps to the same point that is reached by the time-
dependent flow at time t. Any change in the final time t results in
a new autonomous vector field. The logarithm can be represented
as an infinite series of variations given by

o0
vV, = Z v (26)
r=1
with
T 1 =1
v :/0 /0 fo Se(ef ¢y - - €f  )dr.dTy, (27)

representing the rth variation of the identity flow corresponding
to the perturbation field ef ,. The integrands (Maggia et al., 2020;
Vela & Burdick, 2003), G,(-) are sum of iterated Lie brackets,
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denoted by ad (e.g., ads, &, = [&2, &1]). First four integrands are

G1(¢) =&,
61, &) = Sad .

1
G2(61,52,83) = g(adsgadszfl + adag,, 5, 61), (28)

1
$2(61, 62,83, 84) = 1 ( adadg4sgad§251 + adadud&l;y&fl"‘

ad54adad$3§2§1 + Gd&adad&lgzél ) .

Now we are in a position to provide the condition for the
asymptotic equality in (25) in light of the above series.

Proposition 3. Ifr = fip with 0 < p < 1. Then,

T
(@ [ etyto - emvi)o] <
0 s, K
T r+1 (29)
| / lefpllsearsadp| I lsiriaoc, = 0™ 1T,
0

where the constants Cq, C3, Oc, depend on s, r, and K.

Proof. By Proposition 2, [; [l€f ,llrxdp < Met < Me'~P. Since M
is finite, and €!~? — 0ase — 0, then there exists €* such that for
all € < €*, Me'™P < 1. This satisfies Agrachev and Gambkrelidze
(1978, Proposition 4.1). O

Remark 4. Proposition 3 provides the error bound due to r-
truncation in the flow expansion; this holds for both time-varying
flow and autonomous flow since the right chronological exponen-
tial recovers the regular exponential for autonomous vector fields.
Proposition 3 provides the approximation condition between the
trajectories generated via the time-varying flow (original system)
and its autonomous r-order approximation. This holds regardless
of stability; a similar observation was made in Vela and Burdick
(2003).

In a linear Floquet-like fashion, we move into finding a special
case of an autonomous system that has its trajectory coinciding
with the original time-periodic system, not at the unit time, but
after a period t =T'.

Theorem 1 (Nonlinear Floquet Theorem (Sarychev, 2001, Theorem
3.2),(Vela & Burdick, 2003, Theorem 5)).

The flow <I>§f generated by the nonlinear time-periodic system in
(13) can be represented as a composition <I>§f = e oP, of the flow
e\ of the autonomous vector field A and a T'— periodic map P, if
the diffeomorphism <1>?,r admits a logarithm V1., where

1 1 g 1, /("
A= FVT/ = F(I)T/ = Fln(exp(/(; ef,dr)). (30)

Sarychev (2001) noted that by defining A as V1 divided by the
period T’ makes its flow e’ generates averaged trajectories with
Theorem 1 being a nonlinear analog to the known linear Floquet
theorem. The reader may refer to Maggia et al. (2020, Table
1) for a nice comparison between linear and nonlinear Floquet
theorems. As presented in Maggia et al. (2020), Sarychev (2001),
Vela and Burdick (2003), the following system is the complete
averaged system:

dx _ U
o =A®= ;Ai(x). (31)
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In (31), if r = oo, then we have complete averaging. If r = r* is
finite, then we have averaging of r-order. In addition, the relation
between the stability property of (31) to that of the original
nonlinear time-periodic system (13) is provided by the following
theorem.

Theorem 2 (Sarychev (2001, Theorem 3.1), Vela and Burdick (2003,
Theorem 6)). If the monodromy map M = <I> of the system (13) has
a fixed point, then the flow <1>ff has a perlodlc orbit whose stability
is determined by the stability of M.

Remark 5. The following can be concluded based on Theorem 2
and statements available in references.

e As clearly stated in Vela and Burdick (2003), Theorem 2
means that if the complete (i.e., r = o00) averaged au-
tonomous system (31) is asymptotically (exponentially) sta-
ble for an equilibrium point, then the associated orbit of
the original time-varying system is asymptotically (expo-
nentially) stable.

e If one concludes asymptotic stability for (31) via a finite
truncation r = r*, then for Theorem 2 to hold, one has to
show or assume that the asymptotic stability property for
(31) will not be distorted by any r > r*. This is stated clearly
in Sarychev (2001, Section 8).

e Given that r = 1 in (31) is equivalent to the first-order
averaging in classical averaging, the results of Khalil (2002,
Theorem 10.5) applies where exponential stability of (31)
when r = 1 implies the exponential stability of the original
system; it is not proved, but we expect this to carry over to
higher orders (r > 1).

As noted in Remark 4 and Remark 5, the approximation be-
tween the trajectories of (13) and the averaged system trajecto-
ries (31) for finite r = r* is established. Now, we prove that the
bound in Proposition 3, i.e., O(¢'*1t"*1) can be made arbitrary
small for any time horizon that can be stretched as needed.

Proposition 4. Let the time horizon t = 1/€” where 0 < p < 1.
Then, the bounds in Propositions 2 and 3 vanish as ¢ — 0 (or
equivalently w — o0).

Proof. It is obvious that as ¢ — 0, 7 = 1/ — oo. From
Proposition 2, for lefpllrdp < Mezt for some finite M > 0.
Observe that et = €/e? = €'P; in terms of w, we substitute
€ = w1 as it is defined earlier. This results in et = €!™? =
w® ~N01-P)_ Clearly with 0 < p* < 1and 0 < p < 1, it follows
that et — 0 as € — 0 (or equivalently as w — o). Since r > 1,
the bound in Proposition 3 vanishes as well (i.e., e ¢’ — 0)
asaresultofer - 0. O

Moreover, one can directly relate the trajectories approxi-
mation established above, asymptotic stability of the averaged
system of order r = r*, and the concept of practical stabil-
ity (Moreau & Aeyels, 2000) straightforwardly. We provide the

following theorem.

Theorem 3. [f the system (31) for some r = r* has an equilibrium
point X* € Dy that is asymptotically locally uniformly stable, then
the system (13) is practically uniformly asymptotically stable for Dy.

Proof. It follows immediately from Proposition 4 that for any
fixed time horizon 7y > 0, the error bound between the solution
of (13) and solution of (31) in the time domain t € [0, 7] can be
made arbitrarily small. That is, for any 7; > 0, € "'z/*" — 0 as
€ — 0, or equivalently as w — oco. O
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Finally, for computing r-order averaging (also referred to in
literature sometimes as logarithms) for the averaged system in
(31), one should compute r terms (partial sum) of the series (27).
Simplifications using properties of Lie brackets can be used so
that one can get G, expressions (e.g., (28)). After that, one divides
by T’ (per (30)). For more details, the reader can refer (Vela, 2003,
Section 2.2.2). First four logarithms are provided below (Maggia
et al., 2020):

A==

/ f.dr, (32)

= / [ [ gyavs o, (33)

3

As =% (—%[A1,Az]+
% foT/ Uotfpdp’ [forfpdp’fr]] dr )

4'T’ (fo [fo [ L frdr, fq] dq, [fpvff]]
+[fy [fo [Jo Frdr.fo]da. f,)dp.f] (35)
+ Jo Lo £ada. [[Jo £oda.f] . £ ] dp) dr.

(34)

Ay

4. Higher-order Lie bracket approximation and application to
extremum seeking

Theorem 4. Let Assumptions A1-A2, the results of Lemma 1 and
Proposition 4 hold, then forr = 1, ..., 4, the (r )-order averaging of
the control system in (1) corresponds directly to the (r — 1)-order
LBS provided in (36):

Z=ho(z)+ ) L(z), (36)
i=1

with

L= 0, (37)

—Z Z Virja (B, » by, 1, (38)

j1= 112—J1+1

= Z Z Z Virjais [Bjs - [bjy > bj, 11, (39)

1= 112—]1+113=1

Z Z Z Z ﬁ1111213]4[[b11’b2] [J3vbj4]:|

1=1j=h+1j3=1j4=j3+1
m m m

+D 02 D0 Bui by, by, by, by,

h=1h=h+1j3=1j4=1

(40)
where
PP =1 T T
Vi, = T/O (ufz(kaf)/(; ujl(kflp)dp
4 (41)
_ ujl(kjlr)f ujz(lqu)dp) dr,
0
WP TP P32 T et
Vitals = T3 /0 /0 ujs (kj;$)ds (”jz(kaf) )
42

T T
/ w, (k;,p)dp — w;, (k;, 7) / u (k,)dp ) d,
0 0

and

T/
1
— P TP PP P =3 L
‘311'11'2)'31'4 w 12T’ 0 a5(t)]1]2/3]4dt
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By = @ PP 121T' /0 T (o8(T )jsinisia
— 010(T)jyjzjziy )T,
with
os(Dhiinia = Jo ( (uj4(’<f4f Jujs (ki p) — wjs (ki T )uj4(/<j4p))
x (3 (O fi (ki)
uj, (kiyq) Jo w;, (ki,r)dr ) dg )) dp,

(43)
as(Uiinis = Uia(kiyT) o <f0p (”fz(kaq) Jo uiy(Kjyr)dr—
q
uj1(kjlq)fo ujz(kfzr)dr ) dq ufz(kjap) ) dp,
(44)
alo(f)jljzjﬂ4 = for (( ujz(kap)fop uj1 (khq)dq - uj‘](kj]p)
f(f ujz(ka‘ndq> Uj, kl3 fo u]4(kl4q)dq) dp;
(45)
where p, q, 1, s, T are the variables of integration, and T' = (27) x

LeM(ky ' kY k.

> m

Proof of Theorem Theorem 4 is provided in Appendix A.

Corollary 1. If z(t) € Dy, for any tf > 0, Vt € [0, t], then there
exists €* > 0 such that for all ¢ € (0, €*), there exists d(¢) > 0
such that |x(t) — z(t)| < d(e) for t € [0, tf]. Moreover, as ¢ — 0,
d(e) — O for any r.

Remark 6. Corollary 1 follows immediately from Theorem 4
where it is shown that the trajectories of the higher-order LBS
denoted by z are in fact trajectories of a higher-order averaged
system; hence, Proposition 4 applies. In addition, Corollary 1 gen-
eralizes what needed to be proved in Diirr et al. (2013, Theorem
1) and Labar et al. (2019, Lemma 1), where the distance between
the original system and LBS is shown to be bounded.

Corollary 2. Suppose for finite r = r* we have z* € Dy an equilib-
rium point of the system (36) that is locally uniformly asymptotically
stable. Then (1) is locally practically uniformly asymptotically stable
for Dy.

Remark 7. Corollary 2 is a straightforward result from Theorem
4 where Corollary 1 and Theorem 3 apply.

4.1. Complete averaging by design, asymptotic stability results, and
re-examination of literature works

From Proposition 1 and for finite T" and r, (31) can be written
as (similar observation is made in Vela and Burdick (2003)):

dX <
o= Z A; + 0(e™. (46)

In t—scale, another representation of (36) by (46) is

=) Lz, 0)+ 0" v). (47)
i=1
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Proposition 5.  Iflim, .o, Y ., Li(z, w) = G(z) < 00, Vz € Dy
and 0 < max(p;) < p* < r/(r + 1), then z = G(z) represents a
complete averaging asymptote.

Proof. We want to find the condition for €' *lw — 0 as w — oc.
Note that €t = @@ ~DI+1D+1 5o we need (p*—1)r+1)+1 <
0. This is satisfied if p*r + p* —r < 0,ie.p* <r/(r+1). O

Remark 8. Proposition 5 provides a condition that can be met by
design for which one can make an achievable choice of max{p;},
i.e, all p; < r/(r+1)in (1) so that the ultimate behavior of (1) is
qualitatively captured by z = G(z) as @ — oo. This also means
that Theorem 2 applies. That is, asymptotic (exponential) stability
of Zz = G(z) implies asymptotic (exponential) stability of (1) as
w — o0 (in the sense of Khalil (2002, Theorem 10.5)).

The condition provided in Proposition 5 is also explainable

from our generalized LBS in (36). For instance, if r = 2 (1st-order
LBS), then p; and p, will be both strictly less than r/(r+1) = 2/3.
Hence, going higher in order, the power of w will be strictly
negative since any p;, + p;, +pj; < 2/3+2/3+2/3 = 2,
hence vjj,;, will vanish as @ — oo; it remains to show that
lim,,_ o L2(z, w) = G(z) bounded and defined. Similarly, if r = 3,
2nd-order LBS, all p; less than 3/4 means that pj, +pj, +pj; +Dj, —
3 < 0and ﬂlm 1314 ,32“ " vanish as w — o0; it remains then
that one shows { Mgy 00 Lzzz w)—+L3(z, w)) = G(z) bounded and
defined. Now, let us re-examine the works of Diirr et al. (2013),
Grushkovskaya et al. (2018), Scheinker and Krsti¢ (2014a).

Corollary 3. Ifp; = 1/2 for all i in (1), then z
represents complete averaging asymptote.

= L, in (36)

Remark 9. Corollary 3 can be easily verified by examining vj,,j,-
Clearly any p;, + pj, — 1 = 0, hence lim,_, L, is bounded,
satisfying Proposition 5. This also means that Remark 8 applies
for asymptotic stability. To conclude, in systems like those in Diirr
et al. (2013), Grushkovskaya et al. (2018), Scheinker and Krsti¢
(2014a), first-order LBS approximation suffices for capturing the
ultimate qualitative behavior of the system for stability, and
convergence rate, among other qualitative behaviors.

Now we re-examine the work of Labar et al. (2019). Going
to higher orders such as r = 3 is more challenging even if one
chooses for example p; = 2/3 for all i to satisfy max{p;} < 3/4
per Proposition 5 and also to maintain the power of w at 0 in
Vjjjs- That is, p; = 2/3 for all i implies that p;, + p;, > 1,
making the power of w greater than 0 in vj;;,; this makes the limit
condition in Proposition 5 not applicable as v j, is unbounded
when taking limit @ — oo. This reality imposes a challenge to
acquire a complete averaging asymptote as in Proposition 5. One
has to involve the Lie brackets themselves in L, in (36) and/or the
iterated integrals (taking advantage of their different frequency
scales, k;); hence Labar et al. (2019, Assumption 2). That assump-
tion imposed that the Lie brackets and/or iterated integrals in all
undesired terms in L, and L3 have to vanish whenever the power
of w is positive; we only consider these terms with power of @
at 0 as desired terms in the design. The mentioned assumption is
only a special case. One can surely keep powers of w in undesired
terms positive and still maintain a LBS approximation for fixed w
per averaging theory. Note that our results (36) when we truncate
at r = 3 recover the second-order LBS by Labar et al. (2019) but
without the imposed limw — oo (see (4)) as this is a special
case of our results by doing the following with (42): (i) change
the variable 1 to t usmg the relation 7 = wt (11) lmpose that
uj, (ki 1) [y uj, (k = —uj,(k,o1) [y ujy(k (e.g., specific
kmds of smusmdal functions) The second- order LBS as it was
used in ESC design by Labar et al. (2019) is a complete averaging
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asymptote by the following more relaxed condition derived from
Proposition 5 which is important in relating not only p; with r,
but also taking in consideration the number of control inputs m.

Corollary 4. Let m < r, lim,_ L; bounded and defined for
i=1,...,m, and pj, +pj, +---+pj, = m—1, then with v — oo,
Lyy1=Lpy2=---=L =0and

m
z=bo(z)+ ) _Li(z), (48)

i=1

provides a complete averaging asymptote.

Remark 10. Corollary 4 means that if for m control inputs, if one
chooses pj, +pj, +- - -+p;, = m—1, then as @ — oo, higher-order
terms L,,,; will vanish due to negative powers of w, leaving the
remaining terms (L1, ..., L) to capture the completed averaged
properties of the original control-affine system. For example, if
m = 2, and p; = p, = 0.5, i.e,, p1 + p. = 1, then one can see
that the power of w will be negative for L; because adding p; or
p> (both of them are strictly less than 1) to p; + p, will be less
than 2(see (39)) and similar observation apply to L4 (see (40)).

4.2. Application to extremum seeking and simulations

With the understanding of Theorem 4 which establishes the
connection between higher-order averaging and LBS approxima-
tions for control-affine ESC systems, and along with the strong
insights derived from Corollaries 1 to 4 and Proposition 5, one
can have a more comprehensive understanding of control-affine
ESC systems and how to design them for better performance
and based on what order of LBS. This perhaps will need many
studies to do after the results this paper provides, but here we
will highlight a few of the observations we were able to make
and verify them via Examples.

01. For a given ESC, one can check the condition of Proposition
5 (Remark 8) or Corollary 4 (Remark 10) to determine the r-
order of LBS that is complete averaging asymptote which is
the ultimate representative of the ESC qualitative behavior
(e.g., convergence rate and stability). See Examples 1-2.

02. Thanks to (36), one can improve ESC performance by de-
sign (especially convergence rate) to be influenced by
higher-order derivatives, even beyond Hessian, which is
unprecedented in ESC literature to the best of our knowl-
edge, while maintaining a bounded average/LBS as w —
oo. In Examples 3-4 we show how one by careful choice
of p;, k; with tracking zero and non-zero Lie brackets, can
achieve an ESC with a bounded average as w — oo that
estimates third-order derivative information for the first
time.

03. Due to higher-order averaging theory, truncating before
the desired order may or may not capture stability, but
even if it captures stability, convergence behavior will best
be represented by the complete averaging asymptote. Refer
to Examples 2-3.

04. ESC designer can totally make choices that do not lead to
complete averaging asymptote. LBS approximations in (36)
still hold and provide the results of Corollaries 1-2; no
need to impose lim w — oo as in Labar et al. (2019) (also
provided in (4)).

Example 1. This example verifies observation 01 that if Proposi-
tion 5 is satisfied (like the works of Diirr et al. (2013), Grushkovs-
kaya et al. (2018), Scheinker and Krsti¢ (2014a) as in Corollary
3), then we have a complete averaging asymptote that captures
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State x vs time for gradient based LBS

4 .
ESC (m=2)
35 First-order LBS (r=2)
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Fig. 1. Comparison of ESC with 2 control inputs and LBS approximations
truncated at r =2 and r = 3.

the ultimate qualitative behavior of the ESC (e.g., stability and
convergence rate), and higher orders will not be needed. Let us
consider:

m

k=) oPbxuikiot), » = h( —v); (49)
i=1

with m = 2,J = —H(x — 1)* as the cost function and v as

a variable introduced by the presence of a high pass filter of
frequency h. The expressions and numerical values used in our
simulation are b; =] —v, by = q, u; = sin(kjwt), u; = cos(k,wt),
p1=p2=05k =k=1w=20,h=5a=1and H = 1/10.
The initial condition is [xg, vo] = [4, 0]. We computed first-order
LBS (r=2) and second-order LBS (r=3) using the formulas of L, to
Ls in (37)-(39), and plotted both of them with the ESC system.
The simulation is shown in Fig. 1. One can clearly see how well
the LBSs capture the average behavior of the ESC system. It is
also clear that the first-order LBS (r=2) was enough (no need for
LBS with r=3) to capture the qualitative behavior of the system
(e.g., stability and convergence).

Furthermore, note that the number of control inputs is m = 2
with p; + p, = 1. So, Corollary 4 is applicable as well.

Example 2. In this example we demonstrate two things. First, the
importance and need in some cases for going to higher-order LBSs
to capture stability and achieve complete averaging asymptote
as in observation O1. Second, if the design needs higher order
derivative information such as Hessian, then as in 02 we may
need at least m = 3 so second-order Lie brackets extract Hessian
from vector fields involving the objective function. We show
that taking r = 2 in (36) to approximate the Newton-based
ESC in Labar et al. (2019) will not be sufficient to capture the
averaged dynamics of the ESC system and one needs to go higher,
to r = 3, to capture the qualitative behavior of the ESC via
a complete averaging asymptote. We take the system in Labar
et al. (2019, Section 5). The ESC system is in the form of (1) with
states ¥ = [x1,d,y.z]", by = [pd, —w4(y + zd), —wyy, ®,z]",
b, = [1,0,0,0], b, = [0,0,a,/,0], b3 = [0,0,0, a3J] with
J = H(x;—1)?, a; = —2kwy, a3 = 8k?w,. The values of parameters
areH =2,k=1,p=03,09 = 05,0, = 20,w, = 0.5, p1 =
0.51, p, = 0.49, p; = 0.98. The control inputs are u; = sin(kwt),
U, = cos(kwt) and u3z = cos(2kwt) with w = 20. Now, the higher-
order LBS can be calculated as z = by +[0, 0, w, V](z), 0, V] (2)]".
The simulation results are shown in Fig. 2.

One can clearly see that the second-order LBS captures the
qualitative behavior (e.g., stability and convergence) of the ESC
system. However, if one truncates the LBS at the first-order (r =
2), then the Hessian information is lost and the system actu-
ally becomes unstable, i.e., (it does not capture any qualitative
behavior, e.g., stability or convergence).
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Trajectories of ESC and LBS using Newton-based algorithm
T T T T T

25
Newton-based ESC from [1]
2N = = :First-order LBS (r=2) e
- A = = +Second-order LBS (r=3)
i} »
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Fig. 2. Trajectories of ESC and LBS using Newton-based algorithm with LBS
truncated at r = 3 (dashed-blue) and r = 2 (dashed-red).

Example 3. The objective here as stated in 02 is to design
an ESC with third-order derivative influence that possesses a
high convergence rate. Let us consider system (49) but with
m = 4 suchthat b = J —v,b, = b3 = by = a, u; =
sin(kjwt), u; = cos(kywt), u3 = sin(kswt), ugy = cos(kswt). We
take a fourth-degree polynomial cost function ] = —H(x — 1)
to test convergence better. Qur proposed ESC has py = p, =
ps = 05,p4 = 099, k; =k, = 1,ks = 1/3,ky = 3/2. For
simulation we take v = 100, h = 5, a = 1 and H = 1/5. The
initial condition is [xg, vg] = [3, 0]. Here we briefly explain our
design rationale, but the reader is directed to our supplementary
file and code (Pokhrel & Eisa, 2024) for all details. Now, for
L, corresponding to first-order Lie brackets (see (38)), we have
[bZH b3] = [b27 b4] = [b37 b4] = 0. So, [bla b2]7 [bl’ b3]! [bla b4]
are the relevant non-zero Lie brackets (all of which depend on
[b1, by1); and only v1,, vy3, V14 are relevant, however, only v, has
non-zero value given by v, = 0.5. Now, for L3 corresponding to
the second-order Lie brackets (see (39)), the Lie brackets involv-
ing [b,, bs], [ba, bs], or [b3, by] will be zero and the relevant Lie
brackets are given by [by, [b1, b»]] and [b,, [b1, b>]]. There are 12
relevant vj j,;, (corresponding to non-zero Lie brackets) given by
V121, V122, V123, V124, V131, V132, V133, V134, V141, V142,

V143, V144, Where bold v j,;, corresponds to those with p; +
pj, + pj; ~ 2 except for vigq, for which p;, + p;, + pj; >
2, threatening the boundedness of L3 as @ — o0. However,
thanks to the choice of control inputs, the corresponding iterated
integral (see (42)) neutralized the effect of v144. Furthermore, it is
found that the iterated integrals are not all zeros, thus, making L;
significantly important in the higher-order LBS calculation. Now,
for L4 corresponding to the third-order Lie brackets (see (40)), one
will find that the Lie brackets of the form [[bj,, b;, 1, [bj;, b;, 1] are
zero since b, = bz = b4, and the non-zero relevant Lie brack-
ets are [[[b1, bz, b1], b1], [[[b1, b2], b1], b2], [[[b1, b2], b2], b1] and
[[[b1, b2], b21, by]. Since the Lie brackets multiplied with ,31j s
(see (40)) are all zeros, ﬂlfu‘ iaia do not need to be computecl1 an
there are only 48 relevant ézmzjm that need to be computed. All
of the ,82J.1 ioisia have not been provided due to space constraints
but it is found that ﬂzflfz]éle corresponding to p;, +pj, +pj, +pj, ~ 3
do not all have zero iterated integrals (with some, actually, hav-
ing significant values). Thus, L4 (capturing third-order derivative
information) has considerable importance in the higher-order
LBS. Note that $,,,, = 0, hence L3 is bounded with respect
to w, so is the entire third-order LBS for this ESC system. We
compare the performance of the proposed ESC with the Newton-
based ESC and its LBS as in Example 2 but with the objective
function and relevant parameters as the proposed system. The
initial condition for this system is chosen as xy = [4, 26.6, 0, 0]
such that two systems will have the same initial convergence rate
for performance comparison. Fig. 3 (top) shows the simulation
results comparing both cases.

It is remarkable and immediately noticeable that the rate of
convergence of the simple, proposed ESC is very high (converge
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State x vs time
T

Proposed ESC (m=4)
= = first-orderLBS (r = 2)
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Fig. 3. Comparison of performance between our simple, proposed ESC with
m = 4 based on third-order LBS vs. Newton-based ESC with m = 3 from Labar
et al. (2019).

within 5-10 s) and still qualitatively captured by the third-order
LBS in a much better manner than if one truncates at first-order
LBS; however, the first-order LBS is still sufficient for providing
the stability property similar to Diirr et al. (2013). On the other
hand, the Newton-based ESC system (the second system) is much
slower (converges within 40 s). The reason for the faster con-
vergence for the first system is the extracted third-order deriva-
tive information influencing the complete averaging asymptote
(i.e., the third-order LBS). For further analysis, we also present
in Fig. 3 (bottom) the effort exerted by the control inputs and
the state effort of the system. To find the control effort we use
the formula fot >, u2dt. Similarly to find the state effort, we

use the formula fot x%dt. As expected, since the proposed system
uses four control inputs as opposed to three control inputs for the
system in Labar et al. (2019), the effort exerted by the controls for
the proposed system is larger, however, the system as a whole
is more efficient and exerts less energy. That is, the trade-off be-
tween faster convergence and larger control effort is not balanced
and shows the advantage of faster convergence in the system
effort as a whole. However, for very large t it is expected that
the difference between both systems in state effort will diminish
since the proposed system is stabilized with a larger radius about
the extremum. This drawback can be reduced/minimized if one
considers techniques of attenuating oscillation (Pokhrel & Eisa,
2023) especially given how fast the convergence is for the pro-
posed ESC. Another option is the design of a system whose control
vanishes at the extremum point similar to what was proposed
in Grushkovskaya et al. (2018) which we tackle in Example 4.

Example 4. For this example, we take a system similar to the
one in Grushkovskaya et al. (2018, Section 4) which possesses
polynomial convergence properties. This system is a special case
of the proposed system below when only the first two control
inputs are considered with p; = p, = 0.5:

. 1—eJ® - N
X = m ((,() Sln(lﬁ)lh + w COS(lp)u2+ (50)

@P3sin(yr )uz + wP4cos(yr )y ),

for J(x) # 0 and x = 0 for J(x) = 0 with ¢ = &® 4+ 2In(d® — 1)
with u; = cos(kiwt), u, = sin(kywt), us = cos(kswt), uy =
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2 T ESC in [22] (m=2)
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1 . I I . L L

0 2 4 6 8 10 12 14 16 18 20
Time
20 Effort vs time x10°
State effort for proposed ESC
30 State effort for ESC in [22] 115 <
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Fig. 4. Comparison of performance between ESC with m = 2 from Grushkovs-
kaya et al. (2018) and our proposed ESC with m = 4 based on third-order LBS
design.

sin(kqwt). We take ] = H(x — 1)*. We choose p; = p3 = 0.99,
p2 = ps = 0.01, k; = k, = 1,k3 = k4 = 0.25. We note
that for this example, similar to Grushkovskaya et al. (2018),
Assumption A1 may be relaxed with a regularity requirement for
the Lie derivatives which we assume is holding. For simulation,
we take w = 100, H = 1/3 and xq = 2. We use (36) to obtain a
third-order LBS for the proposed ESC (50) and borrow the first-
order LBS for the ESC with m = 2 from Grushkovskaya et al.
(2018, Section 4) with p; = p, = 0.5. Here we briefly explain our
design rationale, but the reader is directed to our supplementary
file and code (Pokhrel & Eisa, 2024) for all details. It is clear from
(50) that bl = b3 and bz = b4 with b] = Wsin 1//', b2 =
JFcosyr, ¢F = (1 —ed™)/(1 + &™), Now, for L, correspond-
ing to first-order Lie brackets (see (38)), we have [by, bs]
[bz, b4] = 0. So, [b1, bz], [b], b4], [bz, bg], [bg, b4] are the relevant
non-zero Lie brackets (all of which depend on [b1, b;]); and only
V12, V14, V23, V34 are relevant. It was found that only vy, and v3y4
are non-zeros given by vy, = 0.5 and v34 = 2, both of which have
pj, + pj, = 1, yielding L, bounded as w — oo. Now, for L3 cor-
responding to second-order Lie brackets (see (39)), Lie brackets
having [by, bs] or [b;, b4] in them will be zero and the relevant Lie
brackets are [bq, [b1, b2]] and [by, [b1, by]]. There are 16 relevant
Vj,jpj5 (corresponding to non-zero Lie brackets) given by v121, V122,
V123, V124, V141, V142, V143, V144, V231, V232, V233, V234, V341, V342, V343,
V344, where bold vj,;,;, correspond to those with p;, +pj, +pj; ~ 2.
However, the iterated integrals for said vj,;,;, were found to be
zero. Thus, only vj,;,;; with p;, + p;, + pj; = 1 (i.e. with power
of w approximately about —1 in (42)) are the only ones with
non-zero values, thus making L; bounded as w — oo, but less
significant (i.e., L3 almost vanish for large w). Nevertheless, none
of the terms are ignored in the simulation. For L4 corresponding to
third-order Lie brackets and extracting third-order derivative in-
formation (see (40)) one will find that the Lie brackets of the form
[[b;,, bj, 1, [bj,, bj, 1] are zeros and the non-zero relevant Lie brack-
ets are [[[b1, b2], b1], b1], [[[b1, b2], b1], b2], [[[b1, b2], b2], b1] and
[[[b1. b2], by], b, ]. Since Lie brackets multiplied with §y; . . . (see
(40)) are all zeros, By hojsia do not need to be computed and there
are only 64 relevant /ézjl s that need to be computed. All of the
/3211121 i have not been provided due to space constraints but it is
founcf’ that ,82}.1 iojaia corresponding to those with p;, + p;, + pj; +
pj, ~ 3 do not all have zero iterated integrals. Thus, L4 is bounded
as w — oo and is significant in the higher-order LBS. Fig. 4 (top)
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shows a clear faster convergence advantage for the proposed ESC
compared to the literature version (Grushkovskaya et al., 2018).
The proposed ESC is qualitatively captured by the third-order
LBS better than first- and second-order LBS. We present control
effort and system state effort in Fig. 4 (bottom) using the same
formulas as in Example 3. As expected, the proposed ESC requires
a much greater control effort as it has four control inputs instead
of two control inputs in Grushkovskaya et al. (2018). However,
the proposed system is much more efficient for the whole state
effort with accumulating advantage over time (unlike Example
3).

5. Conclusion

This paper provided a general and unifying theory that settles,
connects, and bridges the concepts of higher-order Lie bracket
approximation with higher-order averaging for a general class of
control-affine systems (1) that include drift vector fields and not
limited to underactuation conditions. We conclude the equiva-
lence between (n)-order LBS approximation and (n + 1)-order
averaging providing for the first time in literature a sequential
framework for deriving higher-orders LBS approximating (1). Our
results generalize, and indeed reduce to, previous efforts in the
literature which were specific to less generalized classes of (1)
and concerned with particular orders of approximation. Conse-
quently, the results of this paper can benefit the analysis/design
of control-affine systems, including ESCs. For that, we provided
a clearer understanding of why higher-order LBS (now higher-
order averaging) may be needed and how higher-order LBS can
become a complete averaging asymptote. Said concept provides
insights for design improvements (e.g., much better convergence
rate) of ESC and enables access for the first time in literature to
third-order-derivative-based ESC designs. We provided multiple
Examples and numerical simulations to demonstrate the effec-
tiveness of our results. We hope this paper can bridge, benefit,
and enable research between different communities of control
theory and optimization.

Appendix A. Proof of Theorem 4

The term I in (9) is independent of 7, and its averaging is just
itself. So, it can be later added directly to the averaged system.
Only the term II of (9) is considered. For simplicity and space
considerations, the argument of b(x) is dropped, the integration
variable dr is dropped in fOT (., T)dt, @ is used to denote 9 /9dx, and
subscripts i, j, e, | are used instead of ji, ja, j3, j4. We use uj(kit) =
niui(k;r), and the notion U/ (k;t) = for ui(kip)dp. With Lemma 1 in
place, (9) can be written as:

dy _
dr

m

€ Z ui(kit)bi(),

i=1

(A1)

with € = wP"~!. Next, in 7- scale we find A, corresponding to
r =1, 2,3, and 4 given by (32)-(34). Then, we convert A, to t-
scale which we denote by L,.

For r = 1, we have

A1:% / 3 kit )bi(x).
0 i

From A2, uj(k;7) is T'— periodic with zero average. It follows that
Aq = 0. Hence, the first-order averaging term in (31) vanishes
(ie., Aq 0). Similarly, the averaged term in t- scale is L,
wA1 = 0.

For r = 2, let us consider

(A2)

A=f, =) ufkob,
i=1
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= / Jpdp = Z U (k7 )b; (A4)
0 i=1
1"
= — B’ A A.5
= [ sa 85)
where obviously [B, A] = 0A B — 0B A. Furthermore,
[B.A] =Y uj(kit)ob; Y U/(kT)b;
i=1 j=1
— ) U{(kit)ab; Zu (kiT)b
i=1 j=1
m m
- Z(u;(kir)q(kﬂ)abmj — u]f(ij)Ui'(kir)ab,-bj> (A6)
i=1 j=1
m m
= Z Z (u}(kjt)U{(kir) — u;(ki‘t)uj/(kj‘[)) [bi, b]]
i=1 j=i+1
Now, from (A.5) and (A.6), we have:
T/ m m
A= | [B.A] Z > vilbi, by, (A7)
i=1 j=i+1
with v, = fo (ui(kT)U] (kit) — A(kir)Uj’(kjr)). Now, the

second-order averagmg term in (31) is

62 , 62 m m
Ay = EA =5 Z Z vilbi, bj]. (A.8)
i=1 j=i+1
Now, going back to t-scale and substituting € = P !
€ a)a)Z” 22 &
L= oA, = ;”ZH vy, byl, (A9)

Now, using the relations uj(k;t) = nu;(k;r) and n; = @PiP" from
Lemma 1, (A.9) can be written as

m m
L, = Z Z vii[b;, b;l,

(A.10)
i=1 j=i+1
with
wPitei=1 T
Vj = T / (u]-(kjr)Ui(kir) — u,‘(kit)Uj(kjf)) . (A]])
0
For r = 3, since A; = 0, then A3 in (33) is written as
€3 3 T
Az = §A3 = 3T [B, [B, A]]. (A12)

So, we first need to find [B, [B, A]], but before that we introduce
the following notation for the sake of simplicity

Bii = (uj(kjT)U](kit) — uj(kit)U] (k7)) -

Then, [B, [B, A]] can be found as

(A.13)

[B, [B A]] = J[B, AlB — BB[B A]

= Z Z ﬂua[b,,bj]Zb Ul(k,T)

i=1 j=i+1
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ob;U!(

(ke Z Z B Ibj. be]

Jj=1 e=j+1

1M

[
7
INgE
Ma

ﬂi/jué(ket )3 [bis bj]be

i=1 j=i+1 e=1
moomm (A.14)
= > > Uitkit)Bj,obilby, be]
i=1 j=1 e=j+1
m m m
=YY ) Ulket)Bjlbe, [by, byl]
i=1 j=i+1 e=1
Now, using (A.12) and (A.14), we get
Z Z ZﬁuUe (ke?)lbe, [bi, by]]
i=1 j=i+1 e=1
moom m (A.15)
=33 vjlbe, [bi. byl
i=1 j=i+1 e=1
with vue = fo ﬁUUe (ket)dt. Thus, the term corresponding to

third-order averagmg in (31) is

€3A/ 63 m m m
3 c= 3 Z Z Zv{;e[be, (b, b;]].

Az = (A.16)
i=1 j=i+1 e=1

Now, in t- scale with € = wP"~! from Lemma 1, we get

3

A
L3 = C()6 3

3

1 mom o m (A17)
=z YN Y vilbe, [bi. byll,

i=1 j=i+1 e=1

Now, using the relations uj(k;t) = nju;(kit) and n; = wPiP" from
Lemma 1, (A.17) can be written as

Ly=Y "> vilb, b, bl

(A.18)
i=1 jmit1 e=1
with
@PitPitPe=2 T
Vije = T/o ((uj(kjf)Ui(kﬂ)

- ul‘(kif)l]j(kjt))ue(kef)> dr.

For r = 4, we introduce the following notations. Symbols A
and B are defined as in (A.3)-(A.4) but with a subscript that
denotes the argument of u’ and U’. Now, we aim at writing A4
from (34) as Aq = 2€*A};/4! with

T T T
(/ [C,D]dp+[E,f,]+/ cdp>.
0 0 0

In the next step, we find the expressions for C, D, E,G and associ-
ated brackets. Now, for the computation of C, D and the first part
of (A.19), we have

A= — (A.19)

[Bq,Aq]_ZBbu (kiq) Zbu (kiq) —

> abiU{(kiq) > bju(kq)
i=1 j=1

i=1 j=1
m m
=3 > (W)U (kiq) — u(kiq)U] (ki) (b, by]
i=1 j=i+1
= Z Z Ol q)l][bn bj]
i=1 j=i+1
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Now, we can compute C as

/ (By, Aql = Z Z a5 (p)ilhi, by, (A.20)
i=1 j=i+1
where o (p); = f a(q);dq. Next, we compute D as
D= [Z biu(p), Zblul(r)}
i=1 i=1
=) uj(r)ab; Y uj(p)b; — Z p)ab; Zu
SR = (A21)
=YY (Wj(r)ui(p) — u(z)uj(p))Ibi. bj]
i=1 j=it+1
=Y > ar, plilbi, byl.
i=1 j=i+1

Next, the Lie bracket of C and D can be found as
[C, D]

Z u[bnbj] Z Z 0‘3 T,p l][blsb_]]

1] i=1 j=i+1
= Z Z (z.p 1]8[b17b]]2 Z 052 P)eilbe, byl
i=1 j=i+1 e=1 l=e+1
m m
DI (p)l,a[bl,b,lz Z o(t, plalbe, bi]
i=1 j=it1 e=1 l=e+1

Ms
NE

R

Ms

AL P)ijet[[bi, b;1, [be, bl]]

1 I=e+1

1

+

1j

where (7, p)ijer = a5(T, p)acy(p)y and (i, j) # (e, ). Finally, we
integrate [C, D] from O to t as

[em=233 3w

i=1 j=i+1 e=1 I=e+1

[

(A22)
[ib. ). e, |

with of(t)jer = [y @4(T, P)jerdp.
Now, for the computation of second part of (A.19), first we find

[cfp]—[ZZaz )ilbi, by, Zbu }

1111+1

=2 _ dbu(p) Z Z ay(pelby. bel

j=1 e=j+1

I\
-

oy (p)ijd[hi, by] Z b.u;(p)

1 e=1

M-

1

i

J

_MS
NE
1

Il
-
.
Il
-
o

u;(p)ay(p)sedbib;, be]

1

:ME
Ms

[
I
J
T
7
A
o
T
I

M-

oy (p)iju,(p)d[by, bjlb,

15
INGE
M=

aé(P)zjué(P)[[bi, bj], be}

1

i
I
.
T
+
A

e
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Thus,
[C, fp]_ZZZa6 ye|:[bhb]] e:|7
i=1 j=i+1 e=1

with ag(p)ije = o(p)ju,(p), E can be computed as

/ [C, fp] = Z Z Za7 ije |:[b1» b]]7 e:|7 (A23)
i=1 j=i+1 e=1
with o (7)je = [ ag(p)iedp. Additionally,
[E.f.]= |:Z Z(x7 ue[[bu b]] be] Zu (1) 1:|7
i=1 j=i+1 e=1
=D u(0)dbiy Y as(e)ellby, bel, bil
i=1 j=1 e=j+1 I=1
= D> D ap()edllbi, bylbel Y ui(vby,
i=1 j=i+1 e=1 =1
= Z Z Z Za yeu ©)[[[b;, bj]7 b.], by],
lzml ]:;n-H e;l l;l (A24)
=YD > ) aa(oylllhi, byl bel, bil,
i=1 j=i+1e=1 I=1

where ag(7)jer = a5( )jettj(7). Finally, for the computation of the
third part of (A.19), we define F as

F= H/Opfqdq,fp] aAr} = [[B. 4] . A:]

m

> ai(plylbi, byl Y bu(e)

i=1

(A.25)

l]ué(r)[[biv b]]a be]

U{(p), Z Z Zag p. T)iellb:. by]. e]}

i=1 j=i+1 e=1

p! T)uea[[bu bj] b.] Zbluz

=1
> Cliby. bel. il (p. T,

=j+1 =1

(A.26)

Il
—_
-

Il
—_
o

ag(p, T)ieU[(p)[by, [[b;, bj1, be]l.
We can now find the integral of G from 0 to 7 as

i=1 j= e=1

0[ 0 zjel[bh [[b;, b]] b.1],
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where o;o(t)jer = [y (P, T)ieU/(p)dp. Thus, A}, from (A.19),

after computing C, D, E, G and associated brackets, can be written
as
1 T/ m m m m
M=z (Z )OI ()| LBy, ), e, bl
i=1 j=i+1 e=1 |=e+1

as ljel[[[blvbj] b.], by

SO ahgl@ialby, [iby, by, ben) .

Finally, changing back to t-scale, and using € = o !

Ma
Ma

(A27)

we get
a)“"*_3Aﬁ1
12

m

22 3" a4(elya[ b b, o b

e=1 l=e+1

M=
Ms

+

M-

ag(T)ijerl[[bi, bj1, bel, byl

ZME

T
N
.
I
+
A
o
u
[N
u
)

M=
M=

+
i
,M3

[
I
Z
T
+
A
o
T
(A
[
I

o0(T)ijerlby, [[by, bjl, bell )

[
7
™=
N
NgE

B b1, ). [be. bl

0
(N
.
T
+
A
o
i
A
T
o
+
A

+
v
.ME
M=
WE

[
I
J
T
+
A
o
T
(A
[
I

(B2jr — Bsyer b, bjl, bel, byl

(A.28)
where
T/
4p*—3

Prya = 121

niniNeNiees(T ijel

L1 T
ﬁ./o as(T )ijel

1 [
T fo as(T el
T/
ﬂzijel = a)pi+Pj+Pe+PI—3L/ f (T ijels
121 J,

3 1 "
W/o a10(T ijel-

By using the variable z instead of x, the fourth-order averaging
system in t-scale including the drift term by(z) is finally written
as:

Z = bo(z) + L1(z) 4+ Ly(2z) + L3(z) + L4(2).
This completes the proof of Theorem 4. O

— " =3 PitPj+PetPI—4p

— PitPitPetpi—3

Similarly,

— i+DPj+pe+pI
ﬂ3ijel = PP

(A29)
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