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 a b s t r a c t

This paper provides a rigorous derivation for what is known in the literature as the Lie bracket 
approximation of control-affine systems in a more general and sequential framework for higher-
orders. In fact, by using chronological calculus, we show that said Lie bracket approximations can be
derived, and considered, as higher-order averaging terms. Hence, the theory provided in this paper 
unifies both averaging and approximation theories of control-affine systems. In particular, the Lie 
bracket approximation of order (n) turns out to be a higher-order averaging of order (n + 1). The
derivation and formulation provided in this paper can be directly reduced to the first and second-
order Lie bracket approximations available in the literature. However, we do not need to make many 
of the assumptions that were needed/provided in the literature and show that they are in fact natural
corollaries from our work. Moreover, we use our results to show that important and useful information
about control-affine extremum seeking systems can be obtained and used for significant performance 
improvement, including a faster convergence rate influenced by higher-order derivatives. We provide
multiple numerical simulations to demonstrate both the conceptual elements of this work as well as 
the significance of our results on extremum seeking with comparison against the literature.

© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
 
 
 

 
 
 

 

 
 
 

 
 

 
 

 
 
 

1. Introduction

1.1. Lie bracket approximation of control-affine systems

Many applications and real-world systems are natural to, and
can be expressed in, control-affine formulation (systems that are
linear in control inputs). A general class of control-affine systems
is given below: 

ẋ = b0(x)+
m∑
i=1

ωpibi(x)ui(kiωt), (1)

where x ∈ Rn is the state space vector, pi ∈ (0, 1), ω ∈ (0,∞),
b0 is the drift (uncontrolled) vector field of the system, bi are
the control vector fields, ui are the control inputs, m ∈ Z+ is
the number of control inputs, and ki ∈ Q>0 is a positive ratio-
nal number. Control-affine systems characterize many systems
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including robotic, multi-agent, and flight dynamic systems (Bullo 
& Lewis, 2019; Dürr et al., 2013; Eisa & Pokhrel, 2023; Scheinker
& Krstić, 2014a). They are also essential for the application of
geometric control theory and analysis (Bullo & Lewis, 2019; Her-
mann & Krener, 1977; Sussmann, 1987). In geometric control, the 
derivative operator called ‘‘Lie bracket’’ is commonly utilized. A 
Lie bracket between the vector fields bi and bj is: 

[bi, bj] :=
∂bj

∂x
bi −

∂bi

∂x
bj. (2)

In this paper, we are focused on the approximation of control-
affine systems by Lie brackets. In Kurzweil and Jarník (1987), the 
authors studied a sequence of control-affine systems with sinu-
soidal control inputs and show that their solution converges to 
that of some limit equation characterized by the Lie bracket of the 
system’s vector fields. In particular, under some assumptions, the 
solution of ẋ = b0(x)+

∑m
i=1 bi(x)uik(t) converges to the solution

of ̇̃x = b0(x̃)+ 1
2

∑m
i,j=1[bi(x̃), bj(x̃)]λij(t) with λij(t) being bounded

and measurable. The authors in Sussmann and Liu (1991) studied 
special forms of Lie bracket approximations by relating the so-
lutions of the underactuated system ẋ =

∑m
i=1 bi(x)ui(t) with a 

fully actuated Lie bracket extended system ̇̃x =
∑r

i=1 bi(x̃)vi(t),
where bm+1, . . . , br  and their associated vi are extended vector
fields and control inputs based on Lie brackets providing new
directions of motion. Other works like Liu (1997), Sussmann and 
Liu (1992), Suttner (2020), Zuyev and Grushkovskaya (2017) are
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expanding on the idea of Lie bracket extended system to study
underactuated and mostly driftless (i.e., b0 = 0) control-affine
systems. For a particular case of (1) when pi = 0.5, ki = 1 for all i,
a first-order Lie bracket system (LBS) approximation was given
in Dürr et al. (2013) which admits drift vector field and is defined
not only for underactuated systems. This has been extended and
generalized to the second-order LBS in Labar et al. (2019), which
approximates (1). In both Dürr et al. (2013), Labar et al. (2019), it
was shown that the approximation error between the trajectories
of (1) and the LBS are bounded given large enough ω.

1.2. Averaging and Lie brackets in control-affine and extremum
seeking systems

The analysis of time-varying nonlinear systems (e.g., (1)) is
not intuitive and is generally challenging compared to that of
autonomous nonlinear systems. For instance, stability analysis for
time-varying systems cannot be done via eigenvalues even for
linear systems (Markus & Yamabe, 1960). One of the tools that
helps to analyze such nonlinear time-varying systems, especially
periodic ones, is averaging. Usually, only first-order averaging
approximation is found in the literature. However, sometimes
first-order averaging is insufficient to capture the important char-
acteristics of nonlinear time-periodic systems, and one needs to
go to higher-order averaging (Maggia et al., 2020). In general,
averaging over a given period of time smooths out the fast os-
cillations and captures the qualitative behavior of the system,
which is used to analyze properties, such as but not limited to
stability. As a result, averaging techniques have been used in
many classes/applications of nonlinear systems, including for ex-
ample, inverted pendulum, hovering/flapping flight (Maggia et al.,
2020) and vibrational stabilization (Bullo, 2002). Relevant to this
paper, averaging has been instrumental in the development of
model-free, real-time dynamic optimization via extremum seek-
ing control (ESC) systems that are not control-affine. For instance,
the stability analysis of what is known as the classic ESC, which
caused an exponential growth in ESC research (see Scheinker
(2024)), was done by Krstić and Wang (2000) using averaging and
singular perturbation. The authors in Scheinker and Scheinker
(2016) utilized averaging in the analysis/design of ESC without
requiring periodic input signals (including discontinuous signals).
Recently, the authors in Abdelgalil and Taha (2022) used a combi-
nation of first- and second-order averaging to study bio-inspired
3D source seeking.

On the other hand, for control-affine systems, Lie bracket
approximations have been used extensively to study motion plan-
ning (Bullo & Lewis, 2019; Liu, 1997; Sussmann & Liu, 1992;
Zuyev & Grushkovskaya, 2017) and the stability/design of ESC
(Dürr et al., 2015, 2013; Grushkovskaya et al., 2018; Labar et al.,
2019; Pokhrel & Eisa, 2023; Scheinker & Krstić, 2012, 2014a,
2014b). In Dürr et al. (2013), the authors made use of their
introduced first-order LBS approximating a special case of (1) (as
mentioned earlier) for stability analysis and design of ESC. In that
work (Dürr et al., 2013, Section 5.1), the authors argued that there
is an ‘‘average-like’’ relationship between their LBS and classical
averaging (Khalil, 2002). They performed classical averaging on
a particular case of their control-affine system where classical
averaging conditions may not hold; yet, they arrived at their LBS,
hence their wording of ‘‘averaging-like’’ approach. In this paper, it
will be shown that what they called ‘‘averaging-like’’ is a second-
order averaging applied to a special case of (1) after re-writing it
in the averaging canonical form: 
dx
dt

= ϵf (x, t; ϵ), (3)

where f (x, t; ϵ) ∈ Rn is smooth in x, Riemann integrable in
t and T-periodic, and ϵ is a small parameter such that 0 <
2

ϵ ≪ 1. Scheinker and Krstić (2012) utilized first-order LBS in the 
context of ESC and provided a universal semi-global stabilizing
control law based on Lyapunov function candidates. Furthermore,
they (Scheinker & Krstić, 2014b) also provided a first-time use of
first-order LBS approximation in a nonsmooth ESC setting. It is 
important to note that the same authors studied different forms
of ESCs (Scheinker & Krstić, 2014a) which have been included
in the first-order LBS generalized framework in Grushkovskaya
et al. (2018). The authors of Labar et al. (2019) provided a second-
order LBS to approximate (1) with no sequential/recursive rela-
tion to Dürr et al. (2013) or connection to averaging.

1.3. Motivation and contribution

In literature, averaging has been used in the analysis of nonlin-
ear time-periodic systems (e.g., ESC systems not in control-affine
form). However, averaging has not been widely studied or gen-
eralized for control-affine systems in the form (1). As for the 
approximation and stability analysis of control-affine systems,
almost always Lie bracket approximation is used, with the re-
sults of Labar et al. (2019) being one of the most generalized
in literature, providing a second-order LBS approximation of (1). 
Even though it has been observed that there is a relation between
LBSs and averaging, the relationship is not clear or well-defined
and there seem to be conflicted opinions (see for example Dürr 
et al. (2013, Section 5.1) and Abdelgalil and Taha (2022, Section 
III)). In fact, it is hard to find a clear or rigorous methodology
in the literature for how one can derive arbitrary orders of LBSs
to approximate the generalized class of control-affine systems in 
(1) and how they relate to averaging. For instance, the need for 
second-order LBS approximation in Labar et al. (2019) was argued
based on their ESC design which necessitates taking second-order
derivative information captured by second-order Lie brackets.
However, from a generalized approximation theory point of view,
it is unclear why one needs to go up to second-order approxima-
tion and why first-order is insufficient. Also, it is not clear why 
going up to second-order is sufficient and when we may need
even higher-order approximations. Similarly, it would be better
to prove, rather than assume, the conditions needed for bounded
higher-order LBSs. Thus, it is motivating to provide a theory that
settles the relationship between averaging and higher-order LBSs.

In this paper, in Section 3, we find the appropriate condition
and scaling to show that the control-affine system in (1) can be
converted to the averaging canonical form in (3). Then, we apply
the theory and tools of chronological calculus (Agrachev & Gamk-
relidze, 1978, 1981; Agrachev & Sachkov, 2013; Kawski, 2011) 
and derive a higher-order averaging theory for the system (1) in a 
similar fashion to existing results (e.g., Sarychev (2001), VeIa and 
Burdick (2003)). Then, in Section 4, we show that higher-order Lie 
bracket approximations of control-affine systems in the form (1) 
are higher-order averaging themselves. In fact, it turns out that
LBSs of order (n) approximating (1) are higher-order averaging of
order (n + 1) of the system (1); that is, LBS approximations can
be generated based on a sequential procedure. We provide the 
closed formula for the generalized third-order LBS approximation 
of (1). We also show how some assumptions made in previous
works (e.g., Labar et al. (2019, Assumption 2)) are direct conse-
quences of our results. In addition to the mentioned theoretical
contributions, the provided closed formulas of higher-order LBSs
reveal important and useful information that can be used in the 
design and performance improvement of ESC systems. It turns 
out that one can make – by design – the ESC system closer in 
its behavior to a certain averaged system with better properties
such as faster convergence rate. We provide multiple numerical
simulations to illustrate our results.
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2. Preliminaries

Second-order LBS and assumptions. The second-order LBS in
literature (Labar et al., 2019) corresponding to (1) is: 

ż = b0(z)+ lim
ω→∞

m∑
i=1

j=i+1

[bi, bj](z)νij(ω)+

lim
ω→∞

m∑
i=1

j=i+1

m∑
k=1

[[bi, bj], bk](z)νijk(ω)

(4)

with 

νij(ω) =
ωpi+pj

T

∫ T

0

∫ s

0
uj(kjωs)ui(kiωp)dpds (5)

and 

νijk(ω) =
ωpi+pj+pk

3T

∫ T

0
uk(kmωτ )∫ τ

0

∫ s

0
(uj(kjωs)ui(kiωp)− ui(kiωs)uj(kjωp))dpdsdτ ,

(6)

where T = (2π/ω)LCM(k−1
1 , k−1

2 , . . . , k−1
m ), with LCM be ‘‘Least

Common Multiple/Period’’. Assumptions A1-A2 below are im-
posed unless otherwise specified:

A1. For every compact set D0 ⊂ D, where D ⊂ Rn is the do-
main, for i = 0, . . . ,m, bi(x) and all of its partial derivatives
of all orders with respect to x are continuous and bounded
for x ∈ D0.

A2. For i = 1, . . . ,m, ui(kiωt) : [0,∞) → R are mea-
surable. Moreover, there exist Ni,Mi ∈ (0,∞) such that
|ui(kiωt1)− ui(kiωt2)| ≤ Ni|t1 − t2| for all t1, t2 ∈ [0,∞),
supt∈[0,∞)|ui(kiωt)| ≤ Mi. Also, ui(kiωt) is T-periodic (i.e.,
ui(kiωt) = ui(kiω(t + T ))) with 

∫ T
0 ui(kiωt)dt = 0 for some

T ∈ (0,∞).

We note that A1 is more general compared to similar assumptions
in Dürr et al. (2013), Labar et al. (2019) to fit the higher-order
results of this paper. No other assumptions from (Labar et al.,
2019) are needed.

Differential geometric notations. The tools and theory of
hronological calculus used in Section 3 are usually characterized
y notions from differential geometry. We clarify some of these
otations to the reader. We denote the manifold characteriz-
ng the dynamic system (1) by M. We require two conditions.
First, the smoothness condition C∞(M) with all vector fields
on M and their partial derivatives concerning x be bounded
nd continuous (see Agrachev and Sachkov (2013, Definition
.1)). Second, we require all vector fields on M to be Lips-

chitzian with respect to t (Agrachev & Sachkov, 2013, Section
2) (i.e., measurable, bounded and integrable, e.g., Riemann inte-
grable). The mentioned two conditions are in line with assump-
tions A1 and A2; for example, D0 ⊂ M. They also match the
condition of t-integrability and x-smoothness mentioned in
Sarychev (2001).  Now, we briefly introduce the concept of semi-
orms ∥·∥s,K on the space C∞(M) which will be applied to vector

fields and flows in Section 3 (the reader can refer (Agrachev &
Sachkov, 2013, Section 2) and Kawski (2011) for more details).
et the tangent space of each point q ∈ M be denoted by ΓqM.
Next, we denote the smooth vector fields on M that span ΓqM
by hi, i = 1, 2, . . . , n. Then, the seminorm ∥ · ∥s,K on the space
C∞(M) is defined for a function φ as
∥φ∥s,K = sup{|hil ◦ · · · ◦ hi1φ(q)| : q ∈ K,

∞
1 ≤ i1, . . . , il ≤ n, 0 ≤ l ≤ s}, φ ∈ C (M), s ≥ 0,K ⊆ M,
3

where K ranges over a countable collection of compact subsets
whose union is all of M. This seminorm provides the topology
on C∞(M) for uniform convergence of all derivatives on compact
sets, i.e., a sequence of function {φk}

∞

k=1 ⊆ C∞(M) converges to 
φ ∈ C∞(M) if for every finite sequence hi1 , . . . , hil  of the smooth
vector field on M and every compact set K ⊆ M, the sequence
{hil ◦ · · · ◦hi1φk}

∞

k  converges uniformly on K to hil ◦ · · · ◦hi1φ. We
now define seminorms of smooth vector fields h ∈ Γ∞(M) (the 
space of all smooth vector fields on M) as: 
∥h∥s,K = sup{∥hφ∥s,K : ∥hφ∥s+1,K = 1}. (7)

Finally, for every smooth diffeomorphism Φ (e.g., the flow asso-
ciated with the system (1) which generates the system’s trajec-
tories/solutions) of M, s ∈ Z+ and K ⊆ M, there exists Cs,K,Φ ∈ R
such that for all φ ∈ C∞(M), 
∥Φφ∥s,K ≤ Cs,K,Φ∥φ∥s,φ(K). (8)

 Stability notions. Finally, we provide the notion of asymptotic
and practical asymptotic stability (Dürr et al., 2013; Moreau & 
Aeyels, 2000; Scheinker & Krstić, 2012). For the following defi-
nitions, δ− neighborhood of set D0 ⊂ Rn is denoted by UD0

δ =

{x ∈ Rn
: infe∈D0 |x− e| < δ} with | · | denoting Euclidean norm.

Definition 1. An equilibrium point (assume the origin without
loss of generality) of the compact set D0 ⊂ Rn is said to be locally
uniformly asymptotically stable if: (i) we have uniform stability,
i.e., for every ϵ > 0 there exists a δ > 0 such that ∀t0 ∈ R, 
x(t0) ∈ U

D0
δ H⇒ x(t) ∈ U

D0
ϵ , ∀t ∈ [t0,∞); (ii) it is uniformly

bounded, i.e., if for every δ > 0 there exists an ϵ > 0 such that
∀t0 ∈ R, x(t0) ∈ U

D0
δ H⇒ x(t) ∈ U

D0
ϵ , t ∈ [t0,∞]; (iii) it is 

uniformly attractive, i.e. for every ϵ > 0 with some δ > 0 there
exists a tf ∈ [0,∞) such that ∀t0 ∈ R, x(t0) ∈ U

D0
δ H⇒ x(t) ∈

U
D0
ϵ , ∀t ∈ [t0 + tf ,∞).

Definition 2. A compact set D0 ⊂ Rn is said to be locally practi-
cally uniformly asymptotically stable for (1) if (i) it is practically
uniformly stable, i.e. for every ϵ > 0 there exists a δ > 0 and 
ω0 > 0 such that ∀t0 ∈ R and ∀ω ∈ (ω0,∞), x(t0) ∈ U

D0
δ H⇒

x(t) ∈ U
D0
ϵ , ∀t ∈ [t0,∞); (ii) it is practically uniformly bounded,

i.e. if for every δ > 0 there exists an ϵ > 0 and ω0 ∈ (0,∞) such
that ∀t0 ∈ R and ∀ω ∈ (ω0,∞), x(t0) ∈ U

D0
δ H⇒ x(t) ∈ U

D0
ϵ , t ∈

[t0,∞]; (iii) it is δ− practically uniformly attractive, i.e. for every
ϵ > 0 with some δ > 0 there exists a tf ∈ [0,∞) and ω0 > 0
such that ∀t0 ∈ R and all ω ∈ (ω0,∞), x(t0) ∈ U

D0
δ H⇒ x(t) ∈

U
D0
ϵ , ∀t ∈ [t0 + tf ,∞).

3. Higher-order averaging of control-affine systems via chrono
logical calculus

Chronological calculus was introduced by Agrachev and Gamk-
relidze (1978, 1981), Agrachev and Sachkov (2013) and is mainly
concerned with time-varying vector fields and their time-invariant
approximations. It offers tools that extend the rich theory of au-
tonomous systems to non-autonomous ones, hence its relevance
to averaging (Sarychev, 2001; VeIa & Burdick, 2003). First, we
show that (1) can be rewritten in the averaging canonical form
(3). Let us change the time-scale in (1). For large positive ω, let
τ = ωt with the time period in t-scale as T  and in τ− scale as 
T ′; and dτ = ωdt . Then, 
dx
dτ

=
1
ω
b0(x)  
I

+
1
ω

m∑
i=1

ωpiui(kiτ )bi(x)  
II

. (9)

Note that the term I is independent of τ . Hence, averaging of
I will be itself without change. Thus, we provide the following
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lemma focusing solely on the term II and for the time being, we
drop the term I . 

Lemma 1.  Let Assumptions A1-A2 hold, then with pi ∈ (0, 1) for
all i = 1, . . . ,m, there exists a p∗ ∈ (0, 1) with ϵ = ωp∗−1 such that
the control-affine system 

dx
dτ

=
1
ω

m∑
i=1

ωpiui(kiτ )bi(x). (10)

can be written in the general averaging canonical form in (3) with
limϵ→0 ϵf (x, τ ; ϵ) = 0.

Proof.  Let us define p∗ such that for i = 1, . . . ,m, ωpi = ηiω
p∗ ,

where ηi is positive number. Then we have 

dx
dτ

= ωp∗−1
m∑
i=1

ηiui(kiτ )bi(x)). (11)

Let ϵ = ωp∗−1. Now, we require ϵ → 0 and ω → ∞. This is only
possible if p∗ − 1 < 0 ⇒ p∗ < 1. Furthermore, we require that
as ϵ → 0 with ηi dependency on ω, limϵ→0 ϵf (x, τ ; ϵ) = 0 with
f (x, τ ; ϵ) =

∑m
i=1 ηiui(kiτ )bi(x). Since ui and bi are bounded per

A1-A2, then we need to show that for all i, limϵ→0
ϵ
ηi
= 0. Let us

scale ϵ back to ω and convert the limit to ω. Then, 

lim
ϵ→0

ϵ

ηi
= lim

ω→∞

ωp∗−1

ωpi−p∗ = lim
ω→∞

ω2p∗−pi−1. (12)

The limit in (12) is 0 only if for all i, we have p∗ < pi/2 + 1/2.
Hence, p∗ ∈ (0,min(pi/2 + 1/2)) ⊆ (0, 1) satisfies all the above.
Then, the system (10) can be written as 

dx
dτ

= ϵ

m∑
i=1

ηiui(kiτ )bi(x) (13)

which is the general averaging canonical form in (3). □

Remark 1.  From Lemma  1:
• The existence of p∗ enables us to perform averaging without

choosing a particular value for p∗. The substitution ϵ =

ωp∗−1 in the averaged system eliminates the presence of p∗
(as shown later in the proof and results of Theorem  4).

• One can deduce from (10) the reason why the assumption
pi ∈ (0, 1) is needed which is emphasized in Lemma  1 but
was provided in literature without much justification. That
is, as ω → ∞, pi ∈ (0, 1) guarantees that the right-hand
side of (10) goes to 0.

• It is worth noting that a close observation to the above was
made in Scheinker and Scheinker (2018) that the power of ω
in the ESC perturbation has to be less than 1, so for example,
for a system with non-affine control input um it is shown
that the amplitude of the ESC feedback should be of the form
ω1/2m with positive m.

Moving forward, we denote f x, τ ; ϵ) by f τ . 

Proposition 1.  If we choose p∗ such that 0 < max{pi} ≤ p∗ < 1,
then ϵf τ = O(ϵ).

Proof.  To show ϵf τ = O(ϵ), one needs to show that |ϵf τ |/ϵ <∞

as ϵ → 0 (or ω→ ∞). Now, 
|ϵf τ |
ϵ

=

⏐⏐⏐⏐ϵ∑m
i=1 ηiui(kiτ )bi(x)

ϵ

⏐⏐⏐⏐, (14)

per A1-A2, ui(kiτ ) and bi(x) are bounded. Thus, we need |ηi| =
|ωpi−p∗

| to be bounded as ω→ ∞. This is satisfied if pi − p∗ ≤ 0,
hence 0 < max{p } ≤ p∗ < 1. □
i

4

Remark 2.  It is important to note that p∗ can be chosen such that
one can change the order of ϵf τ , i.e. if one finds a p∗ that does not 
contradict the condition 0 < p∗ < 1 then one can find a different
order of ϵ for ϵf τ  (with positive power to guarantee ϵf τ → 0 as 
ϵ → 0). For example, if one wants to show ϵf τ = O(ϵ1/2), then
one needs to show |ϵf |/ϵ1/2 is bounded as ϵ → 0. Following
a procedure similar to Proposition  1, one obtains the condition
p∗ ≥ 2max{pi} − 1 (this hold, e.g., if all pi = 0.5).

Let us consider the system (13), re-written as: 
dx
dτ

= x ◦ ϵf τ ; x(0) = x0, (15)

where x ◦ ϵf τ = ϵf τ (x), which is the vector field of (13).
Following Agrachev and Sachkov (2013, Section 2) the trajectories
of x(τ ) are generated with the corresponding flow: 
Φϵf
τ : x0 → x(τ , x0) (16)

satisfying the differential equation 
Φ̇ϵf
τ = Φϵf

τ ◦ ϵf τ ; Φ
ϵf
0 = Id, (17)

where Id is the identity operator (i.e., Id denotes the flow x(τ ) →
x(τ )). The flow Φϵf

τ  in (16) is called the right chronological expo-
nential of the field ϵf τ  and denoted as: Φϵf

τ =
−→exp

∫ τ
0 ϵf pdp. We

can now rewrite (15) in the integral form as 

(τ ) = x0 +
∫ τ

0
x(τ ) ◦ ϵf τdτ , (18)

nd substitute this expression of x(τ ) above into the right-hand
ide itself (i.e., for x(τ ) above), we get

x(τ ) =x0 +
∫ τ

0

(
x0 +

∫ τ1

0
x(τ2) ◦ ϵf τ2dτ2

)
◦ ϵf τ1dτ1

=x0 ◦
(
Id+

∫ τ

0
ϵf pdp

)
+

∫ τ

0

∫ τ1

0
x(τ2) ◦ ϵf τ2 ◦ ϵf τ1dτ2dτ1

This process can be repeated iteratively to obtain 

x(τ ) = x0◦
(

Id+
∫ τ

0
ϵf pdp+

∫∫
∆2(τ )

ϵf τ2 ◦ ϵf τ1dτ2dτ1

+ · · · +

∫
· · ·

∫
∆n(τ )

ϵf τn ◦ · · · ◦ ϵf τ1dτn . . . dτ1
)
+∫

· · ·

∫
∆n+1(τ )

x(τn+1) ◦ ϵf τn+1
◦ · · · ◦ ϵf τ1dτn+1 . . . dτ1,

(19)

with ∆n(τ ) = {(τ1, . . . , τn) ∈ Rn
| 0 ≤ τn ≤ · · · ≤ τ1 ≤ τ }. Now, 

formally passing in (19), limit n → ∞, we obtain a formal series 
for the solution x(τ ) in (15): 

x(τ ) = x0◦
(
Id+

∞∑
n=1

∫
· · ·

∫
∆n(τ )

ϵf τn ◦· · ·◦ϵf τ1dτn . . . dτ1
)
. (20)

Similarly, the solution to (17) will be 

Φϵf
τ = Id+

∞∑
n=1

∫
· · ·

∫
∆n(τ )

ϵf τn ◦ · · · ◦ ϵf τ1dτn . . . dτ1. (21)

he convergence of the above series is discussed in Agrachev and 
Gamkrelidze (1978), Kawski (2011) and it is shown that the series 
(21) gives an asymptotic expansion for the chronological expo-
nential Φϵf

τ =
−→exp

∫ τ
0 ϵf pdp with a bounded remainder (Agrachev

& Sachkov, 2013, Section 2). Let us denote the rth approximation 
by the partial sum: 

Sr+1(τ ) = Id+
r∑∫

· · ·

∫
ϵf τn ◦ · · · ◦ ϵf τ1dτn . . . dτ1, (22)
n=1 ∆n(τ )
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then, (−→exp ∫ τ

0
ϵf pdp− Sr+1(τ )

)
φ


s,K

≤

CeC
∫ τ
0 ∥ϵf p∥s,K′ dp

r + 1

(∫ τ

0
∥ϵf p∥s+r,K′dp

)r+1

∥φ∥s+r+1,K′

(23)

where C > 0, φ ∈ C∞(M), K′ is some compactum containing K
and the seminorm ∥ · ∥s,K as in Section 2. 

Proposition 2. 
∫ τ
0 ∥ϵf p∥r,K′dp = O(ϵτ ) for any r.

Proof. By Proposition  1, there exists M > 0 and ϵ∗ > 0 such
that for all ϵ ∈ (0, ϵ∗), we have |ϵf | ≤ Mϵ. Hence for any r ,∫ τ
0 ∥ϵf p∥r,K′dp ≤

∫ τ
0 Mϵdp = Mϵτ = O(ϵτ ). □

With the above proposition, (23) can be written as (−→exp ∫ τ

0
ϵf pdp− Sr+1(t)

)
φ


s,K

= O(ϵr+1τ r+1). (24)

Remark 3.  In (24) as noted in Agrachev and Sachkov (2013,
Section 2), Kawski (2011), if ϵ is fixed, then as τ → 0, O(ϵr+1τ r+1)
becomes O(τ r+1). If τ  is finite, then as ϵ → 0, O(ϵr+1τ r+1)
becomes O(ϵr+1). Moreover, for a truncation r , one can trade-
off between the approximation order and the period where the
bound holds. For example, for r = 2, one can choose τ = O(1/

√
ϵ)

(i.e., expanding the time horizon) but the bound in (24) is reduced
to O(ϵ r+1

2 ). 

The inverse to the chronological exponential −→exp
∫ τ
0 ϵf pdp is

called the chronological logarithm (Agrachev & Sachkov, 2013;
Sarychev, 2001; VeIa & Burdick, 2003) which provides the map-
ping −→exp

∫ τ
0 ϵf pdp → ϵf τ . The goal of averaging theory then

(Sarychev, 2001; VeIa & Burdick, 2003) is to find an autonomous
vector field V τ  with a flow exp(V τ ) that best represents the flow
−→exp

∫ τ
0 ϵf pdp of the time-varying vector field ϵf τ  such that the

following equality holds: 

→xp
∫ τ

0
ϵf pdp ∼= exp(V τ ). (25)

he above equality is in an asymptotic sense (Sarychev, 2001;
VeIa & Burdick, 2003) and is crucial to hold if we can claim
that trajectories/solutions generated by exp(V τ ) are approximate
to trajectories/solutions generated by −→exp

∫ τ
0 ϵf pdp. This will be

addressed in Proposition  3, but we need to show first how we
obtain V τ . We apply the logarithm to (25) and solve for V τ  such
that: V τ ∼= ln

(
−→exp

(∫ τ
0 ϵf pdp

))
. Even though the logarithm V τ

depends on τ , it is an autonomous vector field whose flow after
unit time maps to the same point that is reached by the time-
dependent flow at time τ . Any change in the final time τ  results in
a new autonomous vector field. The logarithm can be represented
as an infinite series of variations given by 

τ =

∞∑
r=1

V (r)
τ (26)

ith 

(r)
τ =

∫ τ

0

∫ τ1

0
...

∫ τr−1

0
GGGr (ϵf τ1 , . . . , .ϵf τr )dτr ...dτ1, (27)

epresenting the rth variation of the identity flow corresponding
to the perturbation field ϵf τ . The integrands (Maggia et al., 2020;
VeIa & Burdick, 2003), GGG (·) are sum of iterated Lie brackets,
r  

5

denoted by ad (e.g., adξ2ξ1 = [ξ2, ξ1]). First four integrands are

GGG1(ξ ) = ξ,

GGG2(ξ1, ξ2) =
1
2
adξ2ξ1,

GGG2(ξ1, ξ2, ξ3) =
1
6
(adξ3adξ2ξ1 + adadξ3 ξ2ξ1),

G2(ξ1, ξ2, ξ3, ξ4) = −
1
12

(
adadξ4 ξ3adξ2ξ1 + adadadξ4 ξ3 ,ξ2

ξ1+

adξ4adadξ3 ξ2ξ1 + adξ3adadξ4 ξ2ξ1

)
.

(28)

 Now we are in a position to provide the condition for the 
asymptotic equality in (25) in light of the above series. 

Proposition 3.  If τ =
1
ϵp̂

 with 0 < p̂ < 1. Then, (−→exp ∫ τ

0
ϵf pdp− exp(V (r)

τ )
)
φ


s,K

≤

C1

⏐⏐⏐ ∫ τ

0
∥ϵf p∥s+2r+2dp

⏐⏐⏐r+1
∥φ∥s+r+2,OC2

= O(ϵr+1τ r+1).
(29)

where the constants C1, C2,OC2 depend on s, r, and K.

Proof. By Proposition  2, 
∫ τ
0 ∥ϵf p∥r,K′dp ≤ Mϵτ ≤ Mϵ1−p̂. Since M

is finite, and ϵ1−p̂
→ 0 as ϵ → 0, then there exists ϵ∗ such that for 

all ϵ < ϵ∗, Mϵ1−p̂
≤ 1. This satisfies Agrachev and Gamkrelidze

(1978, Proposition 4.1). □

Remark 4. Proposition  3 provides the error bound due to r-
truncation in the flow expansion; this holds for both time-varying
flow and autonomous flow since the right chronological exponen-
tial recovers the regular exponential for autonomous vector fields.
Proposition  3 provides the approximation condition between the 
trajectories generated via the time-varying flow (original system)
and its autonomous r-order approximation. This holds regardless
of stability; a similar observation was made in VeIa and Burdick
(2003).

In a linear Floquet-like fashion, we move into finding a special 
case of an autonomous system that has its trajectory coinciding
with the original time-periodic system, not at the unit time, but 
after a period τ = T ′. 

Theorem 1 (Nonlinear Floquet Theorem (Sarychev, 2001, Theorem
3.2),(VeIa & Burdick, 2003, Theorem 5)). 

The flow Φϵf
τ  generated by the nonlinear time-periodic system in 

(13) can be represented as a composition Φϵf
τ = eΛτ ◦Pτ  of the flow 

eΛτ  of the autonomous vector field Λ and a T ′
− periodic map Pτ  if

the diffeomorphism Φϵf
T ′  admits a logarithm V T ′ , where 

Λ =
1
T ′

V T ′ =
1
T ′

Φ
ϵf
T ′ =

1
T ′

ln
(
−→exp

(∫ T ′

0
ϵf τdτ

))
. (30)

Sarychev (2001) noted that by defining Λ as V T ′  divided by the 
period T ′ makes its flow eΛτ  generates averaged trajectories with 
Theorem  1 being a nonlinear analog to the known linear Floquet
theorem. The reader may refer to Maggia et al. (2020, Table
1) for a nice comparison between linear and nonlinear Floquet
theorems. As presented in Maggia et al. (2020), Sarychev (2001),
VeIa and Burdick (2003), the following system is the complete
averaged system: 

dx̄
dτ

= Λ(x̄) =
r∑

i=1

Λi(x̄). (31)
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In (31), if r = ∞, then we have complete averaging. If r = r∗ is
finite, then we have averaging of r-order. In addition, the relation
between the stability property of (31) to that of the original
nonlinear time-periodic system (13) is provided by the following
theorem. 

Theorem 2 (Sarychev (2001, Theorem 3.1), VeIa and Burdick (2003,
Theorem 6)). If the monodromy map MMM = Φ

ϵf
T ′  of the system (13) has

a fixed point, then the flow Φϵf
τ , has a periodic orbit whose stability

is determined by the stability of MMM.

Remark 5.  The following can be concluded based on Theorem  2
and statements available in references.

• As clearly stated in VeIa and Burdick (2003), Theorem  2
means that if the complete (i.e., r = ∞) averaged au-
tonomous system (31) is asymptotically (exponentially) sta-
ble for an equilibrium point, then the associated orbit of
the original time-varying system is asymptotically (expo-
nentially) stable.

• If one concludes asymptotic stability for (31) via a finite
truncation r = r∗, then for Theorem  2 to hold, one has to
show or assume that the asymptotic stability property for
(31) will not be distorted by any r > r∗. This is stated clearly
in Sarychev (2001, Section 8).

• Given that r = 1 in (31) is equivalent to the first-order
averaging in classical averaging, the results of Khalil (2002,
Theorem 10.5) applies where exponential stability of (31)
when r = 1 implies the exponential stability of the original
system; it is not proved, but we expect this to carry over to
higher orders (r > 1).

As noted in Remark  4 and Remark  5, the approximation be-
tween the trajectories of (13) and the averaged system trajecto-
ries (31) for finite r = r∗ is established. Now, we prove that the
bound in Proposition  3, i.e., O(ϵr+1τ r+1) can be made arbitrary
small for any time horizon that can be stretched as needed. 

Proposition 4.  Let the time horizon τ = 1/ϵ p̃ where 0 < p̃ < 1.
Then, the bounds in Propositions  2 and 3 vanish as ϵ → 0 (or
equivalently ω→ ∞).

Proof. It is obvious that as ϵ → 0, τ = 1/ϵ p̃ → ∞. From
Proposition  2, 

∫ τ
0 ∥ϵf p∥r,K ′dp ≤ Mϵτ  for some finite M > 0.

Observe that ϵτ = ϵ/ϵ p̃ = ϵ1−p̃; in terms of ω, we substitute
ϵ = ωp∗−1 as it is defined earlier. This results in ϵτ = ϵ1−p̃

=

ω(p∗−1)(1−p̃). Clearly with 0 < p∗ < 1 and 0 < p̃ < 1, it follows
that ϵτ → 0 as ϵ → 0 (or equivalently as ω → ∞). Since r ≥ 1,
the bound in Proposition  3 vanishes as well (i.e., ϵr+1τ r+1

→ 0)
as a result of ϵτ → 0. □

Moreover, one can directly relate the trajectories approxi-
mation established above, asymptotic stability of the averaged
system of order r = r∗, and the concept of practical stabil-
ity (Moreau & Aeyels, 2000) straightforwardly. We provide the
following theorem. 

Theorem 3.  If the system (31) for some r = r∗ has an equilibrium
point x̄∗ ∈ D0 that is asymptotically locally uniformly stable, then
the system (13) is practically uniformly asymptotically stable for D0. 

Proof.  It follows immediately from Proposition  4 that for any 
fixed time horizon τf > 0, the error bound between the solution
of (13) and solution of (31) in the time domain τ ∈ [0, τf ] can be
made arbitrarily small. That is, for any τf > 0, ϵr+1τ r+1

f → 0 as
ϵ → 0, or equivalently as ω→ ∞. □
6

Finally, for computing r-order averaging (also referred to in 
iterature sometimes as logarithms) for the averaged system in 
31), one should compute r terms (partial sum) of the series (27).
implifications using properties of Lie brackets can be used so 
hat one can get Gr  expressions (e.g., (28)). After that, one divides
y T ′ (per (30)). For more details, the reader can refer (Vela, 2003, 

Section 2.2.2). First four logarithms are provided below (Maggia
et al., 2020): 

Λ1 =
ϵ

T ′

∫ T ′

0
f τdτ , (32)

Λ2 =
ϵ2

2!T ′

∫ T ′

0

[∫ τ

0
f pdp, f τ

]
dτ , (33)

Λ3 =
ϵ3

3!

(
−

3
2 [Λ1,Λ2]+

2
T ′
∫ T ′

0

[∫ τ
0 f pdp,

[∫ τ
0 f pdp, f τ

]]
dτ

) (34)

Λ4 =
2ϵ4
4!T ′

∫ T ′

0

( ∫ τ
0

[∫ p
0

[∫ q
0 f rdr, f q

]
dq, [f p, f τ ]

]
dp

+
[∫ τ

0

[∫ p
0

[∫ q
0 f rdr, f q

]
dq, f p

]
dp, f τ

]
+

∫ τ
0

[∫ p
0 f qdq,

[[∫ p
0 f qdq, f p

]
, f τ

]]
dp

)
dτ .

(35)

4. Higher-order Lie bracket approximation and application to 
extremum seeking

Theorem 4.  Let Assumptions A1-A2, the results of Lemma  1 and 
Proposition  4 hold, then for r = 1, . . . , 4, the (r)-order averaging of 
the control system in (1) corresponds directly to the (r − 1)-order
LBS provided in (36): 

ż = b0(z)+
r∑

i=1

L i(z), (36)

with

L1 = 0, (37)

L2 =

m∑
j1=1

m∑
j2=j1+1

νj1j2 [bj1 , bj2 ], (38)

L3 =

m∑
j1=1

m∑
j2=j1+1

m∑
j3=1

νj1j2j3 [bj3 , [bj1 , bj2 ]], (39)

L4 =

m∑
j1=1

m∑
j2=j1+1

m∑
j3=1

m∑
j4=j3+1

β1j1 j2 j3 j4

[
[bj1 , bj2 ], [bj3 , bj4 ]

]
+

m∑
j1=1

m∑
j2=j1+1

m∑
j3=1

m∑
j4=1

β2j1 j2 j3 j4
[[[bj1 , bj2 ], bj3 ], bj4 ],

(40)

here 

νj1j2 =
ω

pj1+pj2−1

2T ′

∫ T ′

0

(
uj2 (kj2τ )

∫ τ

0
uj1 (kj1p)dp

− uj1 (kj1τ )
∫ τ

0
uj2 (kj2p)dp

)
dτ ,

(41)

νj1j2j3 =
ω

pj1+pj2+pj3−2

3T ′

∫ T ′

0

∫ τ

0
uj3 (kj3s)ds

(
uj2 (kj2τ )∫ τ

0
uj1 (kj1p)dp− uj1 (kj1τ )

∫ τ

0
uj2 (kj2p)dp

)
dτ ,

(42)

nd

β1j j j j = ω
pj1+pj2+pj3+pj4−3 1

∫ T ′

α5(τ )j1j2j3j4dτ
1 2 3 4 12T ′
0
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β2j1 j2 j3 j4
= ω

pj1+pj2+pj3+pj4−3 1
12T ′

∫ T ′

0

(
α8(τ )j1j2j3j4

− α10(τ )j1j2j3j4
)
dτ ,

with

α5(τ )j1j2j3j4 =
∫ τ
0

( (
uj4 (kj4τ )uj3 (kj3p)− uj3 (kj3τ )uj4 (kj4p)

)
×

( ∫ p
0

(
uj2 (kj2q)

∫ q
0 uj1 (kj1 r)dr−

uj1 (kj1q)
∫ q
0 uj2 (kj2 r)dr

)
dq

))
dp,

(43)

α8(τ )j1j2j3j4 = uj4 (kj4τ )
∫ τ
0

( ∫ p
0

(
uj2 (kj2q)

∫ q
0 uj1 (kj1 r)dr−

uj1 (kj1q)
∫ q
0 uj2 (kj2 r)dr

)
dq uj3 (kj3p)

)
dp,

(44)

α10(τ )j1j2j3j4 =
∫ τ
0

((
uj2 (kj2p)

∫ p
0 uj1 (kj1q)dq− uj1 (kj1p)∫ p

0 uj2 (kj2q)dq
)
uj3 (kj3τ )

∫ p
0 uj4 (kj4q)dq

)
dp;

(45)

here p, q, r, s, τ  are the variables of integration, and T ′
= (2π )×

LCM(k−1
1 , k−1

2 , . . . , k−1
m ).

Proof of Theorem Theorem  4 is provided in Appendix  A.

Corollary 1.  If z(t) ∈ D0, for any tf > 0, ∀t ∈ [0, tf ], then there
exists ϵ∗ > 0 such that for all ϵ ∈ (0, ϵ∗), there exists d(ϵ) > 0
such that |x(t)− z(t)| ≤ d(ϵ) for t ∈ [0, tf ]. Moreover, as ϵ → 0,
d(ϵ) → 0 for any r.

Remark 6. Corollary  1 follows immediately from Theorem  4
where it is shown that the trajectories of the higher-order LBS
denoted by z are in fact trajectories of a higher-order averaged
system; hence, Proposition  4 applies. In addition, Corollary  1 gen-
eralizes what needed to be proved in Dürr et al. (2013, Theorem
1) and Labar et al. (2019, Lemma 1), where the distance between
the original system and LBS is shown to be bounded.

Corollary 2.  Suppose for finite r = r∗ we have z∗ ∈ D0 an equilib-
rium point of the system (36) that is locally uniformly asymptotically
stable. Then (1) is locally practically uniformly asymptotically stable
for D0.

Remark 7. Corollary  2 is a straightforward result from Theorem
4 where Corollary  1 and Theorem  3 apply.

4.1. Complete averaging by design, asymptotic stability results, and
re-examination of literature works

From Proposition  1 and for finite T ′ and r , (31) can be written
as (similar observation is made in VeIa and Burdick (2003)): 

dx̄
dτ

=

r∑
i=1

Λi + O(ϵr+1). (46)

In t−scale, another representation of (36) by (46) is: 

̇ =

r∑
i=1

L i(z, ω)+ O(ϵr+1ω). (47)
7

Proposition 5.  If limω→∞

∑r
i=1 L i(z, ω) = G(z) <∞, ∀z ∈ D0

and 0 < max(pi) ≤ p∗ < r/(r + 1), then ż = G(z) represents a
complete averaging asymptote.

Proof.  We want to find the condition for ϵr+1ω→ 0 as ω→ ∞. 
Note that ϵr+1ω = ω(p∗−1)(r+1)+1, so we need (p∗−1)(r+1)+1 <
0. This is satisfied if p∗r + p∗ − r < 0, i.e. p∗ < r/(r + 1). □

Remark 8. Proposition  5 provides a condition that can be met by 
design for which one can make an achievable choice of max{pi}, 
i.e., all pi < r/(r + 1) in (1) so that the ultimate behavior of (1) is 
qualitatively captured by ż = G(z) as ω → ∞. This also means
that Theorem  2 applies. That is, asymptotic (exponential) stability
of ż = G(z) implies asymptotic (exponential) stability of (1) as 
ω→ ∞ (in the sense of Khalil (2002, Theorem 10.5)).

The condition provided in Proposition  5 is also explainable
from our generalized LBS in (36). For instance, if r = 2 (1st-order
LBS), then p1 and p2 will be both strictly less than r/(r+1) = 2/3.
Hence, going higher in order, the power of ω will be strictly 
negative since any pj1 + pj2 + pj3 < 2/3 + 2/3 + 2/3 = 2,
hence νj1j2j3  will vanish as ω → ∞; it remains to show that
limω→∞ L2(z, w) = G(z) bounded and defined. Similarly, if r = 3, 
2nd-order LBS, all pi less than 3/4 means that pj1+pj2+pj3+pj4−
3 < 0 and β1j1 j2 j3 j4

, β2j1 j2 j3 j4
 vanish as ω → ∞; it remains then

that one shows limω→∞(L2(z, w)+L3(z, w)) = G(z) bounded and 
defined. Now, let us re-examine the works of Dürr et al. (2013),
Grushkovskaya et al. (2018), Scheinker and Krstić (2014a). 

Corollary 3.  If pi = 1/2 for all i in (1), then ż = L2 in (36)
represents complete averaging asymptote.

Remark 9. Corollary  3 can be easily verified by examining νj1j2j3 . 
Clearly any pj1 + pj2 − 1 = 0, hence limω→∞ L2 is bounded,
satisfying Proposition  5. This also means that Remark  8 applies
for asymptotic stability. To conclude, in systems like those in Dürr 
et al. (2013), Grushkovskaya et al. (2018), Scheinker and Krstić
(2014a), first-order LBS approximation suffices for capturing the 
ultimate qualitative behavior of the system for stability, and 
convergence rate, among other qualitative behaviors.

Now we re-examine the work of Labar et al. (2019). Going 
to higher orders such as r = 3 is more challenging even if one
chooses for example pi = 2/3 for all i to satisfy max{pi} < 3/4
per Proposition  5 and also to maintain the power of ω at 0 in 
νj1j2j3 . That is, pi = 2/3 for all i implies that pj1 + pj2 > 1, 
making the power of ω greater than 0 in νj1j2 ; this makes the limit
condition in Proposition  5 not applicable as νj1j2  is unbounded
when taking limit ω → ∞. This reality imposes a challenge to 
acquire a complete averaging asymptote as in Proposition  5. One
has to involve the Lie brackets themselves in L2 in (36) and/or the 
iterated integrals (taking advantage of their different frequency
scales, ki); hence Labar et al. (2019, Assumption 2). That assump-
tion imposed that the Lie brackets and/or iterated integrals in all 
undesired terms in L2 and L3 have to vanish whenever the power
of ω is positive; we only consider these terms with power of ω
at 0 as desired terms in the design. The mentioned assumption is 
only a special case. One can surely keep powers of ω in undesired
terms positive and still maintain a LBS approximation for fixed ω
per averaging theory. Note that our results (36) when we truncate
at r = 3 recover the second-order LBS by Labar et al. (2019) but 
without the imposed limω → ∞ (see (4)) as this is a special 
case of our results by doing the following with (42): (i) change
the variable τ  to t using the relation τ = ωt; (ii) impose that
uj1 (kj1ωτ )

∫ τ
0 uj2 (kj2ωp) = −uj2 (kj2ωτ )

∫ τ
0 uj1 (kj1ωp) (e.g., specific

kinds of sinusoidal functions). The second-order LBS as it was 
used in ESC design by Labar et al. (2019) is a complete averaging
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asymptote by the following more relaxed condition derived from
Proposition  5 which is important in relating not only pi with r ,
but also taking in consideration the number of control inputs m.

Corollary 4.  Let m < r, limω→∞ L i bounded and defined for
i = 1, . . . ,m, and pj1 +pj2 +· · ·+pjm = m−1, then with ω→ ∞,
Lm+1 = Lm+2 = · · · = Lr = 0 and 

̇ = b0(z)+
m∑
i=1

L i(z), (48)

rovides a complete averaging asymptote.

Remark 10. Corollary  4 means that if for m control inputs, if one
chooses pj1+pj2+· · ·+pjm = m−1, then as ω→ ∞, higher-order
terms Lm+i will vanish due to negative powers of ω, leaving the
remaining terms (L1, . . . , Lm) to capture the completed averaged
properties of the original control-affine system. For example, if
m = 2, and p1 = p2 = 0.5, i.e., p1 + p2 = 1, then one can see
that the power of ω will be negative for L3 because adding p1 or
p2 (both of them are strictly less than 1) to p1 + p2 will be less
than 2(see (39)) and similar observation apply to L4 (see (40)).

4.2. Application to extremum seeking and simulations

With the understanding of Theorem  4 which establishes the
connection between higher-order averaging and LBS approxima-
tions for control-affine ESC systems, and along with the strong
insights derived from Corollaries  1 to 4 and Proposition  5, one
can have a more comprehensive understanding of control-affine
ESC systems and how to design them for better performance
and based on what order of LBS. This perhaps will need many
studies to do after the results this paper provides, but here we
will highlight a few of the observations we were able to make
and verify them via Examples.

O1. For a given ESC, one can check the condition of Proposition
5 (Remark  8) or Corollary  4 (Remark  10) to determine the r-
order of LBS that is complete averaging asymptote which is
the ultimate representative of the ESC qualitative behavior
(e.g., convergence rate and stability). See Examples  1–2.

O2. Thanks to (36), one can improve ESC performance by de-
sign (especially convergence rate) to be influenced by
higher-order derivatives, even beyond Hessian, which is
unprecedented in ESC literature to the best of our knowl-
edge, while maintaining a bounded average/LBS as ω →

∞. In Examples  3–4 we show how one by careful choice
of pi, ki with tracking zero and non-zero Lie brackets, can
achieve an ESC with a bounded average as ω → ∞ that
estimates third-order derivative information for the first
time.

O3. Due to higher-order averaging theory, truncating before
the desired order may or may not capture stability, but
even if it captures stability, convergence behavior will best
be represented by the complete averaging asymptote. Refer
to Examples  2–3.

O4. ESC designer can totally make choices that do not lead to
complete averaging asymptote. LBS approximations in (36)
still hold and provide the results of Corollaries  1–2; no
need to impose lim ω → ∞ as in Labar et al. (2019) (also
provided in (4)).

Example 1. This example verifies observation O1 that if Proposi-
tion  5 is satisfied (like the works of Dürr et al. (2013), Grushkovs-
kaya et al. (2018), Scheinker and Krstić (2014a) as in Corollary
3), then we have a complete averaging asymptote that captures
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Fig. 1. Comparison of ESC with 2 control inputs and LBS approximations 
truncated at r = 2 and r = 3.

the ultimate qualitative behavior of the ESC (e.g., stability and 
convergence rate), and higher orders will not be needed. Let us 
consider: 

ẋ =
m∑
i=1

ωpibi(x)ui(kiωt), v̇ = h(J − v); (49)

ith m = 2, J = −H(x − 1)4 as the cost function and v as 
a variable introduced by the presence of a high pass filter of
frequency h. The expressions and numerical values used in our
simulation are b1 = J−v, b2 = a, u1 = sin(k1ωt), u2 = cos(k2ωt),
p1 = p2 = 0.5, k1 = k2 = 1, ω = 20, h = 5, a = 1 and H = 1/10.
The initial condition is [x0, v0] = [4, 0]. We computed first-order
LBS (r=2) and second-order LBS (r=3) using the formulas of L1 to 
L3 in (37)–(39), and plotted both of them with the ESC system.
The simulation is shown in Fig.  1. One can clearly see how well
the LBSs capture the average behavior of the ESC system. It is 
also clear that the first-order LBS (r=2) was enough (no need for 
LBS with r=3) to capture the qualitative behavior of the system
(e.g., stability and convergence).

Furthermore, note that the number of control inputs is m = 2
with p1 + p2 = 1. So, Corollary  4 is applicable as well.

Example 2. In this example we demonstrate two things. First, the 
importance and need in some cases for going to higher-order LBSs
to capture stability and achieve complete averaging asymptote
as in observation O1. Second, if the design needs higher order 
derivative information such as Hessian, then as in O2 we may 
need at least m = 3 so second-order Lie brackets extract Hessian 
from vector fields involving the objective function. We show
that taking r = 2 in (36) to approximate the Newton-based
ESC in Labar et al. (2019) will not be sufficient to capture the 
averaged dynamics of the ESC system and one needs to go higher,
to r = 3, to capture the qualitative behavior of the ESC via
a complete averaging asymptote. We take the system in Labar
et al. (2019, Section 5). The ESC system is in the form of (1) with 
states x = [x1, d, y, z]T , b0 = [ρd,−ωd(y + zd),−ωyy, ωzz]T , 
b1 = [1, 0, 0, 0], b2 = [0, 0, a2J, 0], b3 = [0, 0, 0, a3J] with 
J = H(x1−1)2, a2 = −2kωy, a3 = 8k2ωz . The values of parameters
are H = 2, k = 1, ρ = 0.3, ωd = 0.5, ωy = 20, ωz = 0.5, p1 =

0.51, p2 = 0.49, p3 = 0.98. The control inputs are u1 = sin(kωt),
u2 = cos(kωt) and u3 = cos(2kωt) with ω = 20. Now, the higher-
order LBS can be calculated as z = b0+[0, 0, ωy∇J(z), ωz∇

2J(z)]T . 
The simulation results are shown in Fig.  2.

One can clearly see that the second-order LBS captures the 
qualitative behavior (e.g., stability and convergence) of the ESC 
system. However, if one truncates the LBS at the first-order (r =
2), then the Hessian information is lost and the system actu-
ally becomes unstable, i.e., (it does not capture any qualitative
behavior, e.g., stability or convergence).
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Fig. 2. Trajectories of ESC and LBS using Newton-based algorithm with LBS 
truncated at r = 3 (dashed-blue) and r = 2 (dashed-red).

Example 3.  The objective here as stated in O2 is to design
an ESC with third-order derivative influence that possesses a
high convergence rate. Let us consider system (49) but with
m = 4 such that b1 = J − v, b2 = b3 = b4 = a, u1 =

sin(k1ωt), u2 = cos(k2ωt), u3 = sin(k3ωt), u4 = cos(k4ωt). We
take a fourth-degree polynomial cost function J = −H(x − 1)4
to test convergence better. Our proposed ESC has p1 = p2 =

p3 = 0.5, p4 = 0.99, k1 = k2 = 1, k3 = 1/3, k4 = 3/2. For
simulation we take ω = 100, h = 5, a = 1 and H = 1/5. The
initial condition is [x0, v0] = [3, 0]. Here we briefly explain our
design rationale, but the reader is directed to our supplementary
file and code (Pokhrel & Eisa, 2024) for all details. Now, for
L2 corresponding to first-order Lie brackets (see (38)), we have
[b2, b3] = [b2, b4] = [b3, b4] = 0. So, [b1, b2], [b1, b3], [b1, b4]
are the relevant non-zero Lie brackets (all of which depend on
[b1, b2]); and only ν12, ν13, ν14 are relevant, however, only ν12 has
non-zero value given by ν12 = 0.5. Now, for L3 corresponding to
the second-order Lie brackets (see (39)), the Lie brackets involv-
ing [b2, b3], [b2, b4], or [b3, b4] will be zero and the relevant Lie
brackets are given by [b1, [b1, b2]] and [b2, [b1, b2]]. There are 12
relevant νj1j2j3  (corresponding to non-zero Lie brackets) given by
ν121, ν122, ν123, ν124, ν131, ν132, ν133, ν134, ν141, ν142,
ν143, ν144, where bold νj1j2j3  corresponds to those with pj1 +

pj2 + pj3 ≈ 2 except for ν144, for which pj1 + pj2 + pj3 >
2, threatening the boundedness of L3 as ω → ∞. However,
thanks to the choice of control inputs, the corresponding iterated
integral (see (42)) neutralized the effect of ν144. Furthermore, it is
found that the iterated integrals are not all zeros, thus, making L3
significantly important in the higher-order LBS calculation. Now,
for L4 corresponding to the third-order Lie brackets (see (40)), one
will find that the Lie brackets of the form [[bj1 , bj2 ], [bj3 , bj4 ]] are
zero since b2 = b3 = b4, and the non-zero relevant Lie brack-
ets are [[[b1, b2], b1], b1], [[[b1, b2], b1], b2], [[[b1, b2], b2], b1] and
[[[b1, b2], b2], b2]. Since the Lie brackets multiplied with β1j1 j2 j3 j4
(see (40)) are all zeros, β1j1 j2 j3 j4

 do not need to be computed and
there are only 48 relevant β2j1 j2 j3 j4

 that need to be computed. All
of the β2j1 j2 j3 j4

 have not been provided due to space constraints
but it is found that β2j1 j2 j3 j4

 corresponding to pj1+pj2+pj3+pj4 ≈ 3
do not all have zero iterated integrals (with some, actually, hav-
ing significant values). Thus, L4 (capturing third-order derivative
information) has considerable importance in the higher-order
LBS. Note that β21444 = 0, hence L3 is bounded with respect
to ω, so is the entire third-order LBS for this ESC system.  We
compare the performance of the proposed ESC with the Newton-
based ESC and its LBS as in Example  2 but with the objective
function and relevant parameters as the proposed system. The
initial condition for this system is chosen as x0 = [4, 26.6, 0, 0]
such that two systems will have the same initial convergence rate
for performance comparison. Fig.  3 (top) shows the simulation
results comparing both cases.

It is remarkable and immediately noticeable that the rate of
convergence of the simple, proposed ESC is very high (converge
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Fig. 3. Comparison of performance between our simple, proposed ESC with
m = 4 based on third-order LBS vs. Newton-based ESC with m = 3 from Labar 
et al. (2019).

within 5–10 s) and still qualitatively captured by the third-order
LBS in a much better manner than if one truncates at first-order
LBS; however, the first-order LBS is still sufficient for providing
the stability property similar to Dürr et al. (2013). On the other
hand, the Newton-based ESC system (the second system) is much
slower (converges within 40 s). The reason for the faster con-
vergence for the first system is the extracted third-order deriva-
tive information influencing the complete averaging asymptote
(i.e., the third-order LBS). For further analysis, we also present
in Fig.  3 (bottom) the effort exerted by the control inputs and 
the state effort of the system. To find the control effort we use
the formula 

∫ t
0

∑m
i=1 u

2
mdt . Similarly to find the state effort, we

use the formula 
∫ t
0 x2dt . As expected, since the proposed system

uses four control inputs as opposed to three control inputs for the 
system in Labar et al. (2019), the effort exerted by the controls for 
the proposed system is larger, however, the system as a whole
is more efficient and exerts less energy. That is, the trade-off be-
tween faster convergence and larger control effort is not balanced
and shows the advantage of faster convergence in the system
effort as a whole. However, for very large t it is expected that
the difference between both systems in state effort will diminish
since the proposed system is stabilized with a larger radius about
the extremum. This drawback can be reduced/minimized if one
considers techniques of attenuating oscillation (Pokhrel & Eisa, 
2023) especially given how fast the convergence is for the pro-
posed ESC. Another option is the design of a system whose control
vanishes at the extremum point similar to what was proposed
in Grushkovskaya et al. (2018) which we tackle in Example  4.

Example 4. For this example, we take a system similar to the 
one in Grushkovskaya et al. (2018, Section 4) which possesses
polynomial convergence properties. This system is a special case
of the proposed system below when only the first two control
inputs are considered with p1 = p2 = 0.5: 

̇ =

√
1− e−J(x)

1+ eJ(x)

(
ωp1sin(ψ)u1 + ω

p2cos(ψ)u2+

ωp3sin(ψ)u3 + ω
p4cos(ψ)u4

)
,

(50)

for J(x) ̸= 0 and ẋ = 0 for J(x) = 0 with ψ = eJ(x) + 2ln(eJ(x) − 1)
with u = cos(k ωt), u = sin(k ωt), u = cos(k ωt), u =
1 1 2 2 3 3 4
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Fig. 4. Comparison of performance between ESC with m = 2 from Grushkovs-
kaya et al. (2018) and our proposed ESC with m = 4 based on third-order LBS 
design.

sin(k4ωt). We take J = H(x − 1)4. We choose p1 = p3 = 0.99,
p2 = p4 = 0.01, k1 = k2 = 1, k3 = k4 = 0.25. We note
that for this example, similar to Grushkovskaya et al. (2018),
Assumption A1 may be relaxed with a regularity requirement for
the Lie derivatives which we assume is holding. For simulation,
we take ω = 100, H = 1/3 and x0 = 2. We use (36) to obtain a
third-order LBS for the proposed ESC (50) and borrow the first-
order LBS for the ESC with m = 2 from Grushkovskaya et al.
(2018, Section 4) with p1 = p2 = 0.5. Here we briefly explain our
design rationale, but the reader is directed to our supplementary
file and code (Pokhrel & Eisa, 2024) for all details. It is clear from
(50) that b1 = b3 and b2 = b4 with b1 =

√
φ∗ sinψ, b2 =

√
φ∗ cosψ , φ∗

= (1 − e−J(x))/(1 + eJ(x)). Now, for L2 correspond-
ing to first-order Lie brackets (see (38)), we have [b1, b3] =

[b2, b4] = 0. So, [b1, b2], [b1, b4], [b2, b3], [b3, b4] are the relevant
non-zero Lie brackets (all of which depend on [b1, b2]); and only
ν12, ν14, ν23, ν34 are relevant. It was found that only ν12 and ν34
are non-zeros given by ν12 = 0.5 and ν34 = 2, both of which have
pj1 + pj2 = 1, yielding L2 bounded as ω → ∞. Now, for L3 cor-
responding to second-order Lie brackets (see (39)), Lie brackets
having [b1, b3] or [b2, b4] in them will be zero and the relevant Lie
brackets are [b1, [b1, b2]] and [b2, [b1, b2]]. There are 16 relevant
νj1j2j3  (corresponding to non-zero Lie brackets) given by ν121, ν122,
ν123, ν124, ν141, ν142, ν143, ν144, ν231, ν232, ν233, ν234, ν341, ν342, ν343,
ν344, where bold νj1j2j3  correspond to those with pj1+pj2+pj3 ≈ 2.
However, the iterated integrals for said νj1j2j3  were found to be
zero. Thus, only νj1j2j3  with pj1 + pj2 + pj3 ≈ 1 (i.e. with power
of ω approximately about −1 in (42)) are the only ones with
non-zero values, thus making L3 bounded as ω → ∞, but less
significant (i.e., L3 almost vanish for large ω). Nevertheless, none
of the terms are ignored in the simulation. For L4 corresponding to
third-order Lie brackets and extracting third-order derivative in-
formation (see (40)) one will find that the Lie brackets of the form
[[bj1 , bj2 ], [bj3 , bj4 ]] are zeros and the non-zero relevant Lie brack-
ets are [[[b1, b2], b1], b1], [[[b1, b2], b1], b2], [[[b1, b2], b2], b1] and
[[[b1, b2], b2], b2]. Since Lie brackets multiplied with β1j1 j2 j3 j4

 (see
(40)) are all zeros, β1j1 j2 j3 j4

 do not need to be computed and there
are only 64 relevant β2j1 j2 j3 j4

 that need to be computed. All of the
β2j1 j2 j3 j4

 have not been provided due to space constraints but it is
found that β2j1 j2 j3 j4

 corresponding to those with pj1 + pj2 + pj3 +
pj4 ≈ 3 do not all have zero iterated integrals. Thus, L4 is bounded
as ω→ ∞ and is significant in the higher-order LBS. Fig.  4 (top)
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shows a clear faster convergence advantage for the proposed ESC 
compared to the literature version (Grushkovskaya et al., 2018). 
The proposed ESC is qualitatively captured by the third-order
LBS better than first- and second-order LBS. We present control
effort and system state effort in Fig.  4 (bottom) using the same
formulas as in Example  3. As expected, the proposed ESC requires
a much greater control effort as it has four control inputs instead
of two control inputs in Grushkovskaya et al. (2018). However,
the proposed system is much more efficient for the whole state
effort with accumulating advantage over time (unlike Example
3). 

5. Conclusion

This paper provided a general and unifying theory that settles,
connects, and bridges the concepts of higher-order Lie bracket
approximation with higher-order averaging for a general class of
control-affine systems (1) that include drift vector fields and not 
limited to underactuation conditions. We conclude the equiva-
lence between (n)-order LBS approximation and (n + 1)-order
averaging providing for the first time in literature a sequential
framework for deriving higher-orders LBS approximating (1). Our
results generalize, and indeed reduce to, previous efforts in the 
literature which were specific to less generalized classes of (1) 
and concerned with particular orders of approximation. Conse-
quently, the results of this paper can benefit the analysis/design
of control-affine systems, including ESCs. For that, we provided
a clearer understanding of why higher-order LBS (now higher-
order averaging) may be needed and how higher-order LBS can
become a complete averaging asymptote. Said concept provides
insights for design improvements (e.g., much better convergence
rate) of ESC and enables access for the first time in literature to 
third-order-derivative-based ESC designs. We provided multiple
Examples and numerical simulations to demonstrate the effec-
tiveness of our results. We hope this paper can bridge, benefit,
and enable research between different communities of control
theory and optimization.

Appendix A. Proof of Theorem  4

The term I in (9) is independent of τ , and its averaging is just 
itself. So, it can be later added directly to the averaged system.
Only the term II of (9) is considered. For simplicity and space 
considerations, the argument of b(x) is dropped, the integration
variable dτ  is dropped in 

∫ T ′

0 (., τ )dτ , ∂ is used to denote ∂/∂x, and 
subscripts i, j, e, l are used instead of j1, j2, j3, j4. We use u′i(kiτ ) =
ηiui(kiτ ), and the notion U ′

i (kiτ ) =
∫ τ
0 u′i(kip)dp. With Lemma  1 in 

place, (9) can be written as: 
dx
dτ

= ϵ

m∑
i=1

u′i(kiτ )bi(x), (A.1)

with ϵ = ωp∗−1. Next, in τ - scale we find Λr  corresponding to 
r = 1, 2, 3,  and 4 given by (32)–(34). Then, we convert Λr  to t- 
scale which we denote by Lr .

For r = 1, we have 

Λ1 =
ϵ

T ′

∫ T ′

0

m∑
i=1

u′i(kiτ )bi(x). (A.2)

From A2, u′i(kiτ ) is T ′
− periodic with zero average. It follows that

Λ1 = 0. Hence, the first-order averaging term in (31) vanishes
(i.e., Λ1 = 0). Similarly, the averaged term in t- scale is L1 =

ωΛ1 = 0.
For r = 2, let us consider

A = f τ =
m∑

u′i(kiτ )bi, (A.3)

i=1
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B =

∫ τ

0
f pdp =

m∑
i=1

U ′

i (kiτ )bi (A.4)

Λ′

2 =
1
T ′

∫ T ′

0
[B,A] (A.5)

here obviously [B,A] = ∂A B− ∂B A. Furthermore,

[B,A] =
m∑
i=1

u′i(kiτ )∂bi

m∑
j=1

U ′

j (kjτ )bj

−

m∑
i=1

U ′

i (kiτ )∂bi

m∑
j=1

u′j(kjτ )bj

=

m∑
i=1

m∑
j=1

(
u′i(kiτ )U

′

j (kjτ )∂bibj − u′j(kjτ )U
′

i (kiτ )∂bibj

)
=

m∑
i=1

m∑
j=i+1

(
u′j(kjτ )U

′

i (kiτ )− u′i(kiτ )U
′

j (kjτ )
)
[bi, bj].

(A.6)

ow, from (A.5) and (A.6), we have: 

Λ′

2 =
1
T ′

∫ T ′

0
[B,A] =

m∑
i=1

m∑
j=i+1

ν ′ij[bi, bj], (A.7)

with ν ′ij =
1
T ′
∫ T ′

0

(
u′j(kjτ )U

′

i (kiτ )− u′i(kiτ )U
′

j (kjτ )
)
. Now, the

second-order averaging term in (31) is: 

Λ2 =
ϵ2

2
Λ′

2 =
ϵ2

2

m∑
i=1

m∑
j=i+1

ν ′ij[bi, bj]. (A.8)

Now, going back to t-scale and substituting ϵ = ωp∗−1: 

L2 = ω
ϵ2

2
Λ′

2 =
ωω2p∗−2

2

m∑
i=1

m∑
j=i+1

ν ′ij[bi, bj], (A.9)

Now, using the relations u′i(kiτ ) = ηiui(kiτ ) and ηi = ωpi−p∗  from
Lemma  1, (A.9) can be written as 

2 =

m∑
i=1

m∑
j=i+1

νij[bi, bj], (A.10)

ith 

νij =
ωpi+pj−1

2T ′

∫ T ′

0

(
uj(kjτ )Ui(kiτ )− ui(kiτ )Uj(kjτ )

)
. (A.11)

For r = 3, since Λ1 = 0, then Λ3 in (33) is written as 

Λ3 =
ϵ3

3!
Λ′

3 =
2ϵ3

3!T ′

∫ T ′

0
[B, [B,A]]. (A.12)

So, we first need to find [B, [B,A]], but before that we introduce
the following notation for the sake of simplicity 
′

ij =
(
u′j(kjτ )U

′

i (kiτ )− u′i(kiτ )U
′

j (kjτ )
)
. (A.13)

hen, [B, [B,A]] can be found as

[B, [B,A]] = ∂[B,A]B− ∂B[B,A]

=

m∑ m∑
β ′

ij∂[bi, bj]

m∑
beU ′

e(keτ )

i=1 j=i+1 e=1

11
−

m∑
i=1

∂biU ′

i (kiτ )
m∑
j=1

m∑
e=j+1

β ′

je[bj, be]

=

m∑
i=1

m∑
j=i+1

m∑
e=1

β ′

ijU
′

e(keτ )∂[bi, bj]be

−

m∑
i=1

m∑
j=1

m∑
e=j+1

U ′

i (kiτ )β
′

je∂bi[bj, be]

=

m∑
i=1

m∑
j=i+1

m∑
e=1

U ′

e(keτ )β
′

ij[be, [bi, bj]]

(A.14)

Now, using (A.12) and (A.14), we get 

Λ′

3 =
1
T ′

∫ T ′

0

m∑
i=1

m∑
j=i+1

m∑
e=1

β ′

ijU
′

e(keτ )[be, [bi, bj]]

=

m∑
i=1

m∑
j=i+1

m∑
e=1

ν ′ije[be, [bi, bj]]

(A.15)

with ν ′ije =
1
T ′
∫ T ′

0 β ′

ijU
′
e(keτ )dτ . Thus, the term corresponding to 

third-order averaging in (31) is 

Λ3 =
ϵ3Λ′

3

3
=
ϵ3

3

m∑
i=1

m∑
j=i+1

m∑
e=1

ν ′ije[be, [bi, bj]]. (A.16)

Now, in t- scale with ϵ = ωp∗−1 from Lemma  1, we get 

L3 = ω
ϵ3Λ3

3

=
1
3
ωω3p∗−3

m∑
i=1

m∑
j=i+1

m∑
e=1

ν ′ije[be, [bi, bj]],

(A.17)

Now, using the relations u′i(kiτ ) = ηiui(kiτ ) and ηi = ωpi−p∗  from 
Lemma  1, (A.17) can be written as 

L3 =

m∑
i=1

m∑
j=i+1

m∑
e=1

νije[be, [bi, bj]] (A.18)

ith

νije =
ωpi+pj+pe−2

3T ′

∫ T ′

0

(
(uj(kjτ )Ui(kiτ )

− ui(kiτ )Uj(kjτ ))Ue(keτ )
)

dτ .

For r = 4, we introduce the following notations. Symbols A
and B are defined as in (A.3)–(A.4) but with a subscript that 
denotes the argument of u′ and U ′. Now, we aim at writing Λ4
from (34) as Λ4 = 2ϵ4Λ′

4/4! with 

Λ′

4 =
1
T ′

∫ T ′

0

(∫ τ

0
[C ,D]dp+ [E, f τ ] +

∫ τ

0
Gdp

)
. (A.19)

In the next step, we find the expressions for C ,D, E,G and associ-
ted brackets. Now, for the computation of C ,D and the first part 
f (A.19), we have

[Bq,Aq] =

m∑
i=1

∂biu′i(kiq)
m∑
j=1

bjU ′

j (kjq)−
m∑
i=1

∂biU ′

i (kiq)
m∑
j=1

bju′j(kjq)

=

m∑
i=1

m∑
j=i+1

(u′j(kjq)U
′

i (kiq)− u′i(kiq)U
′

j (kjq))[bi, bj]

=

m∑ m∑
α′1(q)ij[bi, bj].
i=1 j=i+1
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Now, we can compute C as 

C =

∫ p

0
[Bq,Aq] =

m∑
i=1

m∑
j=i+1

α′2(p)ij[bi, bj], (A.20)

where α′2(p)ij =
∫ p
0 α

′

1(q)ijdq. Next, we compute D as 

D =

[
m∑
i=1

biu′i(p),
m∑
i=1

biu′i(τ )

]

=

m∑
i=1

u′i(τ )∂bi

m∑
j=1

u′j(p)bj −

m∑
i=1

u′i(p)∂bi

m∑
j=1

u′j(τ )bj

=

m∑
i=1

m∑
j=i+1

(u′j(τ )u
′

i(p)− u′i(τ )u
′

j(p))[bi, bj]

=

m∑
i=1

m∑
j=i+1

α′3(τ , p)ij[bi, bj].

(A.21)

ext, the Lie bracket of C and D can be found as
[C ,D]

=

⎡⎣ m∑
i=1

m∑
j=i+1

α′2(p)ij[bi, bj],

m∑
i=1

m∑
j=i+1

α′3(τ , p)ij[bi, bj]

⎤⎦
=

m∑
i=1

m∑
j=i+1

α′3(τ , p)ij∂[bi, bj]

m∑
e=1

m∑
l=e+1

α′2(p)el[be, bl]

−

m∑
i=1

m∑
j=i+1

α′2(p)ij∂[bi, bj]

m∑
e=1

m∑
l=e+1

α′3(τ , p)el[be, bl]

=

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=e+1

α′4(τ , p)ijel
[
[bi, bj], [be, bl]

]
where α′4(τ , p)ijel = α′3(τ , p)elα

′

2(p)ij and (i, j) ̸= (e, l). Finally, we
integrate [C ,D] from 0 to τ  as ∫ τ

0
[C ,D] =

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=e+1

α′5(τ )ijel[
[bi, bj], [be, bl]

] (A.22)

ith α′5(τ )ijel =
∫ τ
0 α

′

4(τ , p)ijeldp.
Now, for the computation of second part of (A.19), first we find

[C , f p] =
[ m∑

i=1

m∑
j=i+1

α′2(p)ij[bi, bj],

m∑
i=1

biu′i(p)
]

=

m∑
i=1

∂biu′i(p)
m∑
j=1

m∑
e=j+1

α′2(p)je[bj, be]

−

m∑
i=1

m∑
j=i+1

α′2(p)ij∂[bi, bj]

m∑
e=1

beu′e(p),

=

m∑
i=1

m∑
j=1

m∑
e=j+1

u′i(p)α
′

2(p)je∂bi[bj, be]

−

m∑
i=1

m∑
j=i+1

m∑
e=1

α′2(p)iju
′

e(p)∂[bi, bj]be

=

m∑
i=1

m∑
j=i+1

m∑
e=1

α′2(p)iju
′

e(p)
[
[bi, bj], be

]
,

12
Thus,

[C , f p] =
m∑
i=1

m∑
j=i+1

m∑
e=1

α′6(p)ije

[
[bi, bj], be

]
,

ith α′6(p)ije = α′2(p)iju
′
e(p), E can be computed as 

=

∫ τ

0
[C , f p] =

m∑
i=1

m∑
j=i+1

m∑
e=1

α′7(τ )ije

[
[bi, bj], be

]
, (A.23)

ith α′7(τ )ije =
∫ τ
0 α

′

6(p)ijedp. Additionally,

[E, f τ ] =
[ m∑

i=1

m∑
j=i+1

m∑
e=1

α′7(τ )ije[[bi, bj], be]

m∑
i=1

u′i(τ )bi

]
,

=

m∑
i=1

u′i(τ )∂bi

m∑
j=1

m∑
e=j+1

m∑
l=1

α′7(τ )jel[[bj, be], bl]

−

m∑
i=1

m∑
j=i+1

m∑
e=1

α′7(τ )ije∂[[bi, bj]be]

m∑
l=1

u′l(τ )bl,

=

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

α′7(τ )ijeu
′

l(τ )[[[bi, bj], be], bl],

=

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

α′8(τ )ijel[[[bi, bj], be], bl],

(A.24)

here α′8(τ )ijel = α′7(τ )ijeu
′

l(τ ). Finally, for the computation of the 
third part of (A.19), we define F  as 

F =

[[∫ p

0
f qdq, f p

]
,Aτ

]
=

[[
Bp,Ap

]
,Aτ

]
=

⎡⎣ m∑
i=1

m∑
j=i+1

α′1(p)ij[bi, bj],

m∑
i=1

biu′i(τ )

⎤⎦
=

m∑
i=1

m∑
j=i+1

m∑
e=1

α′1(p)iju
′

e(τ )[[bi, bj], be]

=

m∑
i=1

m∑
j=i+1

m∑
e=1

α′9(p, τ )ije[[bi, bj], be],

(A.25)

ith α′9(p, τ )ije = α′1(p)iju
′
e(τ ). Next, we find G as 

G =

[ m∑
i=1

biU ′

i (p), F
]

=

[ m∑
i=1

biU ′

i (p),
m∑
i=1

m∑
j=i+1

m∑
e=1

α′9(p, τ )ije[[bi, bj], be]

]
,

=

m∑
i=1

m∑
j=i+1

m∑
e=1

α′9(p, τ )ije∂[[bi, bj], be]

m∑
l=1

blU ′

l (p)

−

m∑
i=1

∂biU ′

i (p)
m∑
j=1

m∑
e=j+1

m∑
l=1

[[bj, be], bl]α
′

9(p, τ )jel,

=

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

α′9(p, τ )ijeU
′

l (p)[bl, [[bi, bj], be]].

(A.26)

e can now find the integral of G from 0 to τ  as
τ

0
G =

m∑ m∑ m∑ m∑
α′10(τ )ijel[bl, [[bi, bj], be]],
i=1 j=i+1 e=1 l=1
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where α′10(τ )ijel =
∫ τ
0 α

′

9(p, τ )ijeU
′

l (p)dp. Thus, Λ′

4 from (A.19),
fter computing C ,D, E,G and associated brackets, can be written

as

Λ′

4 =
1
T ′

∫ T ′

0

( m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=e+1

α′5(τ )ijel
[
[bi, bj], [be, bl]

]

+

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

α′8(τ )ijel[[[bi, bj], be], bl]

+

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

α′10(τ )ijel[bl, [[bi, bj], be]]

)
.

(A.27)

inally, changing back to t-scale, and using ϵ = ωp∗−1 we get 

L4 = ω
ω4p∗−4Λ′

4

12
=
ω4p∗−3Λ′

4

12

=
ω4p∗−3

12
1
T ′

∫ T ′

0

( m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=e+1

α′5(τ )ijel
[
[bi, bj], [be, bl]

]
+

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

α′8(τ )ijel[[[bi, bj], be], bl]

+

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

α′10(τ )ijel[bl, [[bi, bj], be]]

)
,

=

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=e+1

β1ijel

[
[bi, bj], [be, bl]

]
+

m∑
i=1

m∑
j=i+1

m∑
e=1

m∑
l=1

(β2ijel − β3ijel )[[[bi, bj], be], bl]

(A.28)

here

β1ijel = ω4p∗−3 1
12T ′

∫ T ′

0
ηiηjηeηlα5(τ )ijel

= ω4p∗−3ωpi+pj+pe+pl−4p∗ 1
12T ′

∫ T ′

0
α5(τ )ijel

= ωpi+pj+pe+pl−3 1
12T ′

∫ T ′

0
α5(τ )ijel.

Similarly,

β2ijel = ωpi+pj+pe+pl−3 1
12T ′

∫ T ′

0
α8(τ )ijel,

β3ijel = ωpi+pj+pe+pl−3 1
12T ′

∫ T ′

0
α10(τ )ijel.

By using the variable z instead of x, the fourth-order averaging
system in t-scale including the drift term b0(z) is finally written
as: 
ż = b0(z)+ L1(z)+ L2(z)+ L3(z)+ L4(z). (A.29)

his completes the proof of Theorem  4. □
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