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A quantum spin liquid (QSL) is an exotic insulating phase with emergent gauge
fields and fractionalized excitations. However, the unambiguous demonstration of the
existence of a QSL in a “nonengineered” microscopic model (or in any material) remains
challenging. Here, using numerically exact sign-problem-free quantum Monte Carlo
simulations, we show that a QSL arises in a nonengineered electron—phonon model.
Specifically, we investigate the ground-state phase diagram of the bond Su—Schrieffer—
Heeger model on a 2D triangular lattice at (one electron per site), which we show
includes a QSL phase which is fully gapped, exhibits no symmetry-breaking order, and
supports deconfined fractionalized holon excitations. This suggests promising routes
for finding QSLs in realistic materials and high- 7, superconductivity by lightly doping
them.

qguantum spin liquids | electron-phonon coupling | quantum Monte Carlo

One of the central focuses of modern condensed matter physics has been the quest for a
physical system with a quantum spin liquid (QSL) ground state (1), an exotic insulating
state harboring fractionalized excitations, deconfined emergent gauge fields, and
topological order. (For reviews, see, e.g., refs. 2-10.) Research on QSLs has been largely
motivated by their intriguing properties such as fractionalized excitations, potential
relevance to high- 7 superconductivity (SC) (11-14), and their potential applications in
topological quantum computation (15, 16). Despite tremendous experimental efforts in
the past decades (see, e.g., refs. 17-27), unambiguous experimental evidence establishing
the existence of a QSL in any real material remains elusive. Consequently, analytically
or numerically exact solutions of “natural” or “nonengineered” microscopic models that
establish the existence of a QSL phase are of fundamental importance and can potentially
provide useful guidance in searching for QSLs in realizable materials.

To date, most analytical and numerical studies have been devoted to searching for
QSLs in frustrated quantum magnets where only local repulsion between electrons
are considered (see e.g., refs. 28-66). Since electron—phonon coupling (EPC) is also
ubiquitous in materials, it is natural to ask (12) if EPC can be the primary microscopic
mechanism of QSL formation. Nonetheless, exploration of QSLs induced by pure EPC
has been rare partly because EPC generates attractions which tend to favor pairing between
itinerant electrons instead of spin interactions between local magnetic moments. A recent
development is the establishment of resonating-valence-bond (RVB) states from strong-
coupling analyses of two special electron-phonon models defined on a (generalized) Lieb
lattice (67, 68). Moreover, it was recently shown that a Su-Schrieffer—Heeger (SSH) type
EPC on the bipartite square lattice can induce antiferromagnetic (AF) ordering as well as
valence bond solid (VBS) phases (69-73), which partly motivates us to ask whether this
type of EPC can induce a QSL on a nonbipartite lattice.

Here, we show thata QSL can indeed be found in such a nonengineered EPC model on
the triangular lattice in a broad, intermediate coupling parameter regime. Specifically, we
investigated a prototypical microscopic model featuring an SSH-type coupling between
optical phonons and electrons on a triangular lattice. This model is sign-problem-free
(74-79), so we have been able to study it using large-scale numerically exact determinant
quantum Monte Carlo (QMC) simulations (80-83). The ground-state phase diagram
inferred from the state-of-the-art QMC is shown in Fig. 1: The ground state possesses
s-wave SC long-range order at weak EPC or whenever the phonon frequency is sufficiently
high. VBS order is dominant for intermediate to strong EPC whenever the phonon
frequency is sufficiently small.

Most significantly, a gapped QSL phase emerges between the SC and VBS phases.
Several features accessible to large-scale QMC simulations are used to establish this: 1) The
QSL has a finite gap to all excitations. 2) There are no spontaneously broken symmetries—
at least none with an order parameter magnitude large enough to be detectable. 3) There
exists a deconfined (fractionalized) holon excitation that has charge ¢ and no spin.
(Modulo only the possibility that we could be fooled were the confinement scale larger
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Fig. 1. Zero-temperature phase diagram of the SSH electron-phonon model
at half-filling on triangular lattice with varying EPC strength 4 and phonon
frequency wg, obtained from state-of-the-art QMC simulations. Here, SC,
SVBS, IVBS, and QSL denote s-wave superconductivity, staggered VBS,
incommensurate VBS, and quantum spin liquid, respectively. The QSL to SC
transition is shown to be continuous and consistent with XY* universality. The
red and blue stars indicate the values of the parameters adopted for the cal-
culations reported in Fig. 3 to establish that holons are deconfined/confined
in the QSL and SVBS phases, respectively.

than our system sizes, this constitutes smoking-gun evidence (30)
that the indicated phase is a QSL.) 4) We observe anomalous
power-law correlations at the apparently continuous quantum
phase transition between the QSL and SC phases, which is
consistent with the XY* universality, expected (84) in this
circumstance. We, moreover, provide a heuristic understanding
of the emergence of QSL phases in this model employing a
strong-coupling perspective. Our results unveil the emergence of
a QSL in a nonengineered EPC model, an occurrence that, to
the best of our knowledge, has not been previously reported.
The present results should serve as an inspiration to substan-
tially broaden the search for QSL candidate materials—to include
materials without any obvious magnetism but with strong EPC
involving relatively high-frequency phonons, especially in cases
in which the electronic bands are relatively flat. The proximity of
the QSL to an SC phase is also suggestive that high-7, SC might

occur in proximity to such a QSL phase.

Model. We consider the bond SSH model on a triangular lattice
described by the Hamiltonian:

A

. U - A

=Y [—(r+g)(lj)3y+ﬁ+gxg], 1]
()

where ZA3,] = Za(f;rafja + h.c.) is the bond-density operator
in which c;rg creates an electron on site 7 with spin polarization
c =1, ], and )A(,-]- and 131] are, respectively, the displacement
and momentum operators of an optical phonon residing on
the bond between nearest-neighbor (NN) sites (z]> Here, ¢ is
the bare nearest-neighbor (NN) hopping amplitude and g is the
EPC strength. The relevant dimensionless measure of the EPC

strength is 4 = %, where z = 6 is the number of nearest-
neighbors and W = 9z is the electron’s bare bandwidth on
triangular lattice (85). For simplicity we have assumed Einstein
phonons with bare frequency wg = K/M. We set h = 1
throughout this paper.

Because this model is free from the notorious fermion minus
sign problem, we have been able to perform numerically exact
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QMC simulations to access the ground-state (zero-temperature)
properties up to system sizes 18 x 18. To do this, we implemented
projective determinant QMC simulations (86). We have focused
on the model at half-filling by fixing the electron number
rather than the chemical potential. The DQMC simulations on
the model with strong electron—phonon coupling are typically
computationally more demanding than purely electronic models
due to the longer autocorrelation times. We have adopted various
strategies to reduce the autocorrelation time; nonetheless heavy
computational resources have still been required to achieve
reliable results with high accuracy (details are in S7 Appendix).

Ground-State Phase Diagram. The ground-state phase diagram
in the extreme adiabatic limit, @y = 0, is shown along the Bozzom
line of Fig. 1. In this limit, quantum fluctuations of the phonon
fields vanish and the phonon configurations {Xj;} are static,
so ground-state properties can be accessed straightforwardly
by finding the phonon configurations {Xj;} that minimize the
adiabatic energy. For small A, because the Fermi surface is not
perfectly nested, a symmetry-preserving metallic ground-state
is stable for A smaller than a finite critical value. For stronger
coupling, incommensurate VBS (IVBS) long-range order is
found for A,y < 4 < A (A ~ 0.42 and A, ~ 1.62) with
a A-dependent ordering vector that is not far from the optimal
Fermi surface nesting vector. Even in the presence of IVBS order,
ungapped pockets of Fermi surface persist for .1 < 4 < Afgs
(Ars = 0.96), while the fermionic spectrum is fully gapped for
Ars < A < Ag. In stronger coupling, A > A, commensurate
VBS order emerges with the staggered pattern shown in the Inser
of Fig. 1. The transitions at A, and Afs are continuous while the
transition at A,y is first order, accompanied by a discontinuous
jump in the ordering vector. (See S/ Appendix for details.)

The phase diagram for small but nonzero wy is readily inferred
by continuity from wy = 0, as we have verified for finite @¢ using
QMC. Specifically, VBS persists to nonzero wg. Moreover, with
or without VBS order, the presence of a Fermi surface at wp = 0
for all A < Aps implies the existence of a Cooper instability
and hence the emergence of superconducting order at small but
nonzero @y - an expectation that is consistent with our QMC
results in the studied range wg /¢ 2 0.5. In the regime close to the
onset of IVBS order, SC should coexist with IVBS. Generally,
the SC phase expands and the VBS phases are pushed to higher 4
with increasing @o. Most significantly, in an intermediate regime

of wg and 4, we find a fully gapped Z, QSL in the ground state.

Broken Symmetries. To determine where in the phase diagram
the ground-state has various patterns of spontaneous symmetry-
breaking, we have computed the structure factor S(q, L) =

L1_4 Zl] eiq'(’i_’f)(bjbj) and the associated correlation-length

ratio
- { ! 2]

_ S(Q+dq.1)
86g &>

R(L)=1

" 5@ 1)
where Oj is one of a number of possible local order-parameter
fields, Q is the momentum at which the structure factor peaks
and |6gq| = 47 /+/3L is the minimum crystalline momentum on
a lattice with system size Lx L. As indicated in the equations, in
a broken symmetry phase, S(Q, L) — |®|? and R°(L) — 1 as
L — o0, where |®] is the magnitude of the order parameter,
while with only short-range order, it follows that S(Q, L) —
0 and that R°(L) ~ (&/L)> — 0 as L — oo, where & is
the correlation length. As a function of a control parameter, a
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Fig. 2. QMC results on the triangular lattice with size L x L, where the EPC strength is fixed at 4 = 2.16 (corresponding to g = 1.8). (A) The correlation-length
ratio (defined in Eq. 2) for onsite s-wave superconducting order as a function of wg. The crossing point for different system sizes indicates that the transition
between the SC and non-SC (QSL) phases occurs at wg ~ 1.2. (B) The Binder ratio (defined in S/ Appendix, Eq. S5) for SVBS order as a function of wg. The transition
between SVBS and the uniform (QSL) phase occurs at wg ~ 0.7. (C) Finite-size-scaling results of the single-particle and spin gaps, Agingle and Agpip, in the QSL

phase for wg = 1.0. Both Agingle and Agpip extrapolate to finite values as L — oo, confirming the fully gapped character of the QSL phase.

symmetry-breaking transition can be identified, as in Fig. 24,
with a crossing point at which R°(Z) transitions from being a
decreasing to an increasing function of Z, i.e., a point at which
R°(L) is independent of L for large L. We also consider the
Binder ratio R?(L) to identify the phase transition to a state with
spontaneous symmetry breaking, as shown in Fig. 2B. Details of
correlation-length and Binder ratios are in S Appendix.

An example of this analysis is shown in Fig. 2, where for a fixed
value of 4 = 2.16 (corresponding to ¢ = 1.8) we have computed

the superconductivity correlation-length ratio 5 (i.e. with O;
corresponding to an onsite s-wave pair-field creation operator
¢ireiy and Q = 0) and the staggered VBS Binder ratio R\b/BS
[i.e. with O; corresponding to a valence bond density operator
and Q = (x,0)] as a function of wg for L up to L = 16. The
SC correlation-length ratio Ri~(L) (shown in Fig. 24) increases
with system size when @y > 1.2, indicating that the ground state
possesses long-ranged SC order, and decreases for wp < 1.2,
implying only short-range SC correlations. At sufficiently low
frequency wg < 0.7, the order in the ground state is a staggered
VBS, as evidenced by the results of VBS Binder ratios (shown
in Fig. 2B). Consequently, in the intermediate frequency regime
0.7 < wy < 1.2, the ground state has neither SC nor VBS order.
We have repeated the same analysis for 4 = 2.94 (i.e. ¢ = 2.1),
and again found an intermediate range of wo with neither SC
nor VBS ordering, as shown in Fig. 1. We further checked for
and found no evidence indicating other possible spontaneously
broken symmetries in the intermediate phase, including other
forms of VBS ordering (other values of Q) such as columnar
VBS and v/12 x +/12 plaquette VBS, and loop current ordering
(details are included in SI Appendix). Thus, there apparently
exists, in a range of intermediate A and @, a symmetric phase
without any spontaneous symmetry breaking, consistent with a

QSL phase.

Spectral Features of the QSL. We have also obtained information
concerning the single-particle and neutral spin spectra by
analyzing the corresponding imaginary-time correlators in the
intermediate phase with no symmetry breaking order. In both
cases, we find that the local two-time correlator falls exponentially
with time, implying a gap in the spectrum. (Details of the fitting
procedure are presented in S/ Appendix.) The single-particle
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and spin gap inferred in this way for representative couplings,
A = 2.16 and wy = 1.0, in the intermediate phase are shown
for various system sizes, L, in Fig. 2C, from which it is apparent
that they both extrapolate to a finite value in the limit L — oo.
The bond—bond correlations obtained from QMC are short-
ranged with a short correlation length (less than one lattice
constant); the singlet gap is smaller but also finite (see S/ Appendix
for details). Consequently, the symmetric intermediate phase is
fully gapped. According to the celebrated Lieb-Schultz-Mattis-
Oshikawa-Hastings theorem (87-89), any symmetric phase with

a finite excitation gap on a triangular lattice at half-filling of spin-

% electrons cannot be a trivial phase; it must be a gapped QSL

with accompanying topological order.

Fractionalized Excitations. To corroborate its existence, it is
desirable to establish direct signatures of a QSL, for instance,
the existence of fractionalized excitations such as deconfined
holons. The energy cost of creating two spatially separated
holons in a QSL approaches a finite constant even when they
are far from each other. In contrast, in any topologically trivial
phase such as a VBS, holons are confined in the sense that the
energy cost of creating two far separated holons increases linearly
with separation. (Since the spin gap is finite, the energy cost of
two far-separated e charges in a confining phase ceases to grow
linearly beyond a critical separation determined by the spin-gap.
For larger separations, it is energetically favorable to create two
accompanying charge 0 spin 1/2 “spinons,” so that the charge
excitations become a pair of ordinary charge e spin 1/2 holes.)

To investigate holon deconfinement, we perform QMC
simulations for the same model but with two electrons (with
opposite 5%) removed from the half-filled system. Moreover,
we localize the associated excitations by adding two “impurity”
potentials to the Hamiltonian,

H— H+ Z Vyitz, (3]
a=1,2

which couple to the local charge (relative to half-filling) at two
separate sites 71 and 7,, respectively, as schematically shown as red
points in the /nser of Fig. 3A4. Simulations have been performed
on lattices of size L, x L,, with L, = 8, and with the two impurity
sites separated in the x direction by 715 = |7 — 72| = L,/2. We

https://doi.org/10.1073/pnas.2426111122
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focus particularly on the energy difference between doped systems
with and without impurity potential V, and the two-point
correlations (Ql Qz) and <3f§§), where Q, = ZieRa(;li -1)
and z-component of spin, 5’5 =D ek, S'f in each of two spatially
separated regions Ry (R, consisting of the site 7, and its first and
second neighbors, as illustrated by the circles in the /nmset of
Fig. 3A) for different values of L. The on-site impurity potential
is fixed at V, = 30.

The results of charge and spin correlations are shown in Fig. 3
A and B, respectively. In the QSL regime, with increasing L,
the charge correlation grows to a value close to one, while the
spin correlation vanishes, implying that the excitation trapped by
each impurity potential is a holon with charge-¢ but spin-zero.
The energy difference AE between the states of the doped holes
with and without impurity potentials is shown in Fig. 3C; AE
approximately saturates to a constant for 712 > 6, as expected
for deconfined holons. For comparison, we performed similar
calculations in the regime of VBS. The behaviors of charge and
spin correlations in the VBS phase are qualitatively similar to
those in the QSL regime, as presented in Fig. 3 4 and B, implying
that the excitations trapped by impurity potentials in the VBS
are also holons; however, the energy cost AE increases roughly
linearly with 71, as expected in a (weakly) confining phase. The
results are consistent with the expectation of deconfined holons
only in the QSL phase.

It is in principle possible for the holons to be fermionic or
bosonic—a feature determined by energetics rather than by the
topology of the state (90). This could ideally be measured by
determining the adiabatic phase under exchange, but this is not
possible with our present approach (91). However, the fact that
the QSL to SC phase transition (see below) is consistent with
condensation of bosonic holons (30, 84) suggests that the holons
are bosonic.

Quantum Phase Transitions. Although the QSL phase is fully
gapped, on approach to any continuous transition from this
to another phase, one or more gaps are expected to vanish. (If
the transition is, instead, weakly first order, the appropriate gap
should get small but not quite vanish—a subtle distinction that
we might not be able to distinguish without more extensive
studies than we have so far carried out.) Given that the QSL to

SC transition appears to be continuous, we would expect the spin
and quasiparticle gaps to remain finite at and on both sides of
the transition, but the charge gap should vanish at the transition
and in the SC phase. As shown in SI Appendix, Fig. S7, we have
verified that indeed the charge gap vanishes at two representative
points, one on the QSL-SC phase boundary and one in the SC
phase, while the single-particle and spin gaps are nonzero. At a
continuous QSL to VBS transition, the spin, quasi-particle, and
charge gaps should remain finite at and on both sides of the
transition, but the gap to spin 0 neutral excitations—which is
finite in both phases—should vanish at the transition. We have
not explicitly tested this at present.

The quantum phase transition between the insulating state
and the neighboring SC phase is expected to exhibit additional
distinct features if the insulating phase supports fractionalized
excitations. Specifically, the quantum phase transition from
a QSL with Z, topological order to a conventional (s-wave)
SC can proceed through the condensation of holons/doublons
(“chargeons”); the corresponding critical properties (84) are
characterized by 3d XY* universality, reflecting the existence
of fractionalized excitations and exhibiting power-law corre-
lations at criticality with a very large anomalous dimension
nxy- ~ 1.49 (92). In contrast, the transition between a
conventional insulator and an SC, or between a QSL and
an exotic SC* phase (with deconfined visons) is expected to
exhibit conventional 3d XY criticality, i.e. with #xyy &~ 0.034.
By numerical analysis of pair—pair correlations at the QSL-SC
transition in the present model, as detailed in ST Appendix, we
found a # =~ 1.45 + 0.08, consistent with an XY™ transition
within the error bar. This further confirms that the symmetry-
preserving insulating phase in the triangular SSH model

isaZy QSL.

Strong Coupling Analysis. We can get a feeling for why a QSL
phase arises and what its character is, by approaching the problem
from the theoretically tractable strong coupling limit, where r <«
gz/l( (i.e. A> 1) and wy K gz/K.

In the adiabatic limit wy = 0, complete identification of the
degenerate ground-states can be obtained straightforwardly from
a combination of analytic analysis and numerical solution of large
finite size systems; the electronic Hamiltonian is noninteracting,

A ——————— B ————r—1 G : : . : :
1.0 1l o000} ] 28t i
-0.02 | 24r i
§o0s8 {c .
L 2 0.04 - i I T
° T 0.
506 18 w16 i
o g-0.06 1<
o 12t o o—o
204 lsg .
& S-008f 1l ]
° [
K | : | : -
0.2 o VBS (©0=0) -0.10 —o— VBS (y=0.6) 1 4 -\—D—o gonﬁn:zd r;o:]or;s in VBQSS(E)O 0._()1)8 |
—o— QSL (mozﬂ 012 +IQSL (mlo=148) l | l . 0 | tlecon lnel olons :n ((:)0_ .8) .
0'800 0.62 0,64 oAloe obg oA'10 0,'12 "0.00 0.02 0.04 0.06 0.08 0.10 0.12 0 2 4 6 8 10
r
1/L

1/L,

X

X

Fig. 3. QMC results for two holes doped away from half filling in terms of quantities defined in Eq. 3 and the following paragraph. The doped holes are
localized in the neighborhood of two “impurities,” « = 1 & 2 as indicated by the red dots in the Inset of (A), on which there is an onsite potential V, = 30; they are
separated along the x direction by ri; = Lx/2. The EPC strength is fixed at 4 = 2.94 and two representative values of wg are treated: wy = 0.6 (in the SVBS) and
wg = 1.8 (in the QSL). The interimpurity charge-charge ((O1 Oz)) and spin-spin ((§f§§>) correlations are shown as a function of 1/Ly in (A and B), respectively.
The energy difference between the states with (Vp = 30) and without (V = 0) the impurity potential is shown in (C) as a function of rq;.
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Fig. 4. Aschematic representation of the RK wave function on the triangular
lattice. Each dimer represents two electrons occupying the bonding orbital
between two neighboring sites (see the dimer bond creation operator b’

(if)
after Eq. 4).

so all that is required is to minimize the adiabatic energy with
respect to the phonon coordinates, {Xj;}. Notably, to the first
order in #, there is an extensive number of degenerate ground-
states, which we will refer to as hard-core dimer states. They
can be identified with fully packed configurations C of hard-core
dimers, where each dimer labels a nearest-neighbor bond and
where exactly one dimer touches each site of the lattice, as shown
in Fig. 4. In the state |C), two electrons occupy the bonding
orbital on each dimer-covered bond so that the expectation value
of (E’,]) =2and ()A(,j) = 2¢/K; on the remaining bonds, (E,]) =
0 and ()A(l-j) =0.

Restricting attention to the dimer states, we note that they
remain degenerate with each other to first order in both
t and @o." To summarize, ignoring terms of higher than first
order in # and wy, there is a manifold of degenerate ground
states spanned by a set of linearly independent dimer states,
IC), in one-to-one correspondence with the set of hard-core
dimer coverings of the lattice. The electron wavefunction of each

state is .
Ce= T 2 Ivac), [4]
lijjeC
G) = 3llchgy + ghel)) +

(c; CL + L‘]TT CL )] is the valence bond creation operator and |vac) is

where bzrij) = %(c;} + []TT)(CL +

the empty state. The phonon wave functions are certain Gaussian
states for the phonon modes with (Xj;) = 2¢/K on occupied
bonds and (Xj;) = 0 on other bonds (details are given in S/
Appendix).

Working in a higher order in # and wg, we could, in principle,
obtain, in terms of the parameters of the original model, an
effective model that operates in the hard-core dimer subspace.
The form of the resulting effective hard-core quantum dimer
Hamiltonian, I:Idimer = IA/—|—], is highly constrained, and indeed
of precisely the same form as has been analyzed in various earlier
studies in which the origin of the effective model is entirely
different (30). There are two types of terms: interaction terms,
17, that are diagonal in the dimer basis, and kinetic terms, j,
that are off diagonal. To low order in the small parameters,
both terms are short-range, so for convenience, we will explicitly
consider only those involving pairs of nearest-neighbor dimers,
ie.

V=vY[ler)ezl+1 )z 5

*We have also verified the robustness of the nearly degenerate ground state manifold of
the dimer states in the presence of various additional terms, e.g. onsite Hubbard repulsion
and Holstein-type EPC.

PNAS 2025 Vol. 122 No. 33 e2426111122

where the thick lines represent dimers and the summation is over
all possible four-sided plaquettes, and

1= [l z |+ ez .

(Further range terms that are similar in structure occur as well,
although they are still smaller than these most local terms in the
strong-coupling limit.)

The interaction terms are relatively simple to compute. For
instance, to second order in # and first order in g, the interaction

can be shown explicitly to be V = 2K /g% — ‘/Ez_lwo (details

of derivations in S/ Appendix). The kinetic term / necessarily
vanishes for any ¢ in the wg — 0 limit as they are tunneling
processes—akin to small bipolaron hopping—involving rear-
rangements of the phonon coordinates. For 0 < wyp <K /4,
where the potential energy still dominates the kinetic energy, the
dimer repulsion (V' > 0) favors a staggered VBS ground state,
consistent with the results obtained from the large-scale QMC
calculations for large values of A and small wq/z. However, even
if we restrict attention to the strong coupling limit, the distinct
dependence of / and V on r and @y implies that as a function
of wg/ one can access the situation in which / & V, T in which
case it has been shown that (on a nonbipartite lattice) there exists
a perturbatively stable, gapped QSL phase with Z, topological
order (33, 49). In particular, at the special RK point (30), the
ground state can be expressed as an equal superposition of all
possible dimer covering configurations:

RK) = A2 3" [0), 7]
c

where N is the number of hard-core dimer states. A schematic
representation of |RK) is shown in Fig. 4. This is a short-range
RVB state with Z; topological order (15, 31-33), that we believe
is a representative state of the QSL phase we demonstrated in the
present QMC study.

Concluding Remarks. Using state-of-the-art QMC, we have
established the existence of a QSL phase in the ground state
of SSH electron-phonon models on a triangular lattice on the
basis of multiple, independent criteria. This is a distinctive case
for a nonengineered model, at least for one dominated by EPC.
As SSH-type phonons exist commonly in quantum materials, our
study points out a promising direction for the search for QSLs in
systems, including twisted moire systems (93), with such phonon
couplings.

As the SSH electron-phonon model in Eq. 1 is free from
sign problems even for finite doping away from half-filling, its
physical properties can be accurately studied by large-scale QMC
simulations over a broader range of conditions, which is currently
one of our ongoing efforts. In the near future, we intend to further
explore the nature of the SC state proximate to the QSL to gain
further insight into the nature of possible SC emerging from a
lightly doped QSL (94-98), a problem that has been conjectured

to have relevance to the cuprate superconductors (11-14).

TFrom the estimates of V and J as a function of t and wg in the strong coupling limit,
as shown in S/ Appendix, one would conclude that / ~ V only if g ~ t2K/g2. Since the
arguments we have presented so far rely not only on 4> 1,and wok /g2 < 1, this requires
us to extrapolate the strong coupling results to intermediate values of 4 and wpK/g2 to
access the region studied by QMC. For this reason, the strong coupling analysis of the QSL
phase just presented must be viewed as heuristic rather than controlled for the original
EPC problem.
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