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Quantum oscillations in electrical transport have long served as a powerful probe of fundamental Fermi
surface physics. To date, however, such studies have been restricted to linear electrical transport. This letter
presents the experimental observation of quantum oscillations in nonlinear electrical transport and, more
importantly, demonstrates their ability to uncover key features of the Fermi surface that lie beyond the reach
of linear-transport quantum-oscillation techniques. Using α-Sn, a topological Dirac semimetal known to
support both linear and nonlinear transport, this study shows that quantum oscillations of nonlinear
resistance are highly sensitive to both the geometry and spin texture of the Fermi contour—features to
which linear counterparts are insensitive. Further, nonlinear-transport oscillations exhibit markedly distinct
dependencies on magnetic field and temperature compared to their linear analogs. These findings establish
nonlinear-transport quantum oscillations as a transformative tool for exploring Fermi surface physics,
opening new avenues for revealing hidden Fermi surface properties in known materials and discovering
new exotic electronic states and phases.
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When a material is subjected to a strong magnetic field,
its electronic bands are quantized into discrete Landau
levels, resulting in periodic resistance variations with
field strength. This phenomenon, known as quantum
oscillations, has played a pivotal role in shaping modern
condensed matter physics. It has enabled experimental
validation of fundamental quantum mechanical principles
(e.g., Landau quantization and Fermi liquid theory). It also
facilitates the extraction of crucial Fermi surface properties
(e.g., Fermi wave number and quantum lifetime) through
electrical transport measurements, which has advanced the
discovery of new materials including unconventional
superconductors [1–4], topological materials [5–8], two-
dimensional (2D) materials [9–13], and strongly correlated
insulating states [14].
To date, studies of quantum oscillations in electrical

transport have primarily focused on linear transport, where
the current density (J) scales linearly with the electric field
(E) following Ohm’s law. However, in systems with spin-
orbit coupling and broken inversion symmetry, nonlinear
electrical transport naturally coexists with linear transport,
giving rise to behaviors such as J ¼ c1Eþ c2E2, where c1

and c2 are constants [15–27]. Remarkably, quantum oscil-
lations associated with nonlinear transport have never
been reported.
This Letter presents the experimental observation of

quantum oscillations in nonlinear electrical transport and,
more importantly, demonstrates their ability to probe
essential Fermi surface properties that are inaccessible to
conventional linear-transport quantum-oscillation studies.
The experiments utilize thin films of the topological Dirac
semimetal α-Sn, a material known for exhibiting both linear
and nonlinear transport [20]. The results reveal that
nonlinear-transport quantum oscillations provide direct
sensitivity to the geometry and spin orientation of the
Fermi surface—features that are beyond the reach of tradi-
tional linear-transport quantum-oscillation techniques. This
distinction, illustrated in Fig. 1, is further supported by
theoretical calculations. In addition, nonlinear-transport
quantum oscillations exhibit markedly different dependen-
cies on magnetic field strength and temperature, diverging
from their linear counterparts.
Three points should be highlighted. (1) Recent years

have witnessed the observation of nonlinear electrical
transport across a wide range of materials that include
semiconductors [15], topological insulators [16–18],
Weyl semimetals [19], topological Dirac semimetals [20],
2D electron gas systems [21], and heterostructures with
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inversion asymmetry [22–27]. It is anticipated that this
work will inspire a new wave of studies in these systems,
leveraging nonlinear-transport quantum oscillations to
uncover Fermi surface properties that have remained
hidden until now. (2) This work also calls for the develop-
ment of new theories capable of extracting key parameters
(e.g., spin tilting angle, spin scattering rates, and Fermi
contour curvature) from experimental nonlinear-transport
quantum-oscillation data. (3) This work opens a new
avenue for discovering exotic electronic states, mirroring
the role that linear quantum oscillations have played in the
discovery of topological materials and high-temperature
superconductors [1–8].
Additionally, it is worth highlighting an earlier work

experimental work reporting nonlinear-transport quantum
oscillations arising in a self-heating regime [28]. Those
oscillations appear in the third-harmonic response, in
contrast to the nonheating regime and second-harmonic
signals observed in the present study.
A common method for characterizing linear and non-

linear transport is to measure longitudinal first- and second-
harmonic resistances R1ω and R2ω, respectively, in response
to an alternating current IðtÞ ¼ I0 cosðωtÞ, where I0 is the
amplitude and ω is the frequency [16,19–23,27]. The R1ω

and R2ω data (ω=2π ¼ 21 Hz) in this work are mostly
measured on 5-nm-thick α-Sn films, grown on Si substrates

and residing in a topological Dirac semimetal phase, under
a perpendicular magnetic field (B). In a simplified frame-
work, the bulk states in the α-Sn films manifest as Dirac
cones with the Dirac points positioned slightly above the
Fermi level, while the surface states have their Dirac points
slightly below the Fermi level [29–31].
Figure 2 shows the linear-transport quantum-oscillation

data, from which several key electronic properties can be
extracted. Figure 2(a) gives the raw R1ω data (points) and a
fifth-order polynomial fit (curve) of the nonoscillating
background. The residuals of this fit, denoted as ΔR1ω,
are presented as points in Fig. 2(b). The curve in Fig. 2(b) is
a fit to [32–35]

ΔR1ω

�
1

B

�
¼ jΔR1ωj cos

�
2π

�
f
B
− 1

2
þ φ0

2π

��
; ð1Þ

where f is the oscillation frequency and φ0 is the Berry
phase. The amplitude jΔR1ωj can be expressed as

jΔR1ωj ¼ 4AR0

λ

sinhðλÞ e
− πm�

eBτq ; ð2Þ

where λ ¼ ð2π2kBTm�=ℏeBÞ, A is a scaling factor [32], kB
is the Boltzmann constant, T is temperature, m� is the
cyclotron effective mass, ℏ is the reduced Planck constant,
and τq is the quantum lifetime. Fitting in Fig. 2(b) enables
the determination of the Landau index N. The N vs ð1=BÞ
response is plotted in Fig. 2(c). Figures 2(d) and 2(e) reveal
the decay of the oscillations with T and ð1=BÞ, respectively.
Figure 2(d) presents the amplitudes of the strongest peaks.
The data in Fig. 2(e) are consistent with

FIG. 1. Schematic comparison of quantum oscillations (QO) in
linear and nonlinear transport. A magnetic field (B) quantizes the
energy of electronic states. As B increases, the quantized levels
cross the Fermi level (EF), leading to resistance oscillations.
(a) The first-order modification of electron distribution by an
electric field (E) creates an excess of spin-down electrons (blue
spheres) in left-moving states, generating a linear charge current
(JL ∝ E). The resulting QO are sensitive only to the Fermi
contour area. (b) Second-order modifications produce excess
spin-down electrons in left-moving states and spin-up electrons
(red spheres) in right-moving states, establishing a spin current.
The magnetic field converts this spin current to a nonlinear charge
current (JNL ∝ E2). Since the spin-current polarization is gov-
erned by the spin texture (dark red arrows) at EF, the corre-
sponding QO are sensitive to Fermi contour geometry and spin
orientation. The dashed and solid hexagons denote the Fermi
contours at E ¼ 0 and E ≠ 0, respectively.
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FIG. 2. Quantum oscillations of linear transport in a 5-nm α-Sn
film. (a) First-harmonic resistance R1ω as a function of magnetic
field B. (b) Oscillation component (ΔR1ω) of the data in (a) as a
function of B−1. (c) Landau fan diagram. (d) Amplitudes of the
first oscillation peaks at different temperatures (T). (e) Dingle
plot, with the vertical axis showing lnf½jΔR1ωj sinhðλÞ�=ð4R0λÞg.
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1
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þ lnðAÞ: ð3Þ

The analysis of Fig. 2 yieldsφ0,m�, τq, quantummobility μq,
and effective Fermi wave number kF. The fitting in Fig. 2(b)
gives f ¼ 28.58� 0.04 T. Considering f ¼ ðℏ=2πeÞAF

where AF ¼ πk2F is the area enclosed by the Fermi contour,
one then finds kF ¼ 2.95 × 108 m−1. Further, a fit of the data
in Fig. 2(c) to N ¼ ðf=BÞ þ cB − 1

2
þ ðφ0=2πÞ (c, a con-

stant) [31,36,37] yields f ¼ 28.08� 0.03 T, which agrees
with the above value, and φ0 ¼ 3.28� 0.01, which is close
to π. Finally, fitting of the data in Fig. 2(d) to Eq. (2)
givesm� ¼ 2.1 × 10−31 kg, and fitting of the data inFig. 2(e)
to Eq. (3) gives τq ¼ 0.46 ps. As such, one then obtains
μq ¼ ðeτq=m�Þ ¼ 3380 cm2=ðV · sÞ.
This analysis, together with additional data in the

Supplemental Material [38], indicates that the quantum
oscillations originate from topological surface states (TSS)
in the α-Sn film, rather than bulk states, as justified below.
(1) kF is close to the one for the TSS and is notably smaller
than that for the bulk states. (2) m� aligns more closely to
the value expected for the TSS than for the bulk states.
(3) The critical field (Bc) for oscillation onset is estimated
to be ∼4 T for the TSS and ∼11 T for the bulk. The data in
Fig. 2(b) show Bc ≈ 4 T, which matches the value for the
TSS. (4) The dependence of f on the field angle agrees with
that expected for 2D surface states [38,45,46]. (5) The good
fit in Fig. 2(b) suggests a single oscillation frequency. This
means that the oscillations arise from one carrier type,
indicating that the oscillations are from the TSS.
Figure 3 presents the key result of this work—the first

observation of second-order transport quantum oscilla-
tions. The data were collected during the same measure-
ments as the data in Fig. 2. Figure 3(a) shows V2ω, the
coefficient of cosð2ωtÞ in Eq. (1) in Appendix A, mea-
sured at different I0, with the points representing the data
and the curve indicating a quadratic fit. Figure 3(b) shows
R2ω (i.e., V2ω=I0) as a function of I0, with the points
representing the data and the line indicating a linear fit.
The nonlinear behavior in Fig. 3(a) and the linear
dependence in Fig. 3(b) justify the use of R2ω to
characterize the nonlinear transport.
In Fig. 3(c), the points present a R2ωðBÞ response mea-

sured at I0 ¼ 1 × 10−5 A and T ¼ 5 K, while the curve
provides a second-order polynomial fit to the background.
The difference between the data and the fit, referred to as
ΔR2ω, is displayed in Fig. 3(d) and clearly exhibits oscil-
lations. Figure 3(e) presents the fast Fourier transform of the
data in Fig. 3(d), while Fig. 3(f) presents the indices (N) and
corresponding fields of the peaks and valleys inFig. 3(d). The
presence of a single prominent peak in Fig. 3(e), combined
with the linear scaling in Fig. 3(f), strongly suggests that the
oscillations are due to a single type of carrier.
The oscillations in Fig. 3 represent the central finding

of this work—the observation of quantum oscillations in

nonlinear transport. Moreover, the oscillations originate
from the TSS, akin to the linear-transport responses
discussed earlier. This is because R2ω in α-Sn is primarily
associated with the TSS, as demonstrated previously [20].
As modeled in [17] and supported by experiments in
[16,18–20], the application of a field E to a topological
material can generate a nonlinear spin current in the TSS
that scales with E2 [see Fig. 1(b)]. This behavior contrasts
with the conventional charge current produced by the same
field, which scales linearly with E [see Fig. 1(a)]. In the
presence of a magnetic field, the spin current can convert
into a charge current, augmenting the conventional charge
current and resulting in a nonlinear resistance ðR2ωÞ.
The data in Fig. 3 are particularly intriguing, as they

mark the first observation of second-order transport quan-
tum oscillations. Even more compelling is their remarkable
sensitivity to specific Fermi surface properties that remain
inaccessible to their linear-transport counterparts, as elu-
cidated below.
In topological materials with trigonal or hexagonal

crystal structures oriented along the c axis or cubic
structures oriented along [111], the threefold rotational
symmetry leads to hexagonal warping of the momentum-
space surface Fermi contour (see Fig. 1) [47–51]. Along the
hexagonal contour, the spin texture displays distinct behav-
iors: at the midpoint of one side (e.g., M̄ point in Fig. 4), the
spin tilts above the plane; as it progresses toward a vertex
(e.g., K̄ point in Fig. 4), the spin rotates into the plane;
and at the midpoint of the next side (e.g., M̄0 point), the spin
tilts below the plane. To explore how this unique geometry
of the Fermi surface and the corresponding spin texture

0

2

4

0.0 0.1 0.2

5 10 15

20

40

60

80

0.1 0.2
-2

0

2

4

0 50 100
0

1

2

0 5 10
0

5

10

15

0 5 10
0

50

100

150

200

B = 4 T B = 4 T

FF
T A

m
pl

itu
de

N

1/B (T-1)f (T)1/B (T-1)

T = 5 K
I0 = 1×10-5 A

T = 5 KT = 5 K

(a) (b) (c)

2.5

N=2 3

3.5

4

I0 (×10-6 A)I0 (×10-6 A) B (T)

(d) (e) (f)

FIG. 3. Quantum oscillations of nonlinear transport in a 5-nm
α-Sn film. (a) Second-harmonic voltage V2ω as a function of ac
amplitude I0. (b) Second-harmonic resistance R2ω as a function
of I0. (c) R2ω as a function of B. (d) Oscillation component
(ΔR2ω) of the data in (c) as a function of B−1. (e) Fast Fourier
transform of the data in (d). (f) Indexes (N) and fields of the peaks
and dips in (d).
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influence the TSS’ quantum oscillations, measurements
were performed with currents applied along various direc-
tions in momentum space, with data shown in Figs. 4 and 6.
Figure 4 consists of two panels: the left displays

experimental data, while the right presents theoretical
results. In the left, the first row shows the oscillations of
R1ω for currents applied along three distinct directions, as
indicated at the top. The second row presents the oscil-
lations of R2ω for the same current configurations. To
maintain consistency with Figs. 2 and 3, the linear-transport
data (R1ω) are shown in blue, while the nonlinear-transport
data (R2ω) are in red. To directly compare experimental and
theoretical results, the right panel in Fig. 4 is formatted
identically to the left. However, one difference is that the
first and second rows present the linear resistivity ρ1ω and
the nonlinear resistivity ρ2ω, respectively, instead of R1ω

and R2ω.
Three major results are evident in Fig. 4. First, as the

current direction transitions from Γ̄ M̄ to Γ̄ K̄ and then to
Γ̄ M̄0, the quantum oscillations of the linear transport
remain almost unchanged, while those of the nonlinear
transport vary significantly-from strong oscillations in
Fig. 4(d) to no oscillations in Fig. 4(e), and back to strong
oscillations in Fig. 4(f). This indicates that linear-transport
oscillations are insensitive to the hexagonal geometry of
the Fermi contour, while nonlinear-transport oscillations
are highly sensitive. In other words, measurements of R2ω

oscillations can distinguish whether the current points from
Γ̄ to the middle point of a hexagonal side or to a vertex of the
contour. However, measurements of R1ω oscillations cannot.
Second, the oscillations of R2ω are out of phase for cur-

rents along Γ̄ M̄ and Γ̄ M̄0, as shown in Figs. 4(d) and 4(f).
This is because the sign of R2ω depends on the orientation

of the out-of-plane spin component (s⊥) of the TSS
at EF. If one denotes ϕk as the angle of the current relative
to Γ̄ M̄ as defined in the top diagrams, s⊥ can be expressed
as [16,47]

s⊥ ¼ cosð3ϕkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½cosð3ϕkÞ�2 þ

�
ℏvF
ξk2F

�
2

r ; ð4Þ

where vF is the Fermi velocity and ξ characterizes the
strength of the hexagonal warping. According to Eq. (4),
one has s⊥ðϕk ¼ 0Þ ¼ −s⊥½ϕk ¼ ðπ=6Þ�, which means that
s⊥ has opposite signs at the M̄ and M̄0 points. This analysis
demonstrates that nonlinear-transport oscillations provide
access to the spin texture along the Fermi contour—
information unattainable through linear-transport oscilla-
tion studies.
Third, the theoretical results agree with the experi-

mental observations, supporting the unique capabilities
of nonlinear-transport quantum-oscillation measurements.
Specifically, the oscillations in Figs. 4(g)–4(i) are nearly
identical, confirming that the linear-transport oscillations
are insensitive to the Fermi contour’s hexagonal geometry
and spin texture. In contrast, for the nonlinear-transport
case in Figs. 4(j)–4(l), the presence of the oscillations
depends on whether the current is directed toward a
midpoint of a side or a vertex of the hexagonal contour,
while the oscillation phase is determined by the sign of s⊥.
Building on the strong distinction in sensitivity to the

Fermi contour’s geometry and spin texture, an even more
exciting aspect is that nonlinear-transport quantum oscil-
lations exhibit distinct dependencies on T and B, as
presented below.

FIG. 4. Linear- and nonlinear-transport quantum oscillations for currents applied along Γ̄ M̄, Γ̄ K̄, and Γ̄ M̄0 directions.
(a)–(c) Measured oscillations of first-harmonic resistance. (d)–(f) Measured oscillations of second-harmonic resistance.
(g)–(i) Calculated oscillations of first-harmonic resistivity. (j)–(l) Calculated oscillations of second-harmonic resistivity. All the data
are normalized to their corresponding nonoscillating backgrounds.
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Figure 5 presents the T and B dependencies of the
quantum oscillations of R1ω and R2ω. Figure 5(a) presents
R2ω oscillations at different T. The amplitudes of the
strongest peaks in Fig. 5(a) are depicted in Fig. 5(b). To
compare the T dependencies of the linear- and nonlinear-
transport oscillations, Fig. 5(c) shows the amplitudes of the
three strongest peaks as a function of T, with blue and red
datasets for the linear and nonlinear transport, respectively.
In contrast, Fig. 5(d) compares the B dependencies of the
oscillations (peak amplitudes), with blue and red data sets
again corresponding to the linear and nonlinear transport,
respectively, as in Fig. 5(c). The curves in Figs. 5(b)–5(d)
serve as visual guides. The data in Figs. 5(c) and 5(d) are
normalized to the values at the lowest T and the highest B,
respectively.
The data in Figs. 5(a) and 5(b) show that the oscillations

of R2ω decay with both T and ð1=BÞ. The comparison in
Fig. 5(c) demonstrates that, as T rises, the oscillations in
nonlinear transport decay faster than those in linear trans-
port. Specifically, exponential fitting to the R1ω1 and R2ω1

data yields a decay rate of 0.12 K−1 for R1ω1 but a higher
decay rate of 0.22 K−1 for R2ω1. In contrast, the data in
Fig. 5(d) reveal that, as B decreases, the oscillations of
nonlinear transport decay slower than their linear-transport
counterparts. For example, the analysis of the data mea-
sured at 5 K gives a decay rate of 36.5 T−1 for R1ω but a
lower rate of 21.3 T−1 for R2ω.
These observations further highlight the distinction

between linear- and nonlinear-transport quantum oscilla-
tions, which stem from fundamentally differentmechanisms.
In linear transport, the decay with increasing T arises mainly
from thermal broadening of the Fermi-Dirac distribution and
enhanced electron scattering (e.g., with phonons). For non-
linear transport, additional processes, such as the involve-
ment of spin currents and enhanced spin scattering at high T,
contribute to the stronger decay of oscillations.
As B decreases, Landau levels get closer to each other,

and disorder broadening causes them to overlap, leading to

a decay of the quantum oscillations. In linear transport,
oscillatory resistance is affected twice by B via the Lorentz
force: first through the Hall deflection of the electrons and
again when their motion is reversed and converted into
additional resistance. This makes the oscillation amplitude
fall off quickly, approximately as ð1=B2Þ, on top of the
usual exponential Dingle damping from disorder. In non-
linear transport, the current couples more directly to the
oscillatory density of states, without going through the two
Lorentz-force scattering processes. This makes the decay
slower, roughly as ð1=BÞ.
In summary, quantum oscillations in nonlinear transport

exhibit distinct characteristics compared to their linear-
transport counterparts. These include high sensitivity to the
Fermi contour’s geometry and spin texture, more rapid
decay with increasing temperature, and slower decay with
decreasing magnetic field. These distinctions establish a
powerful yet accessible tool for probing essential electronic
properties, extending beyond the reach of conventional
linear-transport quantum-oscillation experiments. Studies
of quantum oscillations in nonlinear electrical transport,
which can be extended to response functions beyond
electric resistance (e.g., thermal conductivity), are set to
propel the discovery of new exotic states of matter.
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End Matter

Appendix A: Characterization of linear and nonlinear
electrical transport—A common method for characteri-
zing linear and nonlinear electrical transport in a
material involves measuring the longitudinal resistance
in response to an alternating current (ac) [16,19–23,27].
Consider an ac in the form of IðtÞ ¼ I0 cosðωtÞ,
where I0 is the current amplitude and ω is the angular
frequency. If the material’s resistance consists of an
ordinary resistance R0 and a nonlinear resistance CIðtÞ,
where C is a constant with a unit of Ω=A, the voltage
across the material can be expressed as

V ¼ ½IðtÞ�½R0 þ CIðtÞ�

¼ 1

2
CI20 þ R0I0 cosðωtÞ þ

1

2
CI20 cosð2ωtÞ: ðA1Þ

Division of Eq. (1) by I0 gives the resistance as

V
I0

¼ 1

2
CI0 þ R0 cosðωtÞ þ

1

2
CI0 cosð2ωtÞ: ðA2Þ

In Eq. (1), the coefficients of cosðωtÞ and cosð2ωtÞ des-
cribe the linear and nonlinear components, respectively,
of the electrical transport. In Eq. (2), the coefficient of
cosðωtÞ, defined as the first-harmonic resistance R1ω,
corresponds to the ordinary resistance, while the coeffi-
cient of cosð2ωtÞ, defined as the second-harmonic
resistance R2ω, represents half of the nonlinear resistance.
Thus, R1ω and R2ω measure the linear and nonlinear
transport responses, respectively.

Appendix B: Dependence of momentum-space
directions—Figure 6 presents ΔR2ω as a function of B−1
measured at seven current angles ðϕkÞ, as indicated, at
T ¼ 5 K. The measurements were done with seven
samples, each patterned with a Hall bar oriented along a
specific direction relative to the Γ̄ M̄ axis in the momen-
tum space. The data clearly show that as the current direc-
tion is rotated away from the Γ̄ M̄ direction toward the
Γ̄ M̄0 direction, ΔR2ω gradually weakens, vanishes near
the Γ̄ K̄ direction, and then reverses sign and intensifies.
This angular evolution of ΔR2ω with ϕk evidently
corroborates the results observed in Figs. 4(d)–4(f).
Notably, despite the pronounced changes in oscillation
amplitude, the oscillation frequency remains nearly
constant across all ϕk values.

Appendix C: Thickness dependence—The data presen-
ted above were all measured with 5-nm-thick α-Sn films.
Figure 7 presents the ΔR2ω vs B−1 profiles measured on
films with four different thicknesses (d) at T ¼ 5 K
and ϕk ¼ 0°. The data reveal three key results. First, the
4-nm, 5-nm, and 7-nm films exhibit comparable
oscillation amplitudes and nearly identical frequencies.
The observation of oscillations across multiple thick-
nesses (Fig. 7) and for various currents in six samples
(Fig. 6) confirms the robustness of the quantum

1/B (T-1)
0.10 0.15 0.20

FIG. 6. Oscillations of second-harmonic resistance (ΔR2ω)
as a function of inverse field (B−1) measured at current (I)
applied along various directions relative to momentum-space
orientations.

1/B (T-1)

FIG. 7. Oscillations of second-harmonic resistance (ΔR2ω) of
as a function of inverse field (B−1) measured on α-Sn films with
different thicknesses, as indicated.
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oscillations of ΔR2ω. Second, in contrast to these three
films, the one with d ¼ 3 nm shows no discernible
oscillations. Additional film morphology and electrical
transport data suggest that this absence likely arises
from strong coupling between the top and bottom TSS,
and the effective thickness of the TSS in the α-Sn films
studied here can therefore be estimated as about 1.5 nm
[38,53]. Third, as d increases from 4 to 5 nm and then
to 7 nm, the oscillation amplitude weakens. This
reduction likely results from decreased film quality at
larger d, as evidenced by increased surface roughness,
increased resistivity, and a reduction in R2ω [38].

Appendix D: Comparison of experimental and
theoretical results—ρ1ω and ρ2ω in Fig. 4 were computed
by determining the Landau levels from the warped
Fermi surface first and then broadening them with a
Gaussian profile to obtain a Landau-quantized density of
states (DOS). The linear conductivity was calculated by
integrating this DOS weighted by the derivative of the
Fermi-Dirac distribution and velocity correlators, while
the nonlinear conductivity includes additional terms
involving higher-order energy derivatives and the inverse
effective mass [38].
The experimental data in the left panel of Fig. 4 indicate

that the relative oscillation amplitude of the nonlinear-
transport quantum oscillations is about 2 times larger than
that of the linear-transport counterparts, suggesting that
the nonlinear response is more sensitive to Landau quan-
tization. On the other hand, theory predicts comparable
relative oscillation amplitudes for the linear and non-
linear resistivities, as shown in the right panel of Fig. 4.

This discrepancy likely arises from the approximations
inherent in the semiclassical approach, which incorporates
Landau quantization only through the DOS and adopts the
relaxation-time approximation. While this framework
captures key features of quantum oscillations, it neglects
certain quantum effects (e.g., the fine structure of the
Landau level wave functions and interlevel mixing) that
may also influence quantum oscillations in the nonlinear
response regime.
Further, the oscillation frequencies in the theoretical

results are slightly higher than those measured. This likely
reflects a difference in the Fermi level, which determines the
size of theFermi surface and thus theoscillation frequency. In
α-Sn, the Fermi level inferred from Hall measurements may
differ from the value relevant to quantum oscillations due to
contributions from multiple bands, surface-bulk hybridiza-
tion, or band-bending effects. Moreover, the theoretical
model used here assumes a clean, single-crystalline surface,
whereas real α-Sn films contain grain boundaries and
structural inhomogeneities (see Fig. S11 [38]). Such imper-
fections can introduce spatial variations in carrier density and
local band bending, which broaden or distort the Fermi
contour and shift the average Fermi level. These effects
modify the effective extremal orbit area, potentially reducing
the experimentally observed oscillation frequency. A more
quantitative explanation of this discrepancy would require
modeling these realistic sample conditions, which lies
beyond the scope of the current proof-of-concept analysis.
Future experimental and theoretical studies will be valuable
for examining the influence of such sample-dependent
effects in greater detail.
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