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ABSTRACT 
Multiple professional societies – including mathematics, statistics, and mathematics educa
tors – have recently released statements in support of teaching data science (DS) at the sec
ondary level. Such statements implicitly (if not explicitly) seek preparation of teachers to 
deliver DS content. We present our experiences in developing, delivering, and refining cur
riculum which endeavors to prepare pre-service mathematics teachers to deliver this con
tent. Our curriculum takes the form of a 5-week self-contained module that is delivered 
within coursework taken by pre-service mathematics teachers at the University of Northern 
Iowa and Iowa State University. We describe this curriculum, together with our inspiration 
and sources for this curriculum, as well as the design choices we made in its preparation. 
After offering the curriculum over 3 iterations – each of which were refinements of prior 
implementations – we have arrived at two themes that we think are foundational to prepar
ing mathematics teachers to teach DS. These two themes are: 1) we can leverage future 
mathematics teachers’ prior mathematical knowledge to master DS concepts, and 2) we can 
illustrate challenges to DS methodology through a mathematical framework. We conclude 
with a description and rationale for those two themes.
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1. Introduction 

Data science (DS) is ubiquitous, in many forms and 
in many contexts. While not necessarily new (we’ll 
discuss a bit about the history of the subject), DS 
ideas, techniques, and consequences now permeate 
much of everyday life. The mathematics and statistics 
disciplines advocate for “data literacy” or “quantitative 
literacy” at all levels of academic preparation – and 
have done so for decades – yet these calls assume sig
nificantly more urgency in our nascent era of readily 
available artificial intelligence tools.

Widespread calls to teach DS content at the sec
ondary levels appeared just in the last few years [1–3], 
though efforts to design DS curriculum at the second
ary level have been ongoing for longer [4–7]. 
However, efforts to prepare secondary teachers to 
teach DS have lagged – we published such a call 
recently [8], focusing our position specifically on sec
ondary mathematics teachers. Our contention is that 
current and future mathematics teachers are best posi
tioned to teach DS at the secondary level.

This article discusses our efforts to prepare future 
(pre-service) mathematics teachers, or PSTs, to teach 
DS. Succinctly, we developed a 5-week curriculum 
module that exposes mathematics PSTs to elementary 
DS concepts. The curriculum was delivered to math
ematics PSTs in content courses at both the 
University of Northern Iowa (UNI) and Iowa State 
University (ISU) over multiple years. The cohorts of 
students enrolled in the two universities have several 
differences in characteristics. All are mathematics/ 
mathematics education majors; however, UNI students 
were typically in their first or second years, whereas 
ISU students were typically in their third. At UNI 
they were enrolled in a statistics and DS content 
course for teachers and at ISU they were enrolled in a 
topics course. While we assume no prerequisite know
ledge for participating in the module, students that 
have had vector calculus and linear algebra are better 
prepared to engage with the content.

The collaboration for developing the curriculum 
consisted of the named authors on this article together 
with Jennifer Newman (Professor Emerita of 
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Mathematics at Iowa State University) and Sarah 
Diesburg (Associate Professor of Computer Science at 
the UNI). The collaboration for delivering the curricu
lum consisted of the named authors together with 
Alejandro Andreotti, and Heather Bolles. We also 
benefited from the input of several undergraduate 
research assistants: Meredith Tucker, Ryan Friedhoff, 
and Ian Tunicliff.

The article is organized as follows:

� In Section 2, we first state for the record our 
answer to the question “What is Data Science?”. 
We then present the history and the sources of 
inspiration for the design goals and learning objec
tives (Table 1) of the curriculum. We also address 
choices that we made during the initial develop
ment of the curriculum.

� In Section 3, we outline the current form of the 
curriculum, as well as highlight some of the 
changes that were made as successive iterations of 
the curriculum were delivered. We discuss briefly 
our usage of technology learning aids in the les
sons. (The corresponding lesson plans and technol
ogy aids are available in Appendices B and C.) We 
also briefly mention the outcome of a study con
ducted during our first iteration in which we 
administered a pre-post test to measure the impact 
of the module and discuss our efforts to conduct 
future research on the scholarship of teaching DS.

� In Section 4, we describe the overarching themes 
that we have identified as a result of several itera
tions of the curriculum offering. These themes are: 
1) we can leverage prior mathematics content 
knowledge by relating DS objects to mathematical 
objects; 2) we can illustrate grand societal chal
lenges with prior mathematical exposure and ter
minology. For example, we can leverage prior 
understanding of: (i) functions to illustrate the 
characteristics of models, and (ii) optimization to 
contextualize trustworthiness of machine learning 
(ML) algorithms, respectively. These themes will 
inform our ultimate goal of creating the framework 
of preparing secondary teachers of DS.

2. Initial major design goals

2.1. What is data science?

Let us begin by dispensing with the question that 
often confronts us as we endeavor to prepare math
ematics PSTs, present our findings, or discuss our 
project with various stakeholders. The phrase “Data 
Science” is relatively new, with initial references to the 
phrase appearing in the mid-1990s [9,10]. The phrase 
became commonplace in the late 2000s. We can con
ceptualize DS as an emerging academic discipline, 
with programs – and several departments – now exist
ing at institutions of higher education across North 
America and Europe. The first lesson of our 5-week 
module consists of a lecture entitled “What is Data 
Science?” that Eric Weber has been presenting to 
audiences in various venues – typically undergraduate 
students in multiple majors – for several years. The 
slides from recent versions of this presentation are 
available in Appendix A (Supplementary appendix).

Many of the ideas in DS predate the initial usage 
of the phrase, and many scientific contributors 
advanced the methodology. One slide from the first 
lesson of our module is depicted in Figure 1, in which 
we present a reverse chronological history of ideas 
that led to what we now often refer to as DS, high
lighting the “prior art” of DS to its formal reference. 
The slide also depicts a Venn diagram of phrases that 
regularly appear in related contexts: DS, artificial 
intelligence (AI), and machine learning (ML). The 
diagram counteracts the conflation of these phrases, 
as they are frequently used interchangeably but in fact 
are distinct objects that are interrelated.

To provide broader context, we provide a few 
working definitions of DS as well as our own concep
tion of DS, particularly within the context of math
ematics. Johnstone and Robert (2014) state: “We 
define the processes that plan for, acquire, manage, 
analyze, and infer from data collectively as the data 
science lifecycle” [11] puts it more succinctly: “The 
would-be notion takes DS as the science of learning 
from data … ” (p. 745). Others depict the notion of 
DS through figures, including a Venn diagram [12] 

Table 1. Learning objectives for the data science module for pre-service teachers.

A. Visualization and exploration 1) Understand the problem of classification of data points in space 
2) Utilize projections for visualization and classification 
3) Identify gaps in data

B. Prediction 1) Design methods to predict classification 
2) Evaluate performance of prediction 
3) Identify assumptions and biases in methodology

C. Communication 1) Communicate solutions to prediction problems 
2) Communicate effectively methodology and sources of errors

D. Optimization 1) Understand types and components of optimization problems 
2) Translate prediction problems into optimization problems
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and a process cycle [13]. Our high-level view of DS is 
similar–we describe DS as the reversal of the scientific 
method to our students. By this, we mean that often, 
in a DS context, the process begins with the data and 
a hypothesis or research question is reverse-engi
neered. At a lower level, we scaffold DS over prior 
mathematical knowledge, which is reflected in our 
choice of learning objectives and lesson plans.

2.2. Timeline for curriculum design and 
implementation

Though our current working definition of DS as just 
stated informs our curriculum design and delivery, 
our original approach to DS for mathematics PSTs 
consisted of an amalgamation of several sources— 
sources that were significantly more algorithmic or 
technical in philosophy. We will highlight those sour
ces in our description. Moreover, our curricula offer
ings occurred independently, prior to our ongoing 
collaboration. We describe the curricula of our two 
offerings that existed separately from each other as 
well as the output of our merged curriculum. After we 
relay the evolution of the curriculum over several iter
ations, we will then share the lessons we have learned 
in the form of identification of major “themes” which 
combine both rigorous mathematical content and our 
working definition of DS. These themes will be devel
oped in Section 3.

At ISU, Eric Weber led a group consisting of 
Stephen Nathan Mercil, Jennifer Newman, and 
Alejandro Andreotti to design the curriculum in fall 
2019 semester for a course that was offered during the 
spring 2020 semester. Dr. Andreotti was the instructor 
of the course; however, Stephen Nathan Mercil deliv
ered the content to the class for the module. The 
module was not delivered in spring 2021. At the UNI, 
the mathematics department was in need of a new 

course in probability and statistics for the mathemat
ics teaching major. Heather Gallivan designed the 
course and implemented it for the first time during 
the spring 2021 semester, using materials designed by 
Heather Gallivan as well as those from the ESTEEM 
project [14]. During the spring 2022 semester, 
Heather Gallivan piloted the MODULE(S2) statistics 
curriculum [15] and has used this curriculum, in part, 
to varying degrees in each subsequent spring semester 
the course was offered.

During the fall 2021 semester, Heather Gallivan 
and Eric Weber were independently invited to join a 
large group of researchers in DS to submit a grant 
proposal to the National Science Foundation. While 
that proposal was not funded, Heather and Eric subse
quently submitted a curriculum development proposal 
to the Iowa Space Grant Consortium (ISGC) during 
the summer of 2022. The ISGC proposal was funded 
during fall 2022 semester, at which point the curricula 
from ISU and UNI were integrated and delivered dur
ing the spring 2023 semester. We applied for contin
ued funding during summer 2023 which was awarded, 
and the curricula was delivered again in spring 2024 
and spring 2025 semesters in updated form. As of the 
writing of this article, the curriculum is continuing to 
be improved and offered in future spring semesters.

2.3. First iteration of our curriculum design

The curriculum initially written at ISU was informed 
and inspired by multiple sources in DS research and 
training at the graduate level. A team consisting of 
Dr. Alex Andreotti, Stephen Nathan Mercil, Dr. 
Jennifer Newman and Eric Weber met regularly over 
the course of a semester to conceptualize the module. 
Early in the process, the team’s discussions focused on 
learning objectives to be met by specific lesson plans 
that were drafted later in the process.

Figure 1. Slide from “What is Data Science?” Presentation introducing the module to Mathematics PSTs.
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The first slate of learning objectives originated 
from the Midwest Big Data Summer School that tran
spired at ISU in the years 2016–2019 [16]. The main 
topics of the Summer School consisted of data acqui
sition and curation, visualization, generation of elem
entary ML models (via optimization), and 
mathematical concepts in support of those topics. The 
learning objectives that now inform our curriculum 
are presented in Table 1, which evolved from the ear
lier slate together with an emphasis on mathematical 
content as we will explain presently.

The first drafts of the lessons centered on synthetic 
datasets that simulated animal tracking (we provide 
one such lesson in Appendix B). We also incorporated 
real data as will be described shortly. The full data 
sets consisted of timestamps, 2-dimensional locations, 
and velocities given in the form of speed and heading. 
Lessons included multiple data sets which progressed 
by adding covariates—in earlier lessons, the data set 
contained fewer of the covariates; in later lessons all 
covariates were provided. The purpose of each lesson 
was to predict the trajectory of the animals (some
times the number of animals was provided, and some
times not). This synthetic dataset mimicked the real 
dataset provided to Stephen Nathan Mercil and Eric 
Weber as part of a funded research project [17,18]. 
More information about that dataset, including our 
analysis, can be found in the repository [19].

The animal tracking formulation provided us with 
the context to present material on visualization, pro
jections, optimization, and algorithm design. Since the 
module appeared in a mathematics course for math
ematics PSTs, our emphasis was on mathematical con
cepts which serve DS techniques. For example, we 
utilized one version of the animal tracking data set 
with timestamps and locations (so the data points 
were three-dimensional). Students were tasked with 
creating visualizations of the data under two-dimen
sional projections, then to make inferences informed 
by those visualizations. (A completed version of this 
lesson is included in Appendix B.) We chose to use 
the synthetic data to cleanly illustrate the mathematics 
we emphasized while also providing a more tangible 
context for the problem the data presents–one 
instructor artfully referred to the tracking data as 
“cowpies in a pasture”. Moreover, through game-play 
of “connect-the-dots”, students are motivated to think 
about how to get a computer algorithm to make asso
ciations through computations that humans make 
visually.

In addition to the pedagogical advantages to the 
animal tracking formulation just highlighted, object 

tracking poses a significant challenge encountered in 
multiple contexts. Science, engineering, and military 
applications all encounter the challenge of object 
tracking. For example, our own inspiration for the 
animal tracking came from a challenge problem 
funded by the National Science Foundation and the 
National Geospatial Intelligence Agency to track sub
stantial numbers of ocean vessels. One of our favorite 
examples of the premise of DS, and perhaps one of 
the earliest in history, is Johannes Kepler’s derivation 
of his laws of planetary motion. He observed the loca
tions of planets (requiring him to track them), then 
derived (learned) the laws from the data.

The curriculum initially written at the UNI focused 
on probability and statistics content. Generally, this 
included exploratory data analysis, statistical associ
ation (including linear and multiple regression of 
quantitative and categorical variables), and statistical 
inference (including the Central Limit Theorem, con
fidence intervals, and hypothesis testing). The materi
als used have come from multiple sources including 
the MODULE(S2) statistics materials [20], the 
ESTEEM materials [14], and lessons and activities 
designed by Heather Gallivan. Incorporating DS con
tent first occurred during the spring 2023 semester 
after collaboration started with the team at ISU.

Our merged curriculum included a heavily modi
fied version of the statistical association material from 
the MODULE(S2) curriculum [20]. Our variations 
lead directly into multiple concepts that we think are 
crucial for mathematics PSTs. First, and foremost, we 
emphasize the concept of a model in DS–while simul
taneously bridging the concept with that of a function 
from mathematics–which primes the students to asso
ciate DS objects as being founded upon familiar math
ematical objects (e.g. a linear regression model is 
constructed from a linear function), even though we 
likely interact with those objects in different manners. 
We also incorporated multiple linear regression 
material from UNI, further developing the familiar 
notion of functions as DS objects. In later lessons on 
linear/multilinear regression, we had students model 
property valuations using (real) data obtained from 
public records in Waterloo and Cedar Falls, IA.

Table 1 presents the learning objectives of our cur
riculum in its merged form. The objectives and the 
chosen content align as a result of contemporaneous 
development, each informing the other as develop
ment transpired. We have since made several changes 
to the content, our implementation of the learning 
objectives, as well as our higher-order objectives– 
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themes–through multiple iterations of offerings. We 
will expand on that evolution in Section 3.

2.4. Comments on design choices in the 
curriculum

We made numerous design choices that legitimately 
raise obvious questions or objections. We would like 
to address some of those here. Our choices reflect 
both constraints imposed by the environment within 
which the curriculum is (or will be) implemented as 
well as our primary motivations. Because of these fac
tors, the curriculum is not comprehensive in present
ing DS content.

Our curriculum is presented over a period of 
5 weeks within the context of a (single) topics course 
in mathematics for PSTs. We could easily envision a 
full development of DS for mathematics PSTs requir
ing 3 semester-long courses (though this is neither 
research grounded nor a recommendation). We view 
these courses as distinct from any required or recom
mended courses in probability and statistics – the 
Statistical Education of Teachers (SET) report recom
mends 3 courses in probability and statistics for well- 
prepared teachers, for example [21]. The content of 
such a 3 semester sequence would cover content only; 
methods courses in DS (which are being developed by 
the ESTEEM II project, for example); [22] would add 
additional coursework.

As our target demographic is mathematics PSTs, 
our curriculum intentionally prioritizes mathematical 
content, concepts, and methods. We fully endorse 
calls to prepare secondary mathematics teachers to 
teach DS [23,24], yet we are sensitive to the needs of 
our PSTs as circumstances currently exist, namely, 
that they need to receive the content needed for licen
sure and–ultimately–success in the field. As we will 
demonstrate in Sections 3 and 4, the mathematical 
content meets these needs and facilitates PSTs subse
quent mastery in DS content.

Our curriculum further aligns with exposing PSTs 
to DS content with which they likely have prior famil
iarity through their mathematics coursework. Our 
PSTs explore overarching DS concepts without focus
ing on skills and procedures (e.g. coding, data man
agement, etc.) but rather on the foundational 
mathematical content. We target larger DS concepts 
of prediction and classification through the emphasis 
that developing predictive models is mathematical in 
nature (i.e. a model is really a function as a mathem
atical object).

During the several iterations of our curriculum, we 
had discussions focused on whether we should present 
content and lessons that the PSTs could take directly 
with them into their own classrooms. Our choice reflects 
two rationales: 1) existing curricula is readily (and freely) 
available for their usage including: Introduction to DS 
[5]; International DS in Schools Project; (IDSSP, 2019); 
and Bootstrap: DS (Bootstrap Community, 2017); and 2) 
our content contains elements that we would identify as 
horizon knowledge [25], an important dimension of 
teacher preparation. Horizon knowledge refers to the 
content knowledge teachers should master beyond the 
content that they themselves will teach.

These choices leave much behind. At a disciplinary 
level, since DS can be conceptualized as a merging of 
mathematics, statistics, and computer science, our cur
riculum touches briefly on statistics and excludes 
computer science entirely. Thematically, we do not 
present the DS lifecycle [26,27]. Topically, we do not 
discuss data management (wrangling, cleaning, archiv
ing, privacy), techniques (ML, neural networks, clus
tering), or technology (coding, scripting, databases, 
etc.) Most of these important topics in DS are 
included in the common curricula available online 
(e.g., Introduction to DS) [5].

Despite these difficult choices–and the other con
straints within which our module was deployed–our 
curriculum is consistent with national standards in 
mathematics education. For example, the Committee 
on the Undergraduate Program in Mathematics 
(CUPM) Guide to Majors in the Mathematical Sciences 
[28] includes a list of “Mathematical Outcomes” for 
statistics education–the following are entries within 
that list which map to several of our learning objec
tives (as labeled in Table 1):

� Experience using technology to explore statistical 
concepts and to analyze data graphically, numeric
ally, and inferentially A.1, A.2, A.3, B.1, B.2, C.2.

� The knowledge of deciding which statistical methods 
to use in which situations and the ability to check 
necessary conditions for those methods to be valid 
B.1, B.2, B.3, D.1, D.2.

� Extensive experience with interpreting results of stat
istical analyses and communicating conclusions 
effectively, all in the context of the research question 
at hand C.1, C.2.

� An awareness of the power and scope of statistical 
thinking … in everyday life A.2, B.3 (p. 30).

In addition, the CUPM [28] itemizes recommenda
tions from the GAISE report [29], all of which we 
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follow in our curriculum design. Our classroom prac
tices also utilize recommendations from the MAA 
Instructional Practices Guide (IP Guide), including 
(CP.1.5) collaborative learning strategies, (AP.4) assess
ments that promote student communication, (XT.4.1) 
technology and exploratory activities, and (XT.4.3) 
technology as a tool [30]. We wish to particularly 
highlight (CP.2.9) procedural fluency emerges from 
conceptual understanding. Indeed, we will describe a 
major theme emerging from our development in 
Section 3 that reflects this understanding.

3. Current form of the curriculum

3.1. Overview of the curriculum

The 5-week module consists of 8 lessons covering the 
main topics of linear regression, classification in the 
form of animal tracking, and optimization. Here we 
outline the 8 lessons with very brief descriptions of 
content, after which we will provide substantially 
greater detail of the lessons by category.

1. What is Data Science: history of DS; definitions; 
ML and artificial intelligence.

2. Linear regression: modeling housing data–linear 
models; correlation coefficient; r2; graphing with 
technology; model fit.

3. Data visualization & exploration: animal tracking 
data–visual inspection of data; ill-posed problems; 
initial algorithmic thinking; position data only.

4. Data visualization II: animal tracking data–posi
tion and time attributes; visualizing different 
coordinates; projections for dimensionality 
reduction.

5. Data visualization III & Prediction: animal track
ing data–position, time, and heading attributes; 
algorithmic thinking; inferences/predictions from 
more covariates.

6. Data visualization IV & Prediction: animal track
ing data–missing data; data gaps; barriers to 
inferences.

7. Optimization: traveling salesman problem–algo
rithmic thinking, greedy algorithms; run-time 
tradeoffs.

8. Optimization II: animal tracking data–predictions 
using optimization routines; choice of metric; use 
of projections to calculate distances.

We have altered the lessons over several iterations. 
One substantial change involved adding the traveling 
salesman problem to help scaffold the use of opti
mization in later animal tracking lessons. Another 

substantial change involved incorporating pre-config
ured spreadsheets in several of the lessons so that our 
students would not be distracted by attempting to 
design appropriate calculations within the spread
sheets but would alternatively focus on the algorithmic 
thinking and the understanding of optimization 
routines.

3.2. Content on linear regression

The first few lessons after the introduction to DS lec
ture were focused on statistical association. These les
sons were heavily modified versions of lessons 
contained in the MODULE(S2) statistics materials 
[20]. We chose to start the module content with linear 
regression specifically as finding the least squares 
regression line is a well-known optimization problem 
that is likely familiar to mathematics PSTs. We utilize 
linear regression models as a means to introduce 
more complex ideas of optimization later in the mod
ule. Thus, major modifications were made to the 
MODULE(S2) statistics materials [20] on statistical 
association to introduce bivariate linear regression 
using a data set collected by local high school students 
who were enrolled in a DS course offered by the high 
school. The high school students gathered local hous
ing data from the Internet that included categorical 
and quantitative variables such as whether the home 
was East or West of the river, assessed value of the 
home, and property taxes. We then moved past the 
content covered in the MODULE(S2) materials to 
explore multiple regression using this data set. This 
included associations between two quantitative and 
one categorical variable; and association between three 
quantitative variables. We used Plotly to create three- 
dimensional scatterplots and compute least squares 
regression lines so the PSTs could explore what asso
ciations between three (or more) variables could look 
like visually. The mathematics PSTs also explored and 
analyzed projects that the high school students had 
completed using this data to support the PSTs’ devel
opment of mathematical knowledge for teaching [25].

3.3. Content on tracking data

Most of our lessons utilized a data set–or variations 
there-of–representing animal tracking information. 
This data set provided the framework for students to 
explore and engage with multiple mathematical and 
DS concepts. Major concepts included optimization 
routines, algorithmic thinking, projections, and visual
ization. Students also engaged with fundamental 
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questions within a DS context, such as “What do we 
mean by classification?”; “Is there a correct answer (or 
ground-truth)?”; “Are there explanations for the data 
that reveal ambiguity?”; “How do we engage data as 
human beings with senses?” and “How might that be 
different for a computer?”; “How do we interpret our 
work, our predictions?”

PSTs explored several different animal tracking 
data sets throughout these lessons. The data sets con
sisted of animal tracking information. For the earlier 
lessons, the PSTs were provided with a data set that 
had few attributes (such as spatial attributes as x-y 
coordinates only or x-y coordinates and a time stamp, 
t). For later lessons, PSTs were given data sets that 
consisted of x-y coordinates, time stamps, and two 
heading attributes (speed coordinate s; heading coord
inate h). Then, they were given a data set where there 
were gaps in the timestamps. Further, in earlier les
sons, the number of animals was indicated; for later 
lessons, the number was not specified and students 
needed to estimate or infer that number from the data 
given.

Visualizations of the data constituted a substantial 
fraction of the material. For several of the lessons, vis
ualizations were provided using data sets with a subset 
of the attributes or all of them; then students were 
expected to construct their own visualizations using a 
different data set. Students were instructed on how to 
use CODAP [31]; a free, web-based data analysis soft
ware for K-16 students) and a spreadsheet utility for 
generating images. Figure 2 below shows an image of 
a visualization of a data set in the x-y coordinates 
only (the provided data included the time attribute).

This image prompted students to envision connect
ing the dots together with a methodology to explain 

their choices of how to connect the dots. Students 
explored the ambiguity of multiple different ways in 
which to connect the dots to create plausible trajecto
ries of the animals. Students were also challenged on 
how they might conceptualize the manner in which a 
computer program would connect the dots.

With this data set, we emphasize the distinctions in 
visual cues given the different coordinate systems. We 
discuss how the data set with 3 attributes (x-y-t coor
dinates) would appear in 3 dimensions, and then how 
the two-dimensional views (see Figure 3) are artifacts 
of projections. We can illustrate a significant concept 
that when data inhabits much higher-dimensional 
space, visualization is not possible, but we can still 
explore the data through projections in this manner. 
Sometimes those projections even reveal significant 
structure!

Ultimately, the lessons scaffold student thinking 
and content mastery–in mathematics and DS–to con
ceptualize a complete solution to the animal tracking 
problem. We share this lesson in its entirety in 
Appendix B. Later lessons incorporated content 
emphasizing optimization routines as methodology for 
classifying points in space. Those lessons also include 
some student led algorithm design together with prior 
developed spreadsheet calculation to overcome stu
dents’ potential computational barriers. We discuss 
additional details of the optimization content in the 
next subsection.

3.4. Content on optimization

Our emphasis on optimization reflects two significant 
realities of DS as it is currently practiced: 1) modern 
ML techniques are massive optimization routines; 2) 

Figure 2. CODAP generated example plot of three-animal data set as presented to PSTs.
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those routines will always either: a) converge or b) 
terminate subject to a stopping condition. These two 
assertions form the foundation of multiple quantita
tive and ethical discussions with our PSTs.

ML forms much of the foundation of DS, particu
larly in the forms of artificial intelligence and large- 
language models. As Goodfellow et al. state:

A subfield of artificial intelligence, most modern 
machine learning, as used in production, can 
essentially be understood as applied function 
approximation; when there is some mapping from an 
input x to an output y that is difficult for a 
programmer to describe through explicit code, a 
machine learning algorithm can learn an 
approximation of the mapping by analyzing a dataset 
containing several examples of inputs and their 
corresponding outputs. The learning proceeds by 
defining a “model,” a parametric function describing 
the mapping from inputs to outputs (p. 56).

Similarly Hardin [32], notes “that the mathematics 
[of machine learning], e.g., gradient descent, is almost 
always hidden within the computational software, 
making it even more important that our students 
understand the underlying mathematics.”

We present elementary and illustrative examples of 
optimization problems in order to open the “black 
box” of ML. We emphasize that, while complex in 
scale and details, the essence of ML techniques is con
ceptually understood through a mathematical formula
tion. Our students encounter this formulation in prior 
coursework, including calculus.

Our first specific instantiation of an optimization 
problem is, in fact, linear regression. We introduce 
linear regression – as often practiced in secondary 

and post-secondary coursework – as the “line of best 
fit”. We do so initially through visual motivation; 
using CODAP, students can visualize a line with the 
squares of the residuals depicted in real time as the 
parameters of the line vary. Students are then chal
lenged to visually determine when the sum of the 
areas of the squares is minimized (see Figure 4). 
CODAP can then graphically display the actual line 
which minimizes the area – i.e. the squares of the 
residuals. This example has all of the essential features 
of an optimization problem – an objective function 
(the sum of the squares of the residuals) and a search 
space (all linear functions). As an optimization prob
lem, however, it presents differently than prior expos
ure in calculus and so motivates deeper conceptual 
thinking about optimization routines. Moreover, the 
minimizer has a closed form expression and has rele
vant properties to the question of whether a linear 
model is appropriate for the given data. Therefore, we 
can use linear regression as an example of when the 
minimizer can be properly interpreted, so that the 
output of the optimization routine can be evaluated 
for trustworthiness [27].

Our second instantiation of an optimization prob
lem is the traveling salesman problem. We present 
our students with a list of 5 points in the x-y plane 
together with the goal of finding the path of shortest 
distance that includes the 5 points. Using a spread
sheet that has been prepared for them, they can test 
various paths among the 5 points to see how different 
selections affect the total path length. We then intro
duce them to a “greedy algorithm”; after selecting an 
initial point, students are instructed to find the closest 

Figure 3. CODAP generated graphs of X vs. T and Y vs. T attributes.
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point of the remaining 4. That point will be the 
second destination of the traveling salesman; so stu
dents are instructed to next find the closest point of 
the remaining three. Students iterate the calculations 
until all 5 points are selected. We prompt students to 
try several different initialization points within the 
greedy algorithm, again to see how selections alter the 
total path length.

After their exploration with the greedy algorithm, 
we inform them of the shortest path together with the 
observation that the greedy algorithm would not 
always find that path (we design the locations of the 5 
points so that this property holds). We thus illustrate 
that the greedy algorithm, as an optimization routine, 
will provide an estimate of the minimizer but will not 
necessarily provide the actual minimizer. Students are 
also challenged to consider how an algorithm would 
attempt to find the actual minimizer and conceptual
ize the difficulty level of the problem – i.e. it is a 
combinatorial search problem. We share this lesson 
and spreadsheet in its entirety in Appendix C.

Using our animal tracking framework, we are able 
to then introduce several interrelated applications of 
optimization. These applications further develop stu
dents’ understanding of the main elements of opti
mization as well as provide exposure to see algorithms 
within the context of making predictions/classifica
tions. Utilizing the animal tracking data set that con
tains the speed and heading attributes, we prompt 
students to consider how those attributes of a given 
data point (i.e. current time, location, and velocity) 
could be used to estimate the animal’s location at a 

later time. See Figures 5 and 6 for how we visualize 
the velocity vectors with speed and heading attributes. 
Students are able to define a metric using this intu
ition–assuming that the animal travels in a straight 
line over short time intervals – to then consider future 
location data relative to that straight line. Doing so 
motivates using projections – the distance from a 
point to a line can be computed using the scalar pro
jection, a topic from advanced calculus. Students are 
able to design a methodology in which future data 
points are classified according to which are closest to 
the line estimated from a previous (in time), already 
classified data point.

An additional variation of this theme is for stu
dents to consider pairs of future data points (assum
ing two animals in this scenario), then minimizing the 
sum of the distances between pairs of points and the 
two lines associated with the two animals. Through 
this scenario, students immediately experience the 
ramifications of altering the objective function.

The use of projections was chosen for several rea
sons: 1) to connect to PSTs’ horizon content know
ledge [25] and the content they were learning in their 
upper level mathematics coursework; 2) to support 
PSTs’ learning algorithmic thinking to find a predic
tion model using an optimization algorithm; and 3) to 
support PSTs’ understanding that optimization algo
rithms are what we need to code into a computer for 
it to generate a prediction model.

PSTs were asked to evaluate the “solutions” each of 
these algorithms provided to determine which solu
tions made sense in context as well as through visual 

Figure 4. CODAP least squares regression line sum of square errors representation with housing data.
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inspection. Students were then asked to communicate 
their reasoning. PSTs also discussed the idea that pro
gramming a computer to use a specific algorithm will 
generate a solution, just not necessarily the “correct” 
one. The role of humans is to evaluate the computer 
output within the context of the study, the data itself, 
and any ethical or societal concerns. We share this 
lesson and spreadsheet in its entirety in Appendix D.

3.5. Outcomes of our study to evaluate curriculum 
effectiveness

We assessed the PSTs’ DS content knowledge through 
a pre-post test. This pre-post test consisted of three 
open response tasks that addressed each of the learn
ing objectives that we have discussed for the module 
above. The pretest was given two weeks prior to the 
start of the DS module and the post-test was given 
directly following the end of the module. A rubric 
was created for each task to score the participants’ 
tests. The authors independently scored tasks 1 and 3 

on all of the pre-post tests and resolved any disagree
ments collaboratively. Paired samples t-tests were uti
lized to determine whether there was a significant 
change in the PSTs’ DS content knowledge from 
before the DS module was implemented and after. 
The second task did not get scored with a rubric since 
we felt that the responses (and lack thereof) from the 
PSTs were better analyzed qualitatively as there were 
several potential possible solution pathways. For those 
few PSTs who did provide a response to the task, we 
felt that the responses from the PSTs were better ana
lyzed using the constant comparative method of quali
tative analysis [33] as such results will better 
illuminate what PSTs learned.

The first iteration of our course delivery was con
ducted under prior ISGC Curriculum Development 
Grant support. Our delivery was successful in that on 
the pre-post, mathematics PSTs showed a significant 
gain in understanding of DS concepts (t ¼ 9.21; 
df ¼ 18, p < 0.001). However, a more qualitative 
exploration of what the PSTs learned shows there is 

Figure 5. Graph representing X and Y coordinates, speed, and heading.

Figure 6. Illustration of how speed (s) and heading (h) are represented graphically.
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room for further development of the materials – spe
cifically the content delivery and assessments of PST 
learning. A complete presentation of the study results 
can be found in Gallivan et al.

3.6. Future directions of the curriculum design

For our first goal, we intend to refine the course activ
ities to incorporate more use of technological tools to 
better facilitate the learning of certain concepts (e.g. 
CODAP, R, and/or Jupyter Notebooks). For example, 
we intend to incorporate more scaffolds for PSTs to 
develop their understanding of classification models 
using CODAP add-ons (see https://codap.xyz/) to 
introduce the idea of decision trees – a topic that is 
accessible to their future high school students and is 
content included in already existing high school cur
ricula [5]. Additionally, we are developing more 
user-friendly spreadsheet templates so that PSTs can 
interact more deeply with our animal tracking content 
in support of learning objectives B. Prediction and D. 
Optimization.

While our curriculum emphasizes conceptual 
understanding of broader DS ideas, our second goal 
will be to begin creating a bridge toward procedural 
fluency [30,34], e.g. learning a coding language. We 
assert that algorithmic thinking can be that bridge. 
We intend to pursue research that supports that asser
tion by incorporating lessons and activities on writing 
pseudocode for the traveling salesman problem activ
ity as well as the animal tracking data. The purpose of 
including pseudocode activities will be to: 1) focus on 
mathematical and algorithmic thinking; 2) avoid hav
ing to teach a particular coding language in a 5-week 
module; 3) start thinking about how one might “tell” 
a computer to classify data points; and 4) and how to 
communicate the chosen methodology to others.

After data analysis during the first iteration of the 
project, we realized that the pre-post test we utilized 
to measure the PSTs’ learning of DS content needs 
some revision to align better with our learning out
comes (including assessing their use of technological 
tools) and to better measure student learning. We will 
refine this instrument as well as develop other meas
ures of student learning that clearly align with our 
intended learning objectives.

Finally, we also would like to incorporate more 
opportunities for the mathematics PSTs to consider 
how to teach DS concepts, including the analysis of 
K-12 student work and completing and analyzing 
tasks they can use with high school students. Thus, 
we argue that existing research on mathematics and 

statistics knowledge for teaching (MKT; SKT); 
[25,35,36] can help inform what we will call data sci
ence knowledge for teaching (DSKT). Through analysis 
of data (see Gallivan et al.), discussions of the overall 
goals for the module, and conversations with partici
pants at conference presentations (e.g.,) [37], we 
developed two themes as an articulation of what we 
believe are important foundations for a theory of DS 
knowledge for teaching as we describe below.

4. Transition toward major themes

Based on our implementation and assessment of our 
DS module, we as Mathematics teacher educators 
have carefully reflected on and discussed what revi
sions we need to make to the module to better sup
port PST learning of our learning outcomes (Table 1). 
Through this reflection and discussion, the authors 
determined that there are two overarching themes 
that we feel drive our decisions for what our module 
includes. We share them in the hope of being trans
parent with the progression of our work as well as 
share a glimpse of where our module revisions are 
going for the future.

These themes are: 1) we can leverage prior math
ematics content knowledge by relating DS objects 
(e.g., models, predictions, and learning) to mathemat
ical objects (functions, probabilities, and optimiza
tion); 2) we can illustrate grand societal challenges 
(e.g., trustworthiness of AI) with prior mathematical 
exposure and terminology (e.g., optimization algo
rithms always provide an output from a given input, 
though we do not always understand the outputs of 
such an algorithm).

We emphasize these two themes that pervade the 
content and inform the learning objectives for the 
module. The first theme recognizes that key DS con
cepts are predicated on prior mathematical knowledge. 
Indeed, our content demonstrates that our students 
actually engage multiple DS concepts in prior math
ematics coursework under different nomenclature 
(e.g., linear models are functions). Consequently, our 
DS content actually provides PSTs with horizon 
knowledge in both mathematics and DS. The second 
theme prompts students to engage with ethical dimen
sions of DS (and therefore mathematics!). Because 
optimization algorithms are foundational techniques 
in DS applications [32], student exploration of these 
algorithms expose them to a critical lens for under
standing the outputs of these techniques. Through the 
content, students consider the role and 
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trustworthiness of technologies deployed in processing 
and modeling data [27].

Thus, our goal for module revisions is to explicitly 
weave these themes throughout the content. Our 
intended results are two-fold. First, in a very short 
timeframe, we intend to provide PSTs with sufficient 
foundational knowledge through bridge building that 
they can pursue further study of DS independently. 
Second, we aim to instill in PSTs an interest in the 
significance of DS to themselves and their future stu
dents through an ethical lens.

4.1. Theme 1: Building bridges between data science 
and mathematics

The mathematics curriculum for PSTs is well devel
oped–as PSTs progress through their programs, they 
are exposed to significantly more and deeper mathem
atical content. This content focuses both on mathem
atical objects and mathematical techniques. While 
PSTs’ level of mastery and self-efficacy varies, they 
encounter mathematical concepts repeatedly across 
multiple courses, providing them with a foundation of 
mathematics understanding. However, PSTs often 
receive very little exposure to DS concepts, potentially 
creating a barrier to their level of comfort with teach
ing DS in the field.

To overcome this barrier, we want to emphasize in 
our module that there is substantial overlap between 
the concepts in a DS context and those in mathemat
ics. We endeavor to bridge the gaps that exist between 
DS and mathematics caused by distinctions in discip
linary nomenclature, practices, and ontology. A spe
cific example of such a gap is the concept of a 
function. Functions as mathematical objects appear 
prominently in many mathematics courses where stu
dents, including PSTs, learn their formal mathematical 
definition as well as intuitive conceptualization (e.g., 
black box; vertical line test). In a DS context, the 
word function appears rarely, and if it does, it usually 
refers to a routine in a programming language. 
Rather, the object that mathematics refers to as 
“functions”, DS refers to as “models”. At a base level, 
a model is a function that is defined in some way by 
data, which is a collection of input–output pairs [38].

We assert that making the connection–bridge 
building – between DS and mathematics concepts 
more explicit can support PST learning. Specifically, if 
PSTs can recognize that models are really functions, 
they can develop a deeper understanding of DS con
tent. The understanding that models (likely unfamiliar 
objects to PSTs) are functions (familiar objects) is our 
bridge’s first pillar – and perhaps the most significant, 

though not the only instance of translating DS con
cepts into familiar mathematics.

A second pillar for our bridge utilizes optimization 
as a unifying concept. We call upon their prior experi
ence with optimization in calculus, referring to com
mon elements of an optimization problem–a target or 
objective function, and a search space (often described 
through constraints). Our goal here is to build intu
ition into algorithmic thinking–how can we conceptu
alize a computer program doing what humans do 
(visually or through other mechanisms)?

For example, we utilize our animal tracking prob
lem to instantiate the transition from human inter
action with data to algorithmic modes of interactions 
with data. After we prompt PSTs to consider visual 
interpretations of the animal tracking data, we (re- 
)introduce the Euclidean distance formula as a means 
of developing initial consideration of optimization 
algorithms. In our animal pathway examples, this 
means encouraging students to find the next closest 
point using Euclidean distance (and not simply 
through visual inspection) to determine which point 
belongs to which animal.

We are then able to further their consideration of 
optimization algorithms through varying the parame
ters of the problem formulation. For example, we can 
use the next closest point to develop algorithmic intu
ition, while also contrasting the greedy, iterative 
nature of this method vs. a search over all possible 
paths. Another variation we discuss is whether we 
would want to minimize angles between velocity vec
tors (as in the data) and the vector determined by the 
current point and the next potential point. Without 
becoming distracted by the details (due to the com
plexity of the dataset itself), we can illustrate how 
changing the algorithm or changing the search space 
would alter the outcome of the optimization routine. 
We can also challenge the PSTs to attempt to deter
mine how their visual inspections may correspond to 
one of these variations on optimization.

To encapsulate this first theme, we endeavor to 
provide PSTs with sufficient foundational knowledge 
of DS through our mathematical bridge that they can 
pursue further study of DS independently, all within a 
very short timespan. We emphasize again the signifi
cant design choice of focusing on developing concep
tual understanding to facilitate their future learning of 
DS concepts [30,34].

We assert that focusing on developing their con
ceptual understanding will best position them to teach 
DS content at the high school level. We note the var
iety of topics that are covered in existing high school 

12 E. WEBER ET AL.



DS curricula – which are evolving as the field pro
gresses. Therefore, we cannot possibly teach PSTs all 
of the DS content they may need, now or in the 
future. Thus, our goal is to expose PSTs to the under
lying concepts of DS that are grounded in mathemat
ical ideas to support their future exploration of other 
DS content.

4.2. Theme 2: Role and trustworthiness of 
technology

We acknowledge throughout the module that with the 
advent of everything from companies to social media 
collecting large amounts of data from people, that 
having the technology to assist in the analysis of that 
data is important. Our discussion on optimization 
provides the initial foundation upon which PSTs con
sider that technology. The goal of our module is not 
to have PSTs learn to write and implement computer 
code, but instead to encourage students to think algo
rithmically. Specifically, we have PSTs think infor
mally about ways that a computer might be coded to 
classify points (e.g., through the use of projections) to 
highlight both the complexity and the utility of tech
nology for analyzing large amounts of data that 
humans could not do by hand.

Our emphasis on optimization (as part of Theme 
1) leads naturally into Theme 2. Without using the 
formalism and the language of ML, PSTs’ engagement 
with optimization provides us with the opportunity to 
explore ethical and philosophical dimensions of DS, 
ML, and artificial intelligence. We are able to explain, 
in broad strokes, how AI (particularly large language 
models) are trained through optimization. We motiv
ate PST thinking regarding the scales of magnitudes 
between our datasets (dozens of datapoints) in com
parison to datasets within industrial applications. We 
are then able to prompt students to ponder important 
questions that result from those drastic differences in 
magnitude.

Through this prompting, we are able to briefly 
introduce PSTs to the concepts of “Explainable” or 
“Interpretable” AI [39,40]. We are also able to touch 
upon the question of trustworthiness of models. 
While we could cite a plethora of research publica
tions on these issues [27,41–44], our emphasis is to 
have our students consider these issues without expos
ure to numerous research results.

Indeed, by building upon their understanding of 
optimization methods, we note that if one develops a 
model for a computer to use to analyze a data set, it 
will provide a “solution” based on that model. For 
example, if we want to classify points by connecting 

them on a coordinate plane, we could have a com
puter find the shortest possible pathways using 
Euclidean distance. We can use this model for any set 
of x- and y-coordinate data and the computer will 
generate a solution. We problematize this idea for 
PSTs and ask them to be critical of it as the 
“accuracy” of that solution needs to be evaluated. In 
other words, we encourage the PSTs to consider what 
responsibility they have as humans in interpreting the 
model output and evaluating the solutions of the 
models that the computer is generating (i.e. the trust
worthiness of models more broadly [27]. Thus, our 
intent is to revise the DS module to incorporate more 
in-depth discussions of how to interpret models gen
erated by technology and the role humans have in 
evaluating that output.

To encapsulate our second theme, we introduce 
PSTs to the ethical dimensions of DS sufficient to 
pique their interest in understanding the relevance to 
their personal lives and those of their future students. 
Relative to DS content for the PSTs, the theme on 
role and trustworthiness emerged recently in our 
refinement of the intervention, as we have reflected 
on our several prior implementations. Therefore, the 
theme requires further development in future itera
tions, which will be a primary focus of ours looking 
forward.

5. Conclusion

There is an increasing need to build the data literacy 
of our students graduating from K-12 schools (cite 
GAISE II, SET). This call has been taken up through 
state initiatives to write K-12 DS standards [45], cre
ation of curriculum materials [5], and DS frameworks 
for K-12 [46]. Thus, teacher preparation programs 
have also started to increase their capacity to prepare 
PSTs in DS. We reiterate our stance that mathematics 
teachers are in the best position to teach DS [8]. The 
future of our project is to continue to develop materi
als mathematics PSTs need to successfully teach DS 
and to further develop a DSKT framework. 
Acknowledging our environment in higher education 
and in teacher preparation specifically, we will con
tinue to focus our efforts on developing DS content 
knowledge in tandem with their learning of other 
mathematics content (e.g., learning about optimization 
from a calculus and DS perspective). Our themes, cur
riculum, and burgeoning DSKT framework serves our 
ultimate goal as mathematics teacher educators, which 
is to ensure the preparation and development of 
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mathematics teachers to teach DS at the secondary 
level.
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