Message Optimality and Message-Time Trade-offs for APSP and
Beyond

Fabien Dufoulon
Lancaster University
Lancaster, UK
f.dufoulon@lancaster.ac.uk

Sriram V. Pemmaraju
University of Iowa
Iowa City, USA
sriram-pemmaraju@uiowa.edu

Abstract

Round complexity is an extensively studied metric of distributed
algorithms. In contrast, our knowledge of the message complex-
ity of distributed computing problems and its relationship (if any)
with round complexity is still quite limited. To illustrate, for many
fundamental distributed graph optimization problems such as (ex-
act) diameter computation, All-Pairs Shortest Paths (APSP), Max-
imum Matching etc., while (near) round-optimal algorithms are
known, message-optimal algorithms are hitherto unknown. More
importantly, the existing round-optimal algorithms are not message-
optimal. This raises two important questions: (1) Can we design
message-optimal algorithms for these problems? (2) Can we give
message-time tradeoffs for these problems in case the message-
optimal algorithms are not round-optimal?

In this work, we focus on a fundamental graph optimization
problem, All Pairs Shortest Path (APSP), whose message complexity
is still unresolved. We present two main results:

(1) An algorithm that solves weighted APSP, using O(n?) mes-
sages in O(n%) rounds. This algorithm is message-optimal (up
to logarithmic factors) for algorithms that take poly(n) rounds.
For any 0 < ¢ < 1, we show how to solve unweighted APSP
in O(n?~¢) rounds and O(n?*¢) messages. At one end of this
smooth trade-off, we obtain a (nearly) message-optimal algo-
rithm (for algorithms that take poly(n) rounds) using O(n?)
messages (for ¢ = 0), whereas at the other end we get a (nearly)
round-optimal algorithm using O(n) rounds (for ¢ = 1).
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1 Introduction

Message and time complexities are two fundamental performance
measures of distributed algorithms. Both complexity measures cru-
cially influence the performance of a distributed algorithm. Time
complexity measures the number of distributed “rounds” taken by
the algorithm, and it directly determines the running time of the
algorithm. Traditionally, keeping the time (round) complexity as
small as possible has been an important goal. Message complex-
ity, on the other hand, measures the total number of messages sent
and received by all the processors during the algorithm. In many
applications, message complexity is the dominant cost, playing a
major role in determining the running time as well as additional
resources (e.g., energy, bandwidth, memory, etc.) expended by the
algorithm. Hence, designing distributed algorithms with low mes-
sage complexity, sometimes even at the cost of an increased round
complexity could be desirable.

Since both measures are essential, ideally, one would like to de-
sign distributed algorithms with simultaneously optimal message
and time complexities — so-called singularly optimal algorithms.
However, if this is too difficult or even impossible, then one would
like to design distributed algorithms that are at least separately mes-
sage or time optimal. One would like to go even further and design
a family of algorithms that smoothly trades off between the two
measures. However till now, while singularly-optimal algorithms
are known for fundamental problems such as leader election [24]
and minimum spanning trees [12, 29], there are other fundamental
problems such as diameter computation or (even, unweighted) All-
Pairs Shortest Paths (APSP) where not much is known with respect
to message complexity vis-a-vis the round complexity.

This paper focuses on the message complexity of APSP, though
some of our results apply to other problems such as Maximum
Matching (MaxM) and computing Neighborhood Covers. APSP
has been studied extensively for many decades in both sequential
and distributed computing. Significant progress has been made
towards designing distributed algorithms with near-optimal round
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complexity for APSP in the classical CONGEST model of distributed
computing (see Section 1.1 for model definitions). For example, after
a series of improvements [13, 22], Bernstein and Nanongkai [5]
presented an O(n)-round! randomized (Las Vegas) algorithm for
weighted APSP. This is optimal within logarithmic factors because
Q(n) is a round complexity lower bound even for unweighted
APSP [6]. However, the optimum attainable message complexity
is unresolved for APSP. In particular, the Bernstein-Nanongkai [5]
round-optimal distributed algorithm mentioned above, has ©(mn)
message complexity (throughout, m denotes the number of edges
in the graph) which can be as large as ©(n®) for dense graphs. Our
work is motivated by two key questions:

(1) Is ©(n?) the optimal (or near-optimal) message complexity
for APSP or can we design distributed algorithms with sig-
nificantly better (say, O(n®)) message complexity? We note that
[11] presents Q(nd) message lower bounds for poly(n)-round
algorithms that produce exact solutions of graph optimization
problems such as minimum vertex cover. We also note that
using techniques from [11] applied to the lower bound graph
in [1], one can show an Q(n?) message lower bound even for
sparse graphs.

Is it possible to trade off rounds for messages for APSP? Specif-
ically, can we design APSP algorithms that are more message-
frugal (relative to the ©(n®) message bound of [5]), but possibly
use more rounds?

—
S
~

The thrust of the paper is to prove the two following theorems
that answer the above questions. Our first result shows that indeed,
it is possible to solve weighted APSP in the CONGEST model using
O(n?) messages, showing that message optimality (within logarith-
mic factors) is achievable for weighted APSP. This result is a specific
instance of a more general simulation result we prove (see The-
orem 2.1) that shows that broadcast-based CONGEST algorithms
that perform a total of B broadcast operations (across all nodes)
can be simulated with a message complexity of O(B). Our result
is significant because there are many examples of distributed algo-
rithms that are broadcast-based (e.g., Breadth First Search, Luby’s
algorithm for Maximal Independent Sets [26]) and the message
complexity of these algorithms is typically quite a bit larger than
number of broadcasts it performs. For example, the natural Breadth
First Search (BFS) algorithm performs at most n broadcasts, but has
©(n?) message complexity in the worst case (for dense graphs). We
also apply our simulation result to other problems, such as MaxM
and Neighborhood Covers (see full version [10]).

THEOREM 1.1. There is a CONGEST algorithm that, with high
probability, computes exact weighted APSP in O(n®) rounds and with
O(n?) message complexity, even on directed graphs and even if the
edge weights are negative.

Our second result applies to unweighted APSP and shows that
for this problem, there is a natural, smooth trade-off, parameterized
by ¢ € [0,1], between messages and rounds. At one end of this
smooth trade-off, we obtain a (nearly) message-optimal algorithm
using O(n®) messages (for ¢ = 0). For this point in the trade-off,
the round complexity is O(n?) and this point in the trade-off can
be viewed as a special case of Theorem 1.1. At the other end of the

10 and O hide a 1/polylog n and polylog n factor respectively.
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trade-off, we get a (nearly) round-optimal algorithm using O(n)
rounds (for € = 1).

THEOREM 1.2. For any ¢ € [0, 1], unweighted APSP (on undi-
rected graphs) can be solved (w.h.p.) in O(n?~¢) rounds and O(n?*¢)
messages (w.h.p.) in CONGEST.

We note that the results in this paper are for exact APSP. Al-
lowing approximate solutions leads to very different bounds and
message-time trade-offs. For example, by first building an ©(log n)-
stretch spanner and then solving APSP using just the spanner edges,
one obtains an O(log n)-approximation for APSP in O(n) rounds
and O(n?) messages. More detailed versions of our algorithms and
all proofs of claims appear in the full version of our paper [10].

1.1 Model

1.1.1  CONGEST model. The CONGEST model [30] is a standard
message-passing model in distributed computing where the input
graph G defines the distributed network with the nodes denoting
machines and the edges denoting communication links between
two machines. Each node has a unique ID drawn from a space
whose size is polynomial in n. We assume the synchronous model,
where both computation and communication proceed in lockstep,
i.e., in discrete time steps called rounds. We assume the standard
KTy model, where each node has initial knowledge of only its ID.
(Our results, in particular, the tightness of our message bounds,
also apply to another well-studied model, namely the KT; model,
where each node has initial knowledge of its ID and the IDs of its
neighbors, under a mild restriction of algorithms running in only
polynomial rounds.) In the CONGEST model, we allow only small
message sizes (typically logarithmic in n, the number of nodes)
to be sent per edge per round. Since each ID can be represented
with O(log n) bits, each message in the CONGEST model is large
enough to contain a constant number of IDs. The CONGEST model
captures bandwidth limitations inherent in real-world networks.
In each round of the synchronous CONGEST model, each node (i)
receives all messages sent to it in the previous round, (ii) performs
arbitrary local computation based on information it has?, and (iii)
sends a O(log n)-bit message to each of its neighbors in the graph.
Note that a node may send different messages to different neighbors in
a round. For an algorithm A in the synchronous CONGEST model,
its round complexity is the number of rounds it takes to finish and
produce output and its message complexity is the total number of
messages sent by all nodes over the course of the algorithm. For
brevity we drop “synchronous” and just call this the CONGEST
model.

1.1.2  BCONGEST model. The BCONGEST model differs from the
CONGEST model only in that in each round, a node must send the
same message to all of its neighbors. Just as in the CONGEST model,
we define the message complexity of a BCONGEST algorithm as
the number of messages sent by all nodes over the entire execution.
However, we also introduce a related complexity measure, which
we call broadcast complexity: it is the number of broadcasts by

2As is standard, the cost of local computation is ignored and, in each round, each node
can perform an arbitrary, even exponential time, computation, using the information it
possesses. This assumption is justified by the fact that communication cost dominates
local computation cost substantially in many settings.
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all nodes over the entire execution. In this paper, we show that
low broadcast complexity plays an important role in designing
message efficient CONGEST algorithms. In particular, the broadcast
complexity bounds the cost of simulating a BCONGEST algorithm
message efficiently in the CONGEST model.

1.2 Our Technical Contributions

Our contributions are two-fold. We present the first message-optimal
algorithm for weighted APSP (Theorem 1.1) and the first time-
message trade-off for unweighted APSP (Theorem 1.2). We now
describe our approach, at a high level, for obtaining these results.

Message-Optimal Algorithms. In a nutshell, our approach for
message-optimal algorithms uses the following general idea. First,
suppose that we are able to partition the graph into clusters such
that (i) each cluster has low diameter and (ii) each vertex has neigh-
bors in only a small number of clusters. Note that requirement (ii)
permits vertices to have high degree. Now consider an algorithm A
in the BCONGEST model with low broadcast complexity. Our key
observation is this: whenever a vertexv performs a broadcast, instead
of sending a message to all neighbors of v, we can send a message
to one representative neighbor for each of the neighboring clusters.
The fact that every vertex has only a small number of neighboring
clusters implies that the number of messages sent is small. The fact
that the diameter of each cluster is small implies that it is possible
for the center of each cluster to efficiently (in terms of messages)
serve as a proxy for all nodes in the cluster and thus it is enough
for v’s message to reach a single node in each neighboring cluster.
A key ingredient of our approach is the notion of a Low Diameter
and Communication (LDC) graph decomposition. A LDC decompo-
sition structure allows us to pre-process the graph to obtain the
clustering with properties described above. This decomposition is
a simple variant of the low-diameter graph decomposition algo-
rithm of Miller, Peng, and Xu [27]. Using this approach, we show
how to obtain an equivalent CONGEST algorithm whose message
complexity is within polylogarithmic factors of the simulated algo-
rithm’s broadcast complexity at the cost of a higher time complexity
(roughly, by a linear in n factor) — cf. Theorem 2.1.

Message-Time Tradeoffs. While the above approach yields a
message-optimal algorithm for weighted APSP, this algorithm has
a high round complexity — O(n%) — for unweighted APSP. This
is in fact, an O(n) factor higher than the round optimal algorithm
known for unweighted APSP, as discussed above. On the other
hand, as mentioned earlier, known round-optimal algorithms are
not message optimal; they have a ©(n®) message complexity. The
LDC decomposition framework, discussed above, that led to mes-
sage optimality does not help obtain a trade-off between these two
extremes. We need a new framework and our main technical con-
tribution in this paper is the use of several new and disparate ideas
that lead to such a framework. Below, we overview these ideas and
how they lead to our family of algorithms.

We start with a natural idea: solve unweighted APSP by sim-
ulating a collection of n Breadth First Search (BFS) algorithms
A1, As, ..., Ay, initiated at each of the n different nodes.

Baswana-Sen cluster hierarchy. In order to control the message
complexity of the collection of BFS algorithms, we simulate them
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over a Baswana-Sen cluster hierarchy. This hierarchy of clusters was
defined by Baswana and Sen [3] as part of their classical randomized
spanner algorithm. Baswana and Sen present an algorithm that, for
any input graph G = (V,E) and any integer k > 1, constructs a
(2k = 1)-spanner H = (V, Eg) of G with O(nl*1/x) edges. While
the final output of this algorithm is a spanning subgraph H of
G, a byproduct of this algorithm is a (x + 1)-level hierarchy of
clusters (defined precisely in Section 3.1). It is this Baswana-Sen
cluster hierarchy that we utilize for our simulation. Given an ¢ €
[0, 1], setting k = [1/¢] and computing a (k + 1)-level hierarchy of
clusters, gives us, roughly speaking, the property that each node
has neighbors in O(nf) clusters. We can then use the same idea
as in our previous simulation, i.e., whenever a vertex v performs a
broadcast, instead of sending a message to all neighbors of v, we
can send a message to one representative neighbor for each of the
neighboring clusters.

“Congestion + Dilation” framework. A classical result of Leighton,
Maggs, and Rao [25] showed that if we are given ¢ packets, where
packet p; needs to be routed from a given source s; to a given
target ¢; along a given path #;, then all of these packets can be
scheduled, so as to take just O(congestion+dilation) rounds, where
congestion is the maximum number of packets that are routed
through an edge and dilation is the length of the longest path. An
extremely elegant idea of using random delays to start the different
packets, leads to their result. Ghaffari [15] extended this result
to a collection of arbitrary CONGEST algorithms (see Theorem
1.3). In order to bound the round complexity of our collection of
BFSs using this “Congestion + Dilation” result, we need an efficient
simulation over a Baswana-Sen cluster hierarchy with good bounds
on both the maximum congestion of an edge and the dilation (i.e.,
maximum running time) of the BFS algorithms. In order to obtain
an efficient simulation, we need to schedule our collection of BFS
algorithms to have an additional property, namely, in any round,
each node receives messages from at most O(logn) distinct BFS
algorithms. We show (in Theorem 1.4) that applying the random
delay technique to a collection of BFS algorithms, not only gives
the é(congestion + dilation) bound on the running time, but also
this additional property. This additional property allows us to view
our collection of algorithms as an aggregation-based algorithm and
plays a crucial role in ensuring the simulation is both message and
round efficient.

Simulating aggregation-based algorithms. A key reason for the
efficiency of our simulation is the fact that we are simulating
aggregation-based algorithms (see Definition 3.1). To understand
the definition of an aggregation-based algorithm, imagine that mes-
sages to a node v at a particular round r, arrive in separate batches.
In an aggregation-based algorithm, the next local state of v, can be
computed by processing each batch separately, with all interme-
diate computation results being small in size. Algorithms that use
functions such as min, max, sum, etc. fall in this category and for
such functions it is clear that messages can be batched and inter-
mediate results are small. Individual BFS algorithms also have the
nice property of being aggregation-based. However, a collection of
BFS algorithms may not have this property because each batch of
messages may contain information about many different BFSs and
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this information cannot be aggregated to have a small size. This is
where the additional property of BFS scheduling mentioned in the
previous item (“Congestion + Dilation” framework) turns out to be
useful.

In the new simulation built upon the Baswana-Sen cluster hier-
archy, a cluster can no longer maintain complete knowledge of all
its cluster nodes’ states efficiently, as a node may belong to multiple
clusters across the levels of the cluster hierarchy. Therefore, instead,
each cluster (center) routes messages on behalf of its (non-unique)
cluster nodes. But this can lead to a significant increases in both
runtime and message overheads, where the former comes about due
to high congestion over certain edges of the cluster hierarchy. To
remedy that, we restrict the simulation to aggregation-based algo-
rithms, which now allows each cluster to compress all the messages
it routes to a single destination into O(1) bits, and logarithmically
as many messages. This leads to better congestion bounds, and
thus good runtime overhead, as well as better message complexity,
through the following argument: informally, each node only needs
to receive one message per cluster in its neighborhood, which is,
roughly speaking, bounded to O(nf) within a cluster hierarchy.

Smoothing congestion using an ensemble of Baswana-Sen cluster
hierarchies. Using just a single Baswana-Sen cluster hierarchy leads
to excessive congestion on a few edges and very little congestion
on many edges. A key idea to bypass this congestion bottleneck is
to use not just one, but a small number { = n® of independently
constructed Baswana-Sen cluster hierarchies. Then the set of n
BFS algorithms are partitioned into { equal-sized batches and each
batch can be assigned a different Baswana-Sen cluster hierarchy.
This simple and natural idea plays a crucial role in reducing the
maximum congestion of an edge (see Lemma 3.8). A key reason
why this smoothing property holds is that the Baswana-Sen cluster
hierarchy has the helpful property that any edge in the input graph
has a small probability of being chosen as a cluster edge (see Lemma
3.7).

Using “landmark” nodes. Even with the ideas described above,
we do not completely achieve the trade-off we seek. Specifically,
the dilation of our simulated BFS algorithms is too high. One final
idea we use is to terminate the n BFSs at a depth of O(n!~¢). This
allows the BFSs to discover short paths, i.e., shortest paths of length
O(n'~¢). But this leaves us with all pairs of nodes that are further
apart from each other. However, for these, we can take a more brute
force approach based on the idea of sampling “landmark” nodes,
that will generate BFS trees containing all the remaining shortest
paths (i.e,, between any two far away nodes).

1.3 Additional Related Work

The BCONGEST model is used in this paper mainly as a vehicle
for obtaining a message-efficient simulation for algorithms in the
CONGEST model. However, there are a few papers that focus on
designing algorithms and proving lower bounds in the BCONGEST
model [4, 7-9, 20, 23, 28].

There has been a lot of research on APSP, but from a round
complexity point of view. For example, for the problem of com-
puting the diameter, an Q(n/logn) lower bound is shown in [14],
even for graphs with constant diameter. A matching O(n/logn)
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upper bound is proved for this problem in [21]. For the more gen-
eral, APSP problem the authors of [2] show an Q(n) lower bound
for weighted APSP, thus separating its round complexity from un-
weighted APSP by at least a logarithmic factor. In a breakthrough
result, Bernstein and Nanongkai shows that this lower bound can
be almost-exactly matched, by presenting a Las Vegas O(n)-round
algorithm for weighted APSP [5].

The work of [18] studies time-message tradeoffs for distributed
algorithms in the KT; model for various fundamental problems.

The work of [16] gives a low-energy algorithm for the Single-
Source Shortest Paths (SSSP) problem by restricting the amount
of congestion per node, which can be helpful for the design of
message-efficient algorithms.

Aggregation operations that are helpful to obtain our message-
time tradeoffs have been central to many efficient distributed algo-
rithms, see, e.g., [17, 19, 31].

1.4 The Congestion Plus Dilation Framework

Consider a scenario in which we want to run ¢ independent dis-
tributed algorithms Ay, Ay, ..., A, together in the CONGEST
model. Following notation in [15], we use dilation to refer to the
maximum running time (number of rounds) of any of the algo-
rithms A j, when executed in isolation. For any edge e, let c;(e) be
the number of rounds in which algorithm A; sends a message over
e and let congestion(e) = 25.:1 cj(e). Thus congestion(e) denotes
the total number of messages sent over edge e over all ¢ algorithms
Ajj. Finally, let congestion = max, congestion(e).

We will make repeated use of the following result due to Ghaffari
[15] that shows that the ¢ algorithms can be scheduled in such a
way that it takes essentially, only congestion + dilation rounds for
all the algorithms to complete. This result extends the classical
result of Leighton, Maggs, and Rao [25] that applied to the special
case in which each algorithm A performed a routing task, routing
a packet from a given source s; to a given target t; along a pre-
specified path P;.

THEOREM 1.3 (GHAFFARI [15]). It is possible to schedule algo-
rithms Aq, Ay, ..., Ap together in the CONGEST model, using only
private randomness such that, with high probability, all the algo-
rithms complete in O(congestion + dilation - logn) rounds, after
O(dilation - log? n) rounds of pre-computation.

We also make use of a version of Theorem 1.3 that applies to
scheduling a collection of partial BFS algorithms (see Theorem 1.4
below). By a partial BFS algorithm, we just mean a BFS algorithm
that, by design, might terminate early, even before it explores the
entire graph. Our theorem assumes that we are dealing with the
standard BFS algorithms, i.e., the algorithm in which each node
broadcasts just once, on first receiving a “BFS exploration” mes-
sage. Our theorem applies in the BCONGEST model, i.e., the final
algorithm, which consists of an efficient scheduling of the ¢ partial
BFS algorithms, is also in the BCONGEST. This scheduling also
has a useful additional property that we prove, which is that in
any round, at most O(log n) algorithms (out of £) are “active” in a
neighborhood.

<

THEOREM 1.4. Consider a collection of ¢ n BFS algorithms
A, Ay, ..., Ay, each initiated by a different node. Then it is possible
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to schedule all the BFS algorithms together in the BCONGEST model,
using private randomness such that, with high probability, (i) all the
algorithms complete in O(¢t + dilation) rounds and (ii) every node
receives messages from at most O(log n) distinct BFS algorithms in
any round.

2 Message-Efficient Simulation of BCONGEST
Algorithms

In this section, we show how we can message-efficiently simulate
BCONGEST algorithms whose message complexity is significantly
higher than their broadcast complexity. More formally, we show
how to obtain an equivalent CONGEST algorithm whose message
complexity is within polylogarithmic factors of the simulated algo-
rithm’s broadcast complexity, at the cost of a higher time complexity
(roughly, by a linear in n factor) — see Theorem 2.1 below.

THEOREM 2.1. Let A be any BCONGEST algorithm with T
round complexity, B ¢ broadcast complexity, and let In and Out denote
respectively the size of the inputs (including communication graph and
IDs) and outputs over all nodes. Then, there exists a randomized (Monte
Carlo) CONGEST algorithm A’ simulating A with round complexity
O(In+Out + T n) and message complexity O(In+Out + B.z), with
high probability.

Note that by definition Bz < T4 n for any BCONGEST algo-
rithm A, and thus we can get the following simpler statement as a
corollary of Theorem 2.1.

Corollary 2.2. Let A be any BCONGEST algorithm with T # round
complexity and let In and Out denote respectively the size of the
inputs (including communication graph and IDs) and outputs over
all nodes. Then, there exists a randomized (Monte Carlo) CONGEST
algorithm A’ simulating A with round and message complexity
O(In + Out + T n), with high probability.

Low Diameter and Communication (LDC) Graph Decomposition.
For the sake of improving message complexity, we introduce low
diameter and communication (LDC) graph decompositions. Infor-
mally, such decompositions also bound the number of edges going
out of any one node of a cluster into all neighboring clusters.

Definition 2.3 (Low Diameter and Communication (LDC) Graph
Decomposition). Let G = (V, E) be an unweighted graph. A (r,d)-
low diameter and communication decomposition of G is a partition
of the vertex set V into subsets V1, ..., Vi, called clusters, combined
with a sparse inter-cluster communication directed edge set F C E
such that:

o Each cluster V; has strong diameter at most r, i.e., for any two
nodes u,v € V;, distgy, ) (w,0) <,

e Each nodev € V; has at most d (outgoing) incident edges in F,
such that for each cluster V; containing a neighbor of v, there
exists at least one incident edge e = (v,u) € F withu € Vj.

Next, we show that a low diameter and low communication
graph decomposition can be obtained with some simple additions
to the low diameter graph decomposition algorithm of Miller, Peng,
and Xu [27] which is popularly referred to as the MPX algorithm.
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Lemma 2.4. There exists an O(log n) round algorithm that produces
an (O(logn), O(log n)) low diameter and communication graph de-
composition. Moreover, each cluster of that decomposition is spanned
by a tree of depth O(log(n)).

Description of the Simulation. Let A denote an arbitrary
BCONGEST algorithm with T4 round complexity and B # broad-
cast complexity, and let In and Out denote respectively the size of
the inputs (including communication graph and IDs) and outputs
over all nodes. Then, we give a CONGEST algorithm A’ that sim-
ulates A (i.e., produces the same output). The algorithm A’ can be
decomposed into two parts: a preprocessing part, and a simulation
part. In the preprocessing part, we compute a (low diameter and
communication) clustering of the communication graph which will
be crucial in limiting the message complexity of the simulation part
to roughly the broadcast complexity of the simulated algorithm A.
The simulation part of A’ is broken up into T phases. Each phase
p € [1,T7] of A’ is used to simulate one round (round p) of A.
Throughout most of these phases, the cluster centers take care of
the simulation whereas non-center cluster nodes simply transmit
information between cluster centers. However in the final phase,
cluster centers inform their cluster’s nodes of their outputs. Some-
what more formally, each phase p € [1, T#] satisfies the following
invariant: at the start of phase p, each cluster center ¢; knows the
state of each of its cluster’s node v € V; at the start of round p in
the simulated algorithm A. Moreover, at the end of the last phase
T4, all nodes know their state at the end of round T4 in A. We
refer to the full version of the paper [10] for a detailed simulation.

Applications of this Simulation. As a key application, we consider
the APSP problem on weighted graphs, where each edge is labeled
with a weight chosen from a range that is polynomial in n. The goal
is for each node to output its distance to all other nodes. The work
of [5] presents a randomized Las Vegas algorithm that computes
the (exact) APSP problem in O(n) rounds of the BCONGEST model.
An immediate application of Corollary 2.2 yields the following:

THEOREM 1.1. There is a CONGEST algorithm that, with high
probability, computes exact weighted APSP in O(n?) rounds and with
O(n?) message complexity, even on directed graphs and even if the
edge weights are negative.

In this paper, we mostly focus on the APSP problem, and in par-
ticular on its unweighted version. However, the simulation given
in this section is especially general, and leads to message-efficient
algorithms for other key problems such as (1) exact bipartite maxi-
mum matching, and (2) neighborhood covers (in particular, those
with small o(logn) radius) — see the full version [10] for more
details.

3 Message-Time Trade-offs for APSP

In Section 2, we show that message-optimality — more precisely,
O(n?) message complexity — is achievable for weighted APSP,
and several other problems. However, this comes at the cost of a
high and clearly non-optimal round complexity of O(n?). On the
other hand, round-optimal (i.e, with O(n) runtime) algorithms for
weighted APSP exist (e.g., [5]) but they are not message-optimal —
they have O(n3) message complexity. In this section, we provide a
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distributed CONGEST algorithm achieving a message-time trade-
off for unweighted APSP that provides a natural, linear trade-off
between the above mentioned two points, i.e., (O(n?) rounds, O(n?)
messages) at one end and (O(n) rounds, O(n%) messages) at the
other:

THEOREM 1.2. For any ¢ € [0,1], unweighted APSP (on undi-
rected graphs) can be solved (w.h.p.) in O(n?~¢) rounds and O(n**¢)
messages (w.h.p.) in CONGEST.

Recall that we obtained the results in Section 2 by presenting
a general simulation theorem for BCONGEST algorithms. Here,
Theorem 1.2 is also obtained via a simulation, but this simulation
applies to BCONGEST algorithms that satisfy an additional con-
straint: that is, the algorithm should be aggregation-based, in the
sense that there is an aggregation function that, intuitively speak-
ing, allows us to replace any collection of messages addressed to
the same destination by an equivalent collection of messages that
have a length of only O(1) bits:

Definition 3.1 (Aggregation-based Algorithm). Consider a
BCONGEST algorithm A. For an arbitrary node v and an arbitrary
roundr, let M, denote the set of possible messages thatv may receive
in round r, let P (M) denote its power set, and let f, , denote the
local function computed by node v at the end of round r. Algorithm
A is an aggregation-based algorithm if, for all nodes v and rounds
r, there exists a function aggy,r : P (My,) — P (My,) such that, for
any subset M C M ,:

e aggyr(M) can be represented in O(1) bits,? and
e for any partition (My, ..., M) of M, it holds that

for(statey, M) = for(statey, U{F:l aggu,r (M;)).

To take full advantage of the message improvements given by
the new simulation, we consider BCONGEST algorithms that we
call £-decomposable:

Definition 3.2. An f-decomposable algorithm A consists of £ com-
pletely independent BCONGEST algorithms A1, Ay, . .., Ar that we
call components. Every node v locally computes its final output from
its £ outputs, one from each of the £ components.

We now give an overview of the underlying techniques of our
simulation. The basis for our simulation are the cluster hierarchies
defined by Baswana and Sen [3] as part of their classical randomized
spanner algorithm. Baswana and Sen present an algorithm that, for
any input graph G = (V, E) and any integer ¥ > 1, constructs a (2x—
1)-spanner H = (V, Ey) of G with O(n!+1/x) edges. While the final
output of this algorithm is a spanning subgraph H of G, a byproduct
of this algorithm is a (x+1)-level hierarchy of clusters (to be defined
precisely in the next subsection). It is this Baswana-Sen cluster
hierarchy that we utilize for our simulation. However, using a
single Baswana-Sen cluster hierarchy leads to excessive congestion
on a few edges and very little congestion on many edges. A key
idea to bypass this congestion bottleneck is to use not one, but a
small number { of independently constructed Baswana-Sen cluster
hierarchies. Then the set of £ components of an ¢£-decomposable
algorithm A can be partitioned into { equal-sized batches and each

3Note that aggy, » (M) returns a subset of the messages of M rather than just a single
message.
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batch can be assigned a different Baswana-Sen cluster hierarchy.
This simple and natural idea plays a crucial role in reducing the
maximum congestion of an edge and allows us to appeal to the
congestion plus dilation framework (see Section 1.4) to bound the
round complexity of our simulation. One additional requirement
of our simulation is that each proper subtree of a cluster in the
Baswana-Sen cluster hierarchy needs to have a relatively small
number of nodes. To ensure this we need an additional pruning
phase. The final product is an ensemble of pruned Baswana-Sen
cluster hierarchies that we then use in our simulation.

3.1 Ensemble of Pruned Baswana-Sen Cluster
Hierarchies
Lete € [Wgn)’ 1] be some input parameter. Let k := [1/¢]. First,
we compute a sequence of k + 1 subsets of vertices So, S1, . . ., Sk
via random sampling as follows. We define Sp = V, Sic = 0, and for
any i € [1,x — 1], S; is obtained by sampling nodes independently
from S;_1 with probability n™¢. These subsets will form centers of
clusters defined below.

Second, for each level i = 0, 1,.. ., k, we compute three objects:
(1) clustering C;; each clustering C; being a collection of vertex-
disjoint clusters, (2) low-degree vertex subset L;, and (3) inter-cluster
communication edge subset F;. The sequence (C;, L;, F,-);.‘:O consist-
ing of k + 1 levels defines a Baswana-Sen cluster hierarchy. We now
describe its construction in detail.

e Bottom level: At the bottom level, i.e., level i = 0, the clustering
Co := {{v} | v € V}. Furthermore, the low-degree vertex subset
Ly and the inter-cluster communication edge subset Fy are both
empty. For any cluster C = {0} in Cy, we designate v as the center
of cluster C. Note that this means that the vertices in Sy form the
centers of clusters in Cy. Each cluster C € Cy can be viewed as
(trivial) rooted tree. We use Vj to denote the set of vertices that
belong to clusters in Cy. Clearly, Vo = V. More generally, we will
use V; to denote the vertices that belong to clusters in C;.

e Levels i = 1,2,...,k — 1: We obtain the clustering Cj41, low-
degree vertex subset L;41, and inter-cluster communication edge
subset Fj4q forlevel i+ 1,0 < i < x — 2, from level i as follows.
Let R; C C; denote the subset of clusters whose centers are in
Si+1; we call these sampled i-clusters. Consider each non-sampled
i-cluster C, i.e., a cluster C € C; \ R; and each node v € C. There
are two cases depending on the neighborhood of v.

(i) v has a neighbor that belongs to a sampled i-cluster. Then
v joins an arbitrary sampled i-cluster in its neighborhood, via
an edge to some arbitrary neighbor in that cluster. The edge
along which o joins the neighboring sampled i-cluster is called
a cluster edge and is denoted by parent (v, i + 1). This process
results in the growth of clusters in R;; this set of sampled i-
clusters, along with their newly-joined nodes, forms the new
clustering Cj4+1. Note that each cluster in Cj;; can be viewed
as a rooted tree, rooted at a center in Sj41.

v does not have a neighbor that belongs to a sampled

i-cluster. Then node v is added to L;,1. Furthermore, for each

neighboring cluster in C;, one (undirected) edge from v to some

(arbitrary) vertex in that cluster is added to Fj41. Note that the

vertex subsets L;4+1 and V;11 form a partition of V;.

(ii)
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e Top level: At the top level, Cx = 0 and thus Vi = 0. We set
Ly = Vk—1 and for each v € L and each neighboring cluster
C € Ci-1, we add one (undirected) edge from v to some vertex
in C to F.

The set of all inter-cluster communication edges F is simply UY_ F;.
This completes the construction of the Baswana-Sen cluster hier-
archy. The following theorem states well-known properties of the
Baswana-Sen cluster hierarchy [3].

THEOREM 3.3. The Baswana-Sen cluster hierarchy (C;, Li, Fi)l_,
has the following properties:

(a) For any leveli € [0,k — 1], the clustering C; is a collection of
disjoint clusters of V; with (strong) radius i.

(b) The following statement holds with high probability: for any
leveli € [1,k], foranynodev € L;, there are at most O(n® log n)
edges in F; incident on v, each connecting v to a distinct cluster
inCj—1.

(c) Consider an edge (u,v) € E and suppose thatu € L; andv € L;
fori < j. Then either (1) some cluster in Cj_1 contains both
u and v, or (2) there exists some inter-cluster communication
edge e = (u, w) € F; and some cluster in C;—1 containing both
w andv.

The construction of the Baswana-Sen cluster hierarchy described
above can be implemented in a straightforward manner in the
CONGEST model, leading to the following well-known theorem.

THEOREM 3.4. LetG = (V, E) be an unweighted graph. Then, there
exists a CONGEST algorithm running in O(x) rounds and using
O(k - m) messages for computing a Baswana-Sen cluster hierarchy
with k + 1 levels.

Pruning the clusters. In order to use the Baswana-Sen cluster
hierarchy for efficient simulation, we need a pruning step to avoid
clusters with large subtrees. In fact, clusters with large subtrees
suffer from high maximum edge congestion in the simulation. More
concretely, we want to avoid having any clusters in which any
proper subtree has w(n!~¢) nodes.

We will now describe how the pruned Baswana-Sen hierar-
chy (C/,Li, F}')[_, is obtained from the Baswana-Sen hierarchy
(Ci, Li, Fi)!_- This pruning step involves (i) pruning each cluster at
each level, if necessary and (ii) adding inter-cluster communication

edges.

e Pruning clusters: Consider each level i € [1,kx — 1] (for
levels 0 and «x, pruning is not required) and each cluster
C € C;. If every proper subtree in C contains fewer than
n1~¢ nodes, then there is no need to prune C. Otherwise, we
repeatedly look for the deepest node, say u*, such that the
subtree rooted at u* contains at least n! = nodes. We then
split off the subtree rooted in u* into its own cluster. Note
that this can happen at most O(n?) times at a particular level
i, by a simple counting argument over the n nodes, thereby
adding at most O(n?) clusters to the existing clustering C;.
Once there exists no such node for all clusters in a clustering
Ci, we have the new level-i clustering Ci*. Note that while
this pruning procedure is described as a seemingly sequential
algorithm, all clusters within a clustering C; at level i can be
processed in parallel using upcast, leading to an algorithm
that runs in O(x?) rounds, using O(k - n) messages.
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¢ Adding inter-cluster communication edges: Consider
some level i € [1,x]. (For level 0, Fjj is empty, similarly to
Fy.) Then, for each node v € L; and for each neighboring
cluster C € C;"_;, we add to F;" one edge from v to some node
C. Because v has only O(n?) neighboring clusters in C;_1,
and only O(n®) new clusters are created per clustering, there

are only O(n®) edges incident to v in F;".

We call the result pruned Baswana-Sen cluster hierarchy.
The following two corollaries are versions of Theorems 3.3 and
3.4 that apply to pruned Baswana-Sen cluster hierarchies.

Corollary 3.5. Properties (a), (b), and (c) in Theorem 3.3 also hold for
a pruned Baswana-Sen cluster hierarchy. In addition, each proper sub-
tree of a cluster in a pruned Baswana-Sen cluster hierarchy contains
at most O(n'~€) nodes.

Corollary 3.6. Let G = (V,E) be an unweighted graph. Then, there
exists a CONGEST algorithm running in O(x?) rounds and using
O(k - m) messages for computing a pruned Baswana-Sen cluster
hierarchy with k + 1 levels.

Ensemble of pruned Baswana-Sen cluster hierarchies. Instead of
using one pruned Baswana-Sen cluster hierarchy to simulate our
algorithm, we use multiple pruned Baswana-Sen cluster hierarchies
with each cluster hierarchy responsible for simulating some number
of components of an £-decomposable algorithm. The motivation
for doing this is to “smooth” out congestion on cluster edges, i.e.,
instead of a few cluster edges (of a particular cluster hierarchy)
having extremely high congestion, we end up with many more
cluster edges, each having lower congestion. Recall that by “clus-
ter edge” we mean an edge of a rooted tree that forms a cluster.
This idea crucially relies on the following lemma that shows that
the likelihood of an edge ending up as a cluster edge in a pruned
Baswana-Sen cluster hierarchy is quite small.

Lemma 3.7. Forany edge e of the input graph G, e is a cluster edge of
a pruned Baswana-Sen cluster hierarchy with probability O(x - n™%).

Let A be an f-decomposable BCONGEST algorithm and let
A, A, ..., Ap be its £ components. Suppose that each algorithm
Aj takes as input a pruned Baswana-Sen cluster hierarchy and
uses it in its execution. In other words, messages sent by each
algorithm A; are sent only along the cluster edges and the inter-
cluster edges of the given pruned Baswana-Sen cluster hierarchy
(Ci, L, Fi)i_). Let congestion; denote the maximum number of mes-
sages that pass over a cluster edge, in the worst case, during the
execution of A;. Here, the “worst case” is over all possible inputs,
including all possible pruned Baswana-Sen cluster hierarchies. Let
congestion = max; congestion ;. Now suppose that we execute all
¢ algorithms together, using a single pruned Baswana-Sen cluster
hierarchy H = (C;, L;, F;)[_, as input to all £ algorithms. Then it
is possible that in the worst case there is a cluster edge of H over
which ¢ - congestion messages pass. This happens if the same clus-
ter edge e of H sees the maximum number of messages passing
over it, in all of the ¢ algorithms. We now show that we can spread
out this congestion across many different edges by simply having
the algorithms use an ensemble of pruned Baswana-Sen cluster
hierarchies, instead of a single hierarchy.
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Lemma 3.8 (Congestion Smoothing Lemma). Let{ = [n®] and con-
sider an ensemble of { independently constructed, pruned Baswana-
Sen cluster hierarchies {Hi, Ho, . .. ,ng}. Arbitrarily partition the
set of ¢ algorithms that are the components of A into { equal-sized
batches By, By, .. .,Bgv and provide each pruned Baswana-Sen clus-
ter hierarchy Hj as input to all the algorithms in batch Bj. If we
execute the components A1, Ay, ..., Ar with this input distribu-
tion, then with high probability, the maximum number of messages
that pass over any cluster edge over the course of algorithm A is

~ [ congestion-f
0 semtent),

Although the above lemma statement is given for any #, {, note
that when ¢ = { the resulting statement remains interesting. Indeed,
in that case, the maximum congestion that passes over any cluster
edge over the course of algorithm A is O(1).

3.2 Message-Time Trade-off Simulations

In this section, we provide a simulation that works for any
BCONGEST aggregation-based algorithm A with a known upper
bound T4 on the round complexity — see Definition 3.1 for a formal
definition of aggregation-based algorithms, but these are, roughly
speaking, algorithms in which all nodes locally update their state ev-
ery round using some aggregate function such as min, max, average,
etc. Algorithm A may use up to O(Tq - n%) messages (say, in dense
graphs). We present a simulation that, informally, allows to obtain
a CONGEST algorithm A’ simulating A (i.e., producing the same
output) sending less messages at the cost of using more rounds —
see Theorem 3.9 below.

THEOREM 3.9. Foranye € [m, 1] and a pruned Baswana-
Sen cluster hierarchy H of parameter ¢, any BCONGEST aggregation-
based algorithm A with (known upper bound on the) runtime T# can
be converted into a randomized (Monte Carlo) CONGEST algorithm
that (a) simulates A correctly (w.h.p.), (b) runs in O(Tg - n+ n®~¢)
rounds, (c) sends O(T - n**¢ + m) messages (w.h.p.), and (d) incurs
O(T5) maximum edge congestion over non cluster edges of H.

Moreover, we adapt the above simulation to be faster when
€ € [1/2,1] (see Theorem 3.10 below).

THEOREM 3.10. For any ¢ € [1/2,1] and a pruned Baswana-Sen
cluster hierarchy H of parameter ¢, any BCONGEST aggregation-
based algorithm A with (known upper bound on the) runtime T can
be converted into a randomized (Monte Carlo) CONGEST algorithm
that (a) simulates A correctly with high probability, (b) takes é(Ty( .
n'=€ + n) runtime, (c) sends O(T# - n'*¢ + m) messages with high
probability, and (d) incurs O(T#) maximum edge congestion over
non cluster edges of H.

The analysis of the two subsequent simulations, and proofs of
the above theorems, are deferred to the full version [10].

3.2.1 General Simulation for ¢ € [Wgrl)’ 1]: Our first, general
simulation — in that it applies to a wider range of ¢ values — takes
as input a pruned Baswana-Sen cluster hierarchy (with param-
eter ¢). Then, Algorithm A’ can be decomposed into two parts:
a preprocessing part and a simulation part. In the preprocessing
part, nodes aggregate information over each of the clusters of the
pruned Baswana-Sen cluster hierarchy. In the simulation part, we
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simulate the execution of A using the cluster hierarchy. Refer-
ring back to Theorem 3.9, the O(n?~¢) term in the running time
and the O(m) term in the message complexity are due to the pre-
processing, whereas the O(T - n) term in the running time and
the O(T - n!*¢) term in the message complexity are due to the
round-by-round simulation of A.

Preprocessing. The preprocessing part of A’ comprises two steps.

(1) Elect a leader, compute a BFS tree rooted in that leader, ag-
gregate the number of nodes n and finally broadcast n to all
nodes.

Iteratively over the k + 1 levels of the pruned Baswana-Sen
cluster hierarchy, do the following: For each cluster C in a
given level, its cluster center gathers the information of all
edges incident to nodes in C. More precisely, each node in C
upcasts O(d(v) log n) bits describing its 1-hop neighborhood
in the communication graph G and in the pruned Baswana-
Sen cluster hierarchy, broken up in O(log n) bit messages, to
its parent in the cluster tree of C. Indeed, O(d(v) (log n+x)) =
O(d(v) log n) bits can describe all ID pairs corresponding to
the d(v) incident edges to v, as well as the k = O(logn)
bits per such pair to indicate whether the corresponding
edge is an inter-communication edge of a given level of the
hierarchy.

—
S
~

Simulation. All nodes start the simulation (i.e., A”) with the same
initial state as in A (and some additional information obtained in
the preprocessing). After which, any phase p € [1,T#] of the
simulation uses O(n) rounds to simulate round p of A (where
the precise runtime of each phase depends on the analysis). More
precisely, if we let B, be the set of nodes broadcasting in round p
of A (given the above mentioned initial state), and among these
we let By (u) denote the neighbors of any node u € V contained
in By, then each phase of A’ simulates the communication of the
corresponding round of A in the aggregate sense: that is, for any
phase p € [1,T#] and node u € V, during phase p node u receives
the aggregate of all messages sent by (nodes in) By (u) (or in other
words, function agg,, » applied to all messages sent by By (u)).

Each phase of A’ simulates a round of A through the following
three send, receive and compute steps, described for some arbitrary
node o:

(1) Send: If v broadcasts a message my in round p of A, then in
this step (of phase p) node v executes the indirect send and
direct send sub-steps that ensure that for each neighbor u of
v and cluster C containing v, either:

(i) Indirect Send: The message m;, is sent to some cluster
containing u,

(ii) Direct (Aggregate) Send: Or an aggregate (of at most
O(1) bits) of all messages from (nodes in) By (u) N C is
sent directly to u,

(2) (Aggregate) Receive: For any cluster C containing v in the
hierarchy, v receives an aggregate of all messages sent to C
in the indirect send sub-step by some node in B, ().

(3) Compute: Finally, v locally computes the aggregate of all
the messages received in the send — more precisely, in the
direct send sub-step — and receive step of this phase (i.e., via
its its incident inter-communication edges, and the up to x
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clusters v can belong to) and updates its state for phase p +1
accordingly — just as v would update its state for round p +1
after receiving this aggregate in round p of A.

When the send and receive steps are executed correctly — we give
their implementation below — and A is an aggregation-based dis-
tributed algorithm, it is straightforward to see the simulation is
correct; in particular, the output of each node in A’ is exactly the
output of that same node in A. Note that the send step is separated
into two sub-steps due the asymmetric nature of property (c) of
the cluster hierarchy (see Theorem 3.3). More precisely, for any
two neighbors u, v, there is either (i) an inter-communication edge
incident to v and going to a cluster containing u, or (ii) an inter-
communication edge incident to u and going to some node in C
(but not necessarily v). Then, messages are sent between the cluster
of v and u in the first case within the indirect send sub-step, and in
the second case within the direct send sub-step.

Next, we describe the implementation of the send step of some
phase p (in A’). Consider some node v that broadcasts some mes-
sage my in round p of A. Then, in the send step of phase p, v
executes the two sub-steps sequentially:

(i) Indirect Send: Node v sends m,, appended with its ID,
over any incident inter-communication edges of the pruned
Baswana-Sen cluster hierarchy.

(ii) Direct (Aggregate) Send: First, v upcasts m, over all cluster
trees it belongs to in the cluster hierarchy. Once all upcasts
are done, let C be any cluster, M(C) be all messages received
by the center of C (during the upcast) and R(C) be the set
of nodes outside C, but with a neighbor in C and an inter-
communication edge to C (where the latter can be locally
computed by the center of C from the knowledge obtained
during the preprocessing). Then, for any node u € R(C),
the center of C computes the aggregate of all messages in
M(C) originating from nodes in By, (u). (Note that each such
aggregate may consist of at most O(1) bits, and sending this
information is done via at most (3(1) bits, the collection of
which we call an aggregate packet.) After which, the center
of C downcasts, simultaneously for all nodes u € R(C), the
corresponding computed aggregate packet to the endpoint
in C of (one of) the inter-communication edge incident to u,
after appending each aggregate packet with the ID of u. (Note
that the same node in C may be the endpoint of many such
inter-communication edges.) Finally, any aggregate packet
received by some node w (after the downcast terminates)
is sent by w over the corresponding inter-communication
edge (i.e., where the other endpoint is the node with the ID
appended to the received message).

Now, we describe the implementation of the receive step of some
phase p (in A’). Consider any node v that receives some message in
the indirect send sub-step of that same phase — importantly, these
cannot be messages from an aggregate packet. Then, v upcasts
any such message over all cluster trees it belongs to. Moreover, all
broadcasting nodes in By also upcast their message over all cluster
trees they belong to. Once all upcasts are done, let C be any cluster
and M(C)’ be all messages received by the center of C (during
the upcast). Then, for any node u € C, the center of C computes
the aggregate of all messages in M(C)’ originating from nodes in
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By (v). (Note that the cluster center can compute which messages
in M(C)’ originate from nodes in By, (v) because each message has
its sender ID appended.) After which, the center of C downcasts,
simultaneously for all nodes u € C, the corresponding computed
aggregate packet to u.

3.2.2 Improved Simulation for ¢ € [1/2,1]: This simulation takes
as input a pruned Baswana-Sen cluster hierarchy with parameter
& > 1/2 (ie., with at most 3 levels). Note that the cluster hierarchy
comprises a partition Cp of V into singleton clusters, and possibly
a partition C; of some subset V; = V' \ L; into depth 1 clusters —
which we call star clusters. Moreover, the following properties (see
Lemma 3.11) can be easily shown to hold with high probability.

Lemma 3.11. Any pruned Baswana-Sen cluster hierarchy with pa-
rameter € > 1/2 satisfies the following properties with high probabil-
ity:

e Forany nodev € Ly, v has at most O(n® log n) incident edges

inG, arid all are in Fy.
e [C1] =O(n'7%).

The improved simulation also consists of a preprocessing part
followed by a simulation part. The preprocessing part is identical to
the preprocessing for general ¢ (see Sec. 3.2.1), whereas the simula-
tion part contains some key differences. Recall that the simulation
part for general ¢ works in phases, each simulating one round of
A through the three send, receive and compute steps. Here, the key
differences are that each phase takes significantly less rounds —
which is allowed since we limit the congestion over cluster edges to
O(n'~¢) per phase — and the send step is implemented differently
(but the receive and compute steps remain identical).

More concretely, this send step is implemented as follows. Con-
sider some node v broadcasting a message m, in round p of A.

o If v € Ly, then v simply sends m, over all incident inter-
communication edges — this implements the direct send
sub-step (and there is no indirect send sub-step for L1 nodes).

o Otherwise, v is part of a star cluster, say C, in which case v
sends my, to its parent (i.e., the center of C). After receiving
messages from all broadcasting nodes in C (i.e., from B, N C),
the center executes the following local computations for any
neighboring cluster C’ € Cy:
~ The center computes the set R,(C,C’) comprising the

neighbors in C’ of nodes in B, NC — i.e., nodes in N (B, N
C) N C" — using its knowledge of all edges incident to
nodes in C. (Note that C’ N C = 0.)

— Next, the center computes a maximal matching M(C,C’) C
E between nodes in B, N C and R, (C,C).

— For each edge e = (w,u) € M(C, C’), where wlo.g. w € C,
the center computes a message mj(e) containing the ID
of w as well as the message m,, broadcasted by w, and a
aggregate packet mz(e) which consists of aggy p applied
to all messages sent by nodes in B (u) N C — the resulting
aggregate packet contains O(1) bits, by Definition 3.1, and
thus can be transmitted using O(1) only.

After these local computations, for any C’ € C; and any

edge e € M(C, ("), the center sends m1(e) and my(e) to the

endpoint of e in C. (Note that this can amount to at most

O(n'~¢) messages on the edge from the center to w, w.h.p.,
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since |C1| = O(n'~¢) w.h.p.) Upon reception, that endpoint
node sends two different messages, containing respectively
mji(e) and my(e), through e. Over the entire cluster C, the
first messages implement the indirect send sub-step, whereas
the second messages (or packets) implement the direct send
sub-step.

3.3 Message-Time Trade-offs for APSP

Consider the unweighted APSP problem, where the goal is for each
node to output all of its distances to all other nodes. We give an
unweighted APSP algorithm that achieves a natural message-time
trade-off between the round-optimal (but non message-optimal)
algorithm (see [5]) and the message-optimal (but not runtime-
optimal) algorithm (see Section 2).

First, we point out that for ¢ = O(1/log n), the trade-off statement
reduces to solving unweighted APSP O(n?) round and message
complexities. This can be achieved by using the (weighted) APSP
algorithm obtained in Section 2.

The remainder of the trade-off requires more sophisticated tech-
niques, including the simulations described in Section 3.2. In what
follows, we first show how to execute some polynomial in n amount
of BFS computations (possibly of limited depth, depending on the
range of ¢) simultaneously, while getting a message-time trade-off.

More precisely, a BFS tree computation (up to some depth d)
should ensure that each node v know its parent in some BFS of depth
d rooted in some node u, if the distance between u, v is at most d.
Note that typically, the random delays technique or congestion plus
dilation framework — see Section 1.4 — can be used to run multiple
BFS computations time-efficiently, in a way that takes advantage of
the low congestion per edge induced by a BFS computation. Here,
we show how to simulate multiple BFS algorithms with significantly
lower message complexity, but at the cost of a higher runtime;
here also, we leverage the low congestion per edge induced by a
BFS computation. The more precise statement is captured by the
following two auxiliary Lemmas 3.12 and 3.13, which play a key
role in our unweighted APSP algorithm that achieves the remainder
of the trade-off.

Lemma 3.12. Foranye¢ € [1/2,1], there exists a CONGEST algo-
rithm that computes n BFS trees (w.h.p.), using O(n?~¢) rounds and
sending (w.h.p.) O(n?*¢) messages.

Lemma 3.13. Foranye € [Wgn), 1/2], there exists a CONGEST

algorithm that computes n BFS trees up to depth O(n'~%) (w.h.p.),
using O(n®~¢) rounds and sending (w.h.p.) O(n**¢) messages.

With the above two lemmas, we can show how to obtain the
remaining portions of the trade-off for unweighted APSP.

Trade-off for e € [1/2,1]. To obtain the message-time trade-off
for € € [1/2,1], we first apply Lemma 3.12, to obtain an algorithm
running n independent BFS computations, using O(n?~¢) rounds
and sending (w.h.p.) O(n%+¢) messages. Once all BFS computations
are done, each node knows its distance to all other nodes by taking
its depth in each of the computed BFS trees.

Trade-off fore € [G)(+gn)’ 1/2]. This part of the trade-off is more
complex. We first compute all distances between nearby pairs of
nodes — that is, at most O(n!~¢) hops apart — by applying Lemma
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3.13. We obtain an algorithm that runs n independent BFS compu-
tations up to depth O(n'~¢), using O(n?~¢) rounds and sending
(wh.p.) O(n?*¢) messages. Upon termination, each node v stores
its depth in each BFS tree as its distance to the BFS root (whose
ID v knows). Since we consider an undirected graph, this clearly
allows each node to compute its distance to all other nodes within
O(n~%) hops.

As for computing the distances between any two nodes at least
Q(n'~¢) hops apart, we first sample ©(n¢) nodes, called landmarks,
uniformly at random in V, and from each such landmark, compute
a BFS tree rooted at that landmark (without any of the techniques
used above). Once all O(n?) BFS trees have been computed, each
landmark (or root) gathers the information of all of the edges in
the BFS tree (i.e., the IDs of any BFS edge’s two endpoints) via an
upcast operation. Then, each landmark broadcasts the information
of the BFS tree (i.e, all ID pairs corresponding to all edges in the
BFS tree) to all nodes. Finally, each node v computes its distance
to any node u via any of these O(n?) BES trees, and updates its
distance to u if either it had no prior computed distance to u, or its
distance to u in memory is higher.

It is straightforward enough to see that with high probability,
for any two nodes u, v that are some Q(n!~¢) hops apart, both u
and v end up computing their distance between each other.

THEOREM 1.2. For any ¢ € [0, 1], unweighted APSP (on undi-
rected graphs) can be solved (w.h.p.) in O(n?~¢) rounds and O(n?*€)
messages (w.h.p.) in CONGEST.

4 Conclusions and Future Work

In this paper, we first obtained message-optimal polynomial-round
distributed algorithms for several well-studied graph problems,
including weighted APSP, that did not have prior any such algo-
rithms. While these problems are very different, our results were
all obtained by applying a unified framework to existing round-
optimal algorithms for these problems. However, as noted earlier,
our message-optimal algorithms are not round-optimal. We then
showed that for unweighted APSP, we can construct a family of
algorithms that smoothly exhibits a message-time trade-off across
the entire spectrum — from message optimality (on one end) to
time optimality (on the other end). To the best of our knowledge,
this is the first such tradeoff result known for a fundamental graph-
optimization problem.

Several key open questions remain. Does APSP admit singularly-
optimal algorithms, i.e., algorithms optimal with respect to both
message and time complexities? Another important research di-
rection is whether one can use our framework to obtain message-
optimal algorithms for other problems, e.g., maximum matching
in general graphs and obtain message-time tradeoffs for weighted
APSP, maximum matching, minimum cut etc.
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