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Abstract

A set of probabilities along with corresponding quantiles are often used to define predictive distributions or probabilistic
forecasts. These quantile predictions offer easily interpreted uncertainty of an event, and quantiles are generally straightforward
to estimate using standard statistical and machine learning methods. However, compared to a distribution defined by a
probability density or cumulative distribution function, a set of quantiles has less distributional information. When given
estimated quantiles, it may be desirable to estimate a fully defined continuous distribution function. Many researchers do so
to make evaluation or ensemble modeling simpler. Most existing methods for fitting a distribution to quantiles lack accurate
representation of the inherent uncertainty from quantile estimation or are limited in their applications. In this manuscript,
we present a Gaussian process model, the quantile Gaussian process —based on established asymptotic results of quantile
functions and sample quantiles— to construct a probability distribution given estimated quantiles. In some applications, the
form of an unknown distribution function from which sample quantiles are drawn must be estimated, for which case we
propose the use of a latent truncated Dirichlet process mixture model for estimation. A Bayesian application of the quantile
Gaussian process is evaluated for parameter inference and distribution approximation in simulation studies as well as in a real
data analysis of quantile forecasts from the 2023-24 US Centers for Disease Control collaborative flu forecasting initiative.
The simulation studies and data analysis show that compared to other existing methods, the quantile Gaussian process leads
to accurate inference on model parameters, estimation of a continuous distribution, and uncertainty quantification of sample
quantiles.

Keywords Sample quantiles - Quantile regression - Probabilistic forecasting - Disease outbreaks

1 Introduction

The use of quantiles in statistical modeling and in reporting
inferential or predictive uncertainty is widespread. Likewise,
reporting several quantiles or predictive intervals is common
in probabilistic forecasting (Gneiting et al. 2023). Quantiles
can be easier to interpret than statistical model parameters
and are often used to define confidence or prediction inter-
vals. Thus with multiple quantiles for a particular outcome,
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one has a measure of uncertainty. Estimating quantiles in
the presence of covariates via quantile regression is a com-
mon statistical and machine learning strategy, and where
parametric models are complicated or nonexistent, quan-
tiles may be easier to estimate via machine learning methods
(Martin and Syring 2022; Chung et al. 2021; Koenker 2017,
Koenker and Bassett 1978). In estimating multiple quantiles,
quantile regression often provides a tradeoff with paramet-
ric modeling where for some problems quantile regression is
easier to perform, but the predicted quantiles lack the detailed
information of a fully defined predictive distribution (Pohle
2020). Perhaps for data privacy reasons, data quantiles are
often reported as summaries of the data. Census or medical
data, which can be very large or personal to the subjects,
may be published as summary or aggregate data including
percentiles (quantiles) and medians (Simpson et al. 2023;
CDC 2022; Nirwan and Bertschinger 2020). In collabora-
tive forecast hubs, probabilistic forecasts are often submitted
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as a set of predictive quantiles (Gneiting et al. 2023; Hong
et al. 2016). In recent years, disease outbreak forecast hubs
require that all forecasts submitted by outside participants
be represented by several predictive intervals or quantiles.
This standardized representation allows for straightforward
forecast scoring and ensemble building (Mathis et al. 2024;
Github 2024; Cramer et al. 2022a,b; Sherratt et al. 2023;
Bracher et al. 2021).

A set of quantiles may provide distributional information
for an event, but it is not as informative as a distribu-
tion defined by a cumulative distribution function (CDF),
the inverse-CDF or quantile function (QF), or a probabil-
ity density/mass function (PDF). Likewise, a set of quantiles
provides no information on values below the smallest quan-
tile or above the largest quantile. In other words, it provides
no distribution tail information. Another drawback for using
quantiles to define a distribution is that many tools for evalu-
ating or scoring continuous distributions require a CDF or
PDF (Gneiting and Raftery 2007; Gneiting and Katzfuss
2014). Combining distributions into an ensemble distribu-
tion is commonly done by aggregating multiple QFs or
CDFs/PDFs, but the latter of these is possible only when
a CDF/PDF is available (Gneiting et al. 2005; Wang et al.
2023).

Fitting a distribution given quantiles in order to recover or
estimate an unknown distribution is done in many fields, often
for the purpose of evaluating forecasts using rules that require
a CDF or PDF (Simpson et al. 2023; Gerding et al. 2023).
Fitting may also be done to allow for combining of multiple
forecasts using aggregation methods that require CDFs or
PDFs (Gyamerah et al. 2020; Li et al. 2019; Baran and Lerch
2018; Bogner et al. 2017; He et al. 2016; Gneiting et al.
2005). An example of fitting a distribution given quantiles
is given in figure 1. The 12 points in the figure are quantiles
estimated from a random sample of size 100 from a standard
normal distribution for given probabilities. The QF of the
standard normal distribution is represented by the solid grey
line in the plot. The dashed grey line is the fitted QF of a
normal distribution that was estimated by selecting the mean
and standard deviation parameters which minimize the least
squares distance between the estimated quantiles and the QF.

Hereafter we refer to estimating a continuous distribution
by fitting quantiles as quantile matching (QM). Sgouropou-
los et al. performed QM by minimizing the mean square
difference between quantiles of a response variable and a
linear combination of quantiles of covariates (Sgouropoulos
et al. 2015). Related to QM, Feldman and Kowal introduce
a margin adjustment for inferring the marginal CDFs of a
Gaussian copula model by combining the model with the
rank-likelihood in a missing data under multiple data types
problem (Feldman and Kowal 2024). Selecting distribution
parameters which minimize the mean square error between
quantiles and a QF is a common QM method (Dilger et al.
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Fig. 1 Points representing 12 quantiles (y-axis) for given probability
values (x-axis) estimated from a random sample of size 100 from a
standard normal distribution with the true quantile function (QF) (solid
grey). The estimated QF (dashed grey) was fit by selecting the mean
and standard deviation parameters which minimize the least squares
distance between the quantiles and the QF.

2022; Li et al. 2019; Belgorodski et al. 2017), kernel density
estimation and spline interpolation are common nonpara-
metric QM methods (Gerding et al. 2023; Gyamerah et al.
2020; He et al. 2016), and Keelin introduced a semiparamet-
ric method based on defining a flexible QF to fit quantiles
(Keelin 2016). An issue shared by these methods is that they
do not adequately account for the uncertainty inherent from
the estimation of quantiles. Nirwan and Bertschinger intro-
duced a QM model based on representing sample quantiles
as order statistics and formulated a model likelihood for the
quantiles as the joint PDF of multiple order statistics (Nirwan
and Bertschinger 2020). This model provides exact inference
for quantile uncertainty, but relies on the CDF and PDF of
the distribution, making it less practical for fitting quantile
defined distributions which have a QF but for which the CDF
and PDF either do not exist in closed form or are difficult to
evaluate (Perepolkin et al. 2023; Joiner and Rosenblatt 1971,
Tukey 1960).

In this manuscript we introduce a novel model, the quantile
Gaussian process (QGP) which is used specifically for QM.
The context for using the QGP is that the available data is a
set of quantiles estimated for a given set of probabilities. The
QGP relies on established asymptotic theory underlying the
relationship between the QF of a continuous distribution and
sample quantiles (Parzen 2004; Gilchrist 2000; Hyndman
and Fan 1996; Walker 1968; Cramér 1951). The QGP can
provide accurate asymptotic inference of the quantile uncer-
tainty, and it works well for QM when modeling quantile
defined distributions. The QGP is fit using Bayesian methods
and thus allows for using prior information to influence the
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QM. The QGP as presented herein requires that either a con-
tinuous QF or CDF family be selected a priori. It will often
be the case that the true QF which one wishes to estimate is
unknown and/or has a complicated shape. To account for this,
we use either a finite mixture distribution or a Bayesian non-
parametric construction for estimating the unknown function.
In section 2 the QF of a continuous random variable and sam-
ple quantiles are each defined and important properties and
asymptotic theory are reviewed. In section 3 the QGP model
for QM is introduced. Section 4 contains simulation studies
illustrating the QGP’s ability to make parameter inference
and match the distribution from which the quantiles were
estimated. Section 5 contains an application of QM using
the QGP model for quantile forecasts of the 2023-24 United
States Centers for Disease Control and Prevention (CDC) flu
forecasting competition, also known as FluSight. The analy-
sesin sections 4 and 5 show that the QGP accurately estimates
distributions from which the quantiles are estimated and
while doing so accurately captures the inherent uncertainty
from estimating quantiles. The Bayesian nonparametric con-
struction provides robustness for QM estimation where one
might easily overparameterize the model. The QGP outper-
forms all but one of the competing methods in estimating the
unknown distributions and capturing uncertainty, but it also
allows for QM in situations where the other methods cannot
be used. Section 6 concludes this manuscript with a summary
and ideas for further development in QM modeling.

2 Quantile function and sample quantiles

Along with the CDF and PDF, the QF is a defining function
of a random variable. The QF, however, often receives less
attention in standard statistical training than do the CDF and
PDF (Parzen 2004), and the CDF and PDF are used more
often for modeling and inference. This section contains the
definition of the QF, important properties, the definition of
sample quantiles, and key central limit theorems (CLTs) of
sample quantiles on which the QGP is based.

2.1 Quantile function definition and properties
The QF is defined in the following.

Definition 1 For a cumulative distribution function ' : R —
[0, 1], the quantile function Q : [0, 1] — R is defined as

Q(p)=F ' (p):=inflx eR: F(x) = p}. pel0,1]
An alternative definition not in terms of the cumulative dis-

tribution function is a function Q : [0, 1] - RU {—o0, o0},
which is nondecreasing and left-continuous.

For most statistical applications, it is useful to define the
QF as the inverse of the CDF. However, it is sometimes
the case that defining a distribution by a QF rather than
a CDF is advantageous. For instance when a distribution
is defined only by a QF and has no closed form CDF or
when simple QFs may be aggregated to define more com-
plex distributions (Perepolkin et al. 2023; Gasthaus et al.
2019; Alvarez and Orestes 2023). This section continues with
important properties of the QF and a related function includ-
ing the location-scale property, the quantile density function,
the probability integral transform, and examples of quantile
defined distributions.

2.1.1 Location-scale property

For a random variable with PDF fy (x) and QF Qg (p)
for p € [0, 1], a location-scale family takes the PDF
form (1/0) fo ((x — ) /o) with location parameter © €
(—00, 00) and scale parameter o € (0, oo) (Casella and
Berger 2002). The QF of the location-scale family then
takes the form u + o Q¢ (p) (Parzen 2004). By the addi-
tion and multiplication rules from section 3.2 of Gilchrist
(2000), this is a valid QF. Gilchrist outlines the standard-
ization rule which states that if the random variable Y with
QF Qy (p) has a standard distribution —that is the random
variable Y is centered (by a mean or median) at 0 and has
a scale of 1- then a random variable with quantile function
Or) (p) = n+ 0o Qy (p) is centered at 1 and has scale o
(Gilchrist 2000).

The linear form for a QF is already inherent in some
distributions families such as the normal and logistic dis-
tribution families, with respective QFs . + o ®~! (p) and
u~+olog(p/ (1 — p)). For the normal distribution, @1 (p)
is the QF of a standard normal distribution and u and o
are the mean and standard deviation of the location-scale
transformed normal distribution. For the logistic distribu-
tion, log (p/ (1 — p)) is the QF of a logistic distribution with
mean 0 and scale 1, and © and o become the mean and scale
parameters of the location-scale transformed logistic distri-
bution. The linear form is convenient for quantile regression
modeling and is key to the development of the metalog distri-
bution family which was designed specifically for modeling
quantiles (Keelin 2016).

2.1.2 Quantile density function

Besides the CDF, PDF, and QF, a fourth infrequently men-
tioned defining function of a continuous random variable is
the quantile density function (QDF). As the PDF is the deriva-
tive of the CDF, the QDF ¢ : [0, 1] — R is the derivative of
the QF defined as
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( )_dQ(p)
9P =— =

If Q(p) is the inverse of a CDF F'(x), a calculus result shows
that the reciprocal of the QDF is equal to the PDF evaluated
at the QF of p, or [¢(p)]™' = f(Q(p)) (Perepolkin et al.
2023; Gilchrist 2000). The QDF is important for establishing
the CLTs in section 2.2 and for the QGP models introduced
in section 3.

2.1.3 Probability integral transform

An important application of the QF is using it to sample from
continuous probability distributions via the probability inte-
gral transform (PIT). The PIT states that for any continuous
random variable ¥ with CDF Fy(y), the transformed ran-
dom variable X = Fy (Y) is uniformly distributed on (0, 1),
or X ~ Unif(0, 1). Thus if one can sample from a standard
uniform distribution, one may also sample from a continuous
distribution, provided that the QF of that distribution can be
evaluated or reasonably approximated (Wilkinson 2018). The
PIT is useful for assessing model fit via generalized residu-
als (Yang 2024; Cox and Snell 1968) and the calibrating of
probabilistic forecasts (Gneiting et al. 2007). Herein the PIT
is important for developing one version of the QGP model,
and it is used as part of a distance measure for assessing QM.

2.1.4 Examples of quantile defined distributions

An example of a quantile defined distribution family that
lacks a CDF in closed form is the generalized lambda
distribution (GLD) family (Ramberg and Schmeiser 1974;
Perepolkin et al. 2023). A special case of the GLD family is
the Tukey lambda distribution (TLD) family, a one parameter
distribution family introduced by Tukey (1960); Joiner and
Rosenblatt (1971). The QF for the TLD is in (1) and the QDF
in (2).

1 A A
il -a=pt a#0
0:.(p) = {log(lfp>, 0 (1)
a.(p)=p '+ 1 - p*! )

Another distribution family defined by its quantile func-
tion but without a closed form CDF is the metalog distribution
(MLD) family, a generalization of the logistic distribution
family (Keelin 2016). One version of the MLD is defined in
3).

0a(p) = a1 + as(p — 0.5) + azlog (%) 3)

These two distributions are used in section 4 for comparing
different quantile matching methods.

@ Springer

2.2 Sample quantiles

Given a random sample from some distribution, the sample
quantile function may be defined in terms of the order statis-
tics. Hyndman and Fan review several definitions of sample
quantiles used in statistical packages and state definition 2
as a general definition of the functions reviewed (Hyndman
and Fan 1996).

Definition 2 For n independent observations Y1, ..., ¥;, from
adistribution with corresponding order statistics Y1), ..., Y(»),
the sample quantile function Q,,(p) may be defined as

0n(p) = (1 — Yy + ¥ Yz 4)
where

— i — 1
J m§p<1 m +

n n

forsomem € Rand 0 < y < 1 where y is some function of
j=I|pn+m],g = pn+m—j,and |-] is the floor function.

Sample quantiles are used to give a probability summary
of a dataset. Sample quantiles of Markov chain Monte Carlo
(MCMC) draws from a Bayesian posterior distribution are
used to analyze posterior distributions, for example by using
quantiles to form credible intervals. Well known asymptotic
results of sample quantiles are presented below, and it may be
noted that asymptotic results for quantile regression quantiles
are similar (Kocherginsky et al. 2005; Koenker and Bassett
1978).

2.2.1 Sample quantile central limit theorem

The asymptotic distribution of a set of sample quantiles is
given in (5), and it is the basis for the QGP model for QM
in section 3. For independent draws Y1, ..., ¥, from a con-
tinuous random variable with CDF F, PDF f, and QF Q,
and with a set of sample quantiles calculated by (4), theorem
1 holds. Note that in (5), Nx (¢, X) refers to a multivariate
normal distribution with K dimensions where u is the mean
vector and X is the covariance matrix. In (6) the operator
a A b is the minimum of a and b, with order of operations
such thata A b —ab = (a A b) — ab.

Theorem 1 Sample quantile central limit theorem. Given a
vector of length K of probabilities p = (p1, ..., px) and the

corresponding quantile vector Q, (p) = (Qn(p1), ..., On(pK)),

if F is absolutely continuous for all y € Y and is strictly
increasing, then

Vi(Q,(p) — Q(p)) 2 Nk (0, K) )
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where IC is a K x K covariance matrix with the i j'™ entry

o= P ADPj—DPiDj
YT QP

(6)

Theorem 1 has been known since the mid 20th century
(Cramér 1951), and a thorough though not unique proof is
found in Walker (1968). The entries in the covariance matrix
in (6) may equivalently be written as

pij = [pi A pj — pipjla(pi)g(pj) @)

where ¢ is the QDF. Another CLT in corollary 1 for the
transformed set of quantiles F(Q,,(p)) = (F(Qn(pl)), -
F(Qn (pk))) can be derived from (5) by using the PIT and
the Delta method (Parzen 2004).

Corollary 1 PIT transformed sample quantiles. Under the
same conditions as theorem 1, the following holds

VA(F(Q,(p)) — p) 2 Ng(0.T) )

Here the covariance matrix I" has entries I';; = p; Apj —
pi pj, making the asymptotic distribution in (8) a Brownian
bridge (Chow 2009). This second result makes QM using the
QGP model possible where Q(p) is difficult to evaluate as
is shown in the following section.

3 Quantile Gaussian process model

We consider the situation where one is given a set of data
including a vector of K probabilities p = (py, ..., px) and
a vector of estimflted quantileis at the given probability lev-
els Q,(p) = (Qn(p1), ..., Qu(pk)). The set of quantiles
may provide useful information about a distribution, but the
information is limited and one may desire a more complete
distribution. The QGP model for QM and estimating a con-
tinuous distribution based on the CLT in (5) is in (9).

0,(p) ~ Nk (Qy(p),n ' KCo) ©9)

Here 6 is an unknown parameter vector to be estimated from
the data. The covariance matrix /Cy has entries from the
covariance function kg (-, -) where

pAp —pp

., p,p e(,1
F 0o fa Qe PP €D

ko(p, p) =

The covariance function «y (-, -) initially appears as though
it is difficult to evaluate and indeed can be, depending on
the functional forms of fy and Qg. But where these func-
tions belong to distributions in a location-scale family, the
covariance function can be greatly simplified. Noting that the

covariance is a function of fy(Qe(p)) = go(p), the QDF, if
0 = (u, o) where p is a location parameter and o is a scale
parameter, then gy (p) = oq(p) where g(p) is the QDF of a
standard distribution having location 0 and shape 1. Staudte
calls this the location invariant and scale equivariant property
(Staudte 2017). For location-scale distribution families, this
greatly simplifies the form of k4 (-, -) so that it becomes

ko(p, p') =a*[p A p' — pp'la(p)g(p)

Thus for estimating 6 one only needs to estimate o-2. A special
case of the QGP for QM of a location-scale family is the
normal QGP which we define and explore further below.

Often Fy is not easily invertible making Q4 a complicated
function which can be evaluated only via numerical opti-
mization, which is often computationally expensive and/or
inaccurate. A simple solution is to model the PIT transformed
quantiles from the data rather than modeling the quantiles
directly. The QGP model (9) is then reformulated to be model
(10), where I';; = pi A pj — pipj asin (8).

F3(Q,(p)) ~ Ng(p.n~'T) (10)

By modeling the PIT quantiles, the only function which
requires evaluating is the CDF Fy. Here both p and T
are given, and solving for the transformation Fg(Qn (p)
is unnecessary for our purposes. A Bayesian fit of (10) is
straightforward, requiring only that Fp ( Q . (p)) be evaluated
as part of the acceptance ratio of a MCMC step.

3.1 Normal QGP

If the quantiles in a dataset ( Qn (p), p) are assumed to be cal-
culated from a normal distribution N (u, o2), and the desire
is to estimate the parameters © and o by modeling the quan-
tiles according to the QGP in (9), then one may use the model
(11) for QM.

R 2
0,(p) ~ Nk (u +00 ! (p), %‘I') (1D

Here @' (p) = (&~ (p1), ..., D1 (pk)) is a known vector
since p is given, and W is a known K x K matrix with i /"
entry

o 27 (pi N pj — piPj)
1 - .
T expl=L @1 (p)2 + L (p)2])

Model (11) can then be viewed as an atypical normal linear
regression model. Two aspects that make this model atypical
relative to the standard linear regression model are that the
slope parameter o must be greater than 0 and that o is both a
regression coefficient and part of the variance. Note also that
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the sample size n is included as part of the variance. If n is
known, then it may be multiplied through ¥ and ignored. If
unknown, it can then be accounted for as an unknown part
of the variance.

Take for instance the data X = (1, <I>_1(p)) and the
parameter vector 8 = (u, o). Assuming the sample size n is
unknown and setting o> /n = y2, model (11) then becomes

0.,(p) ~ Nk (XB.7*¥)

In this model, one simplifying assumption may be to treat
o and y? separately and proceed to fit a standard linear
regression model. All frequentist and Bayesian results of the
linear regression model then apply, including the existence
of conditionally conjugate prior distributions. The positive
constraint on o can also be dealt with without adding much
complication (see (Gelman et al. 2013) pgs. 377-378). If for
a certain problem it is important to make inference on the
unknown 7, or o and 2 cannot be treated as separate, then
one may estimate the two parameters by assigning appropri-
ate prior distributions to ¢ and n and reverting back to (11).
In section 4, we analyze a normal QGP in a simulation study
where we assign independent prior distributions to o and n,
and o is treated as both a regression coefficient and as part
of the variance.

For any QGP model where the QF belongs to a location-
scale family, the discussed relation to the normal linear
regression model applies. The only difference in modeling
becomes formulating the matrix ¥ using the proper QDF,
and the data X with the proper quantile function.

3.2 Normal mixture distribution QF approximating
functions

When the functional form of the true QF which one desires
to estimate is unknown or has a complicated shape —such as
having several modes— it may be desirous to select a more
general Qg for approximating the unknown QF. In this sec-
tion we propose two such options, namely the finite mixture
(FM) distribution and the Dirichlet process mixture.

3.2.1 Finite normal mixture

For a continuous random variable distributed according to a
FM distribution, the CDF takes the form of (12). Here, there
are C component distributions where ¢ € {1, ..., C}, Fy, isa
continuous CDF with parameter ., w. > 0 is a weight such
that >, w, = 1,and 6 = (Y1, ..., ¥c, wi, ..., wc). When
the QF is unknown, one may formulate Qy as the inverse of
Fp in (12).

@ Springer

C
Fy(x) =Y weFy (x) (12)
c=1

When Fp is set as a mixture distribution, it is important to
consider the functional forms of the component CDFs Fy, as
well as the total number of components C. A popular deci-
sion is to set each Fy, to be the CDF of a normal distribution.
In this case Fy, (x) = ®((x — pe)/oc)) where u. and 002
are the mean and variance parameters of a normal distribu-
tion, ¥. = (W, 0¢), and (12) is termed a finite mixture of
normals distribution. A common claim is that any contin-
uous distribution may be approximated by a finite mixture
of normals with a sufficiently large number of components
(Peel and MacLahlan 2000; Nguyen and McLachlan 2019;
Nguyen et al. 2020). This claim may be optimistic, but as
shown in a simulation study in section 4, setting each Fy,
to be the CDF of a normal distribution makes for reasonable
approximations of non-normal distributions.

When selecting the total number of components, one
desires that C be large enough for Fj to be sufficiently flexible
to capture the unknown distribution shape. At the same time,
one also desires that C is not so large that overfitting occurs
or the computational burden becomes unnecessarily heavy.
For a given set of quantile data, one option is to anlayze QM
fits for different values of C and select an optimal number of
components. A less tedious and often more robust process is
to model the QF via a Bayesian nonparametric approach as
outlined below.

3.2.2 Dirichlet process mixture

When the form of the QF is unknown, an alternative to esti-
mating Qg via a finite mixture of normals is to estimate the
function with a Dirichlet process mixture (DPM) model. The
DPM as defined in Miiller et al. (2015) was introduced by Fer-
guson (1983) and Lo (1984) and is an infinite extension of the
FM distributionin (12). The DPM is defined in (13) where F,
is a CDF function and G is a probability distribution defined
on ©. In the normal mixture case, ¥ = (iy, oy ) where 1ty
and 0112/ are the mean and variance parameters respectively.

Fg(x) Z/Fw(X)dg(w) 13)

The DPM is completed by defining the hierarchical prior
distributions in (14). Here DP(M, G) denotes the Dirichlet
process (DP) prior with total mass parameter M, and Gy is
a base prior distribution.
VlG =G

G ~DP(M, Gy) (14)
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The DP is an almost surely discrete distribution introduced
by Ferguson (1973) as a nonparametric model, and following
Sethuraman (1994) can be represented with the stick breaking
construction. In this construction, G is represented by the
infinite sum in (15) where the . are i.i.d draws from the
base distribution G and 8,(-) is the Dirac measure at a. We
set G to be the product of the prior distributions for 11y and
oy. The w. are weights defined as w. = ve [[;_.(1 — v))
where v, ~ Beta(l, M) and {¥.} and {v.} are independent.

G =) widy,() (15)

c=1

Using the stick breaking construction, an equivalent repre-
sentation of (13) is

o
Fg(x) = chij/c-
c=1

The DPM can be approximated by the truncated Dirich-
let process mixture (TDPM) by replacing (15) with G(-) =
ZCC:I weby,. () for C < oo. The TDPM was introduced
by Ishwaran and Zarepour (2000) and Ishwaran and James
(2002) as a close approximation to the DP with major compu-
tational advantages. The TDPM stick breaking construction
is similar to that defined above with the only difference being
that v. ~ Beta(1, M) forc =1, ...,C — 1 and v. = 1. This
ensures that "5 w, = 1.

In section 4 a simulation study is included where sample
quantiles are generated from “unknown’ continuous distri-
butions. In a real data analysis in section 5, given quantiles
are also from unknown distributions. In these analyses, we
analyze the PIT transformed QGP model (10) where Fy is
set as a FM distribution (12) or the TDPM (13) where oo
is replaced with C. Fitting model (10) proved much faster
than fitting (9), and the results were also better. In fact we
found that in cases where Fy was a simpler function, such as
a normal or exponential distribution, fitting model (10) was
at least as fast and the results were at least as good as fitting
(9). Thus when possible, we elected to fit (10). While the
methods described in this section provide flexible functions
for estimating unknown distributions, we note that any func-
tion which meets the technical definition of a CDF would be
appropriate to use for Fy, see (Gasthaus et al. 2019) for an
example.

3.3 Competing quantile matching methods

A number of methods already exist for QM. Here we briefly
review four methods, and in section 4 we compare perfor-
mance between these and the QGP. The four methods include
spline interpolation (SPL), kernel density estimation (KDE),

an order statistics based model (ORD), and an independent
quantile model (IND). The first two of these methods are non-
parametric methods and neither of which include modeling
the uncertainty of the quantiles.

The SPL method was used by Gerding et al. (2023) and
Shandross et al. (2024) in order to estimate a CDF function
given quantile forecasts from disease outbreak forecast hubs.
SPL is an interpolation where monotonic cubic splines are fit
to pass through each given quantile and predict a function for
all values between given quantiles and beyond the extreme
values. An R package used for fitting SPL and which we use
in section 4 is dist fromg (Ray and Gerding 2024).

The KDE method treats given quantiles as if they consti-
tute a random sample from a distribution and applies kernel
smoothing to estimate a density function. KDE requires
selecting a kernel function, often a Gaussian kernel is cho-
sen, and applying that function to each draw of a sample.
Gyamerah et al. (2020) applied KDE smoothing with an
Epanechnikov kernel to quantiles estimated via three differ-
ent machine learning methods used for predicting crop yield.
They then combined the estimated densities into an ensemble
prediction. He et al. (2016) also use KDE to estimate density
forecasts from quantiles to produce energy forecasts. We use
the evmix package for performing QM using KDE (Hu and
Scarrott 2018).

One of the more common methods for QM is to select a
CDF or QF function and then select model parameters which
give a least squares fit to the estimated quantiles as done by
Li et al. (2019). The R package rriskDistributions
performs this least squares fit for some standard distributions
(Belgorodski et al. 2017). Independent random error may be
included to the best fit QF allowing for estimation of the
variability of the quantiles (Nirwan and Bertschinger 2020).
In section 4, we analyze model (16) as a proxy for the IND
model to compare with other methods.

Fo(O(p)) ™ N(pr, 02) (16)

Here Oy is the estimated sample quantile at probability py.
The major difference between model (16) and model (10)
is that the error for each quantile in a set of quantiles is
considered independent thus ignoring the effects of sample
size and correlation suggested by the CLT in (8). Note that
the parameter o, is not a part of 6, the parameter of the “true*
distribution estimated by QM, but instead is meant to capture
independent error among the sample quantiles.

The final method we include is the ORD model introduced
by Nirwan and Bertschinger (2020). This model relies on the
definition of sample quantiles being order statistics. In the
ORD model, the joint distribution of a set of order statis-
tics is the model likelihood. The likelihood of a set of order
statistics from a continuous distribution is a function of both
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the CDF and PDF of a continuous distribution. ORD is the
method most similar to QGP and it provides exact inference
of quantile uncertainty, whereas the QGP provides asymp-
totic inference of uncertainty. We also note that the FM and
TDPM constructions in (12) and (13) for estimating the true
QF may immediately be incoporated into the IND and ORD
models.

For assessing QM, there are two aspects we analyze. The
firstis amodel’s ability to estimate parameters and the second
is how far away a fit QM distribution is from a true distribu-
tion. Of the methods previously listed, parameter inference is
only possible for the QGP, IND, and ORD models. These are
also the only methods which provide uncertainty quantifi-
cation for quantile values. To analyze how far an estimated
distribution is from a true distribution, a distance measure
must be utilized. We outline three of these distances below.

3.4 Distance measures

A number of metrics for measuring the distance between two
continuous univariate distributions exist. Those we consider
in this manuscript are the Wasserstein distance (WD) and
a slight modification of it, the total variation (TV) or the
statistical difference, and the Kullback-Leibler divergence
(KLD). A brief overview of these and other metrics, some of
their statistical uses and properties, and relationships between
metrics is found in Gibbs and Su (2002). These metrics were
used in section 4 to assess how well different QM methods
approximate a true distribution.

The WD is used to measure the distance between two uni-
variate random variables by their CDFs or QFs and has many
applications in mathematics, optimization, and statistics, see
(Panaretos and Zemel 2019) for a review of the WD and its
use in statistics. The p-WD is defined for two continuous
random variables X and Y with respective CDFs Fy and Fy.
In terms of the two CDFs, the p-WD is defined in (17), and
the p-WD in terms of the corresponding QFs is defined in
(18).

1/p
WD, (Fx. Fy) = (/R |Fx(1) — Fy(t)V’dr) (17)
1 1/p
WD, (Fx, Fy) = (f |Fy () — FY‘(z)V’dt) (18)
0

We define a modified version of the WD, the uniform 1-
WD (UWD1) in (19). Here we take Fx to be the CDF of
a continuous random variable X. For a different continuous
random variable & with CDF Fg, Fx (§) is arandom variable
with support on [0, 1]. We let Fx ¢ be the CDF of the random
variable Fy (£). Then the measure in (19) measures how close
Fx (&) is to the CDF of a standard uniform distribution with

CDF U, noting that by the PIT, if & 2 X, Fx (&) istherandom
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variable of a standard uniform distribution. The integral in
(19) takes values between 0 and 1/2 (Zhanxiong 2024), and
multiplying by two ensures the measure takes values between
0 and 1. This makes the UWD1 more interpretable than the
WD where a value near 0 suggests & and X are “near” each
other, and a value near 1 suggests they are far apart.

1
UWD|(Fxe,U) = 2/ | Fx e(u) — x|du 19)
0

The TV, defined in (20), is a distance between distributions
measured in terms of the PDFs f and g. The TV takes values
between 0 and 1, and it is closely related to the distance used
in Sgouropoulos et al. (2015) to measure the goodness of

QM.

o0
Tvir =5 [ 17w - swids 0)

—00

The final metric between distributions we consider is
the KLD defined in (21). The KLD is not a true metric
but has many useful properties and applications. It may be
interpreted as the expected divergence if one is using f to
approximate g.

KLD(gIIf)=/ g(x)]og<&> dx @1
. )

4 Quantile matching methods comparison
on simulated data

In this section we present simulation studies assessing the
QM of the QGP model and compare results with those of
the SPL, KDE, IND, and ORD QM methods. The QGP,
IND, and ORD models were each fit via Hamiltonian Monte
Carlo (HMC) sampling using the Stan software and the
cmdstanr package developed and maintained by the Stan
Development Team (Stan Development Team 2024; Gabry
et al. 2024). Simulation studies are done to assess parameter
estimation and inference for known distribution families as
well as QM estimation of a distribution for both known and
unknown distribution families.

4.1 Parameter estimation and quantile matching for
known distribution families

Where the distribution family is known, one goal of QM may
be to estimate and make inference on model parameters. To
that end, we analyzed parameter estimation and inference
for normal and exponential family distributions with known
parameters. We analyzed the QGP model from (10), the IND
model, and the ORD model. We note that model (10) allows
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one to do inference for both the model parameter 6 and for
an unknown sample size n. The ORD model also allows for
estimation of an unknown n. For the QGP and ORD models,
we include modeling cases where n is known and where n
is unknown and estimated. We denote the models where 7 is
known as QGP-n and ORD-n. We also compared the distance
between the true model and the predictive distributions esti-
mated via QGP, IND, ORD, SPL, and KDE, and we include
a comparison of the QGP and ORD models where the true
distribution is a quantile defined distribution.

4.1.1 Normal parameter estimation

In this simulation study, we fit the ORD and IND mod-
els to quantiles estimated from independent samples from a
normal distribution and compare parameter estimation with
fits from the QGP model. Quantiles were simulated by first
drawing a sample of size n from a known distribution then
estimating K quantiles given probabilities {py, ..., px}. The
ORD, IND, and QGP models were then fit to the quantiles
where Fy was set to be the CDF of a normal distribu-
tion. For each of n € {50, 150, 500, 1,000, 5,000} and
K € {3,5,7,9,11, 15,19, 23}, there were 500 simulation
replicates. The data were simulated from a normal distri-
bution with mean 4 = 4 and standard deviation o = 3.5.
For each of QGP, ORD, and IND models, we assigned the
same prior distributions to © and o. When n is unknown,
we also assigned it a prior distribution. As one will gener-
ally have access to the quantiles being fit, it is reasonable
that an informative prior, centered near where the data is
centered, be assigned to w. We took this approach herein,
and for scale parameters, we assigned normal priors trun-
cated at 0 as recommended by Gelman (2006). The prior
distributions were ;& ~ N(3,7%), 0 ~ N(0,6%)1{c > 0},
and n ~ N(0,3000%)L{n > 0}. For the IND model the
prior on the independent parameter o, from model (16) is
1/o, ~ N(O, 30002)]1{0p > 0}, which is similar to the prior
on n for the QGP and ORD models. For each fit, the HMC
chain was run for 60,000 draws with the first 10,000 discarded
as a burn-in.

The top of figure 2 shows the 95% coverage of the posterior
distribution credible intervals as n increases for w, o, n and
the true quantiles Q (p) when K = 23 for five models. QGP-
n and ORD-n models where n is known are included along
with QGP, ORD, and IND. The 95% credible intervals of
the parameters were calculated by computing the 0.025'"
and 0.975” quantiles from the posterior distribution samples.
The coverage percentage is calculated as the percentage of
the 500 replicates for which the true parameter value was
within the 95% credible interval. As expected, the nominal
coverage for the QGP and ORD models is better than that of
the IND model, and for the two models where 7 is known the
coverage is better than where it is unknown, particularly for

lower values of n and K. Also of note is that the coverage
of 95% predictive intervals of Q(p) is a bit conservative
and near 100%. The coverage for the ORD models appears
to be slightly better than for the QGP models, though not
by much, and the difference decreases as n increases. The
superior performance of the ORD model is possibly because
it provides exact inference whereas the QGP model provides
asymptotic inference.

To analyze how well QM methods produced predic-
tive distributions which approximate the true distribution
N (4, 3.5%), we measured the distance between the estimated
predictive distributions of QGP, ORD, and IND fits to the
true distribution. We also measured the distances of the SPL.
and KDE QM fits to the true distribution. The distances were
measured via the UWDI1, TV, and KLD metrics. The UWDI1
for each of QGP, ORD, QGP-n, ORD-n, and IND were calcu-
lated as follows. For {6,,,} being M draws from the posterior
distribution of 6 where 6,,, = (;u, o), the QM posterior
predictive distribution was simulated by repeatedly sampling
a0, from {0, }M , then sampling X,,, from a distribution with
CDF Fy; . Repeating this for M = 50, 000 times gives a QM
posterior predictive sample. For the CDF Fy where 0 is the
true parameter, &,, = Fp(X,,) was calculated and the empiri-
cal CDF ﬁg was calculated from the sample {£,,}M . Fein(19)
was then replaced by I:E to calculate UWD1. For SPL and
KDE F (x) was replaced by the respective estimated CDFs.
The integrate function in R was used for calculating the
UWDI1 in (19). The TV and KLD were both estimated as the
mean score over 400 posterior draws of the model parame-
ters. The draws were selected by thinning 400 equally spaced
draws from the 50,000 total. The thinning was done to save
time on computation.

The bottom of figure 2 shows the UWDI1, TV, and KLD
metrics averaged over the 500 simulation replicates as n
increases for the five QM methods. The QGP, ORD, and
IND are very similar to eachother and outperform the SPL
and KDE in almost every case. For UWDI, the SPL per-
forms similarly to the parametric QM methods, but for the
TV and KLD, the SPL performs much worse, especially for
smaller sample sizes. Additional results in the supplementary
materials show model performance under different values of
quantiles K. The results show that for the QGP, ORD, and
IND models, the QM fits improve drastically from K = 3 to
K =5 and typically improve as K increases. However, the
results also show that when estimated quantiles in the extreme
tails are included, the QM fits may suffer due to the large tail
uncertainty. For example, when K = 11 the most extreme
quantiles included are the 0.05" and 0.95"" but for K = 15,
the additional quantiles include the 0.017, 0.025"%,0.975"",
and 0.99'" . The effect is present for the QGP, but the negative
effect decreases if the sample size n is large. These methods
greatly outperform the SPL and KDE methods, which inter-
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Fig. 2 Posterior coverage (top) for models of K = 23 quantiles cal-
culated as the percentage of times the true parameter fell within the
modeled 95% credible interval over the 500 replications. Coverage is
faceted by the normal parameters i, o, and shown by increasing sample
size (x-axis). The five models QGP, ORD, QGP-n, ORD-n, and IND
are colored as shown the legend. The horizontal line (black) is at the

estingly worsen as K increases. When fitting the Bayesian
models both in the normal and in the exponential setting,
the IND model tended to fit the fastest, followed by the ORD
models, and finally the QGP models. The time to fit, however,
was very fast, usually no more than seven seconds.

This study shows the ability of the QGP QM model to esti-
mate and perform inference on model parameters where the
true distribution family is known. It also shows the QGP’s
ability to produce a posterior predictive distribution which
closely matches a true distribution, according to several met-
rics, relative to other QM methods, and it greatly outperforms
SPL and KDE. The QGP also allows for making inference on
the sample size n. Between parameter inference and predict-
ing the true distribution, QGP is superior to all methods we
compared it with except for the ORD model which has simi-
lar results to (or for small sample size slightly better than) the
QGP. However, we feel the QGP’s linear model form is easier
to understand than the ORD model and is thus preferable for
interpretation. Additional plots for this study and for a simi-
lar simulation study where the data were simulated from an
exponential distribution are in the supplementary materials.
The results of the exponential study are similar to those of
the normal distribution study.
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nominal 95% level. Only QGP and ORD appear for inference for the
parameter n as they are the only two models which estimate an unknown
n. Distance between the true distribution and the estimated QM predic-
tive distribution (bottom) averaged over the 500 replications. Distances
include the UWDI, TV, and KLD for increasing sample size (x-axis)

4.1.2 Quantile defined distributions

The normal and exponential families both have CDF and PDF
functions which are either available in closed form or are easy
to evaluate with software which is widely accessible. The
study in this section was done to compare the QGP and ORD
models where the distribution family was a quantile defined
distribution which lacks a CDF that is easy to evaluate. The
purpose of this study was to show an example where one may
prefer to perform QM using the QGP rather than the ORD.
The GLD is reviewed in section 2.1.4, and a simulation
carried out similarly to the previous studies was performed
with GLD as the true distribution. However, QM was only
done by the QGP and ORD models. Because of the relative
difficulty of evaluating the CDF of the GLD and the ease of
evaluating the QF, the CDF transformed QGP model in (9)
instead of (10) was used. For the ORD model, evaluating the
CDF was required for modeling. Evaluating the CDF of the
GLD requires using an algebraic solver, and it took longer
to code the ORD model in Stan due to a lack of readily
available software which we were aware of. Once working,
however, both QGP and ORD models fit the estimated quan-
tiles well, however, the ORD usually required more time to
fit than the QGP. Figure 3 shows boxplots for the 500 repli-
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Fig.3 Boxplots of time to fit a

model in seconds (y-axis) for

the 500 replicates in the

simulation study for QM of the

generalized lambda distribution 100
(GLD) for '
K €1{3,7,15,23,50} (x-axis).
Boxplots are separated by QM
methods QGP and ORD. The

y-axis is on the log scale 10

Minutes

| =

3

cates for different values of K quantiles. In all cases except
for K = 50 the QGP tends to fit much faster than ORD. Note
that the y-axis is on the logarithmic scale. Even at K = 50
some outliers for the ORD model required hundreds of min-
utes to fit whereas the longest required time for fitting a QGP
model was a few dozen minutes.

The MLD was also reviewed in section 2.1.4. We were
able to fit a QGP model for the MLD which appeared to fit
sample quantiles well, but we were unable to fit a working
ORD model. The algebraic solver struggled to evaluate the
CDF, and posterior sampling in Stan was extremely slow.
When fitting finally finished, the result was a very poor fit.
Perhaps with more time and effort we could have made a
working model, but the QGP worked well enough that we
did not feel it was worth the effort.

4.2 Matching unknown distributions

The simulation studies in this section are for the situation
where the true distribution family is unknown, unimportant,
or too complex to be practically evaluated but where one
still wishes to recover or approximate the distribution. We
selected three distributions, each with a different shape, to
analyze how well the distributions can be approximated by
QM using the QGP and competing methods.

From the three selected distributions, data were simulated,
sample quantiles estimated, and QM methods were fit and
assessed for accuracy. The distributions were the extreme
value (EV) distribution with location 0 and scale 1 EV (0, 1),
Laplace (La) with location O and scale 1 La(0, 1), and a
two component normal mixture (MIX) wN (—1,0.9) + (1 —
w)N (1.2, 0.6) where w = 0.35. From the three distributions,
200 replicates of K € {3,5, 11, 15, 19, 23} quantiles were

o L
| ;--%

Model

E3 QGP
E3 ORD

o

15 23 50
K

simulated for each of n € {50, 150, 500, 1,000, 5,000}. QM
for each replicate of simulated quantiles was done using QGP,
ORD, IND, SPL, and KDE.

With the true distribution family being unknown, we set Fy
in the QGP model of (10) to be a mixture of normals distribu-
tion taking the form of either the FM (12) or the TDPM (13).
For the QGP, ORD, and IND models, under the FM formu-
lation, the parameters to be estimated are 6, = {u, 062, we}
forc =1, 2, ..., C and v where v = n for the QGP and ORD
models and v = 1/0,, for the IND model. The prior distribu-

tions assigned were [, nd N(5,7%), o, ind N(0, 6%)1{o, >
0}, w ~ Dirichlet(1¢), and v ~ N(0,3000>)1{v > 0}.
Under the TDPM construction, Fy = Fg from (13) with the
base prior distribution Go = N (5, 7%) x N(0, 6*)1{o, > 0}
and the total mass parameter M = 1.

Selecting the number of normal mixture components C
for the FM model was based on simply analyzing the per-
formance for several different values of C. Included in the
supplementary materials are QM results of fitting a QGP
model under the FM construction for several values of C.
For the TDPM model, Ishwaran and James provide an £
bound for the approximation of a TDPM to an infinite DPM
which depends on the size of the data, the number of com-
ponents C, and the total mass parameter M, see section 2.1
in Ishwaran and James (2002) for details. From their recom-
mendation and given the specifications for K and M, C = 20
should provide the TDPM with a reasonably close approx-
imation to the DPM. Figure 6 below, however, shows that
QM results for C € {8, 12, 20} are similar when fitting the
simulated data. The QM models were fit via HMC sampling
using Stan software.
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Fig. 4 QM fits of K = 23 quantiles by KDE, SPL, IND, and QGP
for n € {50, 150, 500, 1,000}. The quantiles were sampled from the
extreme value distribution EV (0, 1). The quantile fits (left) show the
true quantiles (black) with either the QM fit line (grey) or the credible

Often when implementing posterior sampling for a mix-
ture distribution model, one deals with an issue called the
label-switching problem. This is where for a mixture distri-
bution parameter 6 = {01, ..., ¢}, the model likelihood is the
same for different permutations of 6. This lack of identifiabil-
ity for elements of & makes parameter inference useless, but
the predictive distribution may still be close to the true dis-
tribution (Stephens 2000). Because of this issue and because
our interest is in QM, we did not consider parameter esti-
mation as being critical and simply focus on how well the
posterior predictive distribution approximates the true distri-
bution. For estimating the posterior distribution, the HMC
posterior sampling chain was run for 60,000 steps with the
first 10,000 dropped as a burn-in.

Figure 4, shows examples of fits of K = 23 quantiles
simulated from the EV distribution for different sample sizes
n. Included QM methods are KDE, SPL, IND, and QGP
under the TDPM construction where C = 12. ORD was
excluded to make visualization easier, but the fits are very
similar to the QGP fits. The KDE and SPL fits provide no
uncertainty estimation of the quantiles, and return only a
continuous function. The SPL fits show a lot of wiggle with
the wiggle decreasing as n increases, whereas the KDE fits do
not show as much wiggle. The KDE fits the distribution tails
poorly even as n increases. The IND and QGP models provide
uncertainty in the fits, but the QGP is much more conservative
with wider intervals which provide superior coverage of the
quantiles and the PDFs.
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intervals of 50% (red) and 95% (pink). The estimated PDF plots (right)
show the true PDF (black) with either the QM estimated PDF (grey) or
the credible intervals of 50% and 95%

Figures 5 and 6 highlight differences between the FM and
TDPM constructions for QGP, ORD, and IND models where
sample quantiles are estimated from samples of the EV dis-
tribution. Figure 5 shows how the value C influences the
goodness of QM fit in UWDI for several values of K. The
TDPM models are affected little by the size of C for each K,
whereas for smaller values of K, the FM models are greatly
affected. Specifically, the ORD suffers the most from setting
C too high and the IND suffers the least. The results in this
figure are for the EV distribution. Figure 6 shows how each
of the six models performs in QM goodness of fit by UWDI1
as the number of quantiles K increases from 3 to 23. For K
less than 11, the goodness of fit of all models worsens rapidly
but much more rapidly for FM than for TDPM. Under the
FM construction the ORD suffers the most from small K.
Overall, the regularization provided by the TDPM construc-
tion provides more robust fits than are provided by the FM.
Results in the supplementary materials show how many com-
ponents are actually used to fit the QM models when C = 20.
In almost all cases, the TDPM selects no more than 6 com-
ponents which contribute to the fit. Figures similar to 5 and
6 but for the La and MIX distributions are also included in
the supplementary materials.

Figure 7 shows for K = 23 the goodness of QM fit for
QGP, ORD, IND —under the TDPM construction— KDE, and
SPL models in terms of KLD, TV, and UWDI. In nearly
every case for n larger than 50, the KDE shows the worst
fit by far. Otherwise the fits for QGP, ORD, IND, and SPL
tend to be very similar. Figure 8 shows the empirical 95%
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posterior interval coverage of the true quantiles for the QGP,
ORD, and IND DPM models. The QGP and ORD models
clearly outperform the IND model with coverage slightly
too conservative approaching 100% whereas IND coverage
is far below 95% especially for small K.

The simulation studies in this section show the ability of
the QGP model to accurately perfom QM in various set-
tings. Where the distribution family is known, the QGP and
ORD models make more accurate parameter inference than
the IND model, but in the quantile defined setting, the ORD
models is much more difficult to fit making the QGP the pre-
ferrable choice. In the unknown distribution setting, the FM
Bayesian QM models can suffer from model misspecifica-
tion with the ORD model performing especially poorly. The
regularization provided by the TDPM construction provides
much more robust fits which provide better QM fits than
KDE and fits generally on par with SPL. The QGP and ORD
also provide reasonable quantile inference with conservative
predictive intervals.

5 CDC flu forecasts analysis

In this section, the QGP and other models are used for
QM of quantile forecasts targeting US flu hospitalizations.
Beginning in 2013, the CDC began hosting a yearly forecast
competition of the influenza outbreak in the US. This com-
petition is known as FluSight. The flu epidemic typically
begins in the fall and ends in late spring the following year,
and the forecast competition lasts around 30 weeks starting in
October and ending in May. FluSight involves a few dozen
academic and industry research teams who each indepen-
dently develop forecasts every week for predicting certain flu
targets for future weeks (Biggerstaff et al. 2016). During the
2022-23 and 2023-24 seasons, the forecast targets were the 1,
2,3, and 4-week ahead hospitalizations as reported by Health
and Human Services (HHS) for the 50 US states, Puerto Rico,
the District of Columbia, and the nation as a whole. The data
for weekly hospitalizations of flu patients may be found at
HealthData.gov (2024). The official guidelines of the 2023-
24 FluSight and all submitted quantile forecasts are publicly
available on Github (2024); Mathis et al. (2024).
Participating teams were free to create forecasts however
they pleased, but forecasts for each target were required
to consist of 23 quantiles for probability levels p =

(0.01,0.025, 0.5, 0.1, ..., 0.95, 0.975, 0.99), which were given

by FluSight. Figure 9 shows examples of quantile forecasts
of the same target from 12 participating teams. Each plot
shows the log forecast for hospitalizations in the US for the
week of January 13, 2024, and it is clear that there are major
distributional differences between forecasts. We denote a
quantile forecast for flu hospitalizations as Q) (p) =
(0™ (0.01), ..., 0™ (0.99)). The general quantile forecast
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representation format allowed for forecasts to be compared
by the same metric, the weighted interval score (WIS), and
to be easily combined into a multi-model ensemble forecast
(Mathis et al. 2024). However, under the quantile representa-
tion, the tools for scoring forecasts and for building ensemble
models are limited as many of the existing tools for scoring
forecasts and constructing ensembles require CDFs or PDFs
(Wadsworth et al. 2023; Ranjan and Gneiting 2010). Because
of these limitations, it may be desirable to approximate con-
tinuous distributions from the quantile forecasts to allow for
more flexibility in scoring or ensemble building. In this sec-
tion, we fit the QGP and other models for QM to forecasts
submitted to FluSight during the 2023-24 season, and an
analysis is made to compare the fits.

Before fitting a QGP model to a quantile forecast we trans-
formed the quantiles Q) (p) to log(Q™) (p) + 1) so that
forecasts for all states were on a similar scale. The model
fit was the same as the QGP fit in section 4.2, including
the same prior distribution assignments. According to the
official forecast competition rules, no forecast could include
quantiles that were less than 0. As a result, there were fore-
casts with one or many quantiles equal to 0. When fitting the
QGP model, the 0 values were removed so that some fore-
casts had K < 23 quantiles. Between 39 competing forecast
teams, 53 locations, 29 forecast dates, and 4 horizons, QM
fits were made by each of QGP, ORD, IND, SPL, and KDE on
151,041 quantile forecasts. For each forecast, the WIS was
calculated for the quantile forecast and the continuous ranked
probability score (CRPS) was calculated over the predictive
distribution of the fit QM models.

The WIS and CRPS are both proper scoring rules, which is
aclass of scoring rule defined so as to keep a forecaster honest
in their forecasts (Gneiting and Raftery 2007; Gneiting and
Katzfuss 2014). The definition for the WIS is in (22) and is
the same as that in Bracher et al. (2021). The WIS consists
of the sum of multiple intervals scores (IS), the definition of
which is in (23). Here « is the nominal level of an interval
with [ and r being the respective lower and upper bounds
of the interval. R is the number of intervals in the quantile
forecast, o, is the nominal level for the " interval, and y*
is the observed value which one is attempting to forecast.

1
WIS()’R(F, y*) = m X (U)() X |y>k — median| +
R
> (wy x 1S4, (F, y")}) (22)

r=1

2
ISe(l,r;y)y = =D+ ;(l —yOL{y* <} +

2
;(y* —n{y* >r} (23)
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Fig. 9 1-week ahead log flu hospitalization quantile forecasts from 12 teams who participated in the 2023-24 CDC flu forecast competition.

Forecasts are for the national level during the week of January 13, 2024

The CRPS is a widely used scoring rule for forecasting
and is a function of the CDF of a continuous distribution,
thus making it unavailable for scoring quantile functions. The
CRPS is defined in (24) where F is the CDF of a forecast
and y™* is the observed event one attempts to forecast. The
definition is the same as in Gneiting and Katzfuss (2014).

CRPS(F, y*) = /oo (F(x) = 1(y* < x))°dx (24)

Fitting continuous distributions to the quantile forecasts
would allow for forecast comparison using the CRPS. The
CRPS assesses a forecast across an entire distribution, includ-
ing the tails, which the WIS is unable to do, giving more
reason why one may want to perform QM on a quantile fore-
cast. We fit the QGP model in (10) to the forecast competition
forecasts from the 2023-24 season and compare the results of
scoring the given quantile forecasts by the WIS and the CRPS
calculated from the posterior predictive of the QGP model.
Posterior predictive samples from the QM forecasts allow for
approximate calculation of the CRPS. To calculate the WIS,
we use the evalcast R package (Mcdonald et al. 2023),
and to calculate the CRPS we use the scoringutils pack-
age (Jordan et al. 2019).
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Figure 10 shows results of comparing the WIS from quan-
tile forecasts and the CRPS from the fitted forecasts for
QGP, ORD, IND, SPL, and KDE methods. The QGP, ORD,
and IND fits were done using the TDPM construction with
C = 20. The plots have in the x-axis the WIS and the CRPS
is in the y-axis. Each point represents one forecast for any
participating team, season week, and state. Unsurprisingly,
the correlation between the QM CRPS and WIS is very high
for each method. For all but the KDE method, there is a ten-
dency for some CRPS values to go above the x = y line
suggesting the CRPS scores are enlarged due to the addition
of distribution tails. The CRPS scores for the IND method
also go below the x = y line suggesting that the method’s fit
may simply be poorer than the other methods. The slightly
lower correlation for the QGP compared to ORD and IND
may also be a result of adding more uncertainty in the fitting
of tail quantiles.

We do not know the true distributions from which each
quantile forecast was made, but we can assess closeness of
fit by measuring the difference between the QM quantiles and
the original forecast quantiles given the FluSight probability
values. Figure 11 shows the average over week mean abso-
lute error (MAE) and mean sqaure error (MSE) between the
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the newly estimated QM quantiles and the original forecast
quantiles. The MAE and MSE values for the SPL. method
are 0 for every week because the estimated quantile func-
tions are interpolations of the original forecasts. For MAE,
the QGP, ORD, and IND perform similiary well, and greatly

outperform KDE. For MSE, the IND performs more poorly
showing a lack of robustness. Figure 12 shows in minutes
boxplots of time to fit the QGP, ORD, and IND models. The
QGP fit time is, as expected, generally a bit slower than the
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Fig. 12 Boxplots of time to fit in minutes of QM quantile forecasts for
the QGP, ORD, and IND models

IND due to the Gaussian process uncertainty matrix, and the
ORD has slower fittimes than the QGP.

6 Conclusion

In this manuscript we considered the situation where quan-
tiles with known probability levels are given as data or the
quantiles represent a distribution rather than raw data or a
fully defined distribution. We reviewed basic properties of
QFs, sample quantiles, and resulting CLTs which motivate a
new model, the QGP model, for matching a set of quantiles
to a continuous distribution. The QGP model is assessed for
parameter estimation and inference, distribution approxima-
tion, and it is compared with other QM methods found in
the literature. The QGP provides explicit and easily inter-
pretable uncertainty quantification of QM distributions, and
generally outperforms the methods to which it is compared,
sometimes with the exception of the ORD. An added advan-
tage, however, is that the QGP provides a way to perform QM
for distributions defined by CDFs as well as quantile distribu-
tions where the CDF is difficult to evaluate. The time to fit the
QGP model tends to be less than ORD, generally taking just
over half as long to fit. For cases where the form of the CDF
from which sample quantiles were estimated is unknown, we
proposed modeling the unknown CDF as a mixture distribu-
tion and implemented a TDPM prior as a robust method of
selecting contributing mixture distribution components.

An application of QM on quantile forecasts from the
2023-24 FluSight competition demonstrates that QM meth-
ods allow for the use of the CRPS for scoring forecasts. QGP
and other QM forecasts may be scored using a variety of
scoring rules unavailable to quantile forecasts, and indepen-
dent forecasts may be combined using methods made only

@ Springer

for combining distributions by CDF or PDF functions. QGP
has been applied in Wadsworth and Niemi (Wadsworth and
Niemi 2025) who used the QGP predictive distributions fit in
section 5 to construct ensemble forecasts. In the analysis, it
is shown that the QGP may offer a more robust fit to quantile
distributions than other QM methods.

Approximating continuous distributions given only a set
of estimated quantiles is not a new idea, but the QGP pro-
vides a method of doing so while also accurately accounting
for asymptotic uncertainty in estimated or predicted quan-
tiles. The CLTs in this manuscript are limited to the case
where the quantiles are estimated given a distribution sam-
ple, however, similar results have been shown for the quantile
regression case where quantiles are estimated in the presence
of covariates (Kocherginsky et al. 2005; Koenker and Bassett
1978). These results could lead to additional QM modeling
using the QGP model where covariates are given, and this
may be more akin to the QM done by Sgouropoulos et al.
(2015). Additional research for the QGP model may be on
how the required distribution function is selected. Where a
true model is unknown, we elected to model a distribution
as a normal mixture distribution. Of course this has its lim-
its, and using other nonparametric functions, similar to that
used in Gasthaus et al. (2019) may provide needed flexibil-
ity. As long as the selected function is continuous and once
differentiable, the theory herein applies.
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