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Abstract

Model personalization allows a set of in-
dividuals, each facing a different learning
task, to train models that are more accu-
rate for each person than those they could
develop individually. The goals of person-
alization are captured in a variety of for-
mal frameworks, such as multitask learn-
ing and metalearning. Combining data for
model personalization poses risks for pri-
vacy because the output of an individual’s
model can depend on the data of other in-
dividuals. In this work we undertake a sys-
tematic study of differentially private per-
sonalized learning. Our first main contri-
bution is to construct a taxonomy of formal
frameworks for private personalized learn-
ing. This taxonomy captures different for-
mal frameworks for learning as well as dif-
ferent threat models for the attacker. Our
second main contribution is to prove sep-
arations between the personalized learn-
ing problems corresponding to different
choices. In particular, we prove a novel sep-
aration between private multitask learning
and private metalearning.
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1 INTRODUCTION

Model personalization allows a set of individuals,
each facing a different learning task, to train models
that are more accurate for each person than those
they could develop individually. For example, con-
sider a set of people, each of whom holds a relatively
small dataset of photographs labeled with the names
of their loved ones in the picture. Each person would
like to build a classifier that labels future pictures
with the names of people in the picture, but training
such an image classifier would take more data than
any individual person has. Even though the tasks
they want to carry out are different—their photos
have different subjects—those tasks share a lot of
common structure. By pooling their data, a large
group of people could learn the shared components
of a good set of classifiers. Each individual could
then train the subject-specific components on their
own, requiring only a few examples for each sub-
ject. Other applications of personalization include
next-word prediction on a mobile keyboard, speech
recognition, and recommendation systems.

The goals of personalization are captured in a variety
of formal frameworks, such as multitask learning
and metalearning. Roughly, in multitask learning we
are given data for ¢ tasks and wish to find ¢ differ-
ent, but related, models gy, ..., g; that each perform
well on one task. In metalearning, we aim to find
a common representation, which is a summary (e.g.
an embedding of the data into a lower-dimensional
space) that can be adapted to new test tasks that are
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similar to the training tasks, and where similarity is
formalized through some task distribution.

Although it offers many benefits, model personal-
ization poses new risks for privacy because each
individual’s model depends on the data of other in-
dividuals. Thus, we undertake a systematic study
of differentially private (DP) personalized learning. In-
formally, DP personalized learning requires that the
components of the models made visible to people
other than you do not reveal too much information
about your data. As in the motivating example above,
we think of your data as being synonymous with
the training data for a single learning task.

Frameworks for private personalization. Our first
contribution is a taxonomy of different formal frame-
works for private personalized learning, which vary
according to the learning objective, the privacy re-
quirements, and the structure of the output.

Our main interest in investigating these models is
sample complexity: How many individuals/tasks ¢
need to contribute data to achieve a given learning
objective, and how many samples n do we need
from each individual/task? We focus on small #, so
no one individual data can learn well on their own.

Because we focus on sample complexity (as opposed
to computation or communication), we consider a
centralized curator that can collect and process the
data of all parties. Such a curator can typically be
simulated by a secure multiparty computation with-
out the need for an actual trusted party. Specifically,
we consider the following output structures (omit-
ting citations—see the more detailed discussion and
related work sections below):

Billboard: The outputs of the curator are visible to
all individuals (“written on a billboard”), but may
be adapted locally by each individual for their use.
This is the model used in the overwhelming major-
ity of papers on private personalized learning.

Separate Outputs: The curator sends a separate out-
put to each individual, that is only visible to them.

Each output structure leads to one or more corre-
sponding privacy requirements. In the billboard
structure, it is clear that the DP condition has to ap-
ply to everything the curator outputs. When individ-
uals receive separate outputs, we consider two types
of attackers. One type sees the outputs of all but one
individual and we want this attacker to be unable
to make inferences about the data of the remaining

individual (joint DP). In the other (1-out-of-t DP),
we require privacy only for an individual that sees
one output.

Relating the frameworks. Our second contribu-
tion is a set of relationships among and separations
between the different combinations of learning ob-
jectives and privacy requirements.

We introduce two basic problems, one involving es-
timation and one involving classification, and show
a hierarchy of frameworks for both problems:

multitask
1-out-of-t DP

multitask
JDP -

metalearning multitask
DpP ~| DP billboard

Our results have a number of technical and concep-
tual implications for private personalized learning:

1. Multitask learning with billboard DP implies
DP metalearning and vice-versa.

2. For some tasks, multitask learning with a gen-
eral JDP algorithm can require much less data
than for DP billboard algorithms. Thus, while
most JDP learning algorithms to date use a bill-
board, there is potential to significantly reduce
the sample complexity by exploring different al-
gorithmic paradigms. As a consequence, there
is a separation between DP multitask and DP
metalearning, even though the two objectives
are essentially equivalent in the absence of pri-
vacy constraints.

3. There is a separation between private multitask
learning with JDP and with 1-out-of-t DP. Thus,
private personalized learning requires much
less data if we are in a setting where a realistic
adversary can only see the outputs or behavior
of a small number of individuals.

1.1 Problem Formulation and Results

In this section we describe the key concepts in our
taxonomy and then describe our technical results.

Learning Objectives. We consider two learning
objectives—multitask learning and metalearning. In
both, data from ¢ people is pooled together for learn-
ing. In multitask learning we simply want to learn
a separate model for each of these tasks, but in met-
alearning, we want to extract some kind of repre-
sentation that can later be specialized to another
unseen task. Note that metalearning is intuitively
the harder objective because the representation can
also be specialized to the original tasks.

In multitask learning, we have t tasks, each of which
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is modeled by a distribution P;, with training data
for the task sampled i.i.d. from this distribution. The
algorithm takes in training datasets S; for each task
and returns hypotheses g; for each task. Our goal
is for the g; to have low error on their respective
tasks, as measured by some loss function ¢(P, g;),
averaged over the ¢ tasks.

Definition 1.1 (Multitask Learning). Let P be a set
of t-tuples of distributions and ¢ be a loss function.
An algorithm M multitask learns P with error a with
t tasks and n samples per task if, when given datasets
S ~P!,...,S;~ P/ forany (P,,...,P;) € P, it returns
hypotheses gi,...,g; such that IE[% Yien€(P8i)] <
a, where the expectation is taken over the datasets
and the randomness of M.

Note that the definition doesn’t make assumptions
about the individual tasks or relationships between
them, but some assumptions will be necessary for
any non-trivial multitask learning.

The other learning objective we consider is metalearn-
ing, which models learning a representation that can
be used for some unseen task. Here, we have a collec-
tion of t training tasks and a separate test fask drawn
from a task distribution. The first algorithm takes
training datasets S; for each of the training tasks and
outputs a representation' . The second algorithm
then takes h and training data for the unseen test
task and returns a hypothesis g. Our goal is for the
final hypothesis g to have low error on the test task.

Definition 1.2 (Metalearning). Let Q be a distribu-
tion over (¢+1)-tuples of distributions and ¢ be a loss
function. A pair of algorithms (Mpeta, Mpers) met-
alearns Q with error a using t training tasks, n samples
per training task, and a test task with nye,s personaliza-
tion samples if the following holds: Let (Py,...,P1)
be a tuple of tasks drawn from Q. Let S; ~ P/ for
i €[t] and give Sy,..., S; t0 Meta to obtain a repre-
sentation h. Now give hand S;,; ~ P:ffrS t0 Mpers to
obtain a hypothesis g;,1. Then E[{(P;1,811)] < @,
where the expectation is taking over the choice of
tasks, the training datasets, the test dataset, and the
randomness of the algorithms.

Privacy Requirements for Personalized Models.
We consider a range of privacy requirements based

1We do not constrain the form of 4 in any way, and use
“representation” to mean any summary of the training data
that can be specialized to future tasks. In fact, if privacy
were not a concern, the representation could consist of
raw training data.

on differential privacy, which we summarize here in-
formally (see §2 for precise definitions). Roughly,
an algorithm M is differentially private if the distri-
bution of its output is insensitive to changing one
individual’s data. In our context, this means that
if we have S = (Sy,...,S;), where each S; is all the
training data of a specific individual/task, and S’
which differs on the data for one individual, then
M(S) and M(S’) have nearly the same distribution.

Our privacy requirements vary according to what
we assume to be visible to an attacker. Some of these
requirements are specific to one of the two learn-
ing objectives above, or assume particular structural
constraints on the algorithms.

The privacy requirement for metalearning is easiest
to describe, because we assume that the representa-
tion h is published, and thus require that / does not
reveal too much about any of the individuals” data.
Formally, this means simply that algorithm M,
is differentially private.

Multitask learning offers a richer space of possible
privacy requirements, because the learning frame-
work allows for each person i to receive a different
output g;. In this context, the natural privacy re-
quirement is joint differential privacy (JDP). Here, we
imagine that each individual i is given only their
own model g;. For any non-trivial learning, g; must
depend on individual i’s dataset S;. However, we do
not want an attacker who can observe other players’
outputs to learn about individual I’s data set. So, we
require that for every individual i, the collection of
t—1 models g_; is differentially private as a function
of the dataset S; belonging to individual i.

The above definition requires that S; is protected
even if every other individual colludes and com-
bines their models. We can also consider a relaxation
of this definition called 1-out-of-t differential privacy
where we do not allow individual’s to collude. Here,
we require that for every individual i, and for every
other individual i’ # i, the model g;; given to indi-
vidual i’ is differentially private as a function of the
dataset S; belonging to individual i.

The majority of algorithms that satisfy joint differ-
ential privacy have a particular form, called a bill-
board algorithm. This concept is general, but we will
describe it in the context of multitask learning. In
a billboard algorithm, we decompose M into two
phases Mpp and Mpers. Mpp takes the training data
S1,...,S; and outputs a representation h, and then
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for each individual i, we give them (or they com-
pute for themselves) the model g; = Mpers(Si, h). So
far we have described billboard algorithms as a con-
straint on the structure of the algorithm. However,
conceptually, we think of the representation & as be-
ing published, and thus publicly available, while the
individual models g; are computed secretly by each
individual and not published. Thus, when defining
privacy for a billboard algorithm, we require that
the algorithm Mpgp be differentially private. Any
private billboard algorithm also satisfies joint DP.

Intuitively, there is a hierarchy of frameworks for
private personalized learning: the easiest is mul-
titask learning with 1-out-of-t-DP, then multitask
learning with joint DP, then multitask learning with
a private billboard algorithm, and finally the hardest
is metalearning.

Technical Contributions. We prove a set of relation-
ships among these frameworks for private personal-
ized learning, which we now summarize.

DP metalearning and DP billboard multitask learn-
ing are equivalent. While metalearning can be much
harder than multitask learning in general, we show
that private multitask learning with billboard al-
gorithms actually implies metalearning. In other
words, we recover (a version of) the nonprivate
equivalence of Aliakbarpour et al. (2024) when the
multitask learner is constrained to produce a pub-
licly visible representation. However, the proof of
the implication is quite different. To gain some in-
tuition for the argument, first observe that the syn-
tax of algorithms for the two settings is similar: in
both cases, we look at all the training datasets to
produce a private representation / and then use an
individual’s data to specialize h to a model in an
arbitrary non-private way. The difference lies in
which learning objective we expect this representa-
tion to satisfy. We prove the implication using the
connection between differential privacy and general-
ization (Dwork et al., 2014; Bassily et al., 2016; Ligett
et al.,, 2017; Jung et al., 2020). Intuitively, in multi-
task learning, the billboard depends on the training
tasks Sy,...,S; and produces a representation that
can be specialized to one of those tasks. However,
by privacy, the representation would have almost
the same distribution if we had inserted data S,
from a fresh training task. Hence, the representation
can also be specialized to this unseen test task as
well. The formal result is stated and proved in §3.

Separating DP billboard multitask and DP met-

alearning from JDP multitask learning. Our first
main contribution is to show a separation between
JDP multitask learning and billboard multitask
learning for an estimation problem that we intro-
duce. Since our models satisfy a hierarchy from
easier to hardest, this result implies a separation be-
tween JDP multitask learning and metalearning as
well. Such a result has no nonprivate analogue since,
absent a privacy constraint, multitask learning im-
plies metalearning (Aliakbarpour et al., 2024). Per-
haps not surprisingly, the nonprivate equivalence is
inherently privacy-violating—it uses the concatena-
tion of the training data sets as the “representation”.

We prove the separation using what we call the in-
dexed mean estimation problem. Here, each training
datum has the form (x, j) where x € {+1}¢ is a vector
and j € [d] is an index of a coordinate in the vector.
For a task P, which is a distribution over pairs (x, j),
the goal is to output an estimate of the mean of the j-
th coordinate [E, ;).p[x;] low mean squared error. In
the multitask learning problem, we will consider ¢-
tuples of tasks with the following constraints: (1) For
every individual task P;, the marginal distribution
of the vector x is identical. (2) For every individual
task P;, the marginal distribution of j is determin-
istic. Under these assumptions, the x part of the
distribution has some common mean vector p and
and each individual has their own j;, and they want
an estimate of p;..

Our separations show that DP billboard algorithms
for this problem have much higher loss than gen-
eral JDP algorithms, when the dimension d is larger
than the number ¢ of individuals. Intuitively, a JDP
algorithm can simply give a private estimate of p;,
to each individual, which is obtained by averaging
x;, over all individuals and adding noise. Since we
only compute t values in total, the noise variance
can be proportional to ¢. In contrast, a billboard DP
algorithm cannot depend on the specific values j;
held by each individual, and thus the billboard must
contain enough information to estimate p; for most
coordinates j. Since the billboard must estimate ev-
ery coordinate, it must add noise proportional to d.
This last statement follows by adapting the lower
bounds of Bun et al. (2014); Dwork et al. (2015) for
marginal estimation.

Separating 1-out-of-t DP from JDP. We also use the
indexed mean estimation problem to separate 1-out-
of-t and JDP. In JDP, an attacker sees estimates of
t —1 distinct coordinates of p, while in 1-out-of-t DP,
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each individual gets just a single coordinate of p so
privacy intuitively requires much less noise.

Our results for indexed mean estimation are sum-
marized in Table 1, and stated formally in Section 4.

Separating DP billboard and JDP for classification.
The separation above applies for an estimation (un-
supervised learning) problem. We also extend our
results to prove a separation for a binary classifi-
cation (supervised learning) problem that we call
indexed classification. In this problem, each task is
a distribution over labeled examples ((x, j), y) where
x € {1}%, j € [d], and p € {*1}. Our goal is to pro-
duce a classifier that predicts y while minimizing
the excess classification error. We consider distribu-
tions in which y is strongly correlated with x; but
uncorrelated with other coordinates of x. We set
these distributions up in such a way that finding
a good classifier essentially requires estimating the
mean of x;. From here, we proceed similarly to in-
dexed mean estimation. We give a careful argument
that a DP billboard must estimate the mean vector
of x, denoted p, but a JDP algorithm can get away
with estimating the mean of a only small number of
coordinates of p, and thereby introduce less noise.

This argument is more complex than for indexed
mean estimation, since a good billboard algorithm
only implies good estimates of the sign of each co-
ordinate of p. We overcome this by showing that
even this simpler problem is hard under differential
privacy, via a novel extension of the fingerprinting
technique (Bun et al., 2018; Dwork et al., 2015).

Our results for indexed classification are summa-
rized in Table 1. See §5 for formal statements.

1.2 Related Work

Without privacy constraints, there is a large body
of literature on both multitask learning and met-
alearning, including related concepts or alternative
names such as transfer learning, learning to learn, and
few-shot learning, which is too vast to survey here.
Another related learning framework is collaborative
learning (Blum et al., 2017), which considers multi-
task classification in a setting where each task has a
different marginal distribution on features but there
exists a single good labeling function for every task.

There is also related work looking at privacy for
model personalization. The most directly related
work is that of Jain et al. (2021), together with prede-
cessors on private recommender systems (e.g. Mc-

Sherry and Mironov (2009)), which fits into our
framework of JDP multitask learning. Krichene et al.
(2023) consider a private multitask learning setting
where each individual can contribute data to one
task, as opposed to our framework in which tasks
perfectly correspond to individuals. Li et al. (2020)
also present a taxonomy of frameworks for multitask
and metalearning, but their focus is on more special-
ized learning procedures than those we consider in
our work. Réisa et al. (2024) address a different met-
alerning scenario, aiming to obtain models that are
private with respect to all the individuals” data by
doing metalearning where the model is first trained
on simulated data and then specialized to the real
data that requires protection.

Private model personalization has some similarities
to federated learning (see the survey in Kairouz et al.
(2019)), in which the data for each task is stored
on a different device, with devices coordinated by
a central server, and we want the server to obtain
a single good model while minimizing what they
can learn about the training data. Federated learn-
ing refers to a distributed system architecture and
not a particular learning objective or privacy model.
The objective may still be to solve a single learning
problem, and there are not necessarily any privacy
constraints at all.

The concept of joint differential privacy was intro-
duced in Kearns et al. (2014). Our notion of 1-out-of-
t DP is also called marginal differential privacy (Kan-
nan et al., 2018). The majority of JDP algorithms
use the billboard model, which was first formally
defined in Hsu et al. (2014), but was used implicitly
in McSherry and Mironov (2009); Gupta et al. (2010).

Our lower bound arguments are based on the finger-
printing methodology that was introduced in Ull-
man (2013); Bun et al. (2014) and further refined
in Dwork et al. (2015). In particular we use (and
prove extensions of) the so-called fingerprinting lem-
mas from Bun et al. (2017); Peter et al. (2024). See Ka-
math and Ullman (2020) for a partial survey.

2 PRIVACY DEFINITIONS

We now present the formal definitions of privacy
that we utilize throughout the paper. First we
present the definition of standard (central) differ-
ential privacy, which is the natural privacy notion
for billboard algorithms and for metalearning, as
both of these produce a single public output.
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Table 1: Asymptotic bounds on the squared-error for Indexed Mean Estimation and excess error for Indexed
Classification (assuming ¢t <« d and # constant). Here (¢, 6) are the privacy parameters, and we assume ¢ < 1

and ¢ = 1/poly(t) for simplicity.

Privacy Requirement and Indexed Mean Estimation Indexed Classification
Learning Objective Upper Bound ‘ Lower Bound || Upper Bound | Lower Bound
Nonprivate baseline 1 %
1-out-of-t DP Multitask # + % - é + % -
JDP Multitask e + ﬁz ¥ % ﬁﬁ
DP Billboard Multitask 52% +1 52% ‘!-? + % g
DP Metalearning 52% + % 52% ‘!—? + % g

Definition 2.1 (Differential Privacy (Dwork et al.,
2006; Bun and Steinke, 2016)). A randomized algo-
rithm M : Z! — O satisfies the following differential
privacy notions at the person level if, for any pair of
D, D’ € Z' that differ in one person’s dataset,

e (£,6)-DP:VE CO,
P[M(D) € E] < eP[M(D’) € E] + 6.
e p-zCDP: Va € (1,00), Do (M(D) | M(D')) < pa,

where D, (- || -) denotes Rényi divergence of order a.

Intuitively, differential privacy protects against an
adversary from inferring any person i’s input even
if the adversary knows all the other peoples’ inputs
as well as the algorithm output. We will say that
a billboard algorithm is differentially private if the
output of the curator is differentially private.

Next we consider different models of privacy for
algorithms that may produce different outputs for
different people. The definitions protect against an
adversary who is trying to infer the input of some
person i and who gets all other ¢ -1 inputs as well as
some outputs of the mechanism. We consider other
privacy requirements that vary according to what
we assume to be visible to an attacker (correspond-
ing to weaker or stronger privacy guarantees).

Joint DP First, we define Joint DP, where the adver-
sary gets all outputs except the secret person’s output.

Definition 2.2 (Joint Differential Privacy (Kearns
et al., 2014)). A randomized algorithm M : Z! —
O satisfies (¢,6)-JDP if for all people i € [t],
all pairs of neighboring datasets for person i
Si,S; € Z, all datasets for everyone else S_; €
z=1, and all E ¢ O, P[M(S;S_;)_;€E] <
eg]P[M(SZ.’;S,i),i € E] + 0 If the analogous definition
holds with D, (M(S;;S_;)_; || M(S};S_;)-i) < pa. in-

stead, then M is p-JCDP.

1-out-of-t DP We also consider a weaker privacy
requirement in which the adversary only sees one
person’s output (not the secret person’s). We call this
1-out-of-t differential privacy (instead of marginal
DP (Kannan et al., 2018)).

Definition 2.3 (1-out-of-t Differential Privacy). A
randomized algorithm M : Z b — O satisfies (¢, 5)-1-
out-of-t-DP (resp. p-1-out-of-t-zCDP) if for all pairs
of distinct people i, € [t], all pairs of neighboring
datasets for person i S;, S/ € Z, all datasets for every-
oneelse S_; € 2”1, and allEC O,

P[M(si;s_i)j € E] < e“"IP[M(Si’; .)€ E] +6
Resp. Dy (M(S;55-); Il M(S[55-);) < pa Va € (1, 00).

For further details about our notation and prelimi-
naries see Appendix A.

3 BILLBOARD MULTITASK
LEARNING IMPLIES
METALEARNING

In this section, we present a general reduction from
multitask learning to metalearning. Suppose P()
denotes the set of all t-tuples that an algorithm M
multitask learns. Without loss of generality, we as-
sume that P*) is closed under permutation. For any
tuple in P(*), an unseen task could be a similar one
that can be swapped with any of the ¢t tasks, and
the new tuple would still remain in the domain. We
can apply metalearning to this set of tasks. In other
words, consider a distribution Q over exchangeable
tuples of length t + 1. Let Q") be the marginal dis-
tribution over t-tuples of distributions obtained by
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taking the first ¢ distributions from a (t + 1)-tuple
drawn from Q. If P! contains all the t-tuples of dis-
tributions that are in the support of Q1*), then M can
metalearn as well. We formalize this argument in
the following theorem (proven in Appendix B). The
proof relies on Lemma A.5, which requires that the
post-processing function (the loss) to be bounded.

Theorem 3.1. Fix parameters a >0, € >0, 0 € (0,1),
t €N, n €N, a loss function £ taking values in [0,1],
and a distribution Q over (t + 1)-tuples of exchangeable
distributions. Assume P\*) is a set of t-tuples of distribu-
tions that contains all the t-tuples of distributions in the
support of oW (as defined above). Let M = (Mpp, Mpers)
be an (&,06)-DP billboard algorithm. If M multitask
learns P\*) with t tasks and n samples per task with ex-
pected error a, then M also metalearns Q with t training
tasks, n samples per training task, and n personalization
samples, with expected error at most ea + 6.

4 INDEXED MEAN ESTIMATION

In this section we showcase how different frame-
works for private personalization impact the error
achieved by a learning algorithm in an estimation
problem. The proofs are provided in Appendix C.

Indexed Mean Estimation For simplicity, we first
describe the multitask learning version of the esti-
mation problem we focus on. Every person i in [t]
gets n samples drawn from distribution Px over do-
main {+1}¥ and an index j; € [d]. Py is a product of
d independent distributions over {+1}, with mean
p=(p1,...,pq) in [-1,+1]%. Person i aims to find an
estimate, p;., for the true mean of the j;-th coordinate
in distribution Py, denoted by p;,. Their loss func-
tion is defined as the squared difference between the
mean estimate for coordinate j; and its true mean:

gmean(PXrﬁj,-) = zl;(ﬁ], _Pji)z,
(wWhere the % factor keeps the loss in [0, 1]).

To cast this problem in the language of multitask
learning, as in Definition 1.1, we can think of the
equivalent setting where the input of each person
comes from a distribution P;. Instead of assuming
that each person has n i.i.d. samples from a shared
Py and an index j;, we define P; to be the Cartesian
product of Px and a singleton distribution on {j;}. In
this new setting, the input of person i is n samples
drawn from P.

We define the domain of t-tuples of distributions for
t people that use the same feature distribution Py,

but potentially different indices as the following

Pestd,t = {(P1,..., P) | P; == Px(p) ® Det(j;)

Vie[t],Vp e [-1,+1)%,Vji,...,j; € [d]'}, .

where Px(p) is the distribution Py with mean p and
Det(j;) deterministically returns j;.

We establish upper bounds for indexed mean estima-
tion in the multitask learning frameworks. All three
bounds result from applying the Gaussian mecha-
nism to the empirical means with variance adjusted
according to the privacy requirements.

Proposition 4.1 (Nonprivate upper bound). For any
d e Nand t € N, and loss function €y, there exists an
algorithm that multitask learns Py 4 with error 1/4t
with t tasks and one sample per task .

Theorem 4.2 (1-out-of-t upper bound). Forany p > 0,
d € N, and t € IN, and loss function €y,,,,,, there exists an
algorithm that multitask learns Py 4 ¢ with error ﬁ +

+ with t tasks and one sample per task and satisfies p-1-

out-of-t-zCDP. Furthermore, forany ¢ > 0,6 € (0,1),d €
N, and t € IN, there exists an algorithm that multitask
learns Pust g, with error © (min(e, e?/log(1/6))™") - 5 +
4 with t tasks and one sample per task, and satisfies
(e, 0)-1-out-of-t-DP.

Theorem 4.3 (JDP upper bound). For any p > 0,
d €N, and t € N, and loss function €y, there ex-
ists an algorithm that multitask learns P 4 ¢ with error
O(é) + 4 with t tasks and one sample per task and
satisfies p-JCDP. Moreover, for any € > 0, 6 € (0,1),
d €N, and t € N, and loss function ,,,,,, there ex-
ists an algorithm that multitask learns Pyt 4 ; with error
©(min(e, e2/1og(1/9))7!) - L + L with t tasks and one
sample per task, and satisfies (&, 0)-JDP.

Theorem 4.4 (Billboard upper bound). For any p >
0,d € N, t € IN and for loss function €.,y there exists
a billboard algorithm that multitask learns Pt 4 ; with
error ﬁ + 4; with t tasks and 1 sample per task and
satisfies p-zCDP. Moreover, for any € > 0,6 € (0,1),d €
IN,t € N and for loss function €., there exists an
algorithm in the billboard model that multitask learns
Pest,d to error ©(min(e, £2/10g(1/6))7") - & + 4; with t
tasks and 1 sample per task, and satisfies (g, 6)-DP.

This problem can easily be extended to metalearning
for a metadistribution over Peg 4¢+1 with t training
tasks and a test task with loss function {;ean. Theo-
rem 4.4, combined with our general reduction from
metalearning to multitask learning in Theorem 3.1,
also implies the existence of a metalearning algo-
rithm within the billboard model.
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Corollary 4.5 (Metalearning upper bound). For any
€>0,0€(0,1),d € N,t € N and for loss function
Cinean, there exists a pair of algorithms (Myeta, Mpers)
that metalearn a distribution Q over Py 44,1 with error
O (e -min(e, e2/log(1/5))7})- t% + % +0 using t training
tasks, one sample per training task and a test task with
one personalization sample and My, satisfies (&, 6)-DP.

Next, we formally separate the privacy frameworks
in the multitask setting by proving a number of
lower bounds. The proofs for the JDP multitask
lower bound and the metalearning lower bound use
the fingerprinting lower bound for private mean es-
timation. Specifically, we adapt the tracing attack
used in the proof of the standard lower bound to
each of our threat models.

Theorem 4.6 (JDP lower bound). Fix @ >0, t € N,
d > ct? for a sufficiently large constant, e > 0 and & €
(0, %). Let Cyony be the loss function. Let M be an
algorithm that multitask learns P, , with error a with
t tasks and one sample per task and satisfies (&, 6)-]DP.

Then, a > Q(min{%, 1}).

Theorem 4.7 (Metalearning lower bound). Fix a > 0,
e>0,teIN,deNandé € (0, %). Let €001, be the loss
function. Let M = (Mipeta, Myers) be a pair of algorithms
that metalearn a distribution Q over Pyt 4 141 with error
a with t training tasks, one sample per training task and
a test task with one personalization sample and M.,
satisfies (¢,0)-JDP. Then, a > Q(min{—45,1}).

For the multitask learning lower bound in the bill-
board model, we use Theorem 3.1 to reduce to the
metalearning lower bound in Theorem 4.7.

Corollary 4.8 (Billboard lower bound). Fixa >0, ¢ €
(0,1], t €N, 6 € (0, ggz;) and d > ct for a sufficiently
large constant c. Let €0,y be the loss function. Let M
be a billboard algorithm that multitask learns Py ; with
error a with t tasks and one sample per task, and satisfies

(€,8)-JDP. Then, a > Q(min{—£5,1}).

5 INDEXED CLASSIFICATION

In this section, we characterize the error achievable
on a classification problem in different private per-
sonalization frameworks. For the proofs of the re-
sults presented here see Appendix D.

Indexed Classification Every individual i has
an index j; € [d] and n labeled samples
{(x(i’k),y(i'k))}ke[n] drawn from a personal distribu-
tion Ry, ;; over {1 }4 x{+1}, where p is a parameter of

the data distribution that is the same among individ-
uals. For a fixed vector p = (py,...,pg) in [-1,+1]*
and an index j € [d], we define R, ; as the distri-
bution on the outcome of the following sampling
process. First, draw an auxiliary random variable
w € {+1} from a product of d independent distribu-
tions with mean p. Then, draw p € {+1} uniformly.
Finally, construct x as follows

&

Xy =

weys
Individual i’s goal is to use these samples, and in
cooperation with other individuals learn a classifier
of the form ﬁ-(x]-,.) : {£1} — {£1} that predicts labels y
as correctly as possible using only the j;-th feature.
Depending on the output structure of the algorithm,
f; might be sent as a private message from the cura-
tor or it might be calculated locally by individual i
using the representation broadcasted by the curator.
The loss function of individual 7 is the difference
between the misclassification error of f; and the op-
timal classifier for distribution R;;:

ifl=j
if¢=j.

Catass(Rp s i) 1= P[fix;) # 3] = min P [fix;) # 9],

where the probability is taken over (x,y) ~ Rp ;..

We cast this problem in the "multitask learning" lan-
guage of Definition 1.1 and specify the connection
between the data distributions by considering that
every individual has n copies of index j; and that
the n samples come from the following family of
t-tuples of distributions

7)class,d,t = {(Plr- : ':Pt) | P = Rp,j,- ®Det(ji)Vi € [t]’
Vjield)Vp e [-1,+1]%),

In this definition, for all P, that are in the same tuple,
the distributions over the features, R, ;, are param-
eterized by the same p. However, the P;s can po-
tentially have different j;s for different people. For
convenience we write (x, j,y) ~ P, instead of (x,, j).

We first prove upper bounds on the indexed classi-
fication problem by reducing to and from a related
learning problem called indexed sign estimation (see
Appendix D for details), encoding the sign estima-
tion problem into a mean estimation problem, and
finally applying the upper bounds from Section 4
for indexed mean estimation.

Lemma 5.1 (Non-private upper bound). Forany d e
IN and t € N, and loss function €., there exists an
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algorithm that multitask learns Peyss 4.+ with error L

Vt
with t tasks and 1 sample per task.
Theorem 5.2 (1-out-of-t upper bound). For any pa-
rameters p > 0, d € IN, t € IN and for loss function

Ceinss, there exists an algorithm that multitask learns

Prlass,d,+ With error N2 L with t tasks and 1 sam-

G
ple per task and satisfies p-1-out-of-t-zCDP. Moreover,

it is implied that for any parameters € > 0, 0 € (0,1),
d € N, t € IN and for loss function €,ss, there exists
an algorithm that multitask learns Pgs 4.+ with error
O (min(e, e2/1og(1/6))71/2) - % + % with t tasks and 1
sample per task, and satisfies (&, 6)-1-out-of-t-DP.

Theorem 5.3 (JDP upper bound). For any parameters
p=0,deN,telN, and for loss function €, there
exists an algorithm that multitask learns Pppss 4.+ with
error O(ﬁ) + \iﬁ with t tasks and 1 sample per task, and

satisfies p-J]CDP. Moreover, it is implied that for any € >
0,6€(0,1),d €N, t € N, and for loss function € s,
there exists an algorithm that multitask learns Ppss 4.+
with error ©(min(e, e2/log(1/5))™1/?) - % + % with t
tasks and 1 sample per task, and satisfies (e,6)-]DP.

Theorem 5.4 (Billboard upper bound). For any pa-
rameters p > 0, d € IN, t € IN, and for loss function

Ceinss, there exists a billboard algorithm that multitask

learns Pppss 4.+ with error % + % with t tasks and 1

sample per task, and satisfies p-zCDP. Moreover, it is
implied that for any parameters e >0, 0€(0,1),d €N,
t € N, and for loss function €, there exists a bill-
board algorithm that multitask learns Pyyss 4+ with error

O (min(e, £2/1og(1/6))"1/2) - @ + \Lft with t tasks and 1

sample per task, and satisfies (&, 0)-DP.

Finally, Theorem 5.4 and the reduction of metalearn-
ing to multitask learning in Theorem 3.1 imply that
there exists a mealearning algorithm whose met-
alearning process is differentially private.

Corollary 5.5 (Metalearning upper bound). For any
p=0,deN,telN, and for loss function €, there
exists a pair of algorithms (Miyeta, Mpers) that metalearn
a metadistribution Q over Pyss q¢+1 With error ©(ef -

min(e, £2/log(1/6))"1/?) - \/73 + % + 6 with t training
tasks, 1 sample per training task and a test task with 1
personalization sample and M,,,, satisfies (e, 6)-DP.

We also prove lower bounds for the error of indexed
classification that separate the interaction and pri-
vacy models in the multitask learning setting. We
initially prove lower bounds for indexed sign esti-
mation (defined in Appendix D) using our finger-

printing lemma. Finally, we prove the lower bounds
for indexed classification by using a reduction of
indexed sign estimation to indexed classification.
Theorem 5.6 (classification JDP lower bound). Fix
a€(0,%) t €N, d > ct? for a sufficiently large con-
stant ¢, e > 0and 6 € (0, %). Let M be an algorithm that
multitask learns Pyyss 4 ; With error a, for loss function
Ceinss, With t tasks and 1 sample per task, and satisfies
(¢,0)-JDP. Then, a > Q(min{eLW, 1}).

Theorem 5.7 (Metalearning lower bound). Fix a €
(0,3), teN, deN, ¢ €(0,1] and 5 € (0,%). Let
M = (Mineta Mpers) be a pair of algorithms that met-
alearn a distribution Q over Ppssqt+1 With error a,
for loss function €,ss, using t training tasks, 1 sam-
ple per training task and a test task with 1 person-
alization sample, and M, satisfies (e,0)-DP. Then,

a > Q(min{1, ¥4)).

Theorem 5.8 (Billboard lower bound). Fix a € (0, %),

teN, d> 5 ee(0,1]and & € (0,5k). Let M
be a billboard algorithm that multitask learns Puss 4.+
with error a, for loss function €.,es, with t tasks and

1 sample per task and satisfies (e,6)-DP. Then, a >
Q(min{Y¥4,1}).

et

6 CONCLUSION

Our work gave a taxonomy of formal frameworks
for private personalized learning and proved sepa-
rations and equivalences between these frameworks.
Our work leaves open several future directions.
First, can we more thoroughly understand what
types of relationships between tasks yield separa-
tions? In our separations for classification, we as-
sume that the x part of the data points of all partic-
ipating individuals is drawn from the same distri-
bution. A natural follow-up question is what upper
bounds can be achieved with privacy when the dis-
tributions of the individuals are related in more real-
istic ways. Second, can we relate private multitask
learning to learning from a combination of public
and private data. From an individual’s perspective,
private multitask learning can be viewed as a form
of public-private learning, where their own samples
are treated as public and the samples of others as pri-
vate. These samples must be used in a specific order,
first the private samples and then the public ones.
Investigating how this perspective can lead to new
algorithms for private multitask learning would be
an interesting direction for future research.
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Checklist

1. For all models and algorithms presented, check
if you include:

(@) A clear description of the mathematical
setting, assumptions, algorithm, and/or
model. [Yes]

(b) An analysis of the properties and complex-
ity (time, space, sample size) of any algo-
rithm. [Yes]

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]

(c) Clear explanations of any assumptions.
[Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results
(either in the supplemental material or as a
URL). [Not Applicable]

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Not Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect
to the random seed after running experi-
ments multiple times). [Not Applicable]

(d) A description of the computing infrastruc-
ture used. (e.g., type of GPUs, internal clus-
ter, or cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check
if you include:

(a) Citations of the creator If your work uses
existing assets. [Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(c) New assets either in the supplemental ma-
terial or as a URL, if applicable. [Not Ap-
plicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or
offensive content. [Not Applicable]
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5. If you used crowdsourcing or conducted re-
search with human subjects, check if you in-
clude:

(a) The full text of instructions given to partic-
ipants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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Appendix

A PRELIMINARIES

Definition A.1 (Rényi Divergence). For two probability distributions P and Q defined over the same domain,
the Rényi divergence of order a > 1 is

P(x) )“
Qx)/

Definition A.2 (Exchangeable distributions). A t-tuple of distributions (P, ..., P;) ~ Q is exchangeable with
respect to Q if for every permutation 7t : [t] — [¢], the tuple (Py(1),..., Pr(y)) is equally likely to occur in Q as
the unpermuted one. When the metadistribution is clear from the context, we simply refer to the tuple as
exchangeable.

1
D, (PlQ) = ﬁloglEwa(

Definition A.3 (Sensitivity). A function q: X" — R? has sensitivity A if for all x,x’ € X" differing in a single
entry, we have [|g(x) — g(x')|l, < A.
Fact A.4 (Gaussian Mechanism for zCDP (Bun and Steinke, 2016)). Let q: X" — R? be a sensitivity-A query.

Consider the mechanism M : X" — R? that on input x, releases a sample from N (q(x),1;02). Then, M satisfies
(A%/20%)-zCDP.

Lemma A.5 (Post-processing). For any (&, 6)-DP algorithm M and any (possibly randomized) function g : O —
[0,1], for any D and D’ that differ in the dataset of one person

IEg,M[g(M(D))] < eglEg,M[g(M(D’))] +0.

Fact A.6 (Adapted from Bun and Steinke (2016)). Let M : Z' — O satisfy p-zCDP, then M satisfies (&, 5)-DP for

all 6> 0 and
£ :p+2,/plog(%).

In other words, for any two parameters € and 6 > 0, there exists an absolute constant c, such that if M satisfies
c- (min(s, ﬁi/é)))iCDR then M satisfies (¢,6)-DP.

Lemma A.7 (Birthday Paradox). Suppose we toss t balls uniformly at random into d bins. If d > ct? for a sufficiently
large constant c, the probability of any two balls falling into the same bin is at most .

B PROOEFS FROM SECTION 3

Theorem 3.1 (Restated). Fix parameters a >0,&e>0,6€(0,1),t €N, n €N, a loss function ¢ taking values in
[0,1], and a distribution Q over ( + 1)-tuples of exchangeable distributions. Assume P*) is a set of t-tuples
of distributions that contains all the ¢-tuples of distributions in the support of Q'*) (as defined above). Let
M = (Mpp, Mpers) be an (¢, 6)-DP billboard algorithm. If M multitask learns P*) with t tasks and n samples
per task with expected error a, then M also metalearns Q with ¢ training tasks, # samples per training task,
and # personalization samples, with expected error at most e + 0.

Proof. We focus on the error of M in the metalearning framework. As we have described the error in
Definition 1.2, the error of this algorithm corresponds to its performance on the ¢ + 1-st distribution. More
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precisely, we have:

B LB Mpers(Star, Mo(S1,---,S0)|
(Pl r“‘rPt+l )NQr

S1~P,...,S;~P",S;11~Pl,

We know that the distributions in the tuple that we draw from Q are exchangeable, so the distribution of (#+1)-
tuples of distributions remains identical when we swap P;,; with any P;. Therefore, in the metalearning error
of M we can swap Py, 1,S;,1 withany P, S; for i € [t]. Let D be the datasets of the first t people, D = (Sy, ..., S;),
and D_; be the t datasets from D after we swap the dataset of person i, S;, with the dataset of person ¢ + 1,
St+1- Thus, we have that

1

E [€(P1, Mpers(Si1, Mep(D))] = =) E [€(P, Miers(Si, Mep(D_i) |
MpererBB' t ie[t] MpererBBr
(Ppyees Py )~Q, (P Pri1)~Q,
Si~P!,..,S;~P",S; 1 ~P| S1~P},..,Si~P, S ~PlL

The error term in the equation above is analogous to the error term in the multitask learning algorithm, with
one key distinction. In multitask learning, the i-th error term is computed when S; is included in the dataset
provided to Mpg. We demonstrate that these two terms are closely related due to the privacy properties of
the server’s algorithm.

For every individual i € [t], D and D_; are neighboring datasets that differ only by the replacement of one
person’s data. Consequently, the privacy of Mpp ensures that Mpg(D) and Mpg(D_;) are nearly indistinguish-
able in distribution. It is well established that post-processing does not alleviate this indistinguishability. That
is, for any function applied to Mpg(D) and Mpg(D_;), the resulting outputs remain indistinguishable. Specif-
ically, for each individual i € [t], given a fixed distribution P; and dataset S;, let g;(b) be a post-processing
function.

gi(b)= B[0P, Mpers(Si, b)) @)

pers

We apply Lemma A.5 for function g; and obtain that

E [€(P) Mipers (Si, Mpp(D_))| < e B [€(P, Mipers (i, Mpp(D))] + 6
MPGI‘S'MBB' MpererBBl
DPy,...Pryq)~0Q, Py,...Pq)~Q,
N;Sl ~t+,11)Q~n ~,51 Nt+}l)Q~n
Sy~P!,...Si~P", S ~P, S1~P!,...$i~P", S ~P,

Therefore, the error of M in the metalearning setting is bounded by

1 1
- E U(P;, Mpers(Si, Mpp(D_;)) [ < e — E C(P;y Mpers(Si, MB(S1,-..,5¢))) |+ 0.
t;j Mpers, M, [ ( i pers( i BB( 1))] tie;j Mpers, M, [ (P pers( i BB( 1 t)))]
(Pl llll Pt+1)~Qr (Pl ----- Pt+1)~Qr
S1~P/,...,84~P",S1.1~P, Si~P/,...S;~P}'

In the second line, the billboard message is computed using data drawn from tasks 1 to t. This equation
captures the multitask learning error for the first ¢ tasks drawn from Q. Alternatively, this tuple is drawn from
Q", making it a member of P'*). Given the assumptions of the theorem—that M is a billboard algorithm that
multitask learns P*) with an error bound of a—it follows that for all (P,...,P) e P, we have the following:

T L E [P Mpers(Si Mpp(St, S| < @ ()

Combining the inequalities above we obtain that

L [€(Pri1, Mpers(Spa1, Mpa(S1, ., S)] < efar+ 6.
(Ppyees Py )~Q,

Sy~ S ~PLS 41 ~Pl,
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Thus, the proof is complete. O

C PROOFS FROM SECTION 4

C.1 Upper bound proofs

Proposition 4.1 (Restated). For any d € IN and ¢ € IN, and loss function €,¢ap, there exists an algorithm that
multitask learns Pugt 4 ; with error 1/4t with ¢ tasks and one sample per task .

Proof. The algorithm takes as input one sample (x,j®) drawn from P; for every person i € [t] and then

computes the empirical mean p « 1 Zie[t ). Note that for all ¢ € [t] and j € [d], x Vis independent of the

other coordinates and (x;.g))2 = 1. Therefore, the error is

[ph pPji ] I ZVar pb I ZVar

ze[t] i€lt] i€(t]

Z ZVar( x; )s

1e[t Ce(t]

Ly p]

Ce(t]

O

Theorem 4.2 (Restated). Forany p>0,d €N, and t € N, and loss function ,,can, there exists an algorithm
that multitask learns Peg 4 ¢ with error ﬁ + % with t tasks and one sample per task and satisfies p-1-out-
of-t-zCDP. Furthermore, for any ¢ > 0, 6 € (0,1), d € IN, and ¢ € IN, there exists an algorithm that multitask
learns Pegt 4+ with error © (min(e, e2/log(1/5))71)- t% + % with ¢ tasks and one sample per task, and satisfies
(&, 6)-1-out-of-t-DP.

Proof. We propose the following algorithm, which begins with the empirical mean and produces a private
version of the mean for the coordinate of each person i € [t] using the Gaussian mechanism. More precisely,
the personalized output for person i with index j; is

pA]-’, «— ﬁji +Zji’
_ (k)
where p;, %Zke[t] X, and Z;; ~ N(O' P%)

To show that this algorithm satisfies p-1-out-of-t-zCDD, fix a pair of distinct people i # j and focus on the
personalized outputs received by person k while replacing the input dataset of person i with a neighboring
one. Since each person has a dataset of only one sample (i.e., n = 1), two neighboring datasets correspond to
having two different samples. Now, if we change the sample of person i, the sensitivity of the mean at index
jk, corresponding to the output of person k, is bounded by

- _ 2
16, (D) - pj (D')] < 7
Thus, using Gaussian mechanism as outlined in Fact A4, p; satisfy p-zCDP for all distinct i and k. Therefore,

our algorithm satisfies p-1-out-of-t-zCDP.

Next, we analyze the error of our estimates. Since the Gaussian noise and the sampled data are independent,

we have
1
3 2 E[i-pi)]= 57 L varloi i)

ielt] =n
1 1 .
=g L Vrloy i) +vorl2)) 5
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The last inequality follows from the error analysis in the proof of Theorem 4.1. Using the standard conversion
between zCDP and approximate DP, from Fact A.6, we show that this algorithm also satisfies (¢, 6)-DP by

setting p = @)(max(1 IOg(l/b))). O

Theorem 4.3 (Restated). Forany p >0, d e N, and t € N, and loss function {yeqn, there exists an algorithm
that multitask learns Py 4 ; with error oL i ;) + 4t with ¢ tasks and one sample per task and satisfies p-JCDP.

Moreover, for any € >0, 0 €(0,1),d € N, and t € N, and loss function €,ean, there exists an algorithm that
multitask learns Ppg; 4 ; with error ® (min(e, e2/log(1/8))7!) - % + % with ¢ tasks and one sample per task, and
satisfies (¢, 6)-JDP.
Proof. Here, for each person i with index j;, the algorithm returns an estimate

Pj; < pji +Zj;»

_ 2(t-1
where p;, « 1 Zke[t]x ) and Z;, N(O, (ptz )

). This satisfies p-JCDP because the global ¢, sensitivity of

the outputs given to the t — 1 colluding people (pj,,...,p;, ) is NF

participating
1 A
E ZIE[(p p]l ] 41» Zvar p]l p]z)

i€(t] i€[t]

. Hence, on average over the t people

O

Theorem 4.4 (Restated). For any p > 0,d € IN,t € IN and for loss function {iean, there exists a billboard
algorithm that multitask learns Py 4.+ With error 2")’17 + % with t tasks and 1 sample per task and satisfies
p-zCDP. Moreover, for any € > 0,0 € (0,1),d € IN,t € IN and for loss function {y,eap, there exists an algorithm
in the billboard model that multitask learns Py 4; to error © (min(e, £2/log(1/5))7})- % + % with ¢ tasks and

1 sample per task, and satisfies (¢, 0)-DP.

Proof. The billboard algorithm runs the Gaussian mechanism once and broadcasts the output to all the
people. Then every person can use their index j; to get the estimate they are interested in. More specifically,
the algorithm takes as input one sample (x(), j)) drawn from P, from every person i and then computes an
empirical mean p = 1 Lict) x" and outputs on the billboard

2d
p<—p+Z, whereZ~N(0,WI[d). (4)

2\f

The global ¢, sensitivity of p is =%, so this satisfies p-zCDP and, consequently, p-JCDP.

To analyze the error, by symmetry it suffices to analyze person i. Since sampling the data and the Gaussian
noise are independent, we have

E [(pjl_ -p; )2] — Var(ﬁji —Pji) = Var(Zji ) + Var(pji —pji). 5)

We have Var (Z ) 259 and Var ( pj,—p ]-1.) 1. Summing these variances gives you that the total error is

d
% ZE[(ﬁji _pji)z] < W " %

i€(t]

Using the standard conversion between zCDP and approximate DP, from Fact A.6, we show that this
algorithm also satisfies (¢, 6)-DP by setting p = @( max( L lOg(l/ J )) O



Aliakbarpour, Bairaktari, Smith, Swanberg, Ullman

C.2 Lower bound proofs

Theorem 4.6 (Restated). Fix @ >0, t €N, d > ct? for a sufficiently large constant, ¢ > 0 and ¢ € (0, %). Let
Cimean be the loss function. Let M be an algorithm that multitask learns P, ; with error a with ¢ tasks and one
sample per task and satisfies (¢, 6)-JDP. Then, a > Q(min{%, 1}).

Proof. For the proof of Theorem 4.6 we follow a series of steps similar to that presented in Kamath and
Ullman (2020), which itself closely follows the presentation in Steinke (2016).

We have a JDP algorithm on t tasks/people and d dimensions. Each person i € [t], has a sample (x(*), j())
{x1} x[d] and gives it as input to the algorithm. Let S = {(x, (i))}ig[t] denote this dataset. We will construct
a hard distribution over the family of distributions P, ; that the samples are drawn from. We draw a vector
p€[-1,+1]% and a vector j € [d], both uniformly at random The datapoint x() of person i is drawn from
the product distribution with mean p and the index j/) is deterministically j;. Let the expected error of M be

> Y [%(ﬁji _Pj,-)z]} <a.

i€[t]

E
Pj

Our goal now is to prove a lower bound on a.

We will analyze the case where j has no duplicated indices. So for now we assume that we have a fixed j
with no repeats. For person i we define two test statistics

def A~ ]
T; = E (ch—Pjg)(x;-;)—Pjg)
Ce(t)\{i}

)y def N (1)
TE Y (B, -pi)xy —pj)

Ce[t\{i)

where p’ denotes the output of algorithm M to person ¢ for input S_; where (x"), j#)) has been replaced
Py, P & p P ] p

with a fresh draw (x(i)’, j(i)’) from P,. Since the distribution over the indices is deterministic, j() = j’ = j;.

Now, we will use the privacy guarantee of JDP to provide an upper bound for éEM [Zie[t] Ti]. Since M is
.S,
(¢,6)-JDP for any ¢,0 in (0, 1), we have that {p;, }rc[1)\i is (&, 0)-DP with respect to i’s dataset. As a result, the

following inequality holds

E[T;] SlE[TZ-’]+25,/Var(Ti’)+25||Ti’||Oo. (6)
T/ is a sum of t — 1 values in [-4,4], so the bound ||T/||, < 4(t — 1) < 4t holds. For fixed p, j, and ¢, p]’.[ is
independent of x;;) and E [x;;)] = pj,- Thus, for any ¢ € [t]\ {i}

[ bj, = pj)lx p]g)]

=I5LEMI%—pf»ls%kxﬁ?—pwﬂ=0-

This means that E [TZ’] = 0. We apply the same observation, that [E [xﬁ;)] = pj,, and that every coordinate is

independent to show that the cross terms in the variance of T, cancel out, leaving us with

N 2, (i) 2
Z (B, —pj)"(x;, —pj) ]

Ce[t\i

var (1) = 7] =
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Since ( -pj ,)? is at most 4, we have the upper bound
Var(T7) =) )_ <ﬁ;e—pje>2<x§-?—m>2}
Ce[t)\i
<4E| ) (¥}, —pk)z]
[Ce[t)\i
<4E|) (), —pj[)zl.
[Celi]

Plugging these into inequality 6 and summing up over all the t people, we obtain that

E|) T E Z(ﬁjf—pj[)zl—i-Sétz.

i€(t] le(t]

<A4et

The next step is to show that accuracy implies a lower bound for éEM [Zie[t] Ti]. We notice that in the sum
Po,
of T; we can rearrange the terms.

Y=Y Y - )

i€[t] ie[t] Ce[t]\{i}

=) ) Bmpi - ).
Ceft]ie[t)\{e}

=Y Bi-pi) Y (< -pj)

Celt] ie[t]\{¢}

We can now apply Lemma D.6 to each coordinate j,.

E|Y Ti|=) Elp,-p;) Y <x§-j;)—p]-€>}

ieft] eft] ie[t\ie)

>Z(‘_]E[ ~Pj) ])

=0
t R 2
=3-F|)_bi—pi ]
le(t]
For a vector of indices j let ¢; be the error
ag=E | ) Bi—pi)’
Lt 1=

Combining the two inequalities for E [Zie[t] TZ] we have shown that when | has no duplicates

E|) T

i€(t]

t
g—al <4eta]+86t2
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If aj < £, then 85¢% < {; because we have assumed that § < g;. By rearranging the terms in the inequality
we see that

%2 g (50~ 80)
R
T 16212122 2304e2°

1
Thus, @ = mm{é, 230452}.

We now incorporate the randomness over the choice of j. Let E be the event that the vector of target indices
has no duplicates. Since d > ct? for a sufficiently large constant ¢, by Lemma A.7 event E occurs with
probability at least % Therefore,

4a > E|a;
E[as]
> Eaj | E]PE]
j j
1
> —lE[aj | E]IP[E].
2j j
For each j without duplicates we have a lower bound on ¢;, so

1 {t 1 }
a > —min
8 6’ 2304¢2

O

Corollary 4.8 (Restated). Fix @ >0, € (0,1],t€N, 6 € (0, m) and d > ct for a sufficiently large constant c.
Let €1nean be the loss function. Let M be a billboard algorithm that multitask learns P, ; with error « with ¢
tasks and one sample per task, and satisfies (¢, 6)-JDP. Then, o > Q(min{gz%, 1}).

Proof. By Theorem 3.1 if we have a billboard algorithm for multitask learning with error «, then we have
metalearning algorithm with error e« + 6. Then, by Theorem 4.7

efa+ 6> min ! 11d
= 4-144° 82.1442¢2¢2 |7

We have made the assumption that 4 > 16'—144 t.

11d
If 82.1442¢2¢2 < 4. 144’then for t < 8 144/ b < 8144r 144t and c< 1 we haVe

S 114 S 11d
T 628214426212 T 68214422427

If 114 > 144, sincet>1,0< ¢ 144t and ¢ € [0,1], we have that & > m. Therefore,

82.1442¢212 =
d

Theorem 4.7 (Restated). Fix a >0,¢>0,t€IN,d e N and ¢ € (0, 9L6t). Let €pean be the loss function. Let
M = (Meta, Mpers) be a pair of algorithms that metalearn a distribution Q over Pest 4,41 with error a with
t training tasks, one sample per training task and a test task with one personalization sample and Mo,
satisfies (¢,5)-JDP. Then, @ > Q(min{—£, 1}).

O
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Proof. We consider that the metalearning algorithm My, takes as input 1 sample (x(, j)) per person i € [¢].

Then the personalization algorithm M,e;s gets as input the output of Mt and the sample of the (¢ + 1)-th

person (x(t+1) (1)) and outputs an estimate p ;1) of the mean of coordinate j (t+1), By the definition of Py 1,1,

the index of person £ + 1 is deterministically j;,,. Hence, we will write p;, , instead of pi+1) for simplicity.

To prove this theorem we construct a hard metadistribution Q where we draw a vector of means p € [-1,+1]¢
and a vector of indices j € [d]"*! both uniformly at random. Let the error of M be

4a 2 E [(ﬁjt+l _pjt+l)2]

M,
(P, Pr+1)"‘Q
(1), k(1)
- B IE [(‘ﬁjtﬂ _pjt+1)2]
.M’4 | Jt+1
Prj1ser]ts
() x(t+1)
1 A 2
= E gL Wi ]
Pojirje L J€ld]
(1), x(t+1)

We consider a tracing attack that uses the following test statistics for i € [¢]

LE Y (pj-p)xj’ ~pj) and
jeld]

) def Al i
T/ = Z(Pj—Pj)(x;I)—Pj),

jeld]

where ﬁ]f denotes the output of algorithm M for j,;,; = j when the input of person i to My, has been
replaced with a fresh draw from P,;. For i = t + 1 we construct only test statistic

e N 1
T =) (6j-p)x{™ = pp)
jeld]

Since Mmeta is (€, 0)-DP with respect to i’s dataset for every i € [t], p; is (¢, 6)-DP with respect to the same
dataset for every j € [d]. Therefore,

E[T;] < B[T}]+2e/Var (T/) + 26/|T/ |-

We will now analyze each term of the right hand side of the inequality. We see that

1T/l < 4d

because Ti’ is the sum of d entries of value at most 4. Next, since ﬁ]’- is independent of x;-l) conditioned on p,
we get that

Er]=g 1> E o [¢-p)]E |0 -p)

JE] 1) ) iy

.....

=0
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Finally, by the same observation the crosse terms in the variance of T; cancel out and we obtain that

Var (T/) = E[(T})?]

=E| ) (5]-p; (x" - p;)?
jetd]

<4F Z(ﬁ;—pj)2]s16da
jeld]

Combining the inequalities above we conclude that
E[T;] < 8evaVd + 85d.

For the i =t + 1, we have that

IE[THI]:IE

Y Bi-pey T - pj)}

jeld]

<2E Dﬁj—pﬂ}
Ljeld]

<2E|Vd [} (#;-p))?
| jeld] ]

<2Vd [E| ) (pj~p;)?
jeld]
< 4dva.
Therefore, by summing up the test statistict T;
E Z T.| < 8evatVd + 85dt + 4vad.
i€[t+1]

The next step is to show that accuracy implies a lower bound for the test statistics in terms of error a. We
apply Lemma D.6 to every coordinate j € [d] of the estimate

Y ) Bi-p-p))

ie[t+1]je[d]

=Y B[ Y (6-p)e"-p))

jeld]  lie[t+1]
A (i)
— E |El(5: —p; .
A |
jeld] i€[t+1]

> Y (3 E[5-py?))= § - 4da

jeld]
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Combining the bounds on E [Zie[t +1] Tl-], we have the following inequality

% —4da < 8evatVd +85dt + 4ad.
If we rearrange the terms we get that

1 (d g
> (% 4vad-sad-ssdt] .
*= 16€2t2d(3 Vad —4a )

1 . 1
If @ < g743, then since 0 < 5¢;

3 6 144 12
112d
P —
82.1442¢2¢2

1(ddd d)2

Therefore,

a > min ! 11d
- 4.144" 82.1442¢2¢2

D PROOFS FROM SECTION 5

For the results of this section, we first prove a reduction to and from an estimation problem we call indexed
sign estimation. We then obtain upper and lower bounds for the error of indexed sign estimation that imply
bounds for indexed classification.

Indexed sign estimation problem In the multitask learning version of indexed sign estimation there are
t people and every person i € [t] has n samples drawn from the same distribution Py over domain {+1}¢
and an index j; € [d]. As in Section 4, Py is a product of d independent distributions over {(+1}4 with mean
p €[-1,+1]%. Person i’s goal is to estimate the sign $;, of the mean of coordinate j;. The error for person i is
Ipj,| if they make a wrong prediction of the sign of p;, and 0 otherwise. This means that they get penalized
more for the sign of coordinates that have mean further from zero and are, thus, easier to predict. The loss
function for person i is
Csign(Px, $5,) = Isign(pj,) = 8 }pj.|,

where pj, is the true mean of coordinate j; and $;; is the sign estimate of person i. The overall error for
multitask learning is

% ) E[uisign(p;,) = 4, }Ip; ]

i€(t]

where the expectation is taken over the samples of the ¢t people and the randomness of the algorithm.
Following the same process as in Section 4 to cast this problem in the “multitask learning” language, we
consider that every person draws n samples from a distribution P; that is in a t-tuple of distributions from
family Pt 4+, as defined in Section 4.

We start by showing that we can reduce indexed classification to indexed sign estimation in the multitask
learning framework, and vice versa.

Lemma D.1 (Reduction of indexed classification to indexed sign estimation). Fix a € [0,1]. Let M be an
algorithm that multitask learns Py 4 with error a, for loss function €+ sign, with t tasks and 1 sample per task. Then,
there exists an algorithm that multitask learns Ppuss 4 1 with ervor a, for loss function €.y, with t tasks and 1 sample
per task.
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Proof. Let {(x"),j,( )}ie[t] be the input to the multitask classification algorithm that is drawn from a tuple
of distributions (Pc(lla)ss’ PC(IQS S
M. For person i we can use j) = j; to recover the value of the auxiliary random variable w(?) as follows

RO xﬁz )’ if £ 0,
¢ x€ y if ¢ = j

) in Pelags,d,¢- We can transform this dataset to an input dataset for algorithm

We see that the tuple of the ¢ distributions (P(l) P( )) over (w(?),j()) for all i € [t] is in Pagt,q,. For this

. . est”- est
reason, we give {(w(’),j(’))}ie[t] as input to algorithm M.
Let $;, be the output of M for person i. Then, for person i € [¢] the classification algorithm ouputs the labeling
function

A

filxj;) = 8j,x;.

(i)

The misclassification error of f; for distribution Pclass is
P 50 [f (xj) = }’] o0 [§jixji * y]
(X]y) class X] }/) class
= r 0 [Sji :tyx]-z.]
(x’j’y)NPclass
= P 0 [Sji * wji]
(x’]’y)~Pclass
= P [§ji iwji]
(w,j)~Piy
=1, = 1) [wh -1]+1g, =-1) P , [wj, =1]
(WJ) est (W)~ Pest
1-pji s L+pji .
= TH{Sji =1+ ——I{;, = -1}
The misclassification error of a fixed classifier f; for distribution PC(1 ; 1
[flx] :ty] [flx] 1|x]_1y_1]IP[x]_1y_l]
(x]y) class ]»}7) Pclass

+ P [fi(xj) =1|x;=1y= —1]H’[x]»i =1,p= _1]
(579l

+ P [fi(xj):_l|xji:—1,3221]11)[9(]-1,:—1,3/:1]
(579 ~Rlas

+ P [fi(xj):1|le-:_1,}):—1]][)[)(?]-1_:—1,}1:_1]
(6],9)~ Pl

1+p;,
:(X”) Pc(fass[ﬁ x)=-1lx,=1y= 1] . i
+ P [ﬂ(xj)=1|x]',-=1,y:—1]

(i)

(%:9)~Pass

1-pj
+ P [filyg) =1k =Ly =1]—F
(x,j.9)~EY

class

1-pj
4

*Pji

+ P [fi(x]-):1|xj1. 1y_—1]
(X’j’y)~Pc(lla)ss



Privacy in Metalearning and Multitask Learning

Given p;,, the function that minimizes this error is f;"(x;,) = sign(p;,)x;,- The misclassification error of f;* for
distribution P

class
L Fe =)=  [sign(pj,)x;, = 9]
(%, y) 0 (%, w Pl
= (w]) [51gn pj; ) # wj, ]
est
1+ p]l
B

. 1_p'1‘ .
= Ifsign(p;,) = 1} > / +I{sign(pj,) = -1}

Taking the difference between the misclassification error of f; and f+;, we obtain that

p]z 1+pji

2

[f, iy]— P 0 [f x;) :ty] I{s;, =1} +

(%, }7) class (%, y)~F class

Ifs;, = 1)

1 +pji

2
=I{$;, = 1,sign(p;,) = —=1}(-pj;) + I{$;, = -1,sign(p;,) = 1}p;,
= I{s;, = sign(pj,)}lpj,!.

1-p;
—Ifsign(p;,) = 1}% —I{sign(p;,) = -1}

Therefore, if we take the expectation of the error over the samples {(x®, D, y(i))}ie[t] and the randomness of
algorithm M we have that the error of multitask learning for indexed classification is

_Z [(w [fitx =]~ min P [ :ty]) ZlE[lI{ﬁji¢sign(pji)}|pji|]

i€(t] ie[t]

<a.
This concludes our proof. O

Lemma D.2 (Reduction of indexed sign estimation to indexed classification). Fix a € [0,1]. Let M be an
algorithm that multitask learns Ppuss 4.+ with error a, for loss function €,es, with t tasks and 1 sample per task. Then,
there exists an algorithm that multitask learns P, 4.1 with error a, for loss function oy, with t tasks and 2 samples
per task.

Proof. Let {(x(¥1), j& 1)) ( (1.2 j(i:2))} be the dataset of task i € [¢] gives to the indexed est1mat10n algorithm.

Every sample (x("%)

distributions (Pe(slt), e Pe(st) € Pest,d,t-

,j"9), for k € {1,2}, is drawn from the corresponding distribution P, ) from a tuple of ¢

est

We first use one sample from every task/person to construct an input for algorithm M. For every person i
we set w1 «— x(b1) draw a p(i!) € {+1} uniformly and set

‘ (i,1) . )
X(l’l) o wfi 1), ‘ if € # j;
w,’ AN S A

We then glve {( (1) ,j, 1))}1€[t] as input to the classification algorithm M. Let P}’ _be the distribution of

(x1), j(1) 3(1)) We notice that (P () P(t)

class’"* class

class
) is in the family of tuples Peagg gt

Let fy,... f; be the functions that M outputs for this input. Then, we use the second sample of person i,
(xi2,j(02)), and function f; to get the sign estimate §;,. In particular, we draw y("2) € {+1} uniformly, we set

w2 « x(12) and

(i,2)

202 wéi’z), if € # j;
¢ w,’ ) if 0=,
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We see that Pc(12ss is also the distribution of (%2, j("2), y(i2)) For person i this indexed estimation algorithm
outputs

2)
= fitz) e,
The next step is to compute the error of §;,. In the proof of Lemma D.1 we showed that for person i
1-p;. 1+p;.
. . Ji . Ji
min [fz 12)] = I{sign(pj,) = 1} 5 T I{sign(pj,) = —1}7-
fi (’Z(il)’]( Pc({ass
The misclassification error of f; is
(1,2)) (,2) _ -(i,2)
)= e e e 1)
(z:2) ](1 12) Pl (f(i,Z)yj(i,Z),y(i,Z))Npc(]‘;ss L
= p et
(7(0:2),j(:2) y(i.2))o PC(;;SS !
= P ’ 51¢1|w12)_1]11’[w;?’2):1]
(7:2),j:2) y(i:2)) Pclitlss L
+ P _ [sl * 1|w12)_—1]]1)[w;f’2):_1]_
(,z(z‘.2>,]-(f,2>,y<i,2))~pc‘;;“ !
We can see that f;j’z) is independent of w;?’z). Thus, s?jl. is independent of w;j’z) and we have that
A i , 1+p; 1-p;
I 10 R Rl ER RN CES e S N O T
o joaimyp, U w2 e, :

1+p; 1-p..
- E [I[{s?i;tl} P +H{§i¢—1}—p]’]
(£62),j(62) y0.2))pl) 2 2

Combining the these steps, we get that the difference of the misclassification error between f; and the optimal
classifier is

_ [f;-(fy’z)) # y(i'z)] —min [fz (2" )y
(f(f,Z),j(i,Z)’y(i,Z)),VPC(;;SS 1 fl ( < ] y(l ?
14D 1—p. 1—p. 1+p;
_ E [H{s:i £ 1) —P s, —nl ~Misign(p;) = 1]— ~Tisign(p; ) = 1) —5 ]
i iyl 2 ? ’ 2
- E ' [11{53 2 sign(pj,.)lpj,-l}]-
(f(i'z)’j(i'z)'y(iVZ))NPc(lla)ss

The average error of the sign estimation algorithm, in expectation over the samples, the randomness of the
input/output transformations and the randomness of algorithm M is

% Zna[n{sign(pji) =3 pj ||

i€[t]

1 . .

=2 ) El B [isign(p;) = 8 ;]
i€(t] _(’E(l'z)']( 22~ ~Pelass

1 R : . .
= ZIE P ‘ [fl(f;lz)) # y(l’z)] —min P f, ”2)

t ie[t] _(Jz(iJ)’j(i’Z) y(z 2)) Pc(lﬂ)5> l S (’E(Z‘J)’j(i'z) y(l 2)) Pc<1ass
<a
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D.1 Upper Bounds

Here we present the proofs of the upper bounds of the error of indexed classification for the different private
personalization frameworks.

Proposition 5.1 (Restated). For any d €N and t € N, and loss function ),¢s, there exists an algorithm that
multitask learns P,g5 4+ With error \f with ¢ tasks and 1 sample per task.

Proof. Fix any d € N, t € IN. By Proposition 4.1 there is an algorithm M that multitask learns Peg 4, with
error .
n ZIE[ ~Pji) ] T
1e[t

where p;. is the output of algorithm M to person i, with ¢ tasks and 1 sample per task. We can use M to
estimate the signs of the p;;s by setting §;, =sign(p;,). In this case the error for indexed sign estimation is

Y E[us; = sign(py ey ] < 7 Y E[13;, = sign(p; Moy, - py]

i€(t] i€[t]

1 R . R R . N
< ) E[1(s;, = sign(py)llpj, -y + 1185, = sign(p;)}lpj; — ;]

i€[t]
=1 ) E[i5;-p]
i€ft]
<TE[ [ty VE
i€(t]
ZIE[ -p;)’]
ze[t]
1

<—.
G

By applying the reduction of Lemma D.1 we obtain that for all (Py,..., P;) € Peags,d.t

_Z [(w [fz Xj, :ty] ml}nw [ﬁ Xj, ¢y])] Z]E[II = sign(p;) |p]1|]

ielt] i€t]

O
Theorem 5.2 (Restated). For any parameters p >0, d € ]N t € IN and for loss function €,g, there exists an
algorithm that multitask learns P,g5 4 ; With error tﬁ Vi with ¢ tasks and 1 sample per task and satisfies

p-1-out-of-t-zCDP. Moreover, it is implied that for any parameters ¢ >0, 0 €(0,1),d € N, t € N and for loss
function £, there exists an algorithm that multitask learns P, 4.+ With error © (min(e, £2/log(1/5))"1/2) -
1+ % with ¢ tasks and 1 sample per task, and satisfies (¢, 0)-1-out-of-t-DP.
Proof. Fixany d € N, t € N, and p > 0. By Theorem 4.2 there exists a p-1-out-of-t-zCDP algorithm M that
multitask learns Pegt 4., with error
2 1
N Z ]E [ p] ! ] ptz t

i€[t]

with t tasks and 1 sample per task. In this algorithm the computes a mean estimate p;, that they send to
person i. For the classification learning algorithm the curator can use p;, to construct an estimate of the
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sign of p;, by setting §;, = sign(p;,) before sending anything to the people. Then, using the reduction of
Lemma D.2 we get a function that the server can send to person i, by setting

fi(x’j) =8}, xj;.

As f; is a post-processing of p j; that only uses j;, which is already in the dataset of person i, the output of this
algorithm remains p-1-out-of-t-zCDP. By Lemma D.1 we obtain that the error of of ﬁ, . ft is

_Z’ [("J?~P[ﬁ %) ;ty] mll-nxwﬂ?[f’ Xjj ¢y])

i€[t]

) B[t = signip; v |

ie[t]

Z: [ m,]

ze[t]

2 1
<—2¥

+

e

Theorem 5.3 (Restated). For any parameters p > 0, d € N, t € N, and for loss function €., there exists
an algorithm that multitask learns P,ss 4,1 With error O(ﬁ) + % with t tasks and 1 sample per task, and
satisfies p-JCDP. Moreover, it is implied that for any € >0, 0 €(0,1), d € N, t € N, and for loss function Celasss

there exists an algorithm that multitask learns Pyj,gq 4.+ With error © (min(e, €2/log(1/6))71/2). 1 vt \f with ¢

O

tasks and 1 sample per task, and satisfies (¢, 0)-JDP.

Proof. Fix any d € N, t € N and p > 0. Similarly to the proof above we can base our algorithm on the
algorithm of Theorem 4.3. Our classification algorithm takes the mean estimate p;; for person i and produces

A

fi(xj,) =3j.xj,

with error
Jzt—l
_;]E[(X]I}[/) [ﬁ Xj; i?] m}nxjy [fz xj;) }’]) ,G%IE[ -p; 2] +$.

The new algorithm also satisfies p-JCDP because the curator just post-processes the output of the p-JCDP
mean estimation multitask learning algorithm using only j; for person i, which is their personal information.

O
Theorem 5.4 (Restated). For any parameters p > 0, d € N, t € IN, and for loss function €.,ss, there exists
a billboard algorithm that multitask learns P, 4, With error g $ with t tasks and 1 sample per

task, and satisfies p-zCDP. Moreover, it is implied that for any parameters ¢ > 0, 0 € (0,1),d e N, t € N,
and for loss function ., there exists a billboard algorithm that multitask learns Pss,4,; With error

©(min(e, £%/log(1/5))71/2) - \/TE v

Vi with t tasks and 1 sample per task, and satisfies (¢, 0)-DP.

Proof. By Theorem 4.4 there exists a billboard algorithm (Mg, Mpers) that multitask learns Py a,; with ¢
tasks and 1 sample per task, and Mgg is p-zCDP. Our classification algorithm keeps the billboard algorithm
as it is and modifies the personalization part. In particular, person i takes their mean estimate p;, and
produces

A

filxj;) = 8j,x5,,
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where $;, = sign(p;,). By applying the reduction of D.2 we get error

_Z [(w%PVI %) =9 mzl-n H)~g[ﬁ(xff)¢y]) <

ie[t] 2RY

V2d 1
ZE%] [ p]z ] ﬁﬁ-ﬁ

As we mentioned, the billboard part of the new algorithm remains the same. Thus, it still satisfies p-zCDP. [

D.2 Our Fingerprinting Lemma

Our error lower bounds for indexed classification are based on a generalization of the fingerprinting lemma
by Bun et al. (2014). Our lemma differs in two ways; the mean p is drawn uniformly at random from an
interval [—a, a] for a € (0,1] (instead of [—1,1]) and the error function is 2(|p| — f(x))p = 4|p|I{f (x) = sign(p)}
(instead of the mean-squared-error). The key idea is that for a fixed « a function f cannot be bad at predicting
the sign of the mean p and highly correlated with the sum of samples drawn from a distribution with mean
p at the same time.

Lemma D.3 (Our Fingerprinting Lemma). Let f : {1}/ — [+1] and a € (0,1]. If p € [-a,+a] is sampled
uniformly at random and xy,...,x; € {+1}' are sampled independently with mean p, then

E
P,

X1 e Xt

Ha,p)f(x) ) _(xi=p)+2(pl —f(x)p)] - a,

ielt]

where

a?—p? 9

, Ifac =1,

r(a,p)=1{ 1-p* f '
1, otherwise.

We break the proof of our fingerprinting lemma into smaller lemmas following the proof in Bun et al. (2017).
Lemma D4. Let f : {+1}/ > R. Define g: [+1] - R by

Then,

Proof. We can write

o= E = ) ] [F5E

X1 e X E{E L} i€ft]

where x1,...,x; € {+1}/ are sampled independently with mean p. We can now compute its derivative

, 1+x
g'p)= Z flx ]_[ £
X Ef{£1} ze[t]
Xj
- Z @) 75 ﬂ
X1, X €1} i€[t] 1+X
_ Xi—p
a Xlrl-l?,xt fix) Z 1 —p2
i€(t]
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Lemma D.5. Let g:[+1] — R be a polynomial and a € (0,1]. If p € [—a, +a] is drawn uniformly at random, then
E[r(@p)g (p)(1 - p?)| = 2E g(p)p]

where

a?-p? I
, Ifac=1,
r(a,p)=1{ 1-p* f ’
1, otherwise.

Proof. Ifa® #1,

Similarly, we can show that when a? = 1

’ 2\
E[g'(p)(1-p*)] = 2E([(pp]

Proof of Lemma D.3. Applying Lemmas D.4 and D.5 we have

= LE 2f@pl+ B [2(pl-f(x)p)]

PiX1seesXe 0 PXeen Xt

=E[2|p|]] =
p[ Ipll =«
O

We can show that the fingerprinting lemma in Bun et al. (2014) follows from our fingerprinting lemma for
a=1.

Lemma D.6 (Fingerprinting Lemma Bun et al. (2014)). Let f : {1} — [£1]. If p € [-1,+1] is sampled uniformly
at random and x,...,x; € {+1}! are sampled independently with mean p, then

E((F)-) ) (-p)+ (F(0)-pP |2 5.

,X
P i€[t]
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Proof. We have that

i€[t]
- p,x}?..,x, f(x) Z(xi -p) +f(x)2 -2f(x)p +I§, p2 _le’]"E.:’Xr Z(xi _P)”
| el e
2
> p,xE.,xt f(x) ;j(xi —-p)=2f(x)p|+ 111;: [2lpl] - 3

=.E f<X>Z<xz-—p>+z<|p|—f<x>p>]—3

PrX1sees Xt et 3
1221
3 3
The last inequality follows from Lemma D.3. O

D.3 Lower Bounds

In this section we provide the proofs for the lower bounds of the error of indexed classification in the private
personalization frameworks we consider. We first prove lower bounds for indexed sign estimation and then
prove the corresponding lower bounds for indexed classification by using the reduction of Lemma D.2.

Lemma D.7 (Indexed sign estimation JDP lower bound). Fix parameters a € (0,1/16),t €N, >0, 6 € (0, %),
and let Ly, be the loss function. Let M be an algorithm that multitask learns Pest 4,c with error a, for loss function
Csign, with t tasks and 2 samples per task and satisfies (¢,0)-JDP. If d > ct? for a sufficiently large constant c, then

a > Q(min{ ¥, 1)).

Proof. Fix parameters a € (0,1/16), t € N, € > 0, § € (0, 5;). Let M be a JDP algorithm that gets as input
the d-dimensional samples of t tasks/people. Each person i € [t], gives samples (x("1), j(01)), (x(#2)j(0:2)) to
the algorithm. We start by constructing a hard distribution over the family of distributions Peg 4 ¢ that the
samples are drawn from. We draw a vector p € [-A, A]? for A = 16« and a vector j € [d]!, both uniformly. The
k-th datapoint x"¥) of person i is drawn from the product distribution with mean p and the index j*) is

deterministically j;.

M returns an estimate $;, of the sign of p;, to each person i € [¢]. If the expected error of M is

1
E |- ) E|lisign(pj,) =3 }Ip;l|| < a.
Y t;j [ gnip; j PJ]

our goal is to prove a lower bound on a.

We will first analyze the case where j has no duplicated indices. So for now we assume that we have a fixed j
with no repeats. For person i € [t] and sample k € {1,2} we define two test statistics

/\2 —p2 .
def je 5 (k)
Ti,k = 1— 2 Sj[(xj(; _p][)
eefviy - Pie
)2 —p.2 . .
) def Je Jik), (k)
Ti,k = Z 1—[92 Sie (x]'z _pjz)
Je

Ce[t]\{i)
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where s‘;;'k) denotes the output of algorithm M to person £ when the input (x(i’k), j(i’k)) if person i has been

replaced with a fresh draw from P,. Since the distribution over the indices is deterministic, j*) is always j;.

Now, we will use the privacy guarantee of JDP to provide an upper bound for IE [Zie[t](Ti,l + T,-’z)]. Since M
is (¢,0)-JDP, we have that {$;, }s¢[1)\i is (¢, 0)-DP with respect to i’s dataset. As a result, the following inequality

holds
E[T,] < E[Ti5] + 26\ Var (T, ') + 281 T/ .

T/ is a sum of t — 1 values that are at most 212, so the bound ||T/||o, < 2A%(t— 1) < 2A%t holds. For fixed p,
k) .. (i,k) (k)| .
and ¢, 8, is independent of Xj, and [E [x]-[ ] =pj,- Thus, for any ¢ € [t]\ {i}

/\2 _pZ ) /\2 _pZ ) )
E Je i k)(x(ll)_p‘ =B JzIE[§(z,k)] E [(x(:,k) p, )] —0.
_p2 I je Je 2 je i je Je
L=pj, P 1=pj, A

This means that [E [Tif k] = 0. We apply the same observation, that [E [x;.;’k)] = pj,,» and that every coordinate is

independent to show that the cross terms in the variance of T/ j cancel out, leaving us with

(A2-p2)* »
je! k)2, (1) 2
Y 56 |

Var(T/,) = E|(T))?| = E
ar( 1,k) [( 1) ] L (1_p]2[)2

: (i) : Ai.k)
Since (x].; - pjf)2 is at most 4 and (s].; )? = 1, we have the upper bound
Var T/, ) < 4(t - 1)A* < 4eA*,

Plugging these into inequality above and summing up over all the ¢ people and k € {1, 2}, we obtain that

)2 T

ie[t] kef1,2}

E <4eAVE+ 4502t

The next step is to show that accuracy implies a lower bound for E [):,-E[,](Ti'l + 7}'2)]. We notice that in the
sum of T; we can rearrange the terms.

A2 - pz ) A2 - pz )
NCSEE PN ke AU AEARE = )
it ierr cefviy\ P ~Pj
A2 _p2 . A2 —p2 :
_ je o (1) je & ( (02)
_€ ‘ [ 1—}72 ij(xjg ~Pj) + 1—p2 Sje(xjg ~Pjc)
e[t]ie[t]\{¢} Je je

2_ 2
A Pj,

e DM LAY

2
i Y P idmia ke
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We can now apply Lemma D.3 to each coordinate j,.

Z i1t T2) ZIE

i€lt] Ce(t]

> (A-E[2(pj,|-$,p5,)])

Ce(t]
Zz(|Pjg| _§j[pjg)]'

Ce(t]

E

_ch le[t]\{z}keu,z]

=At-E

For vector of indices j let a; be the error

ZI[ sign(p;,) # $;,}pj,|| =
Cet]

Z2 |ch ijp]c ]

Celt]

Combining the two inequalities for E [Zie[t]( Tiq + Ti,z)] we have shown that when j has no duplicates

(T;1+Tin)| < 4e N2\t +450%t,

i€[t]

/\t—40(j <E

By rearranging the terms we get that

(At —4eA?VE—461%1).

q>|~

We now incorporate the randomness over the choice of j. Let E be the event that the set of target indices has
no duplicates. Since d > ct? for a sufficiently large constant ¢, by Lemma A.7 event E occurs with probability
at least % Therefore,

a_p] ;]’]E[ngnp])ish |p]1|] IE[aJ]> IE[allE]IP[E 2l [a]|E]

For each j without duplicates we have a lower bound on ¢;,

so substituting this bound for [E [aj | E ], we get
)

1

az (A= 4e A\t - 450%1)

Since A = 16a, 6 < 5; and t > 1, we get that

O

Lemma D.8 (Indexed sign estimation metalearning lower bound). Fix parameters a € (0, %), t €N, £ € (0,1],
0€(0, 2t) and error function Cest. Let M = (Mipeta, Mpers) be a pair of algorithms that metalearn a metadistribution
Q over Pyt 4,1+1 With error a using t training tasks, 2 samples per training task and a test task with 2 personalization

samples and Moy, satisfies (&,0)-DP. Then, a > Q(min{1, Y,—?}).
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Proof. Fix parameters a € (0, ) telN, e€(0,1], 0 € (0,5 L), and error function fe. The metalearning
algorithm M, takes as input 2 samples (x(#1), j(:1)), ( x(#2),j(:2)) per person i € [t]. The personaliza-
tion algorithm M5 gets as input the output of Mpeta and the two samples of the (¢ + 1)-th person
(L)L) (x(1+1,2) (t+1.2)) Tt then outputs an estimate $jur11) of the sign of the mean of coordinate

Ji (t+11), By the definition of Pugt 4141, the index of person t+1 in both samples is deterministically j;,;. Hence,
we will write §; | instead of §(+1.1) for simplicity.

To prove this theorem we construct a hard metadistribution Q where we draw a vector of means p € [-A, +1]4,
for A = 8a € (0,1) and a vector of indices j € [d]'*! both uniformly at random. Let the error of M be

az B [Tisign(p),,,) # 8.0, pj... ]
(P sy Py )~Q,
XL 4(1L2) S (411) 1 (+1,2)

.....

) E’ Lje+1 [H Slgn(p]”l) * 5]r+1 }lp]t+1 |]]

Doty
x(L1) x(1L2)(t411) 1 (14+1,2)

Y misign(p)) = §j}|p]-|].

bt
Lo jeld]

PrJ1ss]ts
x(L1) x(12)  ((t41,1) 1 (14+1,2)

We construct a tracing attack that uses the following test statistics for i € [t], k € {1, 2}

/\Z—pz K

def A

Ty = Z - ;s](xy pj) and
jeld] Pj

/\2_p2
;) def ] Jik), (ik)

le = Z 27 (x —P]),

je@) ~ TP

where ¢"* denotes the output of algorithm Mpers for ji11 = j when the input (x (x(BH) j(i'k)) of person i to
Mneta has been replaced with a fresh draw from P,. For i = t + 1 we construct only test statistics

Tt+1kd—ef Z !

jeld] 1 —P]'

2 2

for k € {1, 2}. Since Mpeta is (€,0)-DP with respect to i’s dataset for every i € [t], $; is (&, 0)-DP with respect to
the same dataset for every j € [d]. Therefore, for k € {1, 2}

E[T;i] <EB[T}, ]+ 26/ Var (T7,) + 26/ T/ o

We will now analyze each term of the right hand side of the inequality. We see that
2

A i,k
”T/k”‘x,s Z/\Z 2 1 )(x;l )_p])

jeld] ]

< Z 202 =224,

ie[d]
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7 (i.k)

because 1 - p—2 <1- pjz. Next, since §; " is independent of x}l) conditioned on p, we get that

A2 - p]2
2
j

E[R]=E|)

p| L 1-p] it

L1 (+1,2) (k)

.....

=0
Finally, by the same observation the cross terms in the variance of T,, cancel out and we obtain that

Var (T/,) = IE[(Titk)zl

(Az_pg)z (i,k k
:lE|:Z ] (§ L ))2(x(1 )_p‘)Z
L (1-p?)2 !
jeld] ]
/\2_ 2)2
<4E Z( ’72]2}_46114
jeld] ( _p])

Combining the inequalities above we conclude that
E[T;] < 4eA>Vd +46d 1%

For thei =t+1, we have that

A2 —p? 1k
E[Ti] =E| ) ——35("" ~p)
jeld) ~Pj
<2d)\?

Therefore, by summing up the test statistics T; x

Z (Tiq +Ti)

i€[t+1]

E < 8eA2tVd + 86dtA? +4)24.

The next step is to show that accuracy implies a lower bound for the test statistics in terms of error A. We
apply Lemma D.3 to every coordinate j € [d] of the estimate

> ) T

i€[t+1]ke{1,2}

DD 3T

jeld]  lie[t+1]ke(1,2 1=p; ]
> Z(/\—]E[ZL]I sign(p;) = $; |p]~|] :d/\—4d0c.
jeld]

Combining the bounds on [E [Zie[t +1] Lke(1,2) Ti’k], we have the following inequality

d)—4da < 8eA2tVd + 85dtA? + 4024,
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By rearranging the terms and replacing A with 8a we have that

1 1

R T Ty
8—+86t+4

ﬁ

: 1
Since 0 < 5,
1 1
16 8¢t . g
\/E+8

Finally, if 8et <8, then a > \zﬁ‘i - Otherwise, a >

Vi , Te > 62 Therefore, we have shown that

[ Vd o1
a>mingy ——, ——
162¢t” 162
O
Lemma D.9 (Indexed sign estimation billboard lower bound). Fix parameterst € N, € € (0,1], 6 € (0, ﬁ),

d> eth. Let iy, be the loss function . Let M be a billboard algorithm that multitask learns Pyt 4,; with error a with t

tasks and 2 samples per task and satisfies (e, 8)-DP. Then, o > Q)(min{ \/?, 1}).

Proof. By Theorem 3.1 if we have a billboard algorithm for multitask learning with error a, then we have a
metalearning algorithm with error e®a + 6 for metadistributions over Peg 4 ¢+1. Then, by Lemma D.8

Vd 1}_

efa+6>min{ —, —
162¢t’ 162

If Nd_ then since o <337 d> % and ¢ < 1, we have that

162$t 162’ t
(W 5) @)

162¢t

Vi

> > . 8
ef2-162¢t — 6-162¢t ®
d
If lg/»‘ > % since ¢ < 22t we get that
S 3 S 1
T efd-162 7 4-16%°
Therefore,
d
aZQ(min{l,i})
&t
O

Theorem 5.6 (Restated). Fix a € (0, 116) t €N, d > ct? for a sufficiently large constant ¢, ¢ > 0 and ¢ € (0, %).
Let M be an algorithm that multitask learns Pjass 4.+ With error a, for loss function €.j,ss, with t tasks and 1
sample per task, and satisfies (¢, 0)-JDP. Then, a > Q(min{g%ﬁ, 1}).

Proof. If there exists an (¢, 0)-JDP algorithm M that multitask learns Pj,s 4.+ With t tasks and 1 sample per

task to error ¢ < min { 4‘{2 =% 4} then by the reduction in Lemma D.1 we get that there exists a sign estimation

algorithm that multitask learns P 4 ; with ¢ tasks and 2 samples per task and has error & < min { W‘gs’ é },

for loss function £sig. The algorithm we get from the reduction is also (¢, 6)-JDP due to post-processing. This

contradicts the statement of Lemma D.7. Therefore, we get that a must be at least min { %, é } O
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Theorem 5.7 (Restated). Fix a € (0, %), telN,deN,ee(0,1]and 6 € (0, 2t) Let M = (Mneta, Mpers) be a
pair of algorithms that metalearn a distribution Q over P,ss 4,111 With error a, for loss function £ ., using t
training tasks, 1 sample per training task and a test task with 1 personalization sample, and M, satisfies

(¢,0)-DP. Then, @ > Q(min{1 ‘F})

7 oet

Proof. We notice that a metadistribution Qjass OVer Peass,q,1+1 Where we draw a vector of means p € [-4, A4,
for A € (0,1) and a vector of indices j € [d]'*! uniformly at random corresponds to metadistribution Q. over
Pest d,++1 Where we draw p and j in the same way:.

We will show that we can reduce metalearning for metadistribution Q. for indexed sign estimation with ¢
training tasks, 1 sample per training task and a test task with 2 personalization samples to metalearning
for the corresponding distribution Q¢ for indexed classification using t training tasks with 1 sample per
training task and a test task with 1 personalization samples by following the steps of the proof of Lemma D.2
with some small changes.

for

In indexed sign estimation, let (x(/),j()) be the sample of individual i that is drawn from PC(IJSS,
(P(l) pli+l

)
ass’** Prlass ) drawn from Q.-

We can transform every sample (x, ), for i € [t] to a sample for indexed classification by setting w!’) « x(),
drawing a p!) € {1} uniformly and setting

) wg), if € #j;
Xe =93 () e,
w,'y, ifl=j;
The distribution of (£(*), j y ) is PC(lass and the distribution of (P la)ss, ,PC(IZ,;)) is Qc1ass- Every person i € [t]

sends their new sample, (27, j(), y(!)), to the metalearning algorithm for indexed classification.

Person t + 1 transform their two datapoints from {(x(t11), j+11))) (x(H12) {12y o
(LD LD (L) (g(t41,2) (#412) 4 (t+12)))1 ysing the same procedure as the people with the
training tasks. They then run the personalization part of that algorithm with sample (£(!*1:1), j(t+11) 3 (t+11))

and geta f(x jr1) with error

E P (t+l)[f(xjf+1) ;cy]—mfin{ P pli+) [f(xjm) iy]}
(%,7,9)~P s (0 y)~F, class

where the expectation is taken over the t-tuple of classification distributions, the samples of the ¢ training
tasks, the randomness of the algorithm and the first sample of individual ¢ + 1. Then, person t + 1 can get an
estimate of the sign by postprocessing f using their second transformed sample (£(**1:2), j(t+1.2) 5 (t+1,2));

o _ pr(tH12)) (141,2)
S]f _f(xjt+l )xjt+l ’

Following the same calculations as in the proof of Lemma D.2 we get that

E []I{Sign(pjt+1) # SA]'t+1 }lpjt+l |] =E [H) [f(xjt+l) * y] - H}in{ﬂ)[f(xjnl) * y]} <a

where the expectation of the LHS of the equation is taken over the t-tuple of indexed sign estimation
distributions, the initial samples of the ¢ training tasks, the randomness of the algorithm we described and

the two samples of individual t + 1. By Lemma D.8 we have that @ > Q(min{1 ‘/E})
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Theorem 5.8 (Restated). Fix a € (0,%), telN,d> szt, e€(0,1]and 0 € (O,ﬁ). Let M be a billboard

algorithm that multitask learns P,ss 4+ With error a, for loss function £.j,s, with t tasks and 1 sample per
task and satisfies (¢, 0)-DP. Then, a > Q(min{\é/,—?, 1}).

Proof. If there exists an (¢, 6)-DP billboard algorithm M that multitask Pj,s5 4+ With ¢ tasks and 1 sample
vd_ 1

6167t 322
a sign estimation algorithm that multitask learns P 4 with ¢ tasks and 2 samples per task and has
_Vd_ 1
6-162¢t” 322
post-processing. This contradicts the statement of Lemma D.9. Therefore, we get that @ must be at least

in|_Yd_ 1
mln{6-162£t’322 : O

per task with error a < min{ }, then by the reduction in Lemma D.1 we get that there exists

error a < min{ } The billboard algorithm we get from the reduction is also (¢, 0)-DP due to



