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Discrete-Time Stabilization of Nash Equilibrium for Mixed Traffic Routing

Richard Lee, Jeffrey T. Scruggs, and Yafeng Yin

Abstract—This paper analyzes the routing Nash equi-
librium on a discrete-time traffic network consisting of a
mix of regular/human-driven vehicles (RVs) and connected-
autonomous vehicles (CAVs). We analyze the network in the
context of a population game, where each population corre-
sponds to a distinct origin-destination (OD) pair and vehicle
type. We propose a novel evolutionary dynamic model governed
by the Impartial Pairwise Comparison protocol, where our
model satisfies a discrete-time notion of J-dissipativity and
preserves state feasibility for any time-step. Drivers are assumed
to adjust their strategies according to a static payoff mechanism,
taken as the negative of the path travel time. We leverage
these properties to derive sufficient conditions for stability
of both homogeneous traffic and mixed traffic with uniform
CAV headway. We then study a more realistic payoff model in
which the CAV headway depends on the type of vehicle being
followed. For this case, we propose a routing algorithm for the
CAV payoff developed using feedback about the system and
derive sufficient conditions under which a globally stabilizing
controller exists. Furthermore, we formulate the control design
as an optimization problem to improve the system convergence
rate, and we support our findings with numerical simulations.

I. INTRODUCTION

As CAV technology continues to develop, drivers are
expected to cede commute decisions such as routing [1],
presenting the opportunity for large-scale control to improve
transportation systems. Transportation networks are often
modeled as population games [2], [3], [4] to capture the
dynamic behavior of non-cooperative agents making selfish
decisions. Here, agents represent drivers on a roadway net-
work, with populations defined by origin-destination (OD)
pairs and vehicle types (regular or autonomous), each with
its own mass. Agents in each population choose strategies
corresponding to paths from a shared set and update their
choice at each time-step to minimize their individual travel
times. The strategy revision process follows an evolutionary
dynamics model, where we consider the class of impartial
pairwise comparison (IPC) dynamics.

Each strategy corresponds to a payoff representing the
negative of the path travel time, and system states are defined
by the mass of drivers selecting a particular strategy. In this
context, the Nash equilibrium corresponds to the state where
no driver can unilaterally improve their travel time by switch-
ing paths [5]. Stability of the equilibrium for dynamic traffic
models was first studied in [6] using a Lyapunov approach to
analyze convergence of a continuous-time routing process for
homogenous traffic. Assuming a monotonically increasing
and continuously differentiable payoff function, the routing
dynamics were proved to be globally asymptotically stable.
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Passivity methods for population games have been studied
in [7], [8], [9], while [10], [11] studied passivity specifi-
cally over networks. Reference [12] presents passivity tech-
niques that prove global asymptotic stability of the so-
called mean closed-loop model. This system consists of a
feedback interconnection between strategy updates described
by the evolutionary dynamics model (EDM) and the payoffs
dynamics model (PDM). Stability conditions derived from
the concept of -dissipativity are described in terms of the
derivative of the system input and the derivative and the
system output. mixed traffic is commonly modeled as a
weighted congestion game parameterized by the headway
ratio of CAVs to RVs [13]-[16]. This model assumes CAVs
follow all other vehicles with a uniform headway. Under this
assumption, [12] leverages J-dissipativity using a potential
function to prove global asymptotic stability of the mean
closed-loop model described by the EDM and the PDM.
However, mixed traffic models for which the CAV headway
behavior may be non-uniform between following vehicle
types are of interest. In this general mixed traffic setting,
no such potential function is believed to exist.

Discrete-time dynamics have also garnered interest. Rout-
ing algorithms for convergence to an exact equilibrium on
a network with monotone latency functions are studied in
[17], while [18] proposes a controller for convergence to an
approximate routing equilibrium under time-varying delays.
In transportation networks, discrete-time systems may pro-
vide a more realistic model of traffic flow evolution due to
day-to-day event variations [19], [20]. These discrete-time
analyses typically model the traffic evolution process with
an Euler approximation of continuous time EDMs. These
models constrain the time-step parameter to ensure that states
remain non-negative over time. Furthermore, it is unclear if
these models satisfy §-dissipativity.

This paper thus proposes a new discrete-time EDM which
preserves state feasibility for any size of the time-step param-
eter. Additionally, we show that our model satisfies a discrete
analogy to the J-dissipativity methods presented in [12], and
we use this property to derive sufficient conditions for global
asymptotic stability of the routing equilibrium for both the
single-class traffic setting and the mixed traffic setting with
uniform CAV headway. We then consider a more realistic
mixed traffic model from [21] where the CAV headway
depends on the vehicle type being followed. We propose
a control algorithm for the CAV payoff vector and present
sufficient conditions under which there exists a stabilizing
controller ensuring global stability to the Nash equilibrium
set. We then optimize the control design to improve the
convergence rate.
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The paper is outlined as follows: Section II introduces
the modeling notation for the EDM and the PDM, describes
key assumptions used in the model, and presents the novel
discrete-time EDM. Section III applies discrete-time dissi-
pativity techniques to the proposed EDM and analyzes the
routing stability homogenous traffic and for mixed traffic
where autonomous and regular vehicles have uniform head-
ways. Section IV presents a model for mixed traffic in which
vehicle headways are dependent on the type of vehicle being
followed. We present sufficient conditions for existence of
a dynamic CAV payoff algorithm which guarantees global
convergence to Nash equilibrium, and we formulate an
optimization problem for the control design to optimize the
convergence rate. Section V presents experimental results
to illustrate the effectiveness of our controller. Section VI
provides some brief conclusions. To enhance readability, all
proofs are relegated to the appendix.

II. MODEL

A. Population Modeling

We assume the congestion game has p populations indexed
by r € {1,...,p}, where each population corresponds to a
particular combination of OD pair and vehicle type. Asso-
ciated with each population r is the state vector at time k,
given by z € X" C RY,. Entries of the state vector T
correspond to the mass of each population m” choosing the
ith strategy (route/path) for strategies i € {1,...,n"}. The
corresponding state space is then given by

X":{gemg;z&:mr}. 1)
i=1

Concatenating the state vector for each population yields the
complete state vector z; € R™, where n represents the total
number of paths in the network

ze=|:], X&£X'x..xX. )

B. Payoff Mechanism

Each population has an associated payoff vector p. € R
where entries p; , represent the incentive rewarded for each
strategy ¢ € {1,...,n"}. The total payoff vector includes
payoffs for all populations, i.e.,

P
PE=|
P

€ R"™ 3)

We consider a static payoff mechanism F' : X — R™ which
determines the p; from the current state xj

pr = F(xy). 4

We assume F'(-) is continuously differentiable.

C. Nash Equilibrium

Definition 1: The set Ny associated with a memoryless
payoff mechanism F'(z) is the set of all states Z € X such
that the following condition holds:

2T F(z) <zTF(z) VreX 5)

As such, N is the set of all Nash equilibria associated with
F. This set can be shown to be nonempty and closed.

D. Evolutionary Dynamics

Strategies for each population are traditionally assumed to
evolve according to EDMs of the form

Thir = T + 7" (2], D)), (6)

where 7 is the time-step and each v” is assumed to be a Lip-
schitz continuous function. The vector v is the concatenation
of population EDMs:

vi(zt,pt)
v(z,p) = : : (7
vP (P, pP)

We consider a particular class of dynamics »" adhering to
the IPC protocol, for which

.
vi(@h,ph) = > 258l (B k) — 285 (Bhn), B
j=1

where p;; = pi  — P}y, and where the IPC protocol is char-
acterized by comparison functions ¢; such that ¢; (ﬁgj, w) >0
for pj; ;. > 0 and ¢(p}; ) = 0 for pj; , < 0. Even when
entries of x; are non-negative, entries of z;y; may become
negative if the time-step 7 is sufficiently large, leading to
infeasible states. Furthermore, it is unclear that §-dissipativity
can be used to analyze (7). This motivates the need for
an EDM which preserves state feasibility. Therefore, we
propose a modification to the EDM in (7).

Theorem 1: Suppose population strategies evolve accord-
ing to an EDM of the form

‘r:,k-‘rl = x:,k + TV{($Z+17PZ)7 (9)

where v is an IPC protocol. Then, it follows that if z, € X,
then x4 € X for any time-step 7 € Ry .

Remark 1: In addition to preserving feasibility, a key
property of the EDM in Theorem 1 is that discrete-time
d-dissipativity methods can be used for stability analysis.
Meanwhile, it is unclear if the model (8) has this property.

Definition 2: An EDM v is said to satisfy Nash station-
arity if the following equivalence holds for all # € X and
p €R™

v(z,p) =0 < zlp<zTp VereX (10)

III. §-DISSIPATIVITY AND STABILITY ANALYSIS
This section presents a discrete-time analogy to the meth-
ods presented in [12] and derives sufficient conditions for

stability of homogeneous traffic and mixed traffic with uni-
form CAV headway.
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A. §-dissipativity

Definition 3: An EDM v is called §-dissipative if there
exists a continuously differentiable storage function S(z, p) :
X'xR" — R, a non-positive dissipation function o(z,p) :
X x R™ — Rcq, and supply rate function s(z,p) which
satisfy the dissipation inequality given by

S(@p41,0) — S(@ks Pr—1) < 0(Tpet1,Pk) + (07K, Opi ),
1D
for all x;, € X and py_1,pr € R™, where dz = x11 — Tk,
Opr = Pr+1 — Pk, and where the supply rate is a function
characterized by II = II7" of the form

ox r ox
s(ox,0p) = [51?} II [5}7] (12)
and where
o(z,p) =0 < S(z,p) =0 <= v(z,p)=0 (13)

b}

Theorem 2: Let v be an IPC EDM of the form (9), and let
0% denote the maximum slope magnitude of the comparison
function ¢7. Suppose that the functions ¢’ are monotonically
nondecreasing. Then the EDM v as in (9) is J-dissipative
with storage function and dissipation functions

p n"
S(Tp41,p8) = Z Z i o1 V7 (Pk);

(14)
r=1i=1
p n"
o(@rr,pe) =7 Y V(@] e, DLV (0F),  (15)
r=11i=1
and supply rate
1 5:L'k T 5Ik
= - IT 1
5(0xg, Opr) - LSPJ L;pk , (16)
where
n” p;,k*p;k
THIAEDY / " (P)dp (17)
j=1"0
10 %I
I
e
M = ; 19)
MP

M7 (x}) = 2Imr{i_rlr,1.a}'>§nr{9f} + lz; 9[} (20)

Remark 2: For the EDM we propose in (9), the ex-
pressions S(z,p), o(x,p), and s(z,p) used to show o-
dissipativity have similar forms to those used in continuous
time models. In contrast, it is unclear how to show §-

dissipativity for the model (6).

Theorem 3: Suppose the EDM v is d-dissipative and
exhibits Nash stationarity. Suppose further that payoff py
satisfies the following inequality for all k:

T
L [6x]” [0 1] [6ax
= — — <
s(0zk, Opr) . [ka} [é[ 1| |ope| = 0. (@21
Then the set N is globally asymptotically stable.

B. Application to Homogenous Traffic

Let R denote the path-link incidence matrix for a network,
ie., let R;; = 1 if path z; contains link j € {1,...,L} and
let R;; = 0 otherwise. The link flow vector z is given by:

2= RTz. (22)

For homogenous traffic (where each vehicle has the same
headway), the travel time 7} for link j on day k can be
assumed to be a separable function of the link flow z; .

Tk = ®5(2k),

where ®; is monotonically increasing and continuously
differentiable with respect to z; € R>. In this case, the
static payoff mechanism is given by

D1 (21,%)

(23)

pr=F(a) =-R (24)

O (21.5)

Theorem 4: Suppose the EDM v exhibits Nash stationar-
ity and is J-dissipative. Let 7; denote the maximum slope
magnitude of the link travel time ®;. Suppose further that
the static payoff mechanism F' satisfies:

1 -
RIRT < —M—1, (25)
T
where
24!

I'= (26)

L
Then the set Ny is globally asymptotically stable.

C. Application to Mixed Traffic with Uniform CAV Headway

Without loss of generality, we assume the state vector is
now partitioned as:
A
T

where 4 and z* are the autonomous and regular vehicle
population vectors corresponding to each strategy, respec-
tively. Respective state vectors for the each population (i.e.,
OD pair) are denoted by 4" and %", for r € {1,...,0}
with 0 £ [n/2]. Fori € {1,...,n"} we assume components
2" and 1" correspond to the same strategy (i.e., route) for
the two populations. The augmented incidence matrix R for
both vehicle types is therefore partitioned as

27)

(28)
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The link flows for the CAVs and RVs, respectively, are

24 = RTzA, 28 = RT2R. (29)
The travel time associated with a link j € {1,...,L} is in

general an independent function of both z# and 2%, i.e.,

T; = ®,(z), 2, (30)

where ®; : R>gxR>0 — Ry is a monotonically increasing
function of either argument with the other argument fixed.
Formulating the payoff as the negative of the travel time for
each strategy, we have that

(I)l(zflv Z{%)

-7

(I)L(zflv 21 )

€1y

We consider here the special case where the link travel time
® can be reduced to a function of the form

D2 2ff) = @j(pz + 2f),

(32)
where <i>j : Ryg — Ry is an increasing function. In the
above expression p is the ratio of the headway of CAVs, to
that of RVs. It is assumed that this ratio is uniform for all
links and is the same irrespective of which type of vehicle
the autonomous vehicle follows.

Suppose that S in (14) and ¢ in (15) are modified
such that all terms corresponding to CAV populations 24"
are multiplied by p. It then follows that the system is J-
dissipative with supply rate parameter

0 0 41 0

0 0 0 1y
_ _ 2
= Lr o prMA 0 |’ (33)
0 ir 0o TME

where M4 and M are respective block diagonal matrices
corresponding to CAV and RV populations, with entries M"
as described in (20).

Theorem 5: Suppose the EDM v is d-dissipative with
parameter IT as defined in (33) and 24, 2% as in (29). Assume
both CAVs and RVs follow the static payoff p, = F(zy)

defined by
1 (e + 247)
Flox) = - [ﬂ ; (34)
O (pzg, + 1)
Let w; denote the maximum slope of the link travel time
®;(z;) and with z; £ pz + zf*. Assume ®; satisfies

IV. CASE WITH NON-UNIFORM CAV HEADWAY

This section applies dissipativity techniques to more real-
istic models for link travel time, where the flow variable z;
may not necessarily reduce to a linear function of z;-“ and zJR.
In particular, [21] presents a model for link travel time based
on the well known BPR function where the CAV headway

depends on the vehicle type being followed:

T; = &;(z), (37)
where z; is now given by
Ay2 AR
_ o R.R o ) A_%E
zj = hj'z; +hijA+Z]R+ jz]‘-“—i—zjl-w (38)
and where {hf,hjc,hf} C Ry with hj‘ > hf > hjc

These constants are the critical time headways, respectively,
for CAVs following RVs, RVs, and CAVs following each
other. In this section we study conditions under which a
stabilizing controller exists by proposing a dynamic payoff
mechanism for CAV populations.

A. Extended Nash Equilibrium
Suppose that RVs retain the static payoff mechanism (24):
= FR(xy). (39)

For CAV populations, we propose a dynamic feedback
mechanism of the form:

opp = G(dxy). (40)

We assume G : X xR/ is such that the augmented system

) -[blefe)

has a solution (x,pi') for all initial conditions (zg,ps') €
X x RL*/2] and all k.

Definition 4: The Extended Nash equilibrium associated
with the pair of payoff mechanisms (G, F'?) is characterized
by all ordered pairs (7, p*) € X x RL"/2 for which

(41)

r[ ot [
<z .
We denote the extended Nash equilibrium set associated with
G and F% as E¢ pr.
Theorem 6: Suppose that EDM v exhibits Nash station-
arity, and is -dissipative with supply rate parameter I1. Let

(G, F) be a pair of payoff mechanisms as described above,
and satisfying

=27 (2, p?) I E(z, p?) <0, Vo e X, p? e RV, 43)

(42)

1 _ _
RORT < = (ui* + M®)1, 35) Where )
T p
where _ A v <x, |:FR(.1‘)
w1 E(x,p?) = Gz, p?) (44)
= GO FR(a41) = FP(a))
WL Then Eg pr is a globally asymptotically stable set, with
Then the set Ny is globally asymptotically stable. respect to the difference equation (41).
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B. Control Feasibility
Suppose the payoff dynamics are linearly related to the
state dynamics, i.e.,

opit = —Gadxi — Grozl. (45)

We now relate the static payoff evolution (5p§ to the state
dynamics dx;. By convexity of feasible flow variables z;,

there exists a path between sz and z;“k 41 and a path

between 274 and 275 .| given by:

€(a) 2 oz, 2B) + (1 — a) (21, 200 1). (46)

Integrating the link flow gradient with respect to each vehicle
type along this line yields
@k+1(sz+1v Zf’kﬂ) - ‘I)k(sza zﬁk)
= (Zf,k—&-l - ka)ﬂfk + (kaﬂ - Zﬁk)ﬁﬁka “47)

A s /1 92,
7 0 8234

L as
R & / 92,
7 0 azf

We express the variables 8; in matrix form as
3 fk
B = (50)

A
L.l

with

do (48)

(=8 2P =¢(a)

da. (49)

(z542f)=¢(a)

o,
Bff = : (51)

R
Brx]

which yields

Spr = —(Bjoxy + Bioxfh), (52)
where

Bi! = RB{!R”, BF = RBFR". (53)
These relationships are now used to present conditions
for which Theorem 6 ensures the existence of a globally
stabilizing controller.

Theorem 7: Let the EDM v be d-dissipative and satisfy
Nash stationarity. Assume RVs follow the static payoff

mechanism

Spit = F™(apq1) — FR(xp), (54)

where R
31 (Ziq,kv ka)

FR(z) = -R (55)

CI)L(Zf,kv Zg,k)

Assume the CAV populations follow a dynamic payoff of
the form

opit = —Gadzit — Grozl. (56)

Suppose that the population payoffs dpy, Spft satisfy:

Bff > 7(BfM"Bf + B{ M*B}). (57)
Then, there exists a set of controllers (G 4,GR) ensuring
global asymptotic stability of the extended Nash equilibrium
set.

The proof is sketched here with additional details in the
appendix. The analysis for 5p,‘?, 5p§ is used to express the
supply rate matrix II in terms of the strategy dynamics
Sz, 6xff. We denote the new supply rate matrix by II.
Thus, Theorem 6 is equivalent to showing that I is negative
semidefinite. We note IT depends on the following parame-
ters:

1 =T1(Ga,Gr, By, B, M*, M"). (58)

The matrix II can be decomposed such that the condition
of Theorem 3 is equivalent to a linear matrix inequality
(LMI) of the form:

PEGQ+ QPGP +Y =0, (59)

where () denotes the Hermitian transpose, G =
[Ga Gr], and P, Q, and Y are decomposition matrices.
By a matrix result from [22], the LMI (59) holds if and only
if the matrix Y is positive semidefinite with respect to the
null spaces of ) and P. It can then be shown that the null
space condition is satisfied if and only if (57) holds.

C. Proposed Control Law

Given that the controller is not unique, it is natural to seek
a particular control pair (G 4, GR) to enhance system perfor-
mance. We propose minimizing the trace of the supply rate
matrix II as a heuristic measure to optimize the convergence
rate. The control design is then formulated as the solution to
the following optimization problem

Given: I
Minimize:  Trace(II)
Ga,Gr = sol SR 60
TR G”j?dR Over: Ga,Gr (60)
Subject to:  (59)

The resulting optimization problem is convex, and the control
design can be determined with a single offline calculation.

V. NUMERICAL EXPERIMENTS

We apply our proposed controller and show stabilization
for the mixed traffic case with non-uniform CAV headways.
Tests were simulated on the Nguyen-Dupuis network [23]
with 4 OD pairs, 19 links, and 25 paths. RVs obey the Smith
protocol, where @7 (p’, — pj,) = max[p}, — pj,0]. The
headway parameters are taken as hj‘ =3, hf = 1.5, and
h§ = 0.6 for each link. The time-step 7 is taken as 107
Demand volumes were chosen such that each OD pair has
a uniform ratio of CAVs to RVs, and initial conditions were
randomly generated. The supply rate terms M" are taken as
in (20) with 8 = 1 for each population, and the matrices
B4, B are respectively upper bounded by the maximum
gradient of the link travel time function with respect to z*
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Fig. 1.

Unstable Path Flows With Static Payoff F'(zy)

and 2. The convex optimization for control design (60) was
solved using the CVX package in Matlab [24].

In the figures below, solid lines depict CAV flows for a
particular path while dashed lines depict RV flows for a
particular path. The legend is condensed for clarity. Figure 1
depicts strategy oscillations in the uncontrolled case when all
vehicles select paths according to the static payoff defined by
®. Figure 2 illustrates our controller successfully stabilizing
the same path flows, where CAVs follow the proposed dy-
namic payoff mechanism and RVs adjust strategies according
to the static payoff. Note that while only three path flows are
illustrated for clarity, the behavior is similar for all strategies.

VI. CONCLUSIONS

This paper presents a novel EDM which preserves
state feasibility and satisfies a discrete-time notion of ¢-
dissipativity. Dissipativity techniques are then applied to
present sufficient conditions under which global convergence
to Nash equilibrium is achieved for homogenous traffic and
for mixed-autonomy traffic with uniform CAV headway. We
then consider a mixed traffic model in which the CAV
headway depends on the vehicle type being followed and
formulate existence conditions for a globally stabilizing
feedback control law. The controller takes the form of a
dynamic feedback mechanism governing CAV route choice
and is optimized for convergence rate. Finally, we present
numerical results showing that our controller ensures global
asymptotic stability of the population strategies.

APPENDIX

Note that the proofs to Theorems 3, 5, and 6 are nearly
identical to proofs for corresponding theorems given in
continuous-time, in [25]. For brevity we refer the reader to
this paper for details regarding these results.

A. Proof of Theorem 1

Suppose z}, is ordered such that pj, is in decreasing order.
(9) can then be expressed in vector form as:

x};-&-l =) + T(I)(p@z;-ua (61)

e AV Path Flows
''''' RV Path Flows| |

yummmanss

LT T
.

Path Flow
o

0% Vf\
0 | I | :
0 1 2 3 4 5
Time «10™
Fig. 2. Stabilization of Path Flows with Dynamic Payoff G
where
—&1(pk)  D1(Plag) 1 (Plnr k)
0 —&WWE) - 93P, k)
Spp) = | | R S I (5)
0 0 & (PR)
and where
0 =1
PR = it par - (63)
21 85 (i) ri>1
The system can then be expressed by:
iy = [ = 70(pp)] " o, (64)

where the matrix I — 7®(p};) has all positive diagonal
components and non-positive off-diagonal components. For
all matrices of this class, components of the inverse are
nonnegative. [26]. As such, if the components of zj are
nonnegative, then so are those of xjy  ,. Flow conservation
follows by summing each population dynamic over all strate-
gies and applying a change of index.

B. Proof of Theorem 2

Consider that if the functions ¢ are monotonically non-
decreasing, then v} (p},) is convex. Therefore

ST('rk)pkfl)

>, [ka)
=1

n”

+ Z &% (Pi i) Bjik—1 — Pjig) |-

j=1
(65)
It follows that
S"(@hg1,08) — S" (@, Pr—1) < 0" (Ths1, Pk)
+ Z Z w1 85 (Phi k) Phik—1 — Djix)s  (66)

i=1 j=1

where
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0" (Tjes 15 Pk)
Pl plk
~3" [itetinan)] [z/

By redefining summation indices, it follows that
o (x}, 41 pp) < 0. Now, consider the term on the
second line of (66). Using 67 to bound the expression yields

dp} (67)

r r

x:,k(b;(f);i,k)(ﬁ;i,k—l

S
S

— Djik)

<.
l

._.

<.
I

—

pz,k: - p;kq)

TL
E i (T Pie—1)

+ Z me(ﬁ;i,k — Plip1)? (68)

i=1 j=1

where we use J;; as the Kronecker delta to define

M) = (ezmwx;k Zef) 00 (69)
=1

N T A R RS A PP
5(5$ka5pk)7_|:6pz] [;I TMT" 6])2 .

Applying the Gershgorin inequality shows that

which yields

(70)

M"(x}) < QImT{ _max {6]} + Z@f} 207, (71
1=1,...,n =1

which shows the system is d-dissipative.

C. Proof of Theorem 4

With the static payoff mechanism F(xy), the payoff
evolution dpy, is given by

D (21 k41) — P1(21k)

opr = —R : (72)
Or(2nk+1) — Prlzrk)

As the functions ®;(z; ) are monotonically nondecreasing
functions with maximum slopes +;, it follows that for each
Zj ks Zjk—1 € R, there exists a secant slope oy € [0, ;]
such that

Di(2jk) — Pulzjh-1) = k(26 — 2j,k-1), (73)
which yields
aq K
opr = —R RT5z4,. (74)

Qr .k

Bounding the secant slopes «; with maximum slope magni-
tudes v, and evaluating the supply rate yields

dxt {—RURT + TRTREMRURT }oxy,.  (79)

It is now straightforward to show that Theorem 3 is satisfied

if and only if )
RIRT < —Mm—% (76)
T

D. Proof of Theorem 7

Using equations (45) and (52), we simplify II and analyze
its Hermitian component

GA —27’]\_4311 GR—QTMéIQ

1 +GY —2rME, , +B/?*2TM)§'AR

GE —2rME,, 2BE — 21 M4y,

+Bf —2rMfp, |\ —2rBEMRBE

where we define the following due to space constraints
BAMPEBY, ME,, 2 BAMEBE
MEga BEM"BE, MErg & BfM"Bj}
Mgas 2 GEMAGA, Mgug 2 GEMAGR
M&pa 2 GEMAGA, Marp 2 GEMAGR

TR
MBAA

> 1>

Splitting the above matrix into three terms by dependence on
7, dependence on both 7 and G, and dependence on neither,
and then applying the Schur complement formula yields

3(Ga+G%) 1(Gr+ B}

TR
—TMg AR

TR
—TMEg 44

2(GR + BY) ) )
(Bf —7Migr)  Gh

TR
—TMgp4

Ga Gr L(jrA)t

Now, after separating the above matrix by controllable and
uncontrollable parts, it follows that the inequality on II is
equivalent to an LMI of the form

PEGQ + Q"GP +Y >0,

where
Q:[é ; 8} P=[i 0 I, G=[Ga Gul,
and
—TME, 4 1B —TME 4R 0
Y = %BI? —TMfRa Bk — TMfgg 0
0 0 %(]\7[‘4)*1

Now, by Lemma 7.2 of [22], it follows that the above LMI
holds if and only if

NEHNp =0, NYHNg =0 (77)
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where Np and N are the respective basis matrices for the
null spaces of P and Q. It is straightforward to show that

1 —
NYHNg = ;(MA)‘l, (78)

which always holds. Now consider the condition on Np.
Taking a Schur complement and simplifying shows that

NEHNp = BE — 7(BEMRBE + B MAB), (79

which completes the proof.
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