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Abstract
Motivation: Predicting single-cell perturbation responses requires mapping between two unpaired single-cell data distributions. Optimal transport 
(OT) theory provides a principled framework for constructing such mappings by minimizing transport cost. Recently, Wasserstein-2 (W2) neural op
timal transport solvers (e.g. CellOT) have been used for this prediction task. However, W2 OT relies on the general Kantorovich dual formulation, 
which involves optimizing over two conjugate functions, leading to a complex min-max optimization problem that converges slowly.
Results: To address these challenges, we propose a novel solver based on the Wasserstein-1 (W1) dual formulation. Unlike W2, the W1 dual 
simplifies the optimization to a maximization problem over a single 1-Lipschitz function, thus eliminating the need for time-consuming min-max 
optimization. While solving the W1 dual only reveals the transport direction and does not directly provide a unique optimal transport map, we in
corporate an additional step using adversarial training to determine an appropriate transport step size, effectively recovering the transport map. 
Our experiments demonstrate that the proposed W1 neural optimal transport solver can mimic the W2 OT solvers in finding a unique and 
“monotonic” map on 2D datasets. Moreover, the W1 OT solver achieves performance on par with or surpasses W2 OT solvers on real single- 
cell perturbation datasets. Furthermore, we show that W1 OT solver achieves 25 � 45 × speedup, scales better on high dimensional transporta
tion task, and can be directly applied on single-cell RNA-seq dataset with highly variable genes.
Availability and implementation: Our implementation and experiments are open-sourced at https://github.com/poseidonchan/w1ot.

1 Introduction
Single-cell perturbation experiments have emerged as a pow
erful tool for modeling cellular responses to environmental 
changes, such as drug treatments and other stimuli. These 
experiments are crucial for characterizing how cells react to 
perturbations, which has significant implications for fields 
such as cancer research (Frangieh et al. 2021) and drug devel
opment (Van De Sande et al. 2023). Common approaches for 
single-cell perturbation experiments include single-cell RNA 
sequencing (scRNA-seq) (Peidli et al. 2024) and Iterative 
Indirect Immunofluorescence Imaging (4i) (Gut et al. 2018). 
scRNA-seq allows for the measurement of gene expression 
changes in response to genetic (Norman et al. 2019) or drug 
(Srivatsan et al. 2020) perturbations, while 4i provides spa
tially resolved information on protein abundance and 
localization.

Despite the valuable insights these techniques provide, they 
also introduce challenges in data analysis. In these experi
ments, cells are typically fixed or destroyed during measure
ment, making it impossible to observe the same cell before 
and after perturbation. Consequently, modeling and predict
ing single-cell perturbation responses becomes a challenging 
task due to the inherent unpaired nature of the data. 
Researchers must work with separate distributions of control 
and perturbed cells, presenting a complex problem of match
ing cells between conditions while accounting for cellular 
heterogeneity.

Several methods have been proposed to address the chal
lenge of predicting single-cell perturbation responses. The 
baseline method, scGen (Lotfollahi et al. 2019), calculates the 
shift between the means of embedded target and source cells 
and applies it uniformly to transport the data. Building on 
this idea of applying a shift in the latent space, other methods 
aim to learn disentangled representations to model perturba
tion responses. For instance, chemCPA (Hetzel et al. 2022, 
Lotfollahi et al. 2023) uses an encoder-decoder structure to 
learn disentangled representations of cells and drugs, allow
ing for additive operations in the latent space to predict per
turbation effects. Similarly, biolord (Piran et al. 2024) uses 
latent optimization techniques to better model different 
attributes. Although these methods can capture nonlinear 
responses, they transform the perturbation prediction prob
lem into the potentially more challenging task of learning in
variant and disentangled representations.

Recently, computational methods based on optimal trans
port (OT) theory—such as CellOT (Bunne et al. 2023) and 
CINEMA-OT (Dong et al. 2023)—have offered a principled 
framework for mapping between unpaired distributions. 
However, CINEMA-OT is designed to model existing pertur
bation data with a discrete OT formulation and thus cannot 
be used for prediction tasks. On the other hand, CellOT is 
built on the continuous Wasserstein-2 (W2) OT formulation 
(Makkuva et al. 2020) and can be used for generative predic
tion. Nevertheless, the W2 formulation requires optimizing a 
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complex min-max problem and optimizing input convex 
neural networks (ICNNs) (Amos et al. 2017), which leads 
to slow convergence and poor performance on high- 
dimensional data, respectively (Korotin et al. 2021).

To address the computational and scalability limitations of 
existing W2 OT solvers, we propose a novel solver based on 
the Wasserstein-1 (W1) formulation. This approach offers 
two key advantages. First, the W1 dual simplifies the min- 
max optimization problem over two convex functions into a 
maximization problem over a single 1-Lipschitz function 
(Villani 2009, Peyr�e and Cuturi 2019), thereby avoiding the 
complexities inherent in min-max optimization. Second, by 
eliminating the need to parameterize convex functions using 
ICNNs, our approach achieves better scalability, as ICNNs 
can be difficult to optimize in high-dimensional settings 
(Korotin et al. 2021).

In this article, we develop the first accurate W1 OT solver 
leveraging recent advancements in 1-Lipschitz neural net
works (Anil et al. 2019, Tanielian and Biau 2021) and gener
ative adversarial networks (GANs) (Goodfellow et al. 2014). 
We demonstrate that our solver is capable of (i) finding the 
“monotonic” transport map on 2D datasets; (ii) achieving 
similar or better performance on real single-cell perturbation 
datasets; (iii) being 25 � 45 × faster and more scalable on 
high dimensional datasets.

2 Materials and methods
2.1 Method overview
The single-cell perturbation task requires finding an un
known underlying map to transform the distribution of con
trol group cells (μ) to the distribution of perturbation group 
cells (ν) in a high-dimensional space (Fig. 1a). Most current 
single-cell measurements destroy the cells, resulting in un
paired single-cell perturbation datasets. Optimal transport is 
a principled approach to map these unpaired data distribu
tions. It assumes cells change following a “minimal effort” 

principle, which has proven effective in many single-cell 
modeling problems (Bunne et al. 2024). Previous generative 
OT map models the transport effort as quadratic cost and 
has limitations on optimization complexity and scalability 
(Makkuva et al. 2020, Korotin et al. 2021, Bunne et al. 
2023). Since these limitations arise from the use of the W2 

Kantorovich dual, we instead develop an OT solver based on 
the W1 dual (also known as the Kantorovich–Rubinstein 
dual) to avoid the min-max problem (Villani 2009). 
However, building a W1 OT solver presents theoretical chal
lenges, as solving the dual problem does not directly recover 
the primal problem of finding the OT map; instead, it only 
provides insight into the transportation direction (Caffarelli 
et al. 2001, Trudinger and Wang 2001). Based on these anal
yses, our proposed W1 OT solver learning procedure is di
vided into two steps: it first learns the transport direction rf 
by maximizing the W1 dual, and then it learns the transport 
step size η based on the transport direction guidance 
(Fig. 1b). We parameterize the 1-Lipschitz Kantorovich po
tential f as a GroupSort neural network (Anil et al. 2019) and 
recover the transport direction with its gradient rf . After fix
ing the transport direction, we parameterize the step size 
function η as a non-negative deep neural network (DNN) and 
use an additional DNN discriminator to adversarially train it 
to learn the appropriate step size. More background and 
details are included below.

2.2 Methodology background
2.2.1 Wasserstein-1 optimal transport
In optimal transport, we aim to find the optimal transport 
plan to transport one distribution to another in a sense of 
minimum total cost. If the cost is defined as the conventional 
distance metric which satisfies the triangular inequality, it is 
called Wasserstein-1 optimal transport. If the cost is defined 
as the distance metric to the power of p, then the problem is 
called as the Wasserstein-p optimal transport. Compared to 
the Wasserstein-p metric, the Wasserstein-1 optimal 

Figure 1. Overview of W1OT. (a) The single-cell perturbation prediction task needs a mapping to map the control group (μ) cells to the perturbation group 
(ν) cells. (b) Our proposed W1 OT solver. The first step is to learn the transport direction by maximizing the Kantorovich dual problem. The second step is 
to learn the appropriate transport step size via adversarial training to finally construct the transport map. Figure conceptually inspired by the illustration in 
the CellOT paper (Bunne et al. 2023).
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transport will be more robust to the outlier and the noise, 
and its elegant dual form will be numerically easy to solve 
(Peyr�e and Cuturi 2019). Hence, we focus on discussing the 
Wasserstein-1 optimal transport and its practical 
solver below.

2.2.1.1 Monge’s optimal transport problem and Kantorovich 
duality
Let μ and ν be two probability measures defined on measur
able spaces X and Y, respectively. The cost function c :

X × Y ! Rþ represents the cost of moving a unit of mass 
from x 2 X to y 2 Y. Monge’s problem seeks to find a map T 
that pushes μ forward to ν (i.e. T#μ ¼ ν) while minimizing 
the total transport cost: 

inf
T#μ¼ν

ð

X

cðx; TðxÞÞ dμðxÞ (1) 

However, Monge’s problem may not always have a solu
tion, particularly when μ has atomic mass (i.e. Dirac delta 
distribution) and ν does not. To address this, Kantorovich re
laxed the problem by considering joint probability measures 
π on X × Y with marginals μ and ν, leading to the 
Kantorovich formulation: 

inf
π2Πðμ;νÞ

ð

X × Y

cðx; yÞ dπðx; yÞ (2) 

The solution of this problem is described as a transport 
plan instead of a transport map. The dual of this problem, 
known as the Kantorovich dual problem, is: 

sup
ðϕ;ψÞ2Φc

ð

Y

ϕðyÞ dνðyÞ −
ð

X

ψðxÞ dμðxÞ (3) 

where Φc ¼ ðϕ; ψÞ : ϕðyÞ − ψðxÞ ≤ cðx; yÞ; 8x 2 X ; y 2 Y. To 
achieve the supremum (i.e. optimal cost or the Wasserstein 
distance), the functions ψ and ϕ are related by the c-trans
form: ϕðyÞ ¼ ψcðyÞ ¼ infxðcðx;yÞ þ ψðxÞÞ. When the cost 
function is the distance metric, the Wasserstein-1 distance 
W1ðμ; νÞ can be expressed using the Kantorovich–Rubinstein 
duality formula (Villani 2009): 

W1ðμ; νÞ ¼ sup
f2Lip1

�ð

X

f ðxÞ dμðxÞ −
ð

Y

f ðyÞ dνðyÞ
�

(4) 

where f is constrained to be a 1-Lipschitz continuous function 
and is referred as Kantorovich potential function in literature. 
Notably, the dual formulation of the Wasserstein-1 distance 
significantly simplifies the optimization procedure since we 
only need to optimize over a single function. In contrast, solv
ing for the Wasserstein-p (p > 1) is generally more challenging 
and often involves a min-max optimization problem 
(Makkuva et al. 2020, Bunne et al. 2023).

2.2.1.2 Non-unique optimal transport map in 1-D segements
Unlike the Wasserstein-p (p > 1) scenario, where the optimal 
transport map can be uniquely determined by the gradient of 
the Kantorovich potential [i.e. Brenier’s theorem (Brenier 
1991)] due to the strictly convex cost function, Wasserstein-1 
Kantorovich potential only reveals the transport direction 
and its optimal transport has non-unique solutions due to the 

undetermined step size in the general setting (Gangbo and 
McCann 1996, Caffarelli et al. 2001, Trudinger and 
Wang 2001): 

TðxÞ ¼ x − ηðxÞ
rf ðxÞ

∥rf ðxÞ∥
(5) 

where ∥ � ∥ represents the Euclidean norm and ηðxÞ is the 
undetermined step size function. Of note, the norm of the 
gradient of the Kantorovich potential would be 1 when the 
optimal cost is achieved (Gulrajani et al. 2017).

For example, imagine we have n identical books lined up 
on a bookshelf, occupying positions 1 through n. If we want 
to optimally transport these books so they occupy positions 2 
through n þ 1, there are multiple valid ways to do this. One 
solution could be to move the first book directly to position 
n þ 1, while another could be to shift each book one position 
to the right. Both solutions have the same total cost of n. We 
can see that in the Wasserstein-1 optimal transport setting, 
we only know the optimal transport direction but lack infor
mation on the transported distance for each point, 
which gives us multiple options to construct the final optimal 
transport map. Moreover, previous studies have shown that 
the non-uniqueness 1-D phenomenon is the only source of 
non-uniqueness in Monge’s problem (Feldman and 
McCann 2002).

2.2.1.3 The unique and monotonic optimal transport map
Among the various possible optimal transport maps, 
researchers aim to construct one that mimics the Wasserstein- 
p optimal transport map and preserves the desired 
“monotonicity” property. Returning to the previously intro
duced 1-D example, we might prefer the second optimal 
transport map because it “monotonically” shifts all books to 
the next position, thereby preserving the local structure. 
Similarly, when mapping one single-cell data distribution to 
another, the desired transport is expected to maintain the lo
cal structure (e.g. cell type geometric structure) to preserve 
the biological meaning. Theoretically, previous geometric 
analysis has shown that this map exists, is unique, and should 
satisfy the following criterion (Caffarelli et al. 2001, Feldman 
and McCann 2002): 

x1 − x2

∥x1 − x2∥
þ

Tðx1Þ − Tðx2Þ

∥Tðx1Þ − Tðx2Þ∥
6¼ 0 (6) 

where x1 6¼ x2 2 X and Tðx1Þ 6¼ Tðx2Þ. Furthermore, it has 
been shown that the inversion of (6) occurs only when 
x1; x2; Tðx1Þ; Tðx2Þ are collinear (i.e. x1 and x2 share the 
same transport direction, rf ðx1Þ ¼ rf ðx2Þ) (Feldman and 
McCann 2002). This condition indicates that when they are 
collinear, the direction of the vector x1 −x2 is the same as the 
direction of the vector Tðx1Þ −Tðx2Þ. In other words, the 
transported points should maintain their relative order as in 
the source distribution.

2.2.2 Wasserstein-2 optimal transport
When the cost function is the square of a distance metric, the 
optimal transport problem is called Wasserstein-2 optimal 
transport problem. In this scenario, the Kantorovich duality 
(3) still holds and it can be transformed into a min-max opti
mization problem over convex functions (Makkuva et al. 
2020): 
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W2
2ðμ; νÞ ¼ supϕ2CVXðYÞ infψ2CVXðXÞ −

Ð

Y
ϕðyÞ dνðyÞ

−
Ð

X
hx; rψðxÞi − ϕðrψðxÞÞ dμðxÞ þ Cμ;ν

(7) 

where CVXð�Þ represents the convex function defined on the 
corresponding space, h�; �i denotes the inner product opera
tion, and Cμ;ν ¼ 1=2EY∥y∥2 þ 1=2EX ∥x∥2 is a constant. 
Under this formulation, the complicated c-transform relation
ship constraint between ϕ and ψ is replaced by the constraint 
of convex function and the primal solution could be uniquely 
determined via the Brenier’s theorem (Brenier 1991): 

TðxÞ ¼ rψðxÞ (8) 

Based on the elegant and unique solution guaranteed by 
the Brenier’s theorem and the recently developed input con
vex neural network (ICNN) (Amos et al. 2017), OT-ICNN 
(Makkuva et al. 2020) is proposed as a practical Wasserstein- 
2 optimal transport solver with solid theoretical foundation 
and CellOT (Bunne et al. 2023) is developed based on it.

2.2.3 1-Lipschitz neural network
The 1-Lipschitz condition appears in the Kantorovich– 
Rubinstein dual can be defined as: 

∥f ðxÞ − f ðyÞ∥ ≤ ∥x − y∥ (9) 

To incorporate this condition into a traditional deep neural 
network which is composed of L different layers with activa
tion function σ, it suffices to ensure each layer’s transforma
tion is 1-Lipschitz. For the lth hidden layer hl with weight 
matrix Wl and bias bl: 

hl ¼ σðWlhl − 1 þ blÞ (10) 

We need to ensure that both the activation function σ and 
the linear transformation are 1-Lipschitz.

2.2.3.1 1-Lipschitz linear transformation
To ensure that the linear transformation is 1-Lipschitz, it is 
equivalent to ensure the weight matrix norm is less or equal 
than 1: 

∥Wl∥2 ≤ 1 (11) 

This condition ensures that the linear transformation does 
not amplify the input vectors, thereby maintaining the 1- 
Lipschitz property: 

∥Wlhl − 1∥2 ≤ ∥Wl∥2∥hl − 1∥2 ≤ ∥hl − 1∥2 (12) 

When backpropagating through norm-constrained net
works, the gradient norms often decrease at each layer as the 
norm of weight matrix is smaller than 1. This vanishing gra
dient can be problematic when modeling functions that re
quire preserved input-output gradient norms. For instance, in 
Wasserstein-1 distance estimation (4), the optimal dual func
tion has a gradient norm of 1 almost everywhere (Gulrajani 
et al. 2017). Previous work has demonstrated that simply 
constraining the spectral norm of the weight matrices with 
element-wise, monotonic activation functions (e.g. ReLU) is 
insufficient to maintain both expressive power and gradient 
norm preservation during backpropagation (Anil et al. 
2019).

To address this issue, researchers propose enforcing Wl as 
orthonormal matrices for gradient norm preservation since 
the norm of an orthonormal matrix is exactly 1 (Anil et al. 
2019). There are different numerical methods to parameterize 
orthonormal matrices. Two widely used methods are the 
Bj€orck orthonormalization algorithm (Bj€orck and Bowie 
1971, Anil et al. 2019) and the Cayley transform (Cayley 
1846, Trockman and Kolter 2021). The Bj€orck algorithm it
eratively computes the closest orthonormal matrix by apply
ing a Taylor expansion of the polar decomposition, and the 
Cayley transform can map a skew-symmetric matrix to an or
thogonal matrix. In practice, the high-order Bj€orck algorithm 
with enough iterations leads to a high-precision approxima
tion but requires more computation, while the Cayley trans
form performs faster but with less precision.

2.2.3.2 GroupSort activation
1-Lipschitz activation functions are common in neural net
works as long as the slope is less than or equal to 1 (e.g. 
ReLU). However, to maintain the expressive power of a 1- 
Lipschitz neural network, the activation function should also 
preserve the gradient norm (Anil et al. 2019). The GroupSort 
activation function was proposed to address this need by pre
serving the gradient norm. It operates by first splitting the 
features into groups and then sorting the features within each 
group to produce the output. The gradient norm-preserving 
property arises from the fact that its Jacobian is a permuta
tion matrix, and permutation matrices preserve every vector 
norm (Anil et al. 2019). Moreover, previous theoretical anal
yses have shown that a GroupSort neural network can repre
sent any Lipschitz continuous piecewise linear function, 
making them well-suited for approximating Lipschitz contin
uous functions (Tanielian and Biau 2021). Therefore, we use 
the GroupSort function with an orthonormalized linear layer 
to build the 1-Lipschitz neural network.

2.3 Model implementation
2.3.1 W1 optimal transport solver
As we discussed above, solving the dual problem of 
Wasserstein-1 optimal transport only reveals the transport di
rection which is not enough to recover the optimal transport 
map. Thus, we divide the training procedure into two steps to 
learn the optimal transport map.

2.3.1.1 Learning the Kantorovich potential
At the first step, we aim to parameterize the 1-Lipschitz func
tion in (4) as 1-Lipschitz neural network to maximize the 
dual problem (Fig. 1b). The training objective can be de
scribed as: 

LðθÞ ¼ −Ex�μ½fθðxÞ� þEy�ν½fθðyÞ� (13) 

where fxig
n
i¼1 are samples from μ, fyjg

m
j¼1 are samples from ν, 

and fθ : Rd 7!R is a 1-Lipschitz neural network parameterized 
by θ.

2.3.1.2 Learning the transportation step size
Next, after having a fitted Kantorovich potential, we need to 
learn the transportation step size based on the direction of 
rfθðxÞ. However, there is not any principled method to solve 
this problem since the Kantorovich dual only weaken the pri
mal problem rather than solving it in the Wasserstein-1 set
tings (Caffarelli et al. 2001, Trudinger and Wang 2001). 
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Most recently, a method is proposed to learn a fixed step size 
for all samples from the data (Milne et al. 2022), but fixed 
step size is not accurate and will distort the desired alignment 
between transported and target distribution. Here, we pro
pose to parameterize the step size function as a neural net
work and train it under the generative adversarial networks 
(GAN) paradigm to learn a sample-specific transportation. 
Specifically, we define a step size function ηω : Rd 7!Rþ pa
rameterized by ϕ, which takes the input sample x and outputs 
a positive step size. If we fix the parameters of the learned po
tential function, then the transport map Tω is then defined 
as (Fig. 1b): 

TωðxÞ ¼ x − ηωðxÞrfθðxÞ (14) 

To train the step size function, we use a discriminator net
work Dξ : Rd 7!½0;1� parameterized by ξ, which aims to dis
tinguish between the transported samples and the target 
distribution samples (Fig. 1b). The training objectives for the 
step size function and the discriminator are as follows: 

LðωÞ ¼ −Ex�μ½log DξðTωðxÞÞ� (15) 
LðξÞ ¼ −Ey�ν½log DξðyÞ� −Ex�μ½logð1 − DξðTωðxÞÞÞ� (16) 

We alternate between optimizing LðωÞ and LðξÞ using sto
chastic gradient descent. This adversarial training process 
encourages the step size function to learn sample-specific 
transportation that aligns the transported distribution with 
the target distribution.

2.3.1.3 Comparison with W2 optimal transport solver
The W2 optimal transport solver typically relies on the min- 
max optimization of the Kantorovich dual and converges 
slowly (Korotin et al. 2021). Although our method avoids 
this step when learning the Kantorovich potential, we still use 
a GAN to learn the step size function, which inherently 
involves a min-max optimization problem. However, we em
phasize that solving the W1 dual is beneficial as it simplifies 
the primal problem and provides direction for transportation. 
With this directional guidance, the GAN optimization is sig
nificantly simplified, as the generator only needs to produce a 
scalar step size. Thus, we believe the key advantage of our 
method lies in breaking down the complex optimal transport 
primal problem into two simpler optimization tasks.

2.3.2 Baselines
To benchmark our method’s performance, we include four 
baseline methods for comparison. The first baseline is the 
identity transformation, where no transformation is applied 
to the source distribution data. The second baseline is the ob
served target distribution, which uses the observed target dis
tribution data from the training set for evaluation. The third 
baseline is scGen (Lotfollahi et al. 2019), which computes the 
displacement between the means of the source and target dis
tributions and applies this displacement for transportation. 
Following the benchmark procedure in CellOT (Bunne et al. 
2023), we implement an autoencoder for scGen. Notably, we 
balance the training data by equalizing the number of source 
and target samples for scGen to avoid bias; otherwise, we ob
serve that the performance of scGen would be worse than the 
identity transformation. Next, we implement the W2 optimal 
transport solver, following the implementation in OT-ICNN 
(Makkuva et al. 2020) and CellOT (Bunne et al. 2023). Of 

note, CellOT is just a new PyTorch implementation of OT- 
ICNN, showing OT’s application on single-cell datasets. 
Hence, we use the name “W2 OT” in our manuscript to de
note these two methods. Additionally, we include CPA 
(Lotfollahi et al. 2023) and biolord (Piran et al. 2024) for the 
performance reference.

2.3.3 Hyperparameters and training details
We use the hyperparameters used in CellOT (Bunne et al. 
2023) for both the autoencoder and the W2 Kantorovich po
tential training. Specifically, the hidden layers for the encoder 
and decoder are set to [512, 512] for the single-cell RNA-seq 
dataset (sciplex3) (Srivatsan et al. 2020) and [32, 32] for the 
single-cell imaging dataset (4i) (Gut et al. 2018). The latent 
dimension is set to 50 for the sciplex3 and 8 for the 4i. The 
autoencoder is trained for 250 000 iterations using the Adam 
optimizer with a learning rate of 1 × 10− 3 and a weight decay 
of 1 × 10− 5. The checkpoint with the best validation training 
loss will be saved and used as the final model. The W2 

Kantorovich potential is parameterized as an input convex 
neural network with hidden layers of size [64, 64, 64, 64]. 
The W2 objective (Wasserstein-2 optimal transport) is opti
mized over 100 000 iterations, with 10 inner iterations per 
optimization step, using the Adam optimizer with a learning 
rate of 1 × 10− 4 and betas (0.5, 0.9) (Makkuva et al. 2020).

For a fair comparison, the W1 potential function uses the 
same hidden layer architecture as the W2 model. This poten
tial function is parameterized as a 1-Lipschitz network using 
the Cayley transform for fast orthonormalization approxima
tion. According to previous work (Tanielian and Biau 2021), 
which shows that a larger grouping size could lead to a more 
expressive network, we test the effect of grouping size on syn
thetic data (Korotin et al. 2022) and observe that a larger 
grouping size does not always lead to better performance 
within a fixed number of training iterations (Supplementary 
Fig. S1). The explanation for this phenomenon is that if the 
grouping size equals to the hidden units, the activation would 
degenerate into an identity transformation. Based on this ob
servation, we set the grouping size moderately larger than 1, 
choosing 4 to achieve a more expressive network and to 
avoid the degeneration issue. This network is trained for 
10 000 iterations using the Adam optimizer with betas (0.5, 
0.5), along with a cosine annealing scheduler. The learning 
rate starts at 1 × 10− 2 and is gradually adjusted to 1 × 10− 4. 
To learn the step size function, both the discriminator and 
the step size function use hidden layers of size [64, 64, 64, 
64] and are optimized for 10 ,000 iterations with the Adam 
optimizer at learning rate of 1 × 10−4.

For the CPA model, we use the default hyperparameters 
provided in its repository. In our experiments, we find that 
these default settings perform reasonably well on the 
“sciplex3” dataset but much worse on the “4i” dataset. 
As there are too many hyperparameters, we then only 
sweep the penalty parameters and adversary steps on “4i” 
dataset and choose to set penalty_adversary¼100, 
reg_adversary¼0, and adversary_steps¼6 for “4i” 
dataset. For the biolord model, we only tune the loss penalty 
hyperparameters using a random perturbation condition of 
the “sciplex3” dataset (1 out of 9), while keeping all other 
hyperparameters fixed to their reported best values. Based on 
the search results, we set unknown_attribute_ 
penalty¼100 and reconstruction_penalty¼100 
for all experiments presented in the paper.
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2.4 Datasets and preprocessing
2.4.1 Synthetic toy datasets
We first use the synthetic data from the Wasserstein-1 solver 
benchmark (Korotin et al. 2022) to choose the appropriate 
group size by testing the group sort network on synthetic 
data with different dimensions and different number of fun
nels (Supplementary Fig. S1). Next, to verify that the trans
portation map is “monotonic,” we generate the “bookshelf” 
and “circles” datasets. For the “bookshelf” dataset, we cre
ated two narrow vertical strips. The source data consists of 
points where the x-values are uniformly distributed between 
0 and 1, and the y-values are normally distributed around 
zero with a standard deviation of 0.001. The target data is 
similarly generated, but with x-values uniformly distributed 
between 2 and 3. This design results in two parallel strips re
sembling books on a shelf. For the “circles” dataset, we used 
the scikit-learn make_circles function to generate concen
tric circles with added noise. Besides evaluating the 
“monotonic” property, we evaluate the nonlinearity model
ing ability with the “swiss roll” dataset, which is generated 
using the make_swiss_roll function. The source data is 
drawn from a standard 2D Gaussian distribution. The target 
data consists of two dimensions extracted from the 3D swiss 
roll and scaled appropriately. For a more complex nonlinear 
example, we generate the “moons” dataset utilizing the 
make_moons function to create two interleaving half-circles 
with added noise. The source and target data are composed 
of points from each of the two moons, respectively.

2.4.2 Single-cell datasets
We use the “sciplex3” (Srivatsan et al. 2020) and “4i” (Gut 
et al. 2018) datasets to evaluate our method on real single- 
cell perturbation datasets. The “4i” dataset consists of 37 
perturbations along with a control group. It contains 48 cell 
imaging features after de-duplication and is less sparse com
pared to conventional scRNA-seq datasets. Feature selection 
follows the processing procedure of CellOT, which filters out 
the sum of the protein intensity features and retains the 
mean. For the “sciplex3” scRNA-seq dataset, we normalize 
and log-transform the data, retaining the top 1000 highly 
variable features. The processed sciplex3 data is provided by 
the original CellOT publication.

2.5 Evaluation metrics
We evaluate the effectiveness of different methods using three 
key metrics: the average correlation coefficient r2 of feature 
means, the l2 feature mean distance, and the maximum mean 
discrepancy (MMD). The l2 feature means measure the 
Euclidean distance between the means of observed and pre
dicted distributions, while the r2 correlation coefficient quan
tifies the similarity between the observed and predicted 
means. However, relying solely on metrics that evaluate fea
ture means can be limiting in cases where the target distribu
tion exhibits multimodality or other complex characteristics. 
To effectively evaluate the performance, we use MMD, a dis
tributional distance metric sensitive to higher-order moments, 
which helps us capture discrepancies between predicted and 
real distributions beyond simple means (Gretton et al. 2012). 
Following the implementation in CellOT, MMD is computed 
using an RBF kernel and averaged over several length scales 
to ensure robustness across varying scales of the data 
(Gretton et al. 2012).

Additionally, for high-dimensional scRNA-seq data, we 
conduct feature selection by identifying the top differentially 
expressed genes of each perturbation group using the 
rank_gene_group method in Scanpy (Wolf et al. 2018). 
The reason is that simply evaluating MMD in high dimen
sional space would lead to biased results. The top differen
tially expressed genes are also provided by the original 
CellOT publication.

3 Results
3.1 W1 OT solver learns the monotonic map on 
2D datasets
Besides the challenge of determining the transport step size in 
W1 OT, another challenge arises from the fact that we may 
construct multiple transport plans solely based on the trans
port direction guidance. Non-uniqueness occurs in 1D trans
port scenarios when the data points in the source and target 
distributions are collinear. This may cause the optimal trans
port solution to lose the desired “monotonicity” property 
(Caffarelli et al. 2001, Feldman and McCann 2002). In this 
context, “monotonicity” refers to preserving the relative or
der of points after transport, as discussed in the literature. In 
the case of mapping two cell distributions, “monotonicity” 
can be understood as preserving the local cell type structure 
after transport (see details in Materials and methods).

According to previous theoretical analyses, as long as the 
constructed transport map satisfies a certain condition (see 
Equation 6 in Materials and methods), the transport map is 
unique and exhibits “monotonicity.” However, this condi
tion is intractable because it requires evaluating every pair of 
data points in the source distribution. Therefore, it remains a 
question of whether our proposed W1 OT solver can find the 
desired “monotonic” transport map and remain biologically 
meaningful in this application scenario.

To validate that our solver can learn the “monotonic” opti
mal transport map, we begin by evaluating our method on 
two specially designed 2D datasets (see Materials and meth
ods). First, we test the collinear 1D scenario, referred to as 
the “bookshelf,” where the source and target distributions 
are segments of the same length on the x-axis (Fig. 2a). After 
learning the transport direction, it is possible to construct 
more than one transport map with the same optimal cost. For 
instance, one solution could involve moving the rightmost 
point in the source distribution to the leftmost point in the 
target distribution, thus inverting the order of the entire seg
ment. Another solution would involve shifting all points in 
the source distribution to the target distribution while main
taining the original order. In the experiment, we place special 
markers in the source distribution and observe that the rela
tive order of the transported markers is preserved (Fig. 2a). 
Moreover, we design a 2D example consisting of concentric 
circles to demonstrate that our solver also learns the 
“monotonic” map in a 2D scenario (Fig. 2b). In this example, 
the inner source distribution is expected to map to the inner 
target distribution, rather than the outer target distribution. 
If not, the transport map would lose its “monotonicity” as 
the inner-outer relative order would be disrupted. As we can 
see, the learned transport map faithfully recovers the 
“monotonic” map, since there are no transport rays connect
ing the outer source distribution to the inner target distribu
tion (Fig. 2b). Next, we evaluate the W1 OT solver on two 
difficult non-linear examples named “swiss roll” and 
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“moons” (Fig. 2c and d). The results show that our solver 
can successfully learn the non-trivial transport map and ex
hibit similar performance to the W2 OT solver in literature 
(Amos 2023).

3.2 W1 OT solver accurately predicts single-cell  
responses
We apply the W1 OT solver to real single-cell perturbation 
datasets to verify its effectiveness. We also benchmark other 
single-cell perturbation prediction methods, including W2 
OT solver (Makkuva et al. 2020, Bunne et al. 2023), scGen 
(Lotfollahi et al. 2019), CPA (Lotfollahi et al. 2023), and 
biolord (Piran et al. 2024). We are not using the chemical en
coder in chemCPA (Hetzel et al. 2022) for a fair comparison, 
as all other four methods do not have access to molecule in
formation. We also report the results of directly using control 
group cells or perturbation group cells as prediction outputs, 
labeled as identity and observed, respectively, to demonstrate 
the lower and upper bound performance. We conduct our 
experiments on two datasets: the “4i” imaging dataset 
(Bunne et al. 2023) and the “sciplex3” scRNA-seq dataset 
(Srivatsan et al. 2020). The “4i” imaging dataset contains 48 
features for 37 perturbations while the “sciplex3” scRNA- 
seq dataset contains 188 perturbations and 1000 highly 
variable genes after selection. To reduce the experiments over
head, we follow the experiments in chemCPA (Hetzel et al. 
2022) to test 9 drugs: Dacinostat, Givinostat, Belinostat, 
Hesperadin, Quisinostat, Alvespimycin, Tanespimycin, TAK- 
901, and Flavopiridol, as these drugs were reported among the 
most effective drugs in the original publication (Srivatsan et al. 
2020). For the low dimensional imaging dataset, both OT solv
ers are directly applied to this original feature space. While 
scGen is applied with latent dimension 8. For the high- 
dimensional scRNA-seq dataset, both OT solvers are applied to 
the latent space (50 features) of an autoencoder and then 
decoded back to cells. In the independent and identically dis
tributed (i.i.d) setting, for each (control, perturbation) pair, we 
randomly split them into training and testing and repeat it five 
times for each pair. In the out-of-distribution (o.o.d) setting, 
since only the sciplex3 dataset provides the additional informa
tion, we split the dataset by setting a testing set composed only 
of unseen cell type in the training set. The unseen cell type is 
randomly chosen and this process is also repeated 5 times for 
each perturbation.

To evaluate performance, we use three metrics: r2 (correla
tion coefficient), l2 (Euclidean distance) between feature 

means, and Maximum Mean Discrepancy (MMD) (Gretton 
et al. 2012). While r2 and l2 only assess differences between 
the means of the transported and target cell populations, 
MMD provides a more comprehensive evaluation by measur
ing the alignment of the entire distribution. For the high di
mensional scRNA-seq dataset, we evaluate the top 50 
differentially expressed genes between the control and pertur
bation groups to avoid the bias (Bunne et al. 2023).

We report the performance of each method on both data
sets in the i.i.d. setting by summarizing the results across all 
perturbations (Fig. 3a and b). We use the Wilcoxon rank-sum 
test to compare the performance differences between the W1 
OT solver and the two baselines. The results show that the 
W1 OT solver generally achieves statistically similar perfor
mance to the W2 OT solver and significantly outperforms 
scGen on both datasets. Furthermore, we observe that the 
performance of both OT solvers closely matches the observed 
target distribution, demonstrating their effectiveness and ac
curacy. Interestingly, we find that while scGen and biolord 
performs well on the r2 and l2 metrics, they are less competi
tive on the MMD metric. This can be attributed to the fact 
that scGen primarily focuses on aligning population means, 
but neglects the alignment of the overall distribution, as well 
as the fact that biolord (or CPA) is designed for latent vari
able disentanglement, which may not ensure proper align
ment of the entire population. To further validate this 
assumption, we also visualize each method’s embedding us
ing UMAP (Healy and McInnes 2024) on the sciplex3 dataset 
to show the alignment of the predicted and true cell popula
tion (Supplementary Fig. S2). The results indicate that the 
OT method achieves better visual alignment. This observa
tion underscores the importance of using optimal transport 
to map the entire distribution to the target, rather than just 
aligning the means.

We then test our method in the challenging o.o.d. scenario 
on the “sciplex3” dataset, where both the testing source and 
testing target contain only an unseen cell type (Fig. 3c). We 
find that the performance of all methods drops significantly 
when the test data is unseen and out-of-distribution. 
However, our method is relatively robust compared to the 
baselines in terms of performance drop. Specifically, we ob
serve that W1OT outperforms W2OT across all three metrics 
with statistical significance. This advantage of W1OT could 
be attributed to its theoretical foundation: the higher-order 
W2 metric is more sensitive to noise and outliers, whereas the 
W1 metric tends to be more robust. Furthermore, we 

Figure 2. W1 OT solver on toy datasets. (a) The “bookshelf” datasets. To verify the transport map is “monotonic,” we set 5 markers: triangle, square, 
diamond, circle, and cross. The markers keep their original order after transportation. (b) The “circles” dataset. It consists of 4 concentric circles. The 
inner/outer source circle is expected to transported to the inner/outer target circle respectively. We can see that there is no transport between inner 
source circle and outer target circle. (c) The “swiss roll” dataset. The target distribution is a 2D swiss roll and the source distribution is a Gaussian. (d) The 
“moons” dataset. The source and target distribution are half circles.
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investigate the sensitivity of different methods by overex
pressing some features on the “4i” dataset. In each run, we 
randomly selected 5 out of the 48 features (genes) that were 
expressed in at least 60% of cells. We applied a 2-fold upre
gulation to these genes in a subset of control cells to simulate 
a perturbation. The unperturbed and perturbed subsets were 
used as source and target data, respectively, and split into 
training and test sets. Models were trained to predict the per
turbed gene expression profiles from the unperturbed ones. 
To evaluate performance, we computed the log fold change 
(logFC) for each perturbed gene and reported the mean abso
lute error between the predicted and actual logFC as the final 
metric (Supplementary Fig. S3). The results demonstrate that 
both OT-based methods are highly sensitive to gene expres
sion changes, achieving the lowest logFC error among all 
models. biolord and CPA also capture the perturbation to a 
reasonable extent, though with higher variability. In contrast, 
scGen, which performs perturbation prediction in the latent 

space, fails to accurately recover the true fold changes, result
ing in the highest error among the methods evaluated.

3.3 W1 OT solver scales better on high dimensional 
scRNA-seq datasets
We further test the scalability of the W1 OT solver by mea
suring its training time and performance on high-feature- 
dimensional datasets. To demonstrate the efficiency and 
speed of the W1 OT solver, we compare its training time to 
that of the W2 OT solver across various data dimensions, us
ing an 8-core Intel Core i9-11900K processor (Fig. 4a). The 
results show that the W1 OT solver is approximately 2.5 to 
4.5 times faster than the W2 OT solver for the same number 
of training iterations. Given that the default training iteration 
for W2 OT is set at 100 000 in different studies (Makkuva 
et al. 2020, Bunne et al. 2023), the overall speedup of W1 OT 
would be in the range of 25 to 45 times. In practical terms, 
while the W2 OT solver requires about an hour and a half to 

Figure 3. Performance benchmark on 2 real single-cell datasets. (a) The performance on 4i datasets without dimensionality reduction. Each perturbation 
is run independently 5 times. The performance is summarized over all perturbations in one dataset. (b) The performance on 9 selected drugs on sciplex3 
dataset in the i.i.d. setting with autoencoder embeddings and 50 latent dimensions. “observed” denotes the best performance model can achieve. 
“identity” denotes the lower bound performance. (c) The methods’ performance in the o.o.d setting, where the test set uses unseen celltype. The arrow 
head represents the better performance direction. All the statistical tests are Wilcoxon rank-sum test.
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train, our proposed W1 OT solver can complete training in 
just 5min on a CPU. This speedup would significantly accel
erate single-cell perturbation research and make training on 
ultra-large-scale datasets feasible.

To validate that the performance of the W1 OT solver is 
also scalable, we applied both OT solvers directly to the 
“sciplex3” dataset with 1000 features. We observe that the 
performance of the W1 OT solver on high-dimensional data 
remains consistent with its performance on the latent space 
of 50 features (Figs 3 and 4b). However, the performance of 
the W2 OT solver drops significantly, even falling below the 
lower bound (identity transformation). This indicates that 
solving the min-max problem is highly challenging and im
practical in high-dimensional settings which has also been 
confirmed by previous studies (Korotin et al. 2021).

4 Discussion
In this work, we present a novel optimal transport solver 
based on the Wasserstein-1 dual formulation, which offers 
significant computational advantages over Wasserstein-2 
neural optimal transport solvers (Makkuva et al. 2020, 
Korotin et al. 2021, Amos 2023). Our approach leverages 1- 
Lipschitz GroupSort networks combined with GANs to con
struct an efficient and scalable solver. Through extensive 
experiments, we demonstrate that our solver learns biologi
cally meaningful “monotonic” transport maps and achieves a 
25 � 45 × speedup while maintaining comparable perfor
mance to existing W2 OT methods on real single-cell 
datasets.

A key advantage of our W1 OT solver is its scalability for 
high-dimensional data, which stems from the use of the W1 

dual formulation and 1-Lipschitz GroupSort networks. 
Although previous work questions the capability of 1- 
Lipschitz GroupSort networks to accurately estimate W1 dis
tance in high-dimensional settings (Korotin et al. 2022), we 
demonstrate that these networks perform reasonably well on 
high-dimensional scRNA-seq datasets when implemented 
with appropriate grouping sizes (Tanielian and Biau 2021) 
(Supplementary Fig. S1). This capability is crucial as the field 
advances toward high-dimensional universal cell representa
tions using single-cell foundation models (Rosen et al. 2023, 
Theodoris et al. 2023, Cui et al. 2024). Another computa
tional advantage arises when we compare OT methods with 
diffusion or flow matching methods (Ho et al. 2020, Lipman 

et al. 2023). Although all these methods can align two data 
distributions, OT infers the transported data point in one 
step, while diffusion or flow models infer it iteratively.

Our approach, which constructs 1-Lipschitz neural 
networks layer by layer, can be readily extended to model 
conditional transport maps Tðx; conditionÞ. Similar to 
how partially input convex neural networks (PICNN) (Amos 
et al. 2017) can be used to build conditional OT maps in 
the W2 setup (Bunne et al. 2022), we can construct a par
tially 1-Lipschitz neural network layer h as follows: 
hðx; conditionÞ ¼ f ðxÞ þ gðconditionÞ, where f is 1-Lipschitz. 
With this construction, we can incorporate different condi
tions in the optimal transport map and enable efficient trans
port mapping for complex real-world applications (Bunne 
et al. 2022).

While we empirically validate that the W1 OT solver can 
learn “monotonic” maps on 2D datasets, there is currently 
no theoretical explanation or guarantee for this phenomenon. 
Additionally, although we demonstrate our solver’s strong 
performance in various scenarios, GroupSort neural net
works have not been proven to be universal 1-Lipschitz 
approximators under the Euclidean norm (Anil et al. 2019), 
which may limit their performance in certain cases.

In conclusion, our W1 OT solver provides a practical 
framework for solving the W1 optimal transport problem 
and serves as a fast and scalable tool for single-cell perturba
tion prediction. Given that the W1 OT solver can be inte
grated into other single-cell analysis tasks requiring 
distribution alignment, we believe it will significantly acceler
ate research on ultra-large-scale single-cell datasets.
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