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Abstract. Automatically constructing smooth paths that satisfy a for-
mal specification is a challenging problem. Existing methods struggle
to scale to long horizon specifications and challenging environments. We
present a method that uses abstraction, model checking, and convex opti-
mization to solve for a smooth Bézier spline that is guaranteed to satisfy a
Linear Temporal Logic specification. Our approach uses a coarse abstrac-
tion to avoid the state explosion of other abstraction based methods, and
successfully avoids the computational challenges of directly optimizing
the non-convex temporal logic semantics. We prove our method is sound
and complete and demonstrate a significant computational advantage
relative to state of the art approaches. Generating such smooth paths
has natural applications in path planning for autonomous robots, and
we demonstrate the applicability of our method on path planning for a
quadrotor.
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1 Introduction

Path planning for robotic systems is an important and challenging problem [24].
Typically, a planner is provided with the description of the robot’s workspace
including an initial configuration, a desired goal configuration, obstacles, and
a transition relation encoding the effect of robot actions on its configurations.
Most autonomous robots perform planning in a layered manner: a high-level
planner first identifies a (possibly dense) sequence of way-points for the robot
to follow that achieves a collision-free path through the workspace that satisfies
the robot’s goal. The path is then handed off to a lower-level controller that
ensures that the robot’s actual trajectory follows the path with minimal tracking
error. While there are many planning algorithms for robots that help identify
paths over finite planning horizons, specification of infinite horizon objectives
and path planning for such objectives remains a significant challenge. A popular
formalism to describe infinite horizon behavior of the system, such as invariance
or persistence, is Linear Temporal Logic [42]. For most autonomous robots, a
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feasible lower-level control scheme often imposes constraints on the high-level
pathstoensuredynamicfeasibility. Followingpathsthatrequireabruptchanges
mayimposeunrealisticdemandsonthelow-levelcontrolthatviolateactuation
constraints. Thus, producing paths that are sufficiently smooth usually makes
thelow-level controlproblemeasier.
Inthispaper,wetackletwochallenges:(1)generatingsmoothpathsthrough
therobot’sworkspace,(2)ensuringthatthesepathscansatisfyarbitraryinfinite
horizonplanning objectivesspecifiedin LTL. A key observation that weusein
ourapproachisthatforanylabeledtransitionsystemthatsatisfiesan LTL (or
anyother w-regular)specification:ifasatisfyingpathexists,thenalasso-shaped
satisfying path existsin thesystem. Theselassosdescribe aninfinitesequence
ofsystemstatesasafiniteprefixfollowedbyaninfinitelyrepeatingfinitesuffix.

Related Workon Abstraction-Based ControlSynthesis. Thereissignifi-
cantworkonconstructingcontrollersfordynamicalsystemsthatguaranteethat
theresultingclosed-loopsystemsatisfiesLinearTemporalLogic(LTL)specifica-
tionsusingapproachesfromreactivesynthesis|  5,18,21]andabstraction-guided
control [ 46,48, 52]. Our approach falls under the broad category of automata
based methods that model a finite state abstraction of the control system as
afinitetransitionsystem | 4,7,12,20,32,37,41,53,55,59]. These approachesuse
model checking [ 2,8] or other algorithms on automata to produce a satisfy-
inglasso through the abstract transition system. However, it is challenging to

map the abstract lasso to a controller of the robotic system. Additionally, it
iscomputationally challenging tousethese methodsonlargeabstract systems
asalgorithmsoperateonthe product of theabstract system with atranslated
Biichiautomatonforthespecification,whichisexponentiallylargeinthesizeof
theformula[ 2].Samplingbased plannersaddressthisproblem by eitherincre-
mentally buildingasparseabstract system throughsamplingsystem dynamics
[4,19,35,57] or avoiding the construction of an abstract system altogether by
simultaneouslyexploringthestatespaceandtranslated Biichiautomaton | 31].

Our Approach: Path Synthesis.  Ourmethodaddressesthecomputational
challengesofrelatedmethodsbysynthesizingpathsinsteadofacontroller.Rela-
tivetootherabstraction-basedmethods,wecanleverageamorecoarseabstrac-
tionasinterpolatingdiscretetransitionswithaBéziersplinereducestheneedfor
afine-grainedabstraction. Thiscanbeseenasanalternativetosampling-based
abstract planning as both approaches seek to reduce the size of the abstract
system, though our method is control-agnostic. Additionally, our method han-
dlesinfinitehorizon paths. Wetheoretically guaranteethediscretetraceofthe
synthesizedpathsatisfiesan LT Lspecificationandthatourmethodwillalways
constructoneifsuchapathexists.However,theseguaranteesareonthesynthe-
sized paths and extending guarantees to a controller is achallenging problem.
Forthespecial case of differentially flat systems, we demonstrate how existing
trajectorytrackingcontrollerscanbeusedtotracktheplannedspline.
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KurtzandLin| 23|presentthemostsimilarmethod. TheysolveforaBézier
splinethatsatisfiesanlT Lspecificationbyformulatingtheproblemasashortest
pathprobleminagraphofconvexsets| 33, 34|,whichisNP-hardbuthasatight
convex relaxation. They give soundness and completeness guarantees for the
synthesizedtrajectoryfortheco-safefragmentof LT Lformulas,butareunable
togiveacompletenessguaranteeforfull LTL. A Béziersplinethatsatisfiesthe
formulamayexistwhentheirmethodfails. Wepresentanalternativemethodthat
uses model checkingtools to achieve soundness and completeness for full LTL.
Sunetal.| 50]present anothersimilar method that solves for piecewiselinear
pathsthatsatisfyanSTLformulabyencodingthesatisfactionoftheformulaas
anMILP. Althoughthey considersatisfactionofadifferent temporallogic, the
Béziersplinesusedinourmethod generalize piecewiselinear paths, and under
some conditions we can translate the same problem instance into our setting.
Incontrasttosolvingan NP-hard MILP,ourmethodsplitsthe problemintoa
modelcheckingstepandaconvexoptimizationstep. Thissharesanexponential
worst-case complexity but we demonstrate acomputational advantagerelative
tobothofthesealternativemethods.

Contributionsand Organization. Summarizingourmaincontributions:

1. Wepresentanabstraction-basedmethodthatusesmodelcheckingandconvex
optimizationtoautomaticallysynthesizeaBéziersplinethatsatisfiesanLTL
specification.

2. Weproveourmethodissoundandcomplete.Ourmethodwillreturnaspline
thatsatisfiesthespecificationifandonlyifoneexists.

3. Wecompareourmethodagainstrecentapproachestopathsynthesis| 23,50]
and find a 5x to 1255x times computational speedup in simulated experi-
mentsofvaryingsize.

4. Wedemonstratehowsynthesizedsplinescanbeusedinconjunctionwithtra-
jectorytrackingcontrollersfordifferentially flat systemstosolvethecontrol
synthesisproblem.

WecoverpreliminarymaterialonL.T LandBéziersplinesinSect. 2.InSect. 3, we
formally define our problem and describe our approach to use model checking

and optimization to synthesize a Bézier spline. Section 4 presents asimulated
experimental comparison with related work. In Sect. 5, wereview abstractions
of control systems and demonstrate how our method can be combined with
trajectorytrackingcontrollersfordifferentially flatsystems.

2 Preliminaries
2.1 Linear TemporalLogic

Foramorecompletetreatment,see|  2|.Linear Temporal Logic (LTL)isafor-
malismthatextendspropositionallogicwithmodalitiestoexpressrequirements
ontheinfinitediscretebehaviorofasystem.Defineasetofatomicpropositions
AP whichrepresent Booleanpropertiesofasystem.
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Definition1 (Syntaxof LTL). Thesyntazof LTLisasfollows.

pu=Tlal-p|leiNpa | Xe|p1Ueps

where T denotes“true”, a € AP, — isthenegation operator, A istheconjunc-
tionoperator, X isthe “next”temporaloperator,and U isthe “until”temporal
operator.

Othertypicalbooleanconnectors( V,=)andtemporaloperators( G for“glob-
ally” and F for “eventually”) are derived from the above rules. 1V g =
(=1 A mpa), w1 = @2 = —pr Vo, Fo = TUgp, Gy := =F-p. The
semanticsofanLTLformula ¢ isdefinedasalanguageoverinfinitewordswith
thealphabet 247, Aword o = AgA1A,... € (247)% isaninfinitesequenceof
setsofatomicpropositions. Denotethe  j-thletterof o as o[j] = A; anddenote
thesuffixof o startingatindex jaso[j...]=A4;4,41....

Definition2 (Semantics of LTL). Define satisfactionrelation FC (247)wx
LTLtobethesmallestrelationsatisfying:

ocFET

ockFa & a€ Ay

ok —p &S oFop

oE P Ao S oFpi Ao E @

cEXyp < ol..]Fe

o F 1 Ugps < there exists j > 0s.t. o[j...]F ¢
and for all 0 <i<j:ofi...]F ¢;.

Thesemanticsofthederived temporaloperators G and F follow.

cEGp& forallj>0:0[j...]Fp, cEFp& existsj >0:0[j..]F¢

Thestatement o F ¢ isreadas o “satisfies” ¢.Denote theset of wordsthat
satisfy ¢ as Words(p) = {0 € (247)% | o F ¢}.Finally,recallany LT Lformula
canbetranslatedintoanon-deterministicBiichiautomaton.

Definition3 (Biichi automaton). A non-deterministic Biichi automaton
(NBA)isatuple M = (Q,27,6,Qo, F) where Q isafinitestatespace, 247 is

analphabet, Qo C Q isasetofinitialstates, §:Q x 247 — 29 jsatransition
relation, and F C @ isthe acceptance set. Thelanguage L, (M) isthe set of
infinitewordsin  (247) thathaveatleastoneinfiniterun 909192 - - - in M where

q; € F forinfinitelymanyindices 1.

The constructionofanNBA M, where o € Words(y) iff 0 € L, (M,) takes
20(1#D) timeandspace,yethasbeensuccessfullyappliedinmodelcheckingtools
thatarecapableofhandlingmodestlysized formulas.
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Definition4 (Kripke Structure). A Kripke structure over a set of atomic
propositions AP isdefinedasatuple K = (S,I,R,hs) where S isafinite set
of states, I C S isasetofinitial states, R C S x S isatransition relation
satisfying Vs € S,3s’ € S s.t. (s,8') € R. Thefunction hg: S — 247 iscalled
theoutput functionandlabels asetof atomicpropositionsthatholdin S.

A path through K is an infinite sequence of states p = 818983... where
s1 € I andeach s; € S suchthatforeach @ > 1, (s;,8,41) € R.Denote
Trace(p) astheworddefinedbythesequenceoflabelsofeachstate Trace(p) =
hs(s1)hs(s2)hs(ss)... € (24F)“. Thenodel checking| 2,8] problem decides
whetherallwordsgeneratedbyaKripkestructure K satisfyanLTLformula (.
Todoso, thestandard algorithm takesthe product automaton A=K®M-,
where M-, istheNBAconstructedfrom  —¢ andcheckswhether A acceptsany
words.Iffthelanguage L, (A) isempty, K F ¢.Modelcheckersproduceawit-
ness (orcounterexample) when K ¥ ¢ whichisoftheform  p = p1(p2)¥ where
p1 = S1...Sy isafiniteprefixand  ps = Sp,41 ... Sy, isaninfinitelyrepeatedfinite
suffix. Each s; isastateintheproductautomaton K ® M-, whichcanbepro-
jectedonto S toproduceapathof K wheretheassociatedword Trace(p) ¥ .

2.2 Bézier Splines

WeuseBéziersplinestomapdiscretewitnesses p tosmoothpaths.Béziersplines
[40]areamethodofinterpolationthathavebeenusedextensivelyinthemotion
planningliterature(e.g.[ 25,43,56,60]).ABéziersplineofdegree &k € N isdefined
bytheconcatenationofseveralcurves(orsegments)whichareeachdefinedusing
aparticularset ofpolynomial basisfunctions, the Bernsteinbasispolynomials.
Forsplinedegree k, therare k + 1 Bernsteinbasispolynomials.

Definition5 (Bernstein Basis Polynomial). For i € {0,...,k}, the Bern-
steinbasispolynomial By j: [0, 4;] — R isdefinedby:

mo-()(-57@

Where A; € Ry, isastrictly positiverealnumber. Typically Ay = 1 butwe
allowtheparametertorangetoenablegreaterflexibilityonthetimingofplanned
curves. WelaterrefertothefollowingpropertiesofBernsteinbasispolynomials:

k
D Bix(t)=1, Bix(t)>0forte[0,4,], Bix(t)>0forte (0,4, (2)
1=0

B;k(0) =60, Birx(Ar) =ik (3)
% = Aﬁt(Bi—l,k—l(t) —B i k—i(t)) (4)

Where §; ; istheKroneckerdeltafunctioni.e.  §;; = 1ifi = j and 0 otherwise.A
Béziercurveisdefined usingthe Bernsteinbasispolynomialsasthecoefficients
ofaconvexcombinationof &k + 1 chosencontrolpoints (po, ..., pr) whereeach
p; € R™ fori € {0,...,k}.
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Definition6 (Bézier Curve). A Béziercurve  b: [0, A;] — R" isdefinedas

k
b(t) == Z Bi k(t)pi (5)
i=0
Béziercurveshaveafewuseful propertiesthatimmediatelyfollow from ( 2-4):

a. Thecurveinterpolatesthefirstandlastpoints b(0) = pp and b(A;) = px.
b. ThederivativeofaBéziercurveisanother Béziercurveofdegree k—1.
¢. Thecurveisboundedbytheconvexhullofthecontrolpoints.

Applying( 4)yieldsanexpressionforthederivativeofaBéziercurve.

Lemmal. Thederivativeofthe Béziercurvewithcontrolpoints (Po,---,pK) 18
aBéziercurveofdegree  k—1 withcontrolpoints (Ait(pl —D0)s- -y Ai(pk —Pr—1))

Z Bz k— 1 (pH—l - pi) (6)

ApplyingLemma 1 recursively yieldsanexpressionforthe d-thderivativeofa
Béziercurve.

Lemma?2. The d-thderivativeofaBéziercurveisgivenby

ddb l/+d
ded Zsz a(t k d |Z< ) Ditv (7)

Corollaryl. If py=p1 =...=pq, (3) andthe “polarity” property of Pascal’s
triangle Zi:o (g)(—l)’”‘d =0 imply ddbtgo) = 0. Similarly, if px_—q = ... = Dk,
(3) andthe “polarity” propertyimply a’ ng‘) 0.

ABézierspline B = (b!,...,b™) isconstructed by concatenating m Bézier
curvesintime. Thesplineiscalled uniformifallcurvessharethesame A and
non-uniform otherwise. For non-uniform splines, denote the sequence of time
deltasas A := (A},..., A"). Aseach Bézier curveis a polynomial function,

ensuring the splineis  C?, or d-times continuously differentiable, amounts to
checkingequivalenceof thefirst ~ d derivatives at the knot points. Knot points

arepointswhereonecurveendsand thenextbegins. From Lemma 2,thecon-
trol points of the  d-th derivative are a linear function of the control points
(po, - - - , Pk ), so thisamounts to aset of linear constraints. Corollary 1 isuse-

fultoprovetheseconstraintsaresatisfiable. Ifthesplineisnon-uniform, these
constraints are instead quadratic as the (A4)? expression is multiplied by the
control points. For example, C! continuity requires betweenthecurves 5 and
J+1: 4 4
J J j+1 j+1
P — P pj1 — Do (8)
: 7
A A
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(a) (b)

Fig.1. (a) Example partition P. Arrows display the transitions of Kabs defined
on P. (b) Example C' lasso spline B = (b',0% b% b b°) composed of 5
segments where (b*,b?) is a prefix and (b3 b6* %) is an infinitely repeat-
ing suffix. The red points mark the start of each segment. Trace(B) =
{blue}{blue, red}{red}({red, green}{green}{blue}{blue, red}{red})*. (Color figure
online)

3 Path Synthesis

In this Section, we first present a formal definition of our problem, then present
an algorithm that solves our problem along with formal soundness and com-
pleteness guarantees. Finally, we analyze the worst-case time complexity of our
algorithm.

3.1 Problem Definition

Define the workspace X C R™. We are given a partition P = (Py,...,P.) of X
into r convex regions i.e. ;N P; =0 for i # j and U;—, _, P = X. Let int(P)
and P denote the interior and closure of the set P respectively. We assume
int(P) # 0 for each P € P. Denote the absorbing region P, = R™ \ X. We are
given a set of atomic propositions AP and a labeling function L: P UP, — 247,
Define Regions(B) = P°P! ... to be the sequence of regions B enters where for
each i = 0,1,... each P! € P and there exists a strictly increasing non-Zeno
time sequence (tg,t1,...) where B(t;) € P and there exists ¢; € (0,t;41 — t;)
where either:

a. For all t € [t;,t; +¢€;): B(t) € P* and t € [t; + €;,ti11]: B(t) € P!
b. For all t € [t;,t; + €]: B(t) € PP and t € (¢; + €;,tiy1]: B(t) € Pi*!

We define the trace of B as the sequence of labels of Regions(B). Trace(B) :=
o € (247)% where ¢ = L(P°)L(PY)..., Regions(B) = P°P!.... Figurel dis-
plays an example B.

Remark 1. Requiring a convex partition is useful as constraints to require a
Bézier curve remains within a convex region are convex. We assume this partition
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Algorithm 1:PathSynthesisfrom LTLObjectives

input: Partition P,Startingstates [, LTIformula ¢,Labelfunction L

K,ps < ConstructKripke(P, I, L)

M, <+ LTLtoNBA(yp)

p — EmptinessCheck(Kabs @ M,)

B «— SynthesizeBézier(p)

/* Check if SynthesizeBézier was feasible */
5 if BB is not € then

‘ return B

7 return e

W N =

(=]

isgiven, though in practice one could be created by first taking convex over-
approximations or under-approximations of labeled regions of interest in the
workspace (e.g. obstacles, goalregions, etc.) and subsequently partitioning the
remainingspace into unlabeled convex regions. Of course thisapproachisnot
generalandprecludessomeenvironmentsfromusingourmethod,thoughweare
abletoperformthisprocedureforanumberofinterestingenvironmentsusedin
ourexperimentsinSects. 4 and 5.

Problem Definition. Given convex partition 7P of the workspace X C R",
labelingfunction L: P UP, — 247 andanLTLspecification ¢ over AP, we aim
tofinda (O lassoBézierspline B thatminimizesagivenconvexcostfunction J
suchthat Trace(B) F .

3.2 Synthesis Algorithm

Algorithm 1 details the full algorithm. ConstructKripke() constructs the
Kripke structure Kups = (5,1, R, hs) where S = PUP,, I C S isgiven,
(si,8;) € R ifeither i = j or P, N P; # () where P; and P; are the associ-
ated sets in the partition for s; and s;. Finally, hs = L isthe given label-
ing function. We abuse notation and use s € S torefer both to a specific
Kripkestateandtheassociatedregion P. Th&.TLtoNBA() functionconstructs
theNBA M, where L, (M,) = Words(¢).EmptinessCheck() performsempti-
ness checking, returning a witness ~ p thatisacceptedby  Kaps ® M,,. Practi-
cally,weconstrain p tonotinclude P, sothepathavoidstheabsorbingregion.  *
SynthesizeBézier () performsaconvexoptimizationproblemdescribedinthe
followingsubsectiontoproduceaBézierspline B where Trace(B) = Trace(p).
We prove SynthesizeBézier () willalwaysbe feasibleifthesplineorder k is
largeenough, though since the problem defines constraints based on aspecific
witness, theresultingspline may besuboptimal as an alternative witness may
producealowercostspline.

! This can be accomplished by introducing a unique label a to AP for P, andcon-
juncting ¢ with G —a.
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3.3 ConvexOptimizationtoSynthesizeaBézier Spline

Toprovideintuition,givenpath  p of K,ps wedefineconstraintson B suchthat
each Bézier curve b in B remainsentirely within the associated convex region
forasinglestatein  p. Weadditionallyappend constraintssotheknot between
eachsegmentofthesplineis ~ C?. Thisincludesbetweenthelastsegmentofthe
suffixand thefirst segment ofthesuffixof p,ensuringthesynthesizedsplineis

a C lassowheretheloopingsectionisrepeatedinfinitelytorealizethedesired
behavior.

TheSynthesizeBézier () functioninAlgorithm 1 solvesoneofthefollowing
optimizationproblems.Givenpath p = p1(p2)¥ of K.ps where p1 = s1...5s; and
P2 = Si41 - - - Sm anduser-providedcostfunction  J: RE(m+1) _, R, we construct
aBézierspline B oforder k thatis d-times continuously differentiable using
m+ 1 segments.Let p] refertothe i-thcontrolpointofthe  j-thsegment,where
1€{0,...,k}, and j € {1,...,m+ 1}.Thesplineisconstructed by minimizing:

(P1) : min J(p) 9)
p

st.p g €57 (10)

Py EFTING je{2,...,m}  (11)

po Tt €5, NET (12)

pl eint(s ;) ie {1,..., k-1}, 7€ {1,...,m} (13)

Pt cint(s 14) ic {1,...,k-1} (14)

Pl €5 N5 je{1,...,m-1} (15)

i € Sm N5 (16)

pzﬁ_l € Si+1 M S12 (17)

Ba& (18)

The constraintsforthe j = 1, j = m, and j = m + 1 curvesdiffer slightly
from the constraints for all other curves and are separated for clarity. Aseach

P € P isconvex, the constraints ( 10-17) are convex. If werequire B to be
uniform, constraint ( 18)islinear. Otherwise,( 18)isquadratic. Aslongas  J is
aconvex function, this problem can be efficiently solved to global optimality.
Typical choices of cost functions include minimizing an approximation of the
pathlength, orthemagnitudeofhigherorderderivativesof B.Note B hasone
moresegmentthan |p;pal.

B=@®,..., b5, 0t b2 (19)

This construction sets  (b!,...,b*1) tobetheprefixand  (b'2,... 6™F1) to
be the infinitely repeating suffix, effectively shifting p from p1(p2)¥ to p/ =
p1p2[1](p2[2.. ]p2[1])¥.Clearly Trace(p) = Trace(p’) buttheadditionalstate
ensureswecanalwaysclosethelooponthelassospline.Includedinconstraint
(18)areconstraintsthatthefirst  d derivativesoftheknotpointbetweenthelast
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stateoftheprefixand thefirst state of the suffixequalsthefirst d derivatives
oftheknot point between the last state of thesuffixand thefirst state of the

suffix. B definesa C? lassotrajectory. Weprovethisconstructionissound, the
constraintsensure Trace(B) = Trace(p).

Theorem1 (Soundnessof (P1)).Givenpath p of K aps,allfeasiblesolutions
of (P1) producea C? spline B thatsatisfies Trace(B) = Trace(p).

Proof. Constraints ( 10-17) ensurefor j € {1,...,m} and i € {0,...,k} each
pl €35, or,pl € P where P istheassociated convexregion to 5. Constraints
(12),( 14),( 17)analogouslyensure p7"™' € 5;77. AstheBéziercurve b/ defined
by control points (pé, ol pfﬂ) iscontained withintheconvexhullofthecontrol
points, Vt € [0, A;]: b/ (t) € P.Constraints( 13) and 14)ensuresforeachspline
segment j,thereexistssome ¢ where p! € int(P). Dudo ( 2), b’(¢) for ¢ € (0, A;)
isaconvex combination with strictly positive weight assigned to pg € int(P),
implying b7 (¢) € int(P) forall t € (0, 4,). As P isapartition, b’(t) ¢ P’ forall
regions P’ € P, P’ # P forall ¢ € (0, A;).Thisholdsforall j € {1,...,m+ 1},
therefore Regions(B) = p and Trace(B) = Trace(p).

The constraints of (P1) are sufficient but not necessary to provide a c?
spline B thatsatisfies Trace(B) = Trace(p).Forexample,problem (P1) maybe
infeasiblewhentherecouldexistasplinethateither(a)hasadifferentorder k, or

(b)relaxesconstraint (  13) that foevery i€ {1,...,k—1} wehave p/ € int(s;).
For Theorem 1,weonlyusethefactthatoneof i €{1,...,k— 1} satisfies( 13),
but encoding that relaxation introduces integer variables which changes (P1)
from a convex program to a mixed-integer convex program. Instead, simply
increasingtheorder k allowsustorelaxaconstraint and guaranteefeasibility.

If £ > 2d 4+ 1,weconsiderasecondoptimizationproblem:

(P2) : min J(p) (20)

s.t.p o € 31 (21)

Py EFTING je{2,...,m} (22)

ot esnNEGT (23)

pl €5 i€ {1,...d-1} U {k—d+1,...,k}, (24)
je{l,...,m}

p! eint(s ;) i€ {d,... . k-d},je {1,...,m} 25

(
p e sy ie {1,...,d-1} U {k—d+1,...,k} (
p T cint(s 111) i€ {d,..., kd} (
Pl €5 N551 je{l,...,m-1} (28
Py € 5 NS531 (
Pt espa N (
B« ? (

—_ Y Y N — T T
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Theonly changesbetween  (P1) and (P2) isconstraint ( 13)isrelaxedto( 24)
and ( 25), and constraint (  14) isrelaxed to( 26) and 27). Thisisonly sound
when k > 2d+1 as {d, ...,k — d} isnonempty.

Theorem 2 (Soundnessof (P2)).Givenpath p of K aps,allfeasiblesolutions
of (P2) produceaspline B thatsatisfies Trace(B) = Trace(p).

Proof. FollowsimmediatelyfromthesameargumentastheproofofTheorem 1.
Theassumptionsmadeon P allowustoprove (P2) isfeasible.

Theorem 3 (Feasibilityof (P2)). Givenpath p of Kaps, (P2) isfeasible.

Proof. Givenpath p = p1(p2)® of Kaps,weconsiderthreedistinct casesinour
construction.

e Consideringthefirstsegment j =1, for i € {0,...,k — d} pick p} tobethe
samearbitrarypoint z € int(s;).Byassumption int(P) # ) forall P € P,
thispointexists.For i € {k—d+1,...,k} pick p! tobethesamearbitrary
point x’ € 57 N'S3. Since p isapathof K, thedefinitionofthetransition

a¥pl0) _ api(a) _ 0

relation R of Kaps ensures 51N52 # 0.ByCorollary 1, == = =5

for d' € {1,...,d}.
e Considering the intermediate segments j € {2,...,m — 1}, byinduction,

assumgforsome G-1)>1, a? Z]t;,l(o) . b;;,mt) =0ford e€{1,...,d}
and pg_l =z € 5,1 N5, areallthesamepointfor i e {k—d+1,...,k}.
The j = 1 caseaboveisthebasecase. Pick p{ = x tobethesamepoint x
fromthelast d pointsofthe previous segment for i €{0,...,d — 1}, pick
p] € int(s;) tobearbitrary interior pointsfor i € {d,...,k — d},and pick

p{ = 2/ € 5, N5;51 tobethesamepointfor ¢ € {k—d+1,...,k}. By the

sameargumentsinthe j = 1 case,allofthesepointsexist. By Corollary 1,
eV _ TV A _ g for @' € {1,...,d}. Allconditions for theinductive
hypothesishold.

e Consideringthefinalsegments j = m and j = m + 1,theinductive proof
above showsve can make m arbitrarilylarge, butwestillneedtoclosethe

loop for the lasso spline. We construct the m-th segment according to the
previouscase,exceptfor i € {k—d+1,...,k} wepick p* =z € 5, NS11
according to constraint ( 29) as s,,4+1 doesnot exist. We pick the first i€

{0,...,d — 1} pointsofthe m + 1 segmenttobethesamepoint  p =z,
andfor ¢ € {d,...,k — d} wepick p;"H € int(s;+1) tobearbitraryinterior
points. Fromthepreviouscase, p\™ =2’ € 5777 N353 fori € {0,...,d — 1}
issome already chosen point. We pick p?’H»l = 7’ tobethesame point for

i €{k—d+1,...,k}.Thisconstructionmeansthelast  d pointsofthe m+1
segmentequalsthefirst  d pointsofthe [+ 2 segment,ensuringa C¢ knotby

Corollary 1.

m—+1
%

Each point exists and has been selected according to the constraints ( 21-30).
Aswehave proven the first d derivatives of each splinesegment at t =0 and
t = A, allequal 0,thesplineisclearly — C?. Therefore, thisspline alsosatisfies
constraint( 31)andisafeasiblesolutionof (P2).
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In practice, we expect this construction to be high cost asit likely results
inlargefluctuationsinthehigherorderderivatives, which canbepenalized by
sensiblechoicesofcostfunctions. However, thisconstructionguaranteeswecan
alwayssynthesizea (¢ spline B for p,solongaswepicklargeenough k.

Theorem4 (Completenessof Algorithm 1 with (P2)). Algorithm 1 using
(P2) for SynthesizeBézier() returns a Bézier spline B with Trace(B) =
Trace(p).

Proof. FollowsfromTheorem 2 andTheorem 3 byselecting k > 2d + 1.

Whiletheconvexformulationallowsustofindtheoptimal B subjecttothe
constraintsdefinedfromagivenwitness  p,therecouldexistadifferent witness
o’ or adifferent construction that produces a lower cost spline. Enumerating
all possible witnesses may be impossible as there can be infinite. In practice,
weareinterestedinasmall diverseset of witnessestoget anempirically good
enoughsolutionandsimplyrandomizetheorderoftransitionsin Kps toproduce
differentwitnesses. 2 Thischoicepreventsusfromguaranteeing B istheoptimal
spline that satisfies ¢, but we demonstrate in the following section it is very
computationallyefficientandproducessplinesofsimilarcosttorelatedmethods.

3.4 Complexity

Focusingonthecasewhere  (P1) and (P2) admit polynomial time algorithms
tominimize J (e.g. B isuniform, P isasetofpolyhedra,and J isalinearor
convexquadraticfunction), thecomplexity of Algorithm 1 isdominatedbythe
modelcheckingstep,whichis ~ PSPACE-complete] 2].

Theoremb5. Algorithm 1 hasworst-casetimecomplexityexponentialinthesize
oftheformula  O(poly (| K aps| - 21#1)).

Proof. AnupperboundforthetimeandspacecomplexityforLTLmodelcheck-
ingcanbefound by translating the LTL formulaintoa Biichiautomaton and
searching for an accepting lasso, which is O(|Kaps| - 21?1) [2]. If no accepting
lasso is found, Algorithm 1 terminates. If one is found, w.l.o.g. by the small
model theorem it can be bound in length by the size of the product automa-

ton |p| < |Kabs ® My,| = O(|Kaps| - 2/#1) asrepeatedstatesinthelassoimply
redundantsectionsthatcanberemovedtoobtainalassothatsatisfiesthissize

bound. As (P1) and (P2) havealinear number of decision variables with ol
andaresolvableinpolynomial time, theoveralltimecomplexityisexponential
inthesizeoftheformula  O(poly(|Kaps| - 2/4)).

2 The SPOT model checker deterministically produces witnesses based on the order
statesandtransitionsareadded toaKripkestructure.
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(a)

Fig. 2. Synthesized C? paths with the proposed method for Example 1. Paths satisfy
the formula ¢ = (—door1 U keyi) A (mdoors U keyz) A (F goal). (a) finds a sub-optimal
region order and (b) finds the optimal region order returned by different calls to the
model checker. Control points are marked with the red circles. Example recreated from
[23] (Color figure online).

4 Experimental Results

The following experiments were all performed using a laptop running Ubuntu
20.04 with a 16 core i7-11800H processor at 2.30 GHz, 32 GB ram, and a RTX
2080 GPU. For our method, we use the SPOT model checker [9] to produce
witnesses and Gurobi® for optimization. We compare our method with [23,50]
referred to as GCS for “Graph of Convex Sets” and PWL for “Piecewise Linear”
respectively. Implementations of the compared methods on the experiments are
provided by the respective authors. All formulas considered in this comparison
are syntactically co-safe, and all splines in this section are uniform.

4.1 Numerical Comparison

Example 1 is the simple key-door problem from [23] where a planar robot must
pick up both keys before passing through their associated doors in order to reach
a goal. Trajectories are synthesized to satisfy the formula:

¢ = (—door1 U keyr) A (—doors U keys) A (F goal). (32)

Synthesized trajectories from two different witnesses using our method are shown
in Fig. 2. We ran our method and GCS for 50 trials and compared setup times,
solve times, and spline costs. As both methods formulate a convex optimization
problem to solve for their respective trajectories, we separate the time spent
in the optimizer and all other time spent in the program into solve time and
setup time. For our method, setup time includes the construction of the Kripke
structure, translation of the LTL formula into a Biichi automaton, the model

3 [Online]. Available: https://www.gurobi.com/.
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checking step, and setup of the convex optimization problem. For GCS, the
setup time includes translation of the LTL formula into a DFA, construction of
the graph of convex sets, forming a product automaton between the DFA and
the graph, and setup of the convex optimization problem. In order to use the
same spline parameters as presented in [23], both methods compute C? splines of
order k = 3 with A; = 1 and minimize the same cost function that computes the
L2 norm difference between adjacent control points for the Bézier spline and first
and second derivatives. This choice of cost function is convex, so (P1) and (P2)
are convex programs for uniform splines. As k < 2d + 1 for this experiment, we
use (P1) for the SynthesizeBézier() calls and randomize the transition order
in the Kripke structure K,,s between trials to produce different counterexamples
to get a sense of how frequently (P1) is infeasible.

Fig. 3. Synthesized path with the proposed method for Example 2. Path satisfies for-
mula ¢ = ;.11 5345 (7doori Ukey;) A (F goal).
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Fig. 4. Comparison with [23] on Example 1. From 50 trials, our method finds a solution
on average 5.1x faster and returns splines with 6.7% increased cost. 12 of the 50 trials
were infeasible for (P1) to solve.
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On average, our proposed method has significantly faster solve times but
producesslightlyhighercostsplinesandhasvarianceinthecostoftheproduced
spline. Thisispartiallyexplainedasourmethodalwayssolvesforalassospline
whichaddsadditional constraintsand segmentsrelativetothefinitetrajectory
fromthe GCSmethod. Ofthesampled 50trials, 12 wereinfeasiblefor (P1) to
solve.Figure 4 presentsasummaryofthiscomparison.

Table 1. Summary of the comparison on Example 2. Mean values of 50 trials are
reported for the proposed method, while asingle problemissolved for the compared
methods.

Proposed |GCS| 23][PWL] 50]

SetupTime(s) 0.432 628.5  11.668
SolveTime(s) 0.070 1.919 184.2
Overall Time(s) 0.502 630.5 185.9
MeanSpline Cost 849.0 728.7 -

MinimumSplineCost 1667.3 728.7 -

Example 2isasignificantlymorechallengingkey-doorproblemoriginating
from [ 58]. This problem increases the key-door pairs to 5 and features amore
complexenvironmentrelativetoExamplel .Inthiscomparison,weomitthetime
spentbytheGCSmethodfromtranslatingtheL TLformulaintoaDFAfromthe
setuptime,butstillincludethetimespenttoformulatethegraphofconvexsets
andtheproductbetweenthe DFA andgraph. Setuptimeforthe PWLmethod
isonlycomprisedofthetimetosetuptheMILP. Atrajectorysynthesizedwith
ourmethodisdisplayedinFig.  3.Forthisproblem,weagainuse (P1) tosolve
for C? splineswiththesamecostfunction,butincreasetheorderto k = 4. The
computationalbenefitsfromourmethodsaremoreobviousonthisexampleand
aresummarizedin Table 1.The GCSmethodspendssignificant timeinsetup
by formulating the graph of convex sets and product automaton, whichisnot
anon-the-flyconstructionlikeweuse. The PWLmethodencodesthesemantics
ofthespecification directly into the optimization problem whichisa NP-hard
MILP.Ourmethodavoidsboththesepitfalls. Wefindtheconstructionof Kabs,
translationof ¢ to M,,andthemodelcheckerrunsinlessthanhalfasecondon
averagetofindawitness  p,andweonlyneedtoprovideasimplesetofconvex
constraintstotheoptimizerthatarederivedfrom p-Thisadvantageresultsina
1255xspeedupcomparedtoGCSanda370xspeedupcomparedtoPWLona
sampleof50trials. Ofthe50trials,only4wereinfeasiblefor (P1) tosolve.The
costofthePWLmethodisincomparableasthesplineshavedifferentorderand
PWL uses adifferent linear cost function. Compared to GCS, we observe our
method on average produced splines with 16.5% higher cost but is capable of
findingsplineswithlowercost. Duetothesignificantcomputationaladvantage,
itispracticaltorunourmethodforseveraltrialstofind alower cost splinein
fastertime.
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4.2 Scalability

To experimentally demonstrate the scalability of our method to splines with
high order, we compare the performance of our method using (P1) and (P2) on
Example 2. For this comparison, we solve for C? splines and range the order from
k =4 to k = 19, minimizing the same cost function as the previous experiment.
We do not run (P2) for k = 4 as the order is insufficiently large for the conditions
in Theorem 2 to guarantee soundness. We perform 50 random samples for each
order and present the mean solve times and spline costs along with confidence
intervals in Fig.5. There is insignificant difference in the mean solve times or
spline cost between our two proposed synthesis methods, which is intuitive as
(P2) lightly relaxes some constraints of (P1). As the choice of k is independent
from the model checking step, the only increase in computational time is due
to the convex optimization step. We observe a linear trend in the solve time,
shown in (a) of Fig.5. Intuitively, increasing k reduces the cost of the optimal
solution. Only 6 problems were infeasible for (P1) at k = 4, all other problems
were feasible for both methods, which is guaranteed for (P2) due to Theorem 3.

(@) (b)

— (P1)
(P2)

g
o

Total Solve Time
&
Spline Cost

/
f
51

Order k Order k

Fig. 5. Comparison between (P1) and (P2) on Example 2 using different spline orders
k. Shaded regions present a 95% CI on the mean values for each graph from 50 trials
per k.

5 Dynamic Feasibility and Trajectory Tracking

While our method provides a path that achieves a specification, the path may
not be dynamically feasible for a specific control system and it is not trivial to
design a controller that tracks the path. Moreover, model uncertainty, distur-
bances, and state estimation errors introduce additional error where the online
execution of a synthesized path may now actually violate the specification. This
caveat is important to highlight, our soundness and completeness guarantees are
with respect to the path and extending those guarantees to a controller is a sig-
nificantly challenging problem. These issues motivate the usage of sophisticated
trajectory tracking controllers to execute planned splines.
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5.1 Abstract ControlPreliminaries

In this subsection, we review definitions for symbolic abstractions of control
systemsfrom[ 54]. Allmaterialinthissubsectionispreliminary.

Definition7 (Control System). A control system is a tuple Y =
(R™, X0, U, f, hgn) where R™ isthe state space, Xog C R™ isthe set of initial
states, U C R™ istheinput space, f:R™ x R™ — R"™ isawvector field, and
hgn : R™ — 247 jsanoutputfunctionforsetofatomicpropositions AP.

Wedenote theset ofinput functions U whereeach w € U isanessentially
bounded piecewise continuous function u: R — U. A piecewise continuously
differentiablefunction z: (a,b) — R™ isatrajectory (orsolution)of X ifthere
exists u € U satisfying

w(t) = f(x(t),u(t), (0) € Xo (33)

where a < 0 < b.Denote []: R" — PUP, themap from each state to the
appropriate set in the partition or absorbing region it belongs to. We assume
theoutputfunction hgr iswell-behavedwithrespecttothegivenpartitionand
labelingfunction,i.e.each x € R™ satisfies hgn(z) = L([z]).

Definition 8 (Transition System). A transition system TS = (X, X,U,—
y VY, hy). X isasetofstates, Xy C X isasetofinitial states, U isasetof
mputs, =C X x U x X isatransitionrelation, Y isanoutputset, hy: X — Y
s an output function.

Definethetransitionsystemassociatedwiththecontrolsystem YasTSy =
(X, Xo,U,—,)). Thestateset X = R",initialstates Xy = Xo,inputset U = U,
andoutputfunction hy = hgn.Transitionsystem TS5 recordstransition x; 2,
x; ifeither:

a. [z;] # [z;] andthereexists uw € U and 7 € Ry where z(t) isatrajectoryof X
satisfying z(0) = z;, 2(7) = «;. Additionally,thereexists € € [0, 7] satisfying
either

1. [x;] = [z(t)] for t € [0,€) and [z;] = [z(¢)] for t € [e, T].
2. [z;] = [x(¢)] for ¢ € [0, €] and [z;] = [z(t)] for t € (€, T]. o
b. [z;] = [z;] andthereexists w € U where z(t) 1satrajectoryof Y satisfying
il =

[z (t)].

Intuitively, T'Ss isaninfinite transition system that records transitions when
thereexistsacontrolinputfunctionthatdrivesthesystemstatetoanadjacent
setinthepartitionortoastatewithinthesamesetinthepartition. Wedefine
afiniteabstractionof TSy usingaKripkestructure Ky = (Sx,Is, Ry, hs,).
Thestateset Sy = P UP,,initialstates s € Iy iffthereexists = € s where
z € Xg,andthetransition (s;,s;) € Ry iffthereexists w € U where z; = Tj,

z(0) = z;,2(7) = z; andforall ¢ € [0,7], [z

[z;] = si,[z;] = s;.Finally hg, = hg isagivenlabeling function. Runsof Ky
describe the possible sequences of labels the control system can achieve using
some control input function. Thereis a simulation relation from TS5 to K»,

denoted T'Sx, <X K.
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Definition9 (Simulation Relation). Fortransition system TS andKripke
structure K, arelation R C X x S isasimulation relation from TS to K,
denoted T'S < K ,ifthefollowing conditionsaresatisfied

1. Forall x € X, thereexists s € I with (z,s) € R.

2. Forall (z,s) € R, hx(x) = hg(s).

3. Forall (x,s) € R, x = 2’ impliesthereerists s € S where (s,s') € R and
(2',¢') e R.

Lemma3. The Kripkestructure Ky simulates TSs;, TSy < Kx,

Proof. Therelation R = {(z,P) | x € P,P € PUP,} isasimulationrelation.
Thefirsttwoconditionsimmediatelyfollowfromthedefinitionsof TSy and Ky,
thelast conditionfollowsfromthe“onlyif” ofthedefinitionof Rs.

5.2 Differential Flatness

Now, we relate our Kripke structure K.ps constructed from the given convex
partition P with the abstract controlsystem K. Specifically, K,ps simulates
K ,assumingforeach z € Ay: [z] € 1.

Lemmad4. The Kripkestructure — K g simulates Kx, Ky < Kgps-

Proof. Define therelation R = {(s,s) | s € S}. As S = Sy, I C I, and
hs = hg,, the first two conditions of the simulation relation are immediate.

For every (s;,s;) € Ry, there exists a piecewise continuous trajectory of X
fromsome z € P; tosome ' € P; thatdoesnotenterany P € PUP, where
P # P; and P # P;.Thisimpliestheintersectionoftheclosuresisnonempty,
PN P; #0,s0 (si,s;) € R.

Assimulationrelationsaretransitive, TSy =< K,ps follows. Thisguarantees
ifthereexistsatrajectoryof X thatsatisfies ¢,ouralgorithm will produce a
spline.However,thesplinemaynotbedynamicallyfeasible.Oneclassofsystems
whereBéziersplinepathsarewellsuited foraredifferentially flat systems | 15],
controlsystemswherethestateandinputscanbewrittenasalgebraicfunctions
ofselectedflatoutputsandderivatives. Precisely, XY isdifferentiallyflatifthere
existsa o-dimensionalflatoutput z € R° thatcanbecomputedfromaninvertible
function a: R*m™™" _ Ro thatdependsonthestate = andafinitenumber d
oftimederivativesoftheinput U.

z=a(z,u,a,...,u?). (34)

Theinverseof o maydependonadifferent finitenumberofderivatives vof z
andissplitintotwofunctions  f: R — R™ and v: R — R™ torecover z
and u.

x:ﬁ(z,z,...7z(”))7 uzw(z,27...,z(”)) (35)

Any C" trajectoryintheflatoutputspaceisdynamicallyfeasibleasthisinverse
transformation directly recovers thestate and input trajectory. However, since
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plied to a planned spline.

Fig. 6. Planned and executed trajectories for a quadrotor satisfying ¢ = G F(blue) A
G F(green) AG(—red). The quadrotor is initialized with error to the planned trajectory
to show the controller can recover. (Color figure online)

convex actuator constraints could map to non-convex regions in the flat out-
put space, including constraints on u typically requires conservatively bounding
derivatives [14]. This differential flatness approach is popular to plan trajectories
for quadrotors (e.g. [10,36,45,49]). A C¥ curve planned in the flat output space is
a dynamically feasible trajectory, but to handle model uncertainty, disturbances,
and tracking errors, these methods combine with a trajectory tracking controller
where many methods have been studied such as model predictive control (MPC)
[1,11,51] and geometric control [26,27]. In this way, our method can plan refer-
ence paths in the flat output space while a trajectory tracking controller for the
control system of interest can be used to track the planned path.

Quadrotor Trajectory Tracking. We use a simple model of quadrotor dynam-
ics without disturbances or drag, the same presented in [36]. Recall from Sect. 2.2,
the constraints to impose velocity and acceleration limits are linear for uniform
splines B. We leverage the controller from [27] to track the reference paths. We
plan the reference Bézier spline B in the flat output space z = (x,%) where x is
the 3D position and 1 is the yaw angle of the quadrotor. B is planned to satisfy
¢ = GF(blue) AN GF(green) A G(—red). The transformations 5 and  from the
flat output space to the state and control spaces of the quadrotor requires x to
be C° and v to be C?, so we set d = 5 and k = 11 and use (P2). We constrain
the reference spline acceleration to be below 1.5m/s? and velocity to be below
2.5m/s. These additional constraints means Theorem 3 does not apply, though
empirically we did not encounter any infeasible problems when running this
experiment. Planned and executed trajectories that drive the quadrotor twice
around the looping section in B are displayed in Fig. 6, along with the trajectory
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trackingerror. Noteeachregionisunboundedinthe z axisbut presentedasa
2Dregionforclarity. Theoverall planningtimeforthisproblemis0.75s.

6 Related Work

Apopularmethodtosynthesizecontrollersfordiscretetimesystemsistoformu-
latesatisfactionofthetemporallogicobjectiveasamixedintegerlinearprogram
(MILP) | 3,6,44,47]. Thisapproach hasbeen extended for multi-agent systems
[50]. A drawback of thisapproachisthe NP-hardnessof the MILP. Additional
binaryvariablesareadded astheproblemhorizonincreases, makingscalingto
longhorizonsandmulti-agentsystemsdifficult,andentirely prohibitinginfinite
horizontrajectories. Additionally, MILP approachesrequirelinearorlinearized
dynamicsand the MILP often does not encode information about the system
trajectory between discrete waypoints. Guaranteeing satisfaction of a contin-
uous time system from a discrete time sampled trajectory requires additional
reasoningbye.g.strictification| 13|ortrajectoryparameterizations| 50].

Optimizationand controlsmethodshavebeenusedtodirectly optimizethe
robustness of a Signal Temporal Logic (STL) objective by defining smooth
approximationsoftherobustnessmetric[  16,17,38],whichcanbeincorporated
into automatic differentiation systems [ 28]. Methods in this category either
directly optimize a parameterized version of the trajectory | 39], or formulate
anoptimalcontrolproblemtomaximizeasmoothrobustnessbyadaptingalgo-
rithmslike SQP|[ 16,38]andDDP|[ 22]. Thisapproachalsorequiresfinite time
satisfactionoftheformula,andthesmoothrobustnesssemanticsarenon-convex
sothesemethodscanonlyguaranteelocaloptimality. Controlbarrierfunctions
(CBF)forafragmentofSTLhavebeenstudiedin| 29,30]whichguaranteecon-
tinuous time satisfaction with control actions that can be solved with convex
programming. Thismethodalleviatesthecomputationalchallengeofthe MILP
andoptimizationbasedapproaches,butmustrelyonexpertknowledgetodesign
appropriate CBFsforeachformula,andonlyappliestoarestricted fragmentof
STL.

7 Conclusion

We have presented a sound and complete method that synthesizes a smooth
pathwhichautomaticallysatisfiesan.T Lformula.Additionally,wehavedemon-
strated asignificant computational advantage onbenchmark problemsrelative
toexistingwork. Inthefuture, weplanonextendingformal guaranteestotra-
jectory tracking controllers, as well as extending our method to multi-agent
systems.
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